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COVID-19 is a serious respiratory disease that can be fatal for those affected. Governments
have tried various strategies to conquer the Covid-19 pandemic. One of them is to vaccinate
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differential equation systems, solving qualitative models, deriving the basic reproduction ratio
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1. INTRODUCTION

COVID-19 is a virus that belongs to the same group as SARS and MERS [1]. As stated in NBC News
(2020), the spread of this coronavirus has been determined by WHO to be a pandemic condition starting in
March 2020 [2]. A pandemic is an epidemic condition that has spread over a huge area, across a country or
continent, usually affecting many people [3]. This virus is transmitted through droplets from someone
infected with COVID-19 when sneezing or coughing [4]. This viral infection causes symptoms such as sore
throat, tremors, high fever, shortness of breath, dry cough, headache, nausea, vomiting, and diarrhea in
patients.[5]. There are quite a number of impacts caused by this pandemic. In the Education sector, for
example, teaching and learning are currently being held online, which, of course, encounters many obstacles
[6]. The economic sector has also experienced a downturn due to this pandemic. As a result, many business
actors have had to close their operations because turnover has dropped dramatically [7].

The government is currently pursuing various strategies to break the cycle of transmission of COVID-
19. One of the preventive measures is to give vaccines to people who are at least six years old. This is to
protect the public from the risk factors for contracting this virus [8]. Based on data from the Indonesian
Ministry of Health in February 2022, the coverage of vaccine dose 1 reached 90%, dose 2 reached 64%, and
dose 3 reached 3%. Knowing the results of the strategy for tackling the COVID-19 outbreak is certainly not
easy, therefore, an appropriate simulation model can be useful in determining policy steps.

The mathematical model of the epidemic was created as a tool to devise strategies to stem the spread
of the disease. Apart from that, mathematical models are also used to predict future outbreaks to avoid
pandemics [9]. The epidemic model was first introduced in 1927 by W.O. Kermack and Mc. Kendrick,
namely in the form of a SIR model. In the SIR model, there are three subpopulations, namely people who are
susceptible to infection, infected, and recovered.

Research on disease epidemic models with disease control strategies has been widely studied. Study
[10] predicting COVID-19 in Indonesia with the SIR model. Research on the effect of lockdown control
strategies and limited treatment was carried out by [11] [12]. One of the epidemic model studies with
prevention efforts is the research of Nisa Aulia, Muhammad Kharis, and Supriyono [13]. This study develops
a mathematical model of the SIR influenza epidemic by considering the success of vaccination. Research on
the SIR mathematical model of the spread of COVID-19 can be seen in [14]. Some of the parameters
considered in this model include vaccine effectiveness, medical protocol effectiveness, and treatment
effectiveness. In addition, research on mathematical models of the spread of COVID-19 can also be found at
[15][16][17][18][19]. Therefore, this study analyzes the mathematical model for the COVID-19 epidemic,
which is in the form of the SIR model, taking into account the vaccination factor. The model obtained is then
searched for the equilibrium point and analyzed for its stability. The next step is to look for the basic
reproduction ratio (Ro) to show the incidence of epidemics in the population. Then, a model simulation of
the spread of COVID-19 is be carried out with the vaccination factor.

2. RESEARCH METHODS
2.1 Types of Research

This type of research is a literature review based on real everyday phenomena. This real phenomenon
is then described in the form of a mathematical equation and presented in the form of a compartment diagram.
In this study, the authors collected data on COVID-19 cases on the Indonesian Ministry of Health's website
from March to December 2021. This is because the vaccination program was only implemented in January
2021.
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2.2 Research Steps

The following is a flowchart of the research used:

Literature Review

Lowering Models

Completion the Model Qualitatively

A

Search Basic Reproductive Ratio Figures (Ro)

v

Analyzing the Stability of the Equilibrium Point

Data Collection

I

Model Simulation

Conclusion Drawing

Figure 1. Research Flowchart

a. Lowering Models

The model was grouped into three SIR subpopulations, namely susceptible, infected, and recovery
humans. Then, formulate the SIR model based on predetermined assumptions and use the parameters used
with the three SIR subpopulation groups. The model formed is a system model of nonlinear differential
equations.

b. Completing the Model Qualitatively

Finding the equilibrium point from the resulting SIR model equation. When [ = 0, a disease-free
equilibrium point is reached, while when I # 0, an endemic equilibrium point is reached.

c. Looking for Basic Reproductive Ratio (R;)

Basic reproduction ratio numbers are used to determine conditions in populations with or without
epidemic disease.

d. Analyzing the stability of the equilibrium point

After obtaining the equilibrium point, then, an analysis of the equilibrium point is carried out so that
the behavior of the model can be identified.
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e. Data Collection

The collection process was carried out secondary, namely by collecting data on the Indonesian Ministry
of Health's website from March to December 2021. The data collected was in the form of data on the number
of active cases of COVID-19, recovered, died, and those who had been vaccinated.

f.  Model Simulation

The model simulation was carried out by taking values for each parameter so that the number of
susceptible humans (S) can be obtained, the number of people who are confirmed positive for COVID-19 (1),
the number who have recovered (R), and the basic reproduction ratio number. The model simulation is
displayed in graphical form for each population.

g. Conclusion Drawing

In the final stage, a comprehensive study was carried out to draw conclusions about the resulting
mathematical model.

3. RESULTS AND DISCUSSION

The COVID-19 epidemic model with the vaccination factor is derived from a system of nonlinear
differential equations. Next, analyze the disease-free and endemic equilibrium points and look for the formula
for the basic reproduction ratio (Ro) to find out the factors that influence the model.

3.1 Covid-19 Epidemic Model with Vaccination Factors

Mathematical models can be formed by considering several assumptions related to the problem to be
modeled. The following assumptions are used in the mathematical modeling of COVID-19 with the
vaccination factor, namely:

a. Increase or decrease in the number of people caused by birth or death.

b. The human birth rate is fixed.

c. Everyone is born healthy.

d. People who have recovered will not be exposed to the COVID-19 virus again.

Variables and parameters are defined in Table 1:

Table 1. Variables and Parameters of the COVID-19 Model with Vaccination

Notation Meaning Type Condition Unit
S Number of humans susceptible to infection ~ Variable S0 person
| Number of humans infected Variable I20 person
R Number of people have recovered Variable R=20 person
) The rate of increase in human susceptibility =~ Parameter 620 person/day

to infection

a COVID-19 spread rate Parameter O<acs<1
U Natural death rate Parameter 0<u<l per day
B The cure rate of infected humans Parameter 0<p<lI per day
o The death rate due to COVID-19 Parameter 0<o<l per day
0 Vaccination rates Parameter 0<¢p<lI per day
N Total human population Parameter N>0 person

The SIR model of the spread of COVID-19 with the vaccination factor is obtained by developing the
set assumptions and parameters. Schematically, the SIR model of the spread of COVID-19 with the
vaccination factor can be presented in a compartment diagram (Figure 2).
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A
Figure 2. COVID-19 Model Compartment Diagram with Vaccination Factors

The SIR model with the vaccination factor obtained from the spread of COVID-19 is in the form of a
system of differential equations as follows:

E:é‘—T—#S—HS

dl aSI

E=T—(ﬁ+ﬂ+0)1 )
dR
= =Pl +06S— R

3.2 Disease-Free and Endemic Equilibrium Points

The disease-free equilibrium point is obtained when 1=0 from the system (1) as follows

8 68

Furthermore, to obtain the endemic equilibrium point, it is assumed to be J#0. Based on the system
(1), the endemic equilibrium point is obtained

Ky = (S*,I*,R") 3
where:
g+ = BrutoN
I = —6a+0§Vﬁu+Nu2+Nua+NQB+N/,L9+N9cr
B a(B+u+o)
_ (=BSa+NuB*+BNu?+BNuc—BNOu—BNOg—NOu?-2N6us—Nba?)
a(B+uto)u

R* =

3.3 Basic Reproductive Ratio Figures (Ro)

The basic reproduction ratio for this case is obtained by using the next-generation operator approach,
namely
— ap
Ro = ((u+9)(ﬁ+u+a)) @
Based on the value of Ry, the following analysis is obtained:

a. Ifthe value of « is greater and the value (¢ + 6)(B + u + o) is smaller, the result is Ry > 1. This means
that there is a greater chance of an outbreak of disease or a pandemic occurring.

b. If the value of « is smaller and the value (¢ + 8)(8 + u + o) is greater, it will produce Ry < 1. This
means that there is a little chance of an outbreak of disease or no outbreak at all.
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3.4 Stability Analysis Equilibrium Point

Analysis of the stability of the system's equilibrium point is carried out by first determining the
eigenvalues of matrix A. The stability of the equilibrium point of the system can be determined based on the
eigenvalues of matrix A in Theorem 1 below.

Theorem 1 [20]

If matrix A on the system x = Ax is a matrix of coefficients with eigenvalues A, A5, ---,1,,, and ( A)
is the real part of the eigenvalues A, hence the stability of the equilibrium point x* = 0 of system solutions
X = Ax said

a. Stable,if (4,) <0, Vk=1, 2, -, n.
b. Asymptotically stable, if (A;) <0, Vk=1, 2, -, n
c. Notstable, if (A;) >0, for ak.

3.4.1 Stability of Model Behavior at Disease-Free Equilibrium Points
Theorem 2. If Ro < 1 then the equilibrium point Ko is asymptotically stable.
Proof:

The stability of the model's behavior at the disease-free equilibrium point was analyzed from the eigenvalues
obtained based on the following Jacobian matrix.

_ — _ _ apu ap _ o —
V(5000 ) /11‘ (—u+0 200 e (Bt o) —200B —p )|=0

The eigenvalues of Equation (5) are

AM=—u Ay=—(u+0),1; =— <— (:‘fe) +B+pu+ a)).

Eigenvalues 4,4, A,, 15 < 0 have a negative real part, so according to Theorem 1, the equilibrium point

5 05 . .
Ky =(S,0,R) = (m,o,m) is asymptotically stable.

3.4.2 Stability of Model Behavior at Endemic Equilibrium Points

Theorem 3. If Ro> 1 then the equilibrium point K7 is asymptotically stable.

Proof:

The stability of the model's behavior at the endemic equilibrium point is analyzed from the eigenvalues
obtained based on the following Jacobian matrix

J=EE R = - -0 - 0 L (1 +0) 00 —u (6)
The eigenvalues obtained from Equation (6) are
4= (6a —VB)
1 — 2A\/_ )
_ (6a++B)
ho = - - (7)
(ba++VC)
_ 2~ =)
Ay =—p

where:
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A=(B+u+ao)N

B = —8NBSau + 24N?BOuc — 8NBSac — 8Nudao + 4N?u* + 24N?Bu?o + 12N?B6u? + 12N?%0u
— 4NB?5a + 12N2p%uc + 12N2Buc? + 12N?B0c? + 12N2p%00 — ANu?Sa
+ 12N2%u%60 + 12N?ub0? — 4No?Sa + 12N?Bu + 12N2B%u? + 4AN2B3u + 4N2B36
+ 12N?u30 + 4N?u30 + 12N?u%0? + 4N%03u + 4N?%030 + 6%a?

A, < 0 will be fulfilled if B > 0 and §a > VB

A, < 0 will be fulfilled if B > 0

A5 < 0 will be fulfilled if € > 0

Eigenvalues A4, 1,, 43, 44, < 0 have a negative real part if these conditions are met. According to Theorem 1,
the equilibrium point K; = (§*,I*, R*) is asymptotically stable.

3.5 Simulation of the COVID-19 Epidemic Model with Vaccination Factors

The COVID-19 epidemic simulation model with vaccination is generated from the parameter values
given in Table 2 as follows:

Table 2. Model Simulation Parameter Values

Notation Meaning Value Reference
S(0) Number of humans susceptible to infection 273860000 [21]
1(0) Number of humans infected 4258552 [22]
R(0) A number of people have recovered 4114905 [22]

) Rate of increase in human susceptibility to infection 4493 [21]
a COVID-19 spread rate 0.8 assume
u Natural death rate 0.2 assume
B Cure rate 0.01 assume
o The death rate due to COVID-19 0.03 assume
0 Vaccination rates 0.1 assume
Ry Basic reproduction ratio figure 2.22 assume
3 X 0° |

Susceptible

Infected

Recovered

5
0] 10 20 30 40 50

Time(Days)

Figure 3. Graph of the COVID-19 Model with Vaccination at the Endemic Equilibrium Point
with a Vaccination Rate of 0.1

The following will present a graph with different parameter values 6 (vaccination rate), namely:
a. If the value of the vaccination parameter is changed to 0.3, then the value is obtained

b. R, = 1.333 and the graph in Figure 4:
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Figure 4. Graph of the COVID-19 Model with Vaccination at the Endemic Equilibrium Point with a
Vaccination level of 0.3

c. If the value of the vaccination parameter is changed to 0.6 then the value is obtained R, = 0.833 and
the graph in Figure 5:

=}

3 x 10 .
Susceptible
2.5 Infected I
Recovered
= 2
e
S 1.5} -
o
(=]
o 1+ a
0.5 .
0 L L
0 10 20 30 40 50

Time(Days)
Figure 5. Graph of the COVID-19 Model with Vaccination at the Endemic Equilibrium Point with a
Vaccination rate of 0.6

d. If the value of the vaccination parameter is changed to 0.9 then the value is obtained
e. Ry, = 0.606 and the graph in Figure 6:

3x10 . . . .
Susceptible
25 Infected i
Recovered
c 2
0
215 .
o
(]
o 1t J
0.5 -
0 L — L L
0 10 20 30 40 50

Time(Days)

Figure 6. Graph of the COVID-19 Model with Vaccination at the Endemic Equilibrium Point
with a Vaccination rate of 0.9

Figure 3 - Figure 6 shows that the greater the vaccination rate (the other parameter values are
constant), the lower the R, value. Figure 3 - Figure 6 also shows that the number of people infected has
decreased over time as vaccination coverage has increased. At the same time, the number of people who have
recovered continues to grow as the vaccination parameters increase. This means that the level of vaccination
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is very influential on the population. For this reason, a comprehensive vaccination program is needed for
members of the public so that the COVID-19 pandemic ends soon.

. CONCLUSIONS

. The spread of COVID-19 with the vaccination factor can be modeled into a system of nonlinear differential

equations.

. In the COVID-19 distribution model, the vaccination factor has an asymptotically stable disease-free

equilibrium point. Meanwhile, the endemic equilibrium point is unstable.

. The basic reproduction ratio figure formula for the model is

Ro = ((u n 9)(;#+ o+ a))

If the value of a is greater and the value(u + 0)(B + u + o) is smaller, then the value of R, is greater
than one (R, > 1), meaning there is a greater chance of an outbreak of disease or a pandemic occurring.
If the value of « is smaller and the value (u + 8)(B8 + u + o) is greater, then the value of R is smaller
than one (R, < 1). This means that there is little chance of an outbreak of disease or no outbreak at all.

. Model simulations carried out using different vaccination levels show that the presence of the vaccination

factor reduces the value Ry.

. The limitation and future direction of this research is that vaccination is made a separate variable.
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