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Let R be a commutative ring with nonzero identity and TZ(R) = {a € Z(R)*: there exists b, ¢ €
R\{0} such that abc = 0, ab # 0, ac # 0, bc # 0} denotes the set of all triple zero elements of
R. The triple zero graph of R, denoted by TZI'(R), is an undirected graph with vertex set TZ(R)
where two distinct vertices a and b are adjacent if and only if ab # 0, and there exists a nonzero
element ¢ of R such that ac # 0, bc # 0, and abc = 0. Python is a programming language with
simple and easy-to-learn code that can be used to solve problems in algebra and graphs. In this
paper, we construct the triple zero graph of ring Z,, using Python. Based on the output of the
program, several properties of TZI'(R) are obtained, such as if n =8 and n = 12, then
TZI'(Zy) is a planar graph, if n = p3 with p is prime numbers, then TZI'(Z,,) is a complete
graph Kpz2_,, and if n = 4p with p is prime numbers and p = 3, then TZI'(Z,,) is a connected
graph.
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1. INTRODUCTION

Graph theory in mathematics and computer science is a branch of science that studies the properties of
graphs and is widely applied in solving various problems. Solving problems with graph theory will be easier
because a problem is represented in the form of a graph, as well as problems in an algebraic structure will be
more easily solved by using the concept of a graph, particularly in relation to connections between elements,
as exemplified by Cayley graphs. Cayley graphs provide a clear and intuitive way to visualize the structure
of a group. Each element in the group corresponds to a vertex in the graph, and group operations are
represented by edges.

Graph G is a finite non-empty set V(G) of objects called vertices together with a (possibly empty) set
E(G) of 2-element subsets of VV(G) called edges [1]. Meanwhile, the ring is a set R along with two operations
on R, namely addition and multiplication, so that R with addition is an abelian group, is associative to
multiplication operations, and multiplication operations are distributive to addition operations [2]. Given R
is a commutative ring, which is a ring that has the commutative property of multiplication, and Z(R) is the
set of zero divisors of R. A ring R contains a zero divisor if there exists x, y € R such that x.y = 0. The zero-
divisor graph of the commutative ring R, denoted by G (R), is a graph whose vertices are all elements of R,
and two vertices are adjacent if their multiplication are zero. This idea was introduced by Beck [3] in 1988.
Then, Anderson and Livingston [4] developed the concept of a zero divisor graph by delimiting the set of
vertices to be nonzero zero-divisors in R, thatis Z(R)* = Z(R) — {0}. Such a graph is denoted by I'(R). The
concept of a zero divisor graph of a commutative ring according to Anderson-Livingston [4] has prompted
much research afterward, as in [5], [6], [7], [8], and [9].

In 2021, Celikel [10] developed the concept of a triple zero graph TZI'(R) of a commutative ring R.
Let R be a commutative ring with nonzero identity and TZ(R) = {a € Z(R)": there exists b, c € R\{0} such
that abc = 0,ab # 0, ac # 0, bc # 0} denotes the set of all triple zero elements of R. The triple zero graph
of R, denoted by TZI'(R), is an undirected graph with vertex set TZ (R) where two distinct vertices a and b
are adjacent if and only if ab # 0, and there exists a nonzero element ¢ of R such that ac # 0, bc # 0, and
abc = 0.

In this article, we focus on investigating the properties of the triple zero graph of ring Z,,. To investigate
the properties of TZI'(Z,,), the constructions of TZI' (Z,,) of various values of n is needed. If done manually,
it will take a long time because there are several stages to be completed, namely determining all zero divisors
in Z,,, then identifying all triple zero elements in Z,, that will become its vertices, and finally investigating
the adjacency between two vertices. Then, it will be faster if it is represented using a computer program like
Python. Python is a programming language that is relatively easy to learn, has a rich set of features, and quite
expressive, so it usually only takes a few lines of code to complete what would require many more lines of
code in other languages [11]. Moreover, we choose Python for computational algebra due to its versatility,
ease of learning, strong community support, seamless integration with other tools, and the availability of
powerful numerical computing libraries like NumPy and SciPy, as well as graph plotting libraries like
Matplotlib and NetworkX. In the concept of a graph of a ring, several researchers used the Python algorithm
as in [12], [13], and [14]. In this paper, we discuss the algorithm to construct TZI'(Z,) using Python. This
paper is organized as follows. The first section of this paper is an introduction. The second section is research
method used in this research. The third section is result and discussion including the algorithm that constructs
the graph and an example of how the algorithm works. The last section is the conclusion of this discussion.

2. RESEARCH METHODS

The research method used in this research is a literature study by studying references in the form of
books, journals, and theses regarding the structure of algebra, graph theory, and Python programming,
especially the triple zero graph of a commutative ring.

The steps taken in this research are as follows.
1. Learning basic definitions and theorems related to algebraic structures and graph theory.

2. Learning the definition of the triple zero graph of a commutative ring.
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3. Determining the algorithm for constructing the triple zero graph of the ring of integers modulo n
with Python.

4. Investigating the properties of the triple zero graph of the ring of integers modulo n.
Making conclusions.

This article aims to determine an algorithm for constructing TZT (Z,,) and to know the properties of
the graphs. Therefore, several definitions underlying this research need to be outlined. Some of these
definitions cover the basic concepts of graph, ring, and triple zero graph.

2.1 Basic Concepts of Graph
The following are some basic definitions of graph taken from Chartrand et al. [1] and Chartrand and
Zhang [15].

Definition 1. [1] Graph G is a finite non-empty set V(G) of objects which is called vertices together with the
(possibly empty) set E(G) of 2-element subsets of V' (G) called edges. The number of vertices in a set V(G)
is called order, while the number of edges of a set E(G) is called size.

As an example, below is an illustration of graph G.

Figure 1. Graph G

Figure 1 is an illustration of graph G which has order 4 and size 6, with a vertex set V(G) = {vy, V3, V3, v4}
and an edge set E(G) = {eq, ez, 3, €4, €5, €6 }. Each graph must contain at least one vertex, but it is possible
to have no edges.

Two distinct vertices, u and v, are said to be adjacent if there is an edge e connecting them. Then, edge
e is called incident with vertices u and v. For example, graph G in Figure 1, vertices v, and v, are adjacent
because they are connected by edge e;.

Definition 2. [15] A u — v walk of a graph G is an alternating sequence of vertices and edges starting at
vertex u and ending at vertex v. A u — v trail is a u — v walk that does not repeat any edges. A u — v path
isau — v walk that does not repeat any vertices.

Below are examples of walk, trail, and path based on Figure 1. Example of v; — v, walk isv; — v, :
V1, €1, V3, €4,V3,€2,V1,€1,Vz, €5, V. Example of vy — v, trail is vy — v, vy, €1, V5, €4, U3, €5, V7, €3, V4.
Example of v, — v, path is vy — vy : V4, €1, V3, €4, U3, €6, Vs
Definition 3. [15] A circuit is a u — v trail that begins and ends at the same vertex and consists of at least

three vertices. A circuit that does not repeat any vertex except the start vertex and the end vertex is called a
cycle. Cycle with n vertices is denoted by C,,.

The following is an example of a circuit and cycle based on Figure 1. Circuit in graph G is v; — vy :
V1, €1, V3, €4, V3, €2, V1. Cycle in graph G is vy — vy : vy, €1, 03, €5, vy, €6, V3, €2, V1.

Definition 4. [1] A graph G is a connected graph if there is a u — v path between any two vertices u and v in
G.

Figure 1 is an example of a connected graph because there exists a u — v path for any two vertices u
and v.

Definition 5. [1] A graph G is a complete graph if every two different vertices in graph G are adjacent. The
complete graph with order n is denoted by K,.
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Graph G in Figure 1 is a complete graph because every two vertices are adjacent. Graph G is a complete
graph K, because it has order 4.

Definition 6. [15] A graph G is a planar graph if G can be drawn in the plane with its edges not crossing each
other.

Figure 1 is an example of a planar graph because it can be drawn on a plane with its edges not crossing
each other.

Definition 7. [1] Given a graph G. A path in G that contains all vertices of G is called a Hamiltonian path of
G, while a cycle in G that contains all the vertices of G is called a Hamiltonian cycle of G. A graph that
contains a Hamiltonian cycle is called a Hamiltonian graph.

In Figure 1, graph G is a Hamiltonian graph because it contains a Hamiltonian cycle. Hamiltonian
cycle in graph G is vq, €5, V3, €4, Vo, €5, Uy, €3, V1.

Definition 8. [15] The girth of graph G is the length of the shortest cycle contained in graph G, denoted by
gr(G).
In Figure 1, the girth of graph G is 3, in cycle v3 — v3 : V3, €4, Uy, €5, Uy, €4, V3.

2.2 The Triple Zero Graph of Commutative Ring

Before we give the definition of the triple zero graph, we first recall the definition of zero divisor
element by Durbin [2].

Definition 9. A nonzero element a in aring R is a zero divisor element if there exists b € R such that b # 0
and ab = 0 or ba = 0.

The definition of the triple zero graph of a commutative ring is taken from Celikel [10].

Definition 10. The triple zero graph of R, denoted by TZT'(R), is an undirected graph with vertex set TZ(R) =
{a € Z(R)": there exists b,c € R\{0} such that abc =0, ab # 0, ac # 0, bc # 0} where two distinct
vertices a and b are adjacent if and only if ab # 0, and there exists a nonzero element ¢ of R such that ac #
0, bc # 0, and abc = 0.

Example 1. The following is an example of TZT'(Zg) where Zg = {0,1, 2,3,4,5, 6, 7}.

Table 1. Cayley Table of Zg

0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7
2 0 2 4 6 0 2 4 6
3 0 3 6 1 4 7 2 5
4 0 4 0 4 0 4 0 4
5 0 5 2 7 4 1 6 3
6 0 6 4 2 0 6 4 2
7 0 7 6 5 4 3 2 1

By definition, the vertex set of TZT'(Zg) is a set of zero divisor elements in ring Zg where there exists
nonzero elements b, ¢ in Zg such that abc = 0, ab # 0, ac # 0, bc # 0, and two distinct vertices a and b
are adjacent if and only if ab # 0 and there exists a nonzero element ¢ of Zg such that ac # 0, bc # 0, and
abc = 0. A zero divisor element in ring Zg are Z(Zg)* = {2,4,6}. If a = 2,thenb = 2and ¢ = 6, if a = 4,
then there exist no b and c that satisfy the condition above, and if a = 6, then b = 2 and ¢ = 6. So, obtained
TZ(Zg) = {2,6}. Then, 2 and 6 are adjacent because ab # 0 and there exists ¢ = 2 such that ac # 0, bc #
0, and abc = 0. So, obtained E(TZTI'(Zg)) = {(2,6)}. The TZI'(Zg) is shown in Figure 2.
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Figure 2. TZT (Zg)
Figure 2 is a triple zero graph of Zg which has 2 vertices and 1 edge.

3. RESULTS AND DISCUSSION

In this article, we discuss how algorithm to construct the graphs TZT" (Z,,) using python. The results of
that algorithm are as follows:

3.1 Algorithm for Constructing TZT' (Z,,)

First, the algorithm for constructing TZI" (Z,,) is parameterized by the triple zero elements and derives
the triple zero graph of those elements. Recall that TZ(Z,,) denoted the set of all triple zero elements of Z,,
and Z(Z,)* denoted the set of nonzero zero divisors of Z,,. The recursive algorithm for constructing TZT' (Z,,)
is called TripleZeroGraph. Then, import the library to draw a graph in python.

TripleZeroGraph
Import library networkx and matplotlib.pyplot
Step 1:
fora € Z(Z,)* and b, c € Z,\{0} do
ifaxb+0,axc+0,bxc+0,ax*b=c=0then
add a to TZ(Zy);
end if;
end for;
Step 2:
forieTZ(Z,) do
addito V(TZT'(Zy));
for j € TZ(Z,) and k € Z,\{0} do
if i # j then
ifi*xj#0,ixk+0,jxk+0andi=j=*k=0then
add i ~ j to E(TZT(Zy));
end if;
end if;
end for;
end for;
Step 3:
Draw TZT'(Zy);
end;

In step 1, the algorithm checks for the triple zero elements of the ring Z,,. For all elements zero divisors
a, check that if there are b, c € Z,\{0} such that abc = 0, ab # 0, ac # 0, bc # 0. If s0, then a is a triple
zero element of ring Z,,, add a to TZ (Zy,). In step 2, the algorithm checks the adjacency between vertices, for
i€TZ(Zy,),add i to V(TZT(Zy)). For j € TZ(Zy,) and k € Z,\{0}, check thatif i #j,i-j#0,i-k # 0,
andj-k+# 0. And thenifi-j-k = 0. If so, i and j are adjacent. Otherwise, return to the loop process in
step 2. Now, we have obtained vertex set and edge set of TZT'(Z,,). Finally, in step 3, the algorithm draws the
triple zero graph of ring Z,,.
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3.2 Constructing TZT' (Z,,)

In this section, an example explains how this algorithm runs in ring Z,,.
Example 2. Construct the triple zero graph of Z,, forn = 2,3,5,7.

For n = 2, we have Z,. Step 1, algorithm checking with the looping process for each element a €
Z(Zy)* and b, c € Z,\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z,). We did not get the
zero divisor elements and the triple zero elements, so the algorithm ended the loop process. So, in Z,, no
graph is formed. The same case applies to Zs, Zs and Z; because the structure of Z,, where p is prime, is an
integral domain. Therefore, no element Z,, is a zero divisor or a triple zero element.

Example 3. Construct the triple zero graph of Z,, for n = 4,9,25.

For n = 4, we have Z,. Step 1, algorithm checking with the looping process for each element a €
Z(Z4)* and b, c € Z,\{0}, ifabc = 0,ab # 0,ac # 0, bc # 0,thenadd a to TZ(Z,). We get Z(Z,)* = {2},
but we did not get the triple zero elements, so the algorithm ended the loop process. So, in Z,4, no graph is
formed. The same case applies to Zq and Z,5, where no triple zero element are found in them.

Example 4. Construct the triple zero graph of Z,, for n = 6,10,15.

For n = 6, we have Z¢. Step 1, algorithm checking with the looping process for each element a € Z(Zg)*
and b, ¢ € Zg\{0}, ifabc = 0,ab # 0,ac # 0, bc # 0,thenadd a to TZ(Z). We get Z(Z¢)* = {2,3,4}, but
we did not get the triple zero elements, so the algorithm ended the loop process. So, in Zg, no graph is formed.
The same case applies to Z,, and Z, 5, where no triple zero element are found in them.

Example 5. Construct the triple zero graph of Z,, for n = 8, 12.

For n = 8, we have Zg. Step 1, the algorithm checks with the looping process for each element a €
Z(Zg)* and b, c € Zg\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Zg). In this step, we get
the triple zero elements, TZ(Zg) = {2, 6}. The triple zero elements are the vertices of TZI'(Zg). Then, in step
2, the algorithm checks the adjacency between vertices. Based on the conditions for i,j € TZ(Zg)*, k €
Zg\{0},andi #j.Ifi-j#0,i-k#0,j-k+0andi-j-k=0.Wheni=2,j=6,andthereexistk = 2,
sothat2-6=4+#0,2-2=4+0,6-2=4+0and2-6-2=0.Then, 2 and 6 are adjacent. There are
no more vertices in the loop process, so the algorithm ends the loop process. In step 3, the algorithm draws
TZI(Zg).

Forn = 12, we have Z,,. Step 1, the algorithm checks with the looping process for each element a €
Z(Z42)* and b, ¢ € Z;1,\{0}, ifabc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z4,). In this step, we get
the triple zero elements, TZ(Z,,) = {2, 3,9, 10}. The triple zero elements are the vertices of the TZI'(Z5).
Then, in step 2, the algorithm checks the adjacency between vertices. Based on the conditions for i,j €
TZ(Z13)* k € Z;,\{0},and i # j. Ifi-j#0,i-k#0,j-k#0andi-j-k=0.Wheni=2,j=3,and
thereexist k =2,s0that2-3=6+#0,2-2=4+0,3-2=6%*0and2-3-2=0.Then, 2 and 3 are
adjacent. By the same process, an i — j path is found between any two vertices i and j in TZ(Z4,)*. There
are no more vertices in the loop process, so the algorithm ends the loop process. In step 3, the algorithm draws
TZI(Z13).

(@) (b)
Figure 3. The Triple Zero Graph of Z, for () n =8, (b) n = 12

Figure 3 is the result of the construction of the triple zero graph of Z,, for n = 8,12. The triple zero
graph of Zg consists of 2 vertices and 1 edge, while the triple zero graph of Z,, consists of 4 vertices and 5
edges.
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Example 6. Construct the triple zero graph of Z,, for n = 20, 28,44,52.

For n = 20, we have Z,,. Step 1, algorithm checking with the looping process for each element a €
Z(Z,0)* and b, c € Z,,\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z,,). In this step, we
get the triple zero elements, TZ(Z,,) = {2,5, 6, 14,15, 18}. The triple zero elements are the vertices of the
TZI'(Z0). Then, in step 2, the algorithm checks the adjacency between vertices. Based on the conditions for
i,] ETZ(Zy0)* k € Zyo\{O},andi #j. Ifi-j#0,i-k+#0,j-k#0andi-j-k=0.Wheni=2,j =5,
and there exist k = 2,sothat2-5=10#0,2-2=4+#0,5-2=10#0and 2-5-2 = 0. Then, 2 and
5 are adjacent. By the same process, an i — j path is found between any two vertices i and j in TZ(Z,)".
There are no more vertices in the loop process, so the algorithm ends the loop process. In step 3, the algorithm
draws TZT (Zyg).

For n = 28, we have Z,g. Step 1, algorithm checking with the looping process for each element a €
Z(Z,g)* and b, c € Z,g\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z,g). In this step, we
get the triple zero elements, TZ(Z,g) = {2,6,7,10,18,21,22,26}. The triple zero elements are the vertices
of the TZI'(Z,g). Then, in step 2, the algorithm checks the adjacency between vertices. Based on the
conditionsfori,j € TZ(Z,g)*, k € Z,g\{0},andi # j. Ifi-j#0,i-k+#0,j-k #0andi-j-k = 0. When
i=2,j=6andthereexistk =7,s0that2-6=12+0,2-7=14+#0,6-7=14*0and2-6-7 =
0. Then, 2 and 6 are adjacent. By the same process, an i — j path is found between any two vertices i and j
in TZ(Z,g)*. There are no more vertices in the loop process, so the algorithm ends the loop process. In step
3, the algorithm draws TZT'(Z,g).

For n = 44, we have Z,,. Step 1, algorithm checking with the looping process for each element a €
Z(Z44)" and b, c € Zyy\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z,44). In this step, we
get the triple zero elements, TZ (Z,4) = {2,6,10,11, 14, 18, 26, 30, 33, 34, 38, 42}. The triple zero elements
are the vertices of the TZI'(Z,4). Then, in step 2, the algorithm checks the adjacency between vertices. Based
on the conditions for i,j € TZ(Z44)*, k € Zys\{O},and i # j. Ifi-j#0,i-k#0,j-k#0andi-j -k =
0.Wheni = 2,j =6,andthereexistk = 11,sothat2-6 =12 #0,2-11 =22+ 0,6 -11 =22 # 0 and
2-6-11=0. Then, 2 and 6 are adjacent. By the same process, an i — j path is found between any two
vertices i and j in TZ(Z,,)*. There are no more vertices in the loop process, so the algorithm ends the loop
process. In step 3, the algorithm draws TZT" (Z,4).

For n = 52, we have Zg,. Step 1, algorithm checking with the looping process for each element a €
Z(Zsy)* and b, ¢ € Zs,\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Zs,). In this step, we
get the triple zero elements, Z(Zs,) = {2,6,10,13, 14,18, 22,30, 34,38,39,42,46,50}. The triple zero
element is the vertices of the TZI' (Zs5). Then, in step 2, the algorithm checks the adjacency between vertices.
Based on the conditions for i,j € TZ(Zs,)", k € Zs;\{0}, and i #j. Ifi-j#0,i-k#0,j-k#*0andi-
j-k=0.Wheni=2j=6,and there exist k =13,s0that2- 6 =12+0,2-13=26+# 0,613 =
26 #0and 2-6-13 = 0. Then, 2 and 6 are adjacent. By the same process, an i — j path is found between
any two vertices i and j in TZ(Zs;)*. There are no more vertices in the loop process, so the algorithm ends
the loop process. In step 3, the algorithm draws TZT" (Zs;).

(© (d)

Figure 4. The Triple Zero Graph of Z, for (a) n = 20, (b) n = 28, (c) n = 44, (b) n = 52
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Figure 4 is the result of the construction of the triple zero graph of Z,, for n = 20,28,44,52. The triple
zero graph of Z,, consists of 6 vertices and 14 edges, the triple zero graph of Z,g consists of 8 vertices and
27 edges, the triple zero graph of Z,, consists of 12 vertices and 65 edges, while the triple zero graph of Zs,
consists of 14 vertices and 90 edges.

Example 7. Construct the triple zero graph of Z,, for n = 27, 125.

For n = 27, we have Z,,. Step 1, algorithm checking with the looping process for each element a €
Z(Z,7)* and b, c € Z,,\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z,,). In this step, we
get the triple zero elements, TZ(Z,,) = {3, 6,12,15, 21, 24}. The triple zero elements are the vertices of the
TZI'(Z,7). Then, in step 2, the algorithm checks the adjacency between vertices. Based on the conditions for
i, ETZ(Zy7)" k € Zy;\{O},andi #j. Ifi-j#0,i-k+#0,j-k+0andi-j-k=0.Wheni=3,j =6,
and there exist k = 3,sothat 3-6 =18+ 0,3:-3=9#0,6-3=18#0and 3-6-3 = 0. Then, 3 and
6 are adjacent. By the same process, all vertices in TZ(Z,) are found to be adjacent to one another. There
are no more vertices in the loop process, so the algorithm ends the loop process. In step 3, the algorithm draws
TZI (Zy7).

Forn = 125, we have Z,,5. Step 1, algorithm checking with the looping process for each element a €
Z(Z135)  and b, ¢ € Z1,5\{0}, if abc = 0, ab # 0, ac # 0, bc # 0, then add a to TZ(Z,,5). In this step, we
get the triple zero elements, (Z,,5) = {5,10,15,20,30,35,40,45,55,60,65,70,80,85,90,95,
105,110, 115, 120}. The triple zero elements are the vertices of the TZI"(Z4,5). Then, in step 2, the algorithm
checks the adjacency between vertices. Based on the conditions for i, j € TZ(Z125)", k € Z1,5\{0}, and i #
joli-j#0,i-k#0,j-k#0andi-j-k=0.Wheni=5,j=10, and there exist k =5, so that 5 -
10=50+#0,5-5=25+#0,10-5=50=*0and5-10 -5 = 0. Then, 5 and 10 are adjacent. By the same
process, all vertices in TZ(Z,,5) are found to be adjacent to one another. There are no more vertices in the
loop process, so the algorithm ends the loop process. In step 3, the algorithm draws TZT" (Z135).

(@) (b)

Figure 5. The Triple Zero Graph of Z,, for (a) n = 27, (b) n = 125

Figure 5 is the result of the construction of the triple zero graph of Z,, for n = 27,125. The triple zero
graph of Z,- consists of 6 vertices and 15 edges, while the triple zero graph of Z;,s consists of 20 vertices
and 190 edges.

Example 8. Construct the triple zero graph of Z,, for n = 60.

The last is an example for the case of the higher order of n with n = 60. It can be seen how easly is it
to construct the triple zero graph by considering the processing time of the program. By running the program
that has been made, below are the result of the triple zero graph of Zg.

Figure 6. The Triple Zero Graph of Z, forn = 60

Figure 6 is the result of the construction of the triple zero graph of Z, for n = 60. The triple zero
graph of Z¢, consists of 36 vertices and 415 edges. Then, the time to process this graph is less than 5 seconds.
Of course, this is faster to solve than manually.
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Observation results have been obtained for the properties of the triple zero graph of the ring Z,, based
on the program outputs. These observations contribute to identifying properties of the triple zero graph of the
ring Z,,, which still require algebraic proof.

Observation results:
(i) Ifn=8andn = 12, then TZI'(Z,) is a planar graph.
(ii) If n = p orn = p? or n = pq with p and q are two distinct prime numbers, then TZI'(Z,) = .
(iii) If n = p3 with p is prime numbers, then TZI'(Z,,) is a complete graph Kpz_p.
(iv) If n = 4p with p is prime numbers and p > 3, then TZTI'(Z,,) is a connected graph.

4. CONCLUSIONS

In this paper, we explain an algorithm for constructing the triple zero graph of ring Z,, using Python.
We provide examples to illustrate how the algorithm operates within the ring Z,. The Python program
designed for constructing the triple zero graph proves highly efficient, serving as a valuable tool for exploring
properties within the triple zero graph of the ring Z,,. This efficiency becomes evident as the program quickly
generates graphs for different variations of the ring. For instance, constructing TZI'(Z,) in Example 8 takes
less than 5 seconds. Consequently, the properties of the triple zero graph of the ring Z,, can be easily observed.
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