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negativity condition as well as the boundedness criteria for the solutions. Additionally, we
conduct several supplementary analyses by applying the Lipschitz function to examine the
uniqueness of the solutions and the existence of the solution are hold on the autonomous
system. The purpose of this research is to support the previous findings that incorporated
an optimal control into the model to reduce public COVID-19 treatment. Finally, the
research verifies that the control variables used satisfy all of the existence criteria, as
outlined in Theorem 5 of this research.
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1. INTRODUCTION

Mathematical analysis is one of a discipline part of mathematics that is especially beneficial in
describing biological or social behaviors currently happening in the world [1]. One of the ideas is the
mathematical analysis provides a significant role in preventing the outbreak of diseases or pandemics by
understanding and predicting how the disease will spread in population, and how we can develop the effective
ways to reduce the impact [2], [3]. The pandemic is remains one of humanity's greatest challenges. The
infectious spread of disease, like the viruses that requires significant planning, controlling, and knowledge in
arranging and organizing, which including the mathematical analysis. The COVID-19 disease became a
pandemic that shook the earth towards the end of 2019[4].

The SARS-CoV-2 Coronavirus causes COVID-19, which typically appears as a pulmonary
dysfunction disease. This virus is frequently transmitted by respiratory droplets, that occur when an individual
or object relates within one to two meters of an infected individual. Coughing and sneezing might also
contribute to the outbreak [5]. The World Health Organization identified the first case of the COVID-19
pandemic on December 2019, in China. Additionally, in March 2020, the World Health Organization
announced that the virus had affected approximately 118,000 people globally, and rapidly spreading across
nearly 110 countries. Consequently, the WHO classified COVID-19 as a worldwide concern, and although
this disease is a one-time event, it gives suffered protection against the next infections [6].

Mathematical epidemiology holds a significant role to improve our comprehension of how infectious
diseases spread, their impact, and the potential forecasting strategies for mitigating their treat. Mathematical
models have been used to compare, plan, implement, and evaluate many initiatives targeting at identifying,
preventing, and regulating the spread of illnesses such as Coronavirus [7]. Mathematical and non-
mathematical researchers have made significant contributions to this topic. Their collaborative efforts have
significantly assisted public health professionals in understanding infectious disease behavior and developing
effective intervention methods to prevent disease transmission in populations worldwide.

We know that some noteworthy contributors to mathematical modeling include McKendrick (1927),
and Kermack (1932). The SIR diagram compartment of mathematical model was introduced by Kermack and
McKendrick, which indicated the beginning of epidemic modeling. [2]. It subsequently became a
fundamental model in COVID-19 research, involving mathematical principles used in studies by Rangasamy
et al. [8], Khajanchi et al. [4], Malinzi et al. [7], Huy et al. [9], Peter et al. [5], and DarAssi et al. [10].
Afterwards, the implementation of quarantine regulations and isolation methods have inspired to construct
mathematical models by Trisilowati et al. [11], Hakim [12], Rois et al. [13], and all of these models were the
foundation for analyzing the spread of COVID-19 disease. An extension on the research presented a
compartments diagram of COVID-19 incorporating the vaccination into mathematical model [7], [14].
Furthermore, the mathematical model was further developed through adding the use of masks as a control for
decreasing the COVID-19 outbreak [10].

As illustrated by the above facts, numerous disease, such as Measles [15], [16], HIV [17], Monkeypox
[18], and Tuberculosis [19] need an optimal control strategy to manage their transmission. Optimal control
was also used in managing Zika disease [20], Type 2 Diabetes [21], Hepatitis B [22], Cholera [23], and
COVID-19 [6], [24]. Earlier investigations have effectively used the optimum control methodology as a tool
for controlling disease. Furthermore, analytical mathematics is used to figure out the boundedness and
existence of solution for depicting the model. Some studies investigate the existence and boundedness of the
transmission of the measles model. In addition, the research conducted by Nainggolan et al. [25] and Hakim
[6] discusses about the existence and boundedness theorem of an optimal control into mathematical COVID-
19 compartment.

The benefit and highlight of the current research is to strengthen the previously performed research by
Hakim [12] regarding an optimal control of the spreading COVID-19 disease, which is only discussed
numerically without demonstrating an analysis of the positivity and boundedness of the solution. As a result,
it is important to conduct this research to give fundamental evidence that the following numerical results are
suitable and feasible. This work is organized into several sections. The outline of section 2 develops several
methods. Section 3 has three subsections that address in depth into the results and discussions. Section 3.1
concentrates on the fundamental concepts of solution non-negativity, whereas Section 3.2 describes the
solution's boundedness. Sections 3.3 and 3.4 clarify the terms uniqueness and existence of solution systems,
respectively. Finally, Section 3.5 discusses the existence of control theorem and its relevance to disease
control. In conclusion, Section 4 provides some final remarks.
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2. RESEARCH METHODS

In the current research, we establish an optimal control COVID-19 transmission epidemic system by
Hakim [12]. The model is divided into several classes with different criteria, namely people who are
susceptible without masks (S;), people who are susceptible and using masks (S;), people who are infected
without masks (1), people who are infected and using masks (I,), people in quarantine (Q), and the total
population denoted by N = S; + S, +I; + I, + Q. These categories also can be expressed mathematically
through a nonlinear differential equation, by following term bellow

ds;t( 2 1128, (8) = (u+ )81 () = (1 = 2.(0)BS1(D11(8) — z5(£)S1 ()

PO 1510 + 2510 G+ 150

‘“jf) =(1-z,®)BS1(OLE) +n2L (&) — (1 + u+y + @)1 (1) — z3(D)]1(t) (1)
dl;gt) =mL(E) -z +u+y+a)(8) +z3(DL ()

dgit) = a(l,(t) + () — (u+v + 6)Q(1),

Based on the Equation (1) above, we adapt to the model that was carried out by three control variables.
As an illustration, z; (t) was used to manage the direct interactions between susceptible and infected
individuals who are not wearing masks. As a preventive step to against COVID-19, z, (t) was introduced to
encourage the use masks among infected individuals. Lastly, the control variable z; (t) was implemented to
set up a requirement for susceptible individuals to consistently wear masks. Additionally, the following
approaches can be employed to examine several conditions of an optimal control problem in mathematical
modelling of COVID-19:

1. Evaluate the positivity and boundedness of solution through the application of standard methods for
solving ordinary differential equations.

2. Assess the uniqueness of the solution to the control system by utilizing the Lipschitz condition
approach.

3. Investigate the existence of solutions to the control system by employing a method in the theory of
partial derivatives.

4. Examine the persistence of control variables within the system, demonstrating that the utilization of
these control can effectively mitigate to COVID-19 disease.

3. RESULTS AND DISCUSSION

In this passage, we investigate some analysis of an optimal control properties, namely the uniqueness
of solution, the non-negativity or positivity of solution, the boundedness, and the existence of control variable
on the autonomous system of the COVID-19 model.

3.1 The Uniqueness of Solution

In this subsection, we determine that the autonomous Equation (1) has one solution (uniqueness) if
the Lipschitz condition is hold, and this condition is figured in theorem below.

Theorem 1. Let h(t, @) in Lipschitz condition
|h(t, ") — h(t, &™)

with the (¢, @*) and (t, @**) into the feasible region T' = {(S;,S,, 11,15, @)}, and k is a non-negative number,
such that the function ﬁ(t, @) has one solution (uniqueness).

< kld* — @™,

Proof. In this part, we start from the first equation on Equation (1) to determine that the pair state (¢, S7) and
(t,S1™) holds on the Lipschitz condition. For detailing, we present
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|h(t,57) —h(t, ST = +n)S" =S + (A —2z)BL (ST — ST) + z,(S7 — ST)|
= |lu+n+ A —z)Bl + 2|57 — STl
< (lul + Ine| + 1A = z)BL| + |22 DIST™ — ST

< <M +n1+ (1 =2 sup [I] + Zz) 51" = Sql

teDy,
< (.U +m+ A —z)pM;, + Zz)|5ik -5
< ks IS — 5171,

if kg, =u+mny+ (1 —2z)BM,; + z,, then it implies that the Lipschitz condition is satisfied by the term
|h(t,S7) — h(t,ST)| < kg, |ST — S77|. Secondly, to other subpopulations in Equation (1), it can be shown
that the following equation satisfy the Lipschitz conditions, namely

|h(t,83) —h(t,S3) =11 +n2)(S3" — S3)
= lu+ 183" — 531
< (Il + In2DISz™ = S31
< (u+n)lS; — 837
< ks,1S3 — 5271,

with the value kg, = u +1,, and the condition applies |h(t,S3) — h(t,S37)| < ks, |S; — S37|. Infected
subpopulation without medical masks can be demonstrated as

|h(t, I1) = h(t, 1] = 1A =2z)BSi(Ih =) + (m +pu+y +a+z3)(07" = 1)
S A =z)BS (= ED+ [+ +y +a+2z3)07" = 1)
S 1A =z)BSE =L+ +u+y+a+z)llll 177

(11 =2z)BS1| + Ina| + lul + vl + lal + |zsDIIT — 11

IA

IA

(A —z)B sup ISl +m +pu+y+a+z; ||f -1
teDg,

< (W —z)pMs, +m+pt+y+atz) |l — 1

< kplli =171,

such that we get the value k;, = (1 —z)BMs, + 1y + u+7vy + a + z5. While, the infected subpopulation
with masks shall be shown by following term

|h(t, 13) —h( )] = +u+y+ )3 —13)]
=In,+u+y+allly -]
< (Inzl + lul + Iyl + laDI3" = 1]
S +tp+ty+alz-137
< kpllz — 157,

so that we obtain the value k;, =7, + pu+y + a. The final part of the equation also satisfies Lipschitz
condition as well,

|h(t, Q") —h(t,@™)| =|u+y+6)(Q" —Q)l
=lu+y+6llQ™ - Q|
< (lpl+ vl +16DIQ™ — Q7|
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Su+y+0)IQT—Q™|

with a positive constant is related to the variable @, namely k, = u + vy + 6. Therefore, using the Lipschitz
condition analysis, we could conclude that the autonomous Equation (1) has a unigue solution.

3.2 The Non-negativity of Solution

In this section, to describe the Equation (1) has the positivity of solution on epidemiological
importance. As a result, it is crucial for proving that all variables remain non-negative at all time ¢t. To fix
this concern, we investigated the theorem listed below.

Theorem 2. The solution of Equation (1) remains non-negative for all ¢t > 0, provided that the initial
conditions for S, (0), S,(0), 1,(0), 1,(0), and Q(0) are all greater than or equal to zero and belong to the
region of I'.

Proof. By taking the equation that relate with susceptible people without mask in Equation (1), and arranging
algebra we get

ds
d_tl =p+ 18, — (u+n)S1 — (1= 2)BS11; — 2,5,

=p+mS; — (w+n + (A —z)BlL +23)5
= —(u+n+A—z)BlL +2,)8;
Therefore, we have the new term that the derivation of S is

ds;
dt
Integrating Equation (2) on both sides and using separation method, we obtain the following expression

2 —(u+n+ A —-z)BlL +23)8:. )

f —> f —(u+n + A —2z)BL + z,)dt,
5,(0) 1 0

and the trivial solution of Equation (2) is

S1(t) = S, (0)e~WHmrO-mBhtz)t > €)
Similarly, the solution of the other equations in the Equation (1) are obtained as follows
ds,
P N1S1 + 2251 — ( +12)S; = —(u +12)S,,
and the representation of susceptible wear mask as below
B > S, @
dt
Integrating Equation (4), such that the trivial solution of Equation (4) is
S,(t) = S, (0)e~Wn2t > ¢, (5)
Whereas the infected population without masks is given below
% =1 —z)BS1lh+nply = (M +u+y+a)ly —z3

=1+4+nL—M+u+ty+a+z8S +2z3)
>—(mtuty+ta+zf5 +2z3)h,

and then the new form as adheres
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dl,
EZ —(m +p+y+a+z5 +z3)lh. (6)
Using the separation method to Equation (6), the solution obtained is
L(t) = 11(O)e—(n1+u+y+a+zll351+z3)t > 0. )

The infected population use masks are expressed by

dl
d_;:mh—(ﬂz tuty+ta)l+z3 =2 - +u+y+a)l,
such that
dl,
2t 2 " tuty+al. (8)
By integrating the Equation (8), we have the trivial solution of
L(t) = I,(0)e~(ztuty+a)t > 9)
Finally, the last equation of the Equation (1) is
dQ
=t L) -ty +0)Q=-(ut+y+0)Q
then we generate
dQ
EZ —(u+vy+0)Q. (10)
Integrating the Equation (10) by using separation technique, we get the trivial solution of
Q(t) = Q(0)e~WHr+0t > q, (11)

Therefore, the consequence of Equations (3), (5), (7), (9), and (11) show that the all variables in Equation
(1) are positive for all t > 0, and hence the theorem of non-negativity is proven.

3.3 The Boundedness of Solution

The boundedness of solution defines of specific region to the solutions of the Equation (1), and this
idea is enhanced by the theorem following.

Theorem 3. Assuming the Equation (1) remains valid, and considering every solution of the model with the
initial condition in positivein N = S; + S, + I; + I, + Q € R}, and the set I" as t — oo, such that the region
of the feasible solution is bounded by

I'={(5,5,11,1,,Q) ER3:N < 1}.
Proof. From Equation (1), we know that notation N leads to the total of population, such as
AV _dS, 45,  dh  dly dQ N—y(,+1L+Q)—60Q < u(l1—N)
it ac ta et ta TNyt L+ Q=u ' (12)

Based on Equation (12) we get the first order ordinary differential equation, and by separating variables we
obtain

dn <u(l-N)
ar = H ’
then by integrating both sides of the inequality above from 0 to t, we generate the new form

fN(t) dN ft
—— < | udt,
N(0) 1-N 0
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—In(1 - N()) + In(1 — N(0)) < ut,

and by arranging the natural logarithm properties, we get the equation become

1 1= N < ut 13
"Tove) S (13)
Manipulating Equation (13) with the natural logarithm properties, we have the changed form
1—-N(0)
< Mt 14
1-N@) ~° 1)

Arranging and operating Equation (14) as an ordinary differential equation, we obtain the solution as follows
N(@®) <1—-(1-N(0))e k.

Hence at the time t — oo, then implies that N(t) < 1, and the solutions are bounded in the region T.

3.4 The Existence of a Solution

This section, we explain about the existence of Equation (1) that has been studied by Hakim [12]
previously. Before delivering the theorem to establish the existence of a solution into Equation (1), we
modify the right-hand side of Equation (1) to reconfigure into an alternative expression.

hs, (t, w) = u+ 18, — (w+n)S — (1 —z)BS11 — 2,5,

hs, (t, w) = 1181 + 2,81 — (U +12)S;

hy (6, w) = A =2z)BS1ly + 1m0 — ( tu+y+a)ly — z314 (15)
h,(t,w)=ml — M +u+y+a)l + 230

ho(t,w) = a(l; + 1) —(w+v +6)Q(D),

with w = (84,55, 11,15, Q).

Theorem 4. Suppose the function h(t,w) have a partial derivative :—Z dan |Z—Z| < oo, and satisfies the

Lipschitz criteria, then the function h(t, w) has an existence and boundedness of solution.

Proof. Attend to the right side of Equation (15), it is obvious to obtain the partial derivative and its absolute
value. In detail, we can show in susceptible subpopulations without mask can be partially derivation, namely

Ohs (t, w)
5—51 = _('u + 771) - (1 - Zl)ﬂll — 2,
then we obtain
Ohs (t, w)
—s | = IFE ) - (= 2Bh -zl <o
The next step is differentiating to the variable S, , which yields
Ohs, (t, w) dhs, (t, w)
s, 12, then s, |~ 72| < oo
If it is differentiating to the variable I;, we submit
dhs, (t, w) dhs, (t, w)
oL —(1 = 2)BS;, then Lo |- |=(1 = 21)BS1] < oo.

Then, the derivation into variable I,, we have
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Ohg, (t, w) Ohg, (t, w)
a—lz—O,then 0—12—0<00,
and while differentiating into variable @, obviously
Ohs, (@) _ 1 hen [P BN o
aQ aQ(t)

Analogous with the partially derivation process above, it is clear to find all the equations in Equation (15)
are continuous and boundedness.

3.5 The Existence of Control Variable for Controlling the Systems

The existence analysis of control variable is conducted to depict and support the expressed of control
variables provide a beneficial and deeper meaning. We determine the theorem 5 below based on the research
previously by Hakim [12].

Theorem 5. Suppose the exists of a control variable Z = (z,(t), z, (t), z3(t) ) within Equation (1), such that
the following condition is satisfied

min (z, (£), 2 (£), 23 (£), s (1) = J (21 (), 23(8), 23 (1)),

Proof. Following the analysis conducted in [6], [26], It is established that the optimal control through the
Equation (1) will exist when several of the conditions explained below are realized.

1. The control Z is a hon-empty set.

It is evident that by using this control, the desired function is able to be performed. Using a demonstration
by contradiction, suppose we define the objective function as follows:
ty
maxJ(?) = f (AL (t) + B, () + Cz2(t) + DZ3(6) + EZ3 (1) ) dt.
to
This implies that the crucial purpose of the functional objective is to maximize the infected subpopulations

with and without masks. However, considering the time interval t = [¢,, t¢] is bounded. To indicate the
existence of disease prevention methods, the control variable should be minimized as feasible bellow

ty
minJ(7) = f (AL (6) + BL,(t) + Cz2(t) + DZ3(6) + EZ3 (1)) dt,
to
and demonstrated that the control set is non-empty of elements.
2. The control set in Z is convex and closed.

a. Forany z € Z, and z' € Z, we will demonstrate that r = 0z + (1 — 6)z' € Z, for all 6 € [0,1].
Clearly, if 6z <06 and (1 —0)z' < (1 — ), then we can deduce that 6z + (1 —6)z' <6 +
(1 —6) = 1. Ultimately, we have 0 < 6z+ (1 —0)z' < 1,for all u € Z, and for all 6 € [0,1].
Therefore, the set of control Z is a convex.

b. Consider any control variable z & [a, b], it impliesthat z < a or z > b. Now, if z < a, it follows that
there exists €, = |z — a| > 0, which the results in the intersection of the set and the neighborhood of
the control being null set, denoted as [a, b] N V.(z) = @. Similarly, if z > b, it means there exists €, =
|z — b| > 0, and the intersection of the set and the neighborhood of the control also becomes an null
set, [a, b] N V. (z) = @. Consequently, it can be concluded that the control variable z is a closed, where
ZELZ.

3. The equation on the right-hand side of the Equation (1) is bounded by control configuration and a linear
function.



BAREKENG: J. Math. & App., vol. 18(2), pp. 0797- 0808, June, 2024. 805

In the first phase, we use Equation (1) as a fundamental term to change it into a matrix, namely

.dSl_
dt
% M2Sz — (U +n1)Sy — BS1h 7.B8S11; — 2,8, U
dl, MmS1 — (U +1n2)$; 2,5, 0
I =|BSih+mly — (i +u+y+ )| +|—2z8S1 —z31, | +]0
dl, mh— M +u+y+al, z3l 0
s a(ly +1) = (u+y +6)Q 0 0
aqQ
L dt A
n2S2 1 [W+n)S+BSih] 2,881, 755, U
N151 (1 +12)S; 7,5, 0 0
=|BSih +mh| | +u+y+a)l [+ 0 |—|zBSi +z [+]|0
nily My +u+y+a)l, 731, 0 0
La(lb+L) 1 | (u+y+6)Q L o | | 0 I 1o
[ M52 1 (2857
N151 7,5, 0
<|BSili +m20x |+ 0 +10
ml z31; 0
e+ ) Lo 1 Lo
N252 7188114 U
N151 Z5S, 0
< ||BS1y + 21z || + 0 + (0
Ml z31; 0
|« +1,) Lo Il o
M,
M,
< |M;|=M.
M,
| M

It's clear that the right-hand side of the autonomous Equation (1) is bounded by a control variable and
a linear function.

4. The functional objective is convex with the Z region

Consider any variables x; and y;, where i,j = 1,2,3, and a domain of 0 < 6 < 1. In this section, we
will demonstrate that

J((1=0)x(®) +67(®) < (1 - 0)J (X)) + 6] (F(D)), (16)

with X = (x1 (), x, (t),x3(t))T, and y = (yl(t),y(t),yg(t))T. Next, by incorporating the objective
function in Hakim [12] into Equation (16), resulting in
AL(D) + BL,(t) + C((1 — 0)x,(t) + 0y, (0))° + D((1 — 8)x,(t) + 8y,(D))”
+E((1 = 0)x3(t) + 0y;(0))’ an
< (1 - 6) (AL () + BIy(t) + Cx(t) + Dx3 () + Ex3 (1))
+6 (AI1 () + BL,(t) + Cyf (t) + DyF () + Ey%(t)).

Subsequently, through manipulation and organization of Equation (17), we obtain a detailed and
equivalent expression as follows
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(1-6)Cxf(t) +0Cy{(t) — C(1 — 6)*xf () —2C(1 — 6)6x; (D)y1(t) — CO%yf + (1 — 6)Dx3(t)
+0Dy2(t) — D(1 —0)%2x2(t) — 2D(1 — 0)0x,(t)y,(t) — DO?y2 + (1 — O)Ex2(t)
+6Dy3(t) — D(1 — 0)2y3(t) — 2D(1 — 6)0x3(t)y3(t) — DO2yf > 0,

Cxi(®)((1—0)— (1 —6)?) + CoyZ(t)(1 —6) — 2C(1 — 6)0x; )y, ()
+Dx2(0)((1—0) — (1 —0)?) + DOyZ(t)(1 — 6) — 2D(1 — 6)x, (D), (¢)
+Ex2()(1—6)— (1 —6)?) + EOy3(t)(1 — 6) — 2E(1 — 0)0x3(t)y3(t) = 0,

c6 ((1 - 0)xF(®) — 2(1 = 0)x, ()y1 (6) + (1 — O)xE (1) )
+06 (1 - 0)x3(t) — 2(1 — ), (£)y,(8) + (1 — O)y3(1))
+E6 (1 - 0)x3(8) — 2(1 — 0)x3(0)ys () + (1 - 0)y3(1)) = 0,

2 2
c6 (VA =0m(® —JT=0m®) +00 (VA= 0x:(0) — T = 0)30))
2
4+ E6 (‘/(1 “0)xs(t) — (1 = 9)y3(t)) > 0.

As a result, the value of the integrand for the goal function is convex.
5. The integrand of the objective function is bounded

Given parameters v, > C, v, > D, vz > E, as well as variables I (t) and I,(t) constrained within the
interval [t,, t¢], such that the population size of I, (t) remains below or equal to I; (t5), and I (t) is limited
to I(ty), the objective function

Al (t) + BI,(t) + Cz2(t) + Dz2(t) + Ez2(t) < AL (t) + BI,(t) + v,22(t) + v,22(t) + v323(t)
< A(ty) + B(tr) + v4|22[(6) + v|2Z|(©) + v3|23|(t) = M.

It is obvious that the functional objective is bounded by the M = A(t;) + B(tr) + vy |22|(8) +
v |23](6) + v3|23[ (©).

4. CONCLUSIONS

This research is an extension of the optimal control problem investigated by Hakim. The fundamental
goal of this study is to evaluate the boundedness and confirm the existence of solutions for the proposed
control system on the mathematical modelling of COVID-19. The analytical results show that the control
system designed adheres to the positivity and boundedness criteria, respectively the existence of control
variable on the COVID-19 model is satisfied the all criteria. As a consequence, the following requirements
for mathematical modeling of COVID-19 with several control are achieved: the control variable is not an
empty set, and it is convex and closed. Furthermore, the right-hand side of the nonlinear equation is bounded
by control variable and linear functions, whereas the functional objective is convex and bounded by a constant
value, and theorem 5 contains a detailed proof of the existence of control variable in optimal problems.

REFERENCES

[1] L.Hakim and A. Kusumastuti, “Generalisasi Fungsi Airy Sebagai Solusi Analitik Persamaan Schrodinger Nonlinier,” Cauchy,
vol. 2, no. 2, pp. 86-95, 2012, doi: 10.18860/ca.v2i2.2223.

[21 Z. Ma, J. Li, J. Li, wendi Wang, Z. Jin, and Y. Zhou, Dynamical Modeling and Analysis of Epidemics. World Scientific
publishing Co. Pte. Ltd., 2009.

[3] P.R. Akbar, C. Karim, and E. w. r. Bagus, “The Existence of Global Weak Solutions for Singular Parabolic System of p-
Laplacian Type,” J. Phys. Conf. Ser., vol. 1562, no. 1, 2020, doi: 10.1088/1742-6596/1562/1/012009.

[4] S. Khajanchi, K. Sarkar, and S. Banerjee, “Modeling the Dynamics of COVID-19 Pandemic with Implementation of
Intervention Strategies,” Eur. Phys. J. Plus, vol. 137, no. 1, 2022, doi: 10.1140/epjp/s13360-022-02347-w.

[5] O. . Peter, H. S. Panigoro, A. Abidemi, M. M. Ojo, and F. A. Oguntolu, “Mathematical Model of COVID-19 Pandemic with



BAREKENG: J. Math. & App., vol. 18(2), pp. 0797- 0808, June, 2024. 807

(6]
[7]
(8]
9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]

[22]

[23]

[24]

[25]

[26]

Double Dose Vaccination,” Acta Biotheor., vol. 71, no. 2, pp. 1-30, 2023, doi: 10.1007/s10441-023-09460-y.

L. Hakim, “A Pontryagin Principle and Optimal Control of Spreading Covid-19 With Vaccination and Quarantine Subtype,”
Commun. Math. Biol. Neurosci., vol. 2023, pp. 1-28, 2023, doi: 10.28919/cmbn/8157.

J. Malinzi et al., “COVID-19 Transmission Dynamics and The Impact of Vaccination: Modelling, Analysis and Simulations,”
R. Soc. Open Sci., vol. 10, no. 7, pp. 0-3, 2023, doi: 10.1098/rs0s.221656.

M. Rangasamy, C. Chesneau, C. Martin-Barreiro, and V. Leiva, “On a Novel Dynamics of SEIR Epidemic Models with a
Potential Application to COVID-19,” Symmetry (Basel)., vol. 14, no. 7, pp. 1-19, 2022, doi: 10.3390/sym14071436.

N. Huy, H. Mohammadi, and S. Rezapour, “A Mathematical Model for COVID-19 Transmission by Using the Caputo
Fractional Derivative,” Chaos, Solit. Fractal, no. January, pp. 1-11, 2020, doi: https://doi.org/10.1016/j.cha0s.2020.110107.
M. H. DarAssi, I. Ahmad, M. Z. Meetei, M. Alsulami, M. A. Khan, and E. M. Tag-eldin, “The Impact of the Face Mask on
SARS-CoV-2 Disease: Mathematical Modeling with a Case Study,” Results Phys., vol. 51, no. May, p. 106699, 2023, doi:
10.1016/j.rinp.2023.106699.

Trisilowati, I. Darti, R. R. Musafir, M. Rayungsari, and A. Suryanto, “Dynamics of a Fractional-Order COVID-19 Epidemic
Model with Quarantine and Standard Incidence Rate,” Axioms, vol. 12, no. 6, pp. 1-18, 2023, doi: 10.3390/axioms12060591.
L. Hakim, “Multiple Strategis as Optimal control of a Covid-19 Disease With Quarantine and Using Health Masks,” Barekeng
J. Imu Mat. dan Terap., vol. 16, no. 3, pp. 1059-1068, 2022, doi: https://doi.org/10.30598/barekengvol16iss3pp1059-1068.
M. A. Rois, F. Fatmawati, and C. Alfiniyah, “Two Isolation Treatments on the COVID-19 Model and Optimal Control With
Public Education,” Jambura J. Biomath., vol. 4, no. 1, pp. 88-94, 2023, doi: 10.34312/jjbm.v4i1.19963.

T. C. Sun et al., “Mathematical Modeling of COVID-19 with Vaccination Using Fractional Derivative: A Case Study,” Fractal
Fract., vol. 7, no. 3, pp. 1-23, 2023, doi: 10.3390/fractalfract7030234.

B. S. Ogundare and J. Akingbade, “Boundedness and Stability Properties of Solutions of Mathematical Model of Measles.,”
Tamkang J. Math., vol. 52, no. 1, pp. 91-112, 2021, doi: 10.5556/j.tkjm.52.2021.3367.

Y. Xue, X. Ruan, and Y. Xiao, “Measles dynamics on network models with optimal control strategies,” Adv. Differ. Equations,
vol. 2021, no. 1, 2021, doi: 10.1186/513662-021-03306-y.

K. R. Cheneke, “Optimal Control and Bifurcation Analysis of HIV Model,” Comput. Math. Methods Med., vol. 2023, 2023,
doi: 10.1155/2023/4754426.

A. Alshehri and S. Ullah, “Optimal Control Analysis of Monkeypox Disease With The Impact of Environmental Transmission,”
AIMS Math., vol. 8, no. 7, pp. 16926-16960, 2023, doi: 10.3934/math.2023865.

D. peng Gao and N. jing Huang, “Optimal Control Analysis of a Tuberculosis Model,” Appl. Math. Model., vol. 58, pp. 47-64,
2018, doi: 10.1016/j.apm.2017.12.027.

E. O. Alzahrani, W. Ahmad, M. Altaf Khan, and S. J. Malebary, “Optimal Control Strategies of Zika Virus Model with Mutant,”
Commun. Nonlinear Sci. Numer. Simul., vol. 93, p. 105532, 2021, doi: 10.1016/j.cnsns.2020.105532.

S. Mollah and S. Biswas, “Optimal control for the complication of Type 2 diabetes: the role of awareness programs by media
and treatment,” Int. J. Dyn. Control, vol. 11, no. 2, pp. 877-891, 2023, doi: 10.1007/s40435-022-01013-4.

N. S. Aguegboh, K. R. Phineas, M. Felix, and B. Diallo, “Modeling and Control of Hepatitis B Virus Transmission Dynamics
Using Fractional Order Differential Equations,” Commun. Math. Biol. Neurosci., vol. 2023, pp. 1-24, 2023, doi:
10.28919/cmbn/8174.

L. Hakim, T. Trisilowati, and 1. Darti, “Optimal Control of a Cholera Desease Model with Vaccination,” Int. J. Appl. Math.
Stat., vol. 53, no. 4, pp. 65-72, 2015.

Fatmawati, C. W. Chukwu, R. T. Algahtani, C. Alfiniyah, F. F. Herdicho, and Tasmi, “A Pontryagin’s Maximum Principle and
Optimal Control Model with Cost-Effectiveness Analysis of the COVID-19 Epidemic,” Decis. Anal. J., vol. 8, no. March, p.
100273, 2023, doi: 10.1016/j.dajour.2023.100273.

J. Nainggolan, J. Harianto, and H. Tasman, “An Optimal Control of Prevention and Treatment of Covid-19 Spread in
Indonesia,” Commun. Math. Biol. Neurosci., vol. 2023, pp. 1-22, 2023, doi: 10.28919/cmbn/7820.

S. Lenhart and J. T. Workman, Optimal Control Applied to Biological Models. 2007.



808 Hakim, et. al. BOUNDEDNESS AND EXISTENCE ANALYSIS SOLUTION OF AN OPTIMAL...



