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1. INTRODUCTION

A Graph G is a pair of sets (V, E') such that V' is a nonempty set of vertices and E is a set (which can
be empty) of unordered pairs of vertices that represent the edges [1]. An edge connecting a vertex u to a
vertex v is denoted by uv or vu [2]. If each pair of vertices u and v of a graph has at least one single path
which joins them, then this graph is called a connected graph, otherwise, it is called a disconnected graph. A
finite consecutive sequence of vertices and edges of graph G is called walk, which can be written as W =
voeivie, ... e vy for k € Z. A cycle graph with n vertices is a closed walk which begins and ends at the same
vertex but repeats no edges and denoted by C,, [3]. Moreover, a graph with n vertices where each pair of
vertices joined by an edge is called a complete graph and denoted by K;,. A graph that is formed by adding a
new vertex which is joined by an edge to each vertices of a cycle graph C,, is called a wheel graph and is
denoted by W, [4]. The graph that will be studied in this research is a connected wheel graph W;,.

Before discussing about graph labeling, we need to know the basic definition of function. A set f of
ordered pairsin A x B such that for each a € A there exists a unique b € B with (a, b) € f is called a function
f from A to B or a mapping f of A into B. The function f is said to be injective if whenever x; # x,, then
f(xy) # f(xy) for x4, x, € A. Besides, the function f is said to be surjective if f(A) = B which means the
value of f is all of the elements of the set B. If function f is injective and surjective, then f is a bijective
function [5].

Graph labeling is a function from the elements (vertices or edges, or both) of a graph to a set of elements
(generally a non-negative or positive integer) by satisfying certain rules [6] and it was first introduced by
Sedlacek in 1963. The methods of graph labeling began with Rossa in 1967 and various methods continue
to develop such as harmonious labeling which was introduced by Graham and Sloane in connection with
error-connecting codes and channel assignment problems. A graph G with g edges is said to be harmonious
if there is an injective function f: V(G) — {0,1,2, ..., g — 1} such that induces a bijective function f*: E(G) —
{0,1,2, ...,q — 1} defined by f*(uv) = (f(w) + f(v))(mmodq) for every uv € E(G) [7]. Many variants of
harmonious labeling were developed, two of them are odd harmonious and even harmonious labeling. Liang
and Bai defined a function f to be an odd harmonious labeling of graph G with g edges if f is an injection
from the vertices of graph G to the integers from 0 to 2q — 1 such that the induced mapping from the edges
of G to the odd integers between 1 to 2q — 1 defined by f*(uv) = f(u) + f(v) is a bijection [8]. Whereas,
an even harmonious labeling of graph G with g edges is an injective function f:V(G) - {0,1,2, ...,2q} such
that induces a bijective function f*:E(G) - {0,2,4,...,2q —2} defined by f*(uv)=(f(w)+
f(v))(mod2q) for every uv € E(G) [9]. Many results relevant to harmonious, odd harmonious, even
harmonious, and other variants of harmonious labeling had been surveyed by Gallian [10]. Besides, Lasim et
al. found a function to build new labelings based on existing labelings [11]. In this study, we focus on a
variant of even harmonious labeling, that is a properly even harmonious labeling. A function f is said to be
a properly even harmonious labeling of a graph G with q edges if f is an injection from the vertices of graph
G to the integers from 0 to 2q — 1 which induces a bijective function f* from the edges of G 10 0,2, ...,2(q —

1) defined by f*(v;v;) = (f (vy) + £ (v;))(mod2q) [12].

There are several properly even harmonious graphs that have been proven, such as graph K ,,, , and
union of two coconut trees [13] , generalized Petersen graphs [14], and there were also some previous studies
that relevant to wheel graph W, such as Gallian and Schoenhard that proved that wheel graph W,,, written as
K; + C,, for nis odd are properly even harmonious graphs [15]. Besides, according to the research of Gallian
and Stewart about properly even harmonious labelings of some union certain graphs [12], Olivia stated a
theorem that the union of a wheel graph W, for n > 3 is odd with certain graphs having a properly even
harmonious labeling [16]. Moreover, Diyanatut explained that the wheel graph W, for n is even is not a
properly even harmonious graph by labeling the center vertex v, = 2 and the other vertices v; = 4(i — 1)
for every i > 1 [17]. Apart from this given label, there were no more explanation about wheel graph W, for
n is even. Therefore, in this research we will determine another label that satisfies a properly even harmonious
labeling of some wheel graph W, for n is even. In particular, for 4 < n < 14.



BAREKENG: J. Math. & App., vol. 18(1), pp. 0553- 0564, March, 2024. 555

2. RESEARCH METHODS
The method used in this research is the literature study method that studies references such as books
or journal which are relevant to the research. Here are the steps to do the research:
1. Learning about the characterization of a properly even harmonious labeling of a graph

2. Determining a properly even harmonious labeling of wheel graph W, for n is even using the
algorithm shown in Figure 1

START

Input a wheel graph
W nfornis
even with q edges

Label the vertices of graph
W_n such that a function
f:V—{012,..29-1}is

injective

Give another label
of vertices that
satisfies an
injective function f

Is the obtained label of the edges
of graph W_n satisfying a bijective function
f':E—{0,246.,..,2(a-1)}
defined by f*(xy)=(f(x)+f(y))(mod2q)

The wheel graph W_n for n is
even with q edges has a properly
even harmonious labeling

FINISH

Figure 1. The algorithm to determine a properly even harmonious labeling

3. RESULTS AND DISCUSSION

Diyanatut stated that wheel graph W, for n is even is not a properly even harmonious graph if a certain
labeling is given as shown in Figure 2 [17].
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12 ‘ 8
Figure 2. A vertices and edges labeling of graph W,

In this research, we will show the existence of another labeling that satisfies a properly even
harmonious labeling of some wheel graph W, for n is even. In particular, for 4 < n < 14. According to the
algorithm shown in Figure 1, first we need to determine the vertices and edges labels for each of wheel graph

W, for 4 < n < 14 is even as explained in the following steps.

3.1 Giving Notations of Vertices and Edges

The notations of vertices and edges of wheel graph W, can be shown in Figure 3

v,

v, ¥n V¥,
Vi - V¥ v
.
VeV
Ve
VeV
Va1V . ViVs
Va¥
Ye¥a
« VgVa -
Vor s, Vs
~

s Vive

~

.
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Figure 3. Notations of vertices and edges of graph W,

Example 1. The notations of vertices and edges for each of wheel graph W, for n = 4,6,8 are shown in

Figure 4
v,
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Figure 4. Notations of vertices and edges of graph (a) W, (b) W, and (c) Wg

Therefore, the notations of vertices and edges of wheel graph I, can be written as
VW) = {vo, 1, V2, V3, Vay +ovs Vn—1, Un} (1)
E(W,) = {vovy, VoVy, VoVs, VoVy, v, VoVn_1, VoVUn, V1V2, V2V3, V3V4, ..., Vp_1 Uy, V1 Vpn}

It can be seen that the number of edges of wheel graph W, is g = 2n.

3.2 Determining the Labels of Vertices and Edges

According to the notations written in Equation 1, the vertices labels of wheel graph W, can be
determined by defining a function f:V(W,) - {0,1,2,3,...,2q — 1} or it can be written as f:V(W,) -
{0,1,2,3, ...,4n — 1} which induces a function f*: E(W,) — {0,2,4,6, ...,2(q — 1)} or it can be written as
fEW,) - {0,1,2,3,...,4n — 2} such that f*(v;v;) = (f (vy) + f(v;)) (nod4n) for every v;v; € E(W,)
and i # j.

Example 2. Assume that the vertices labels of wheel graph W, for 4 < n < 14 is even defined as a function
f:Vv(W,) = {0,1,2,3, ...,4n — 1} such that for every v; € V(W)

_ 0 forn=4,6,8
fwo) = {14 forn =10,12,14
4 forn=4,6,8
flo) = {o forn=10,12,14
_( 12 forn =4,6,8
fv2) = {4 forn=10,12,14
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£( 10 forn = 4,6,8

F@Ws) =12 forn=101214
14 forn =4,6,8

flo) = {10 forn =10,12,14

18 forn =4,6,8

FWs) =120 forn=1012,14
2 forn=6
fvg) = 20 forn =38
{ 12 forn = 10,12,14 )
8 forn=28
f(w;)={ 24forn=10
44 forn = 12,14
26 forn =8,10
f(vg) =1 32 forn=12
34 forn =14
34 forn =10
flw 9)_ 6 forn = 12,14
28 forn =10
f(vi) =434 forn=12
32 forn=14
8 forn =12
flon) = {22 forn =14
36 forn=12
fvr2) = {30 forn =14
f(v13) =36
f(v1s) = 28

which induces a function f*: E(W},) - {0,1,2,3, ..., 4n — 2} such that for every v;v; € E(W,,) and i # j

4 4 rn=4%
F@or) = (Fo0) + Fn)omod any = { ST S =0
_ 4 forn=4,6,8
- {14 forn=10,12,14
£ o) = (F0) + F))mod am = { (¥ JOmoe ) form = LOs o
12 forn = 4,6,8
18 forn = 10,12,14
{ (0 +10)(mod 4n) for n = 4,6,8
(14 + 2)(mod 4n) forn = 10,12,14
10 forn = 4,6,8
16 forn = 10,12,14
o) = (P + fe)emod im) = {4, o T s
14 forn = 4,6,8
24 forn =10,12,14
f*(wovs) = (f(vo) + f(vs))(mod 4n) = {(1 4(_2 301)25:;02”??0];0; Z 1035;14
_{ 18 forn = 6,8
34 forn = 10,12,14
(0 +2)(mod 4n) forn=16

fr(wovs) = (f(vo) + f(v3))(m0d 4n) =

fr(wove) = (f(vo) + f(v6))(mod 4n) = (0 + 20)(mod 4n) forn =8
(14 + 12)(mod 4n) forn = 10,12,14
2forn=6
= 20 forn=8

26 forn =10,12,14



BAREKENG: J. Math. & App., vol. 18(1), pp. 0553- 0564, March, 2024.

(0 + 8)(mod 4n) forn =18
fr(vovy) = (f(vo) + f(v7))(mod 4n) =< (14 + 24)(mod 4n) forn = 10
(14 + 44)(mod 4n) forn = 12,14
8forn=28
_)38forn=10
~ )10 forn =12
2 forn=14
( (0 + 26)(mod 4n) forn =8
= 0+ i - 1&: 20t forn = 1
(14 + 34)(mod 4n) forn = 14
26 forn=18
0 forn=10
46 forn =12
48 forn = 14
(14 + 34)(mod 4n) forn = 10
{(14 + 6)(mod 4n) forn = 12,14
_( 8forn=10
- {20 forn=12,14

f*(wove) = (f(vo) + f(v9))(mod 4n)

(14 + 28)(mod 4n) forn = 10

f*(wovyig) = (f(vo) + f(vlo))(mod 4n) =< (14 + 34)(mod 4n) forn = 12
(14 + 32)(mod 4n) forn = 14

2forn=10
0forn=12
46 forn = 14

£ @ovis) = (Fvo) + f(v1))(mod 4n) = ((1144 e

{22 forn=12
36 forn =14

F@ovia) = (F00) + ) amod 4y = {{17 1 S0Xmed i forn =
_ { 2 forn=12
44 forn = 14
fr(wovi3) = (f(vo) + f(v13))(mod 4n) = (14 + 36)(mod 4n) = 50
fr(woviy) = (f(vo) + f(v14))(mod 4n) = (14 + 28)(mod 4n) = 42
o) = (FO) + [ @) mod i) = {<é4++4§(23§,’2"4i§“}152’”2 01214
{ 0forn=
16 forn = 6 8
4 forn=10,12,14
f*(wavs) = (f(v2) + f(vs))(mod 4n) = {((41-? ;)1(25?23)4;3rf3r—n16 f26184
{ 6 forn =
22 forn = 6 8
6 forn=10,12,14

= G+ oot ={ S0 8L e

8forn=4
_ ) 0forn=6
- 24 forn =28

12 forn =10,12,14
. _ _ (14 + 18)(mod 4n) forn = 6,8
17@avs) = (F) + fE))mod 41) = {104 20)(mod 4m) for n = 10,12,14

559
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8forn=6
= 0forn=28
30 forn =10,12,14
(18 + 2)(mod 4n) forn =6
fr(vsve) = (f(vs) + f(v6))(mod 4n) = (18 + 20)(mod 4n) forn =8
(20 + 12)(mod 4n)for n = 10,12,14
20 forn=6
6 forn=28
32 forn =10,12,14
(20 + 8)(mod 4n) forn =8
fr(vgvy) = (f(vG) + f(v7))(mod 4n) =< (12 + 24)(mod 4n)for n = 10
(12 + 44)(mod 4n)for n = 12,14
28 forn =8
_ )36 forn=10
) 8forn=12
0 forn=14
(8+26)(mod 4n) forn =18
o= o2+ St {Eii o
(44 + 34)(mod 4n)forn = 14
2forn=28
10 forn =10
28 forn =12
22 forn =14
(26 + 34)(mod 4n)forn = 10
f*(vgvy) = (f(vg) + f(vg))(mod 4n) =< (32 + 6)(mod 4n)forn = 12
(34 + 6)(mod 4n)for n = 14

20 forn =10
38 forn=12
40 forn =14

(34 + 28)(mod 4n)for n = 10
f*(ov10) = (f(vg) + f(v10))(mod 4n) = { (6 + 34)(mod 4n)forn = 12
(6 +32)(mod 4n)forn = 14

22 forn=10

=440 forn =12

38 forn =14

f*(Wiov11) = (f (1) + f(v11))(mod 4n) = {((3324 :282))((11:110:614412 )j;)(:’rr; =: 1124

_{42forn= 12
~ |54 forn =14

friv12) = (f(vi1) + f(v12))(mod 4n) = {((2821 3360))((mwf0dd4472 )];?;‘rr; - 112.4

44 forn =12
- {52 forn =14
f*iav13) = (f(v12) + f(v13))(mod 4n) = (30 + 36)(mod 4n) = 10
[ (v13v14) = (f(v13) + f(v14))(m0d 4n) = (36 + 26)(mod 4n) = 8
fr(viy) = (f(vl) + f(v4))(mod 4n) = (4 + 14)(mod 4n) = 2
fr(vve) = (f(vl) + f(v6))(mod 4n) = (4 + 2)(mod 4n) = 6
fr(vvg) = (f(vl) + f(vs))(mod 4n) = (4 + 26)(mod 4n) = 30
fr(vivq) = (f(vl) + f(vlo))(mod 4n) = (0 + 28)(mod 4n) = 28
fr(vivip) = (f(vl) + f(vlz))(mod 4n) = (0 + 36)(mod 4n) = 36
fr(viviy) = (f(vl) + f(v14))(mod 4n) = (0 + 28)(mod 4n) = 28
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Therefore, the obtained vertices labels in Equation (2) and edges labels in Equation (3) for each of
wheel graph I, for 4 < n < 14 is even can be shown in Figure 5
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Figure 5. A Vertices and Edges Labeling of graph (a) W, (b) W, (c) Wy, (d) W4, (€) W, and (f) W,
Next, the following theorem proves that the vertices and edges labeling for each of wheel graphs in
Figure 5 is a properly even harmonious labeling.
Theorem 1. Each of wheel graph W, for 4 < n < 14 is even is a properly even harmonious graph.

Proof. The vertices labeling of wheel graph W, in Equation (2), for every v; e V(W,) and 4 < n < 14 is
even, satisfies a function f: V(W,) - {0,1,2,3, ..., 4n — 1} which can be defined as
( 4i;i=01andn = 4,6,8
12;i=2andn = 4,6,8
4i—2;i=345andn = 4,6,8
2;i=6andn=6; i =3andn =10,12,14
8;i=7andn =8
26;i=8andn =8
14;i=0andn = 10,14
0;i=1landn =10,12,14
2i;i=2,6,14andn = 10,12,14
3i—2;i=410and n =10
2i+10;i=5,78and n =10
fw) =1 34;i=8andn=14;i =9andn =10
10;i=4andn = 12,14 (@)
20;i=6andn=8;i=5andn =12,14
44:i=7andn = 12,14
32;i=8andn=12;i=10andn = 14
i—3;i=911landn =12
2i+14;i=0,10andn =12
36;i=12andn=12;i =13 andn = 14
6;i=9andn =14
22;i=11landn = 14
30;i=12andn = 14
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such that for every v, vy, vov;, v;v; 41 € E(W,) satisfies the induced function f*: E(W,,) = {0,2,4,6, ...,4n —
2)} defined as
2n—6;n=4,6
. ) 30;n=8
Fron) =93 980 = 10,14 (5)
\ 36;n=12

4:i=1andn = 4,6,8
12;i=2and n = 4,6,8
4i—2;i=345and n = 4,6,8
2;i=6andn=6;i=7andn=14;i=12andn =12
20;i=6andn=8;i =9andn = 12,14
8;i=7andn=8;i=9andn =10
26;i=8andn=8;i=8andn =8
14;i=1andn =10,12,14
3i4+12;i=24andn =10,12,14;i = 10 and n = 10
*(vav:) = 16;i =3 andn = 10,12,14
f v = 2i+24;i=578andn = 10;i = 13 and n = 14 (6)
20+ 14;i =6,11,14and n = 10,14;i =6 and n = 12
34;i=5andn = 12,14
10;i=7andn =12
46;i=8andn=12;i =10and n =14
48;i=8andn =14
22;i=11landn =12
0;i=10andn =12
44;:i=12and n = 14

16(mod 4n);i = 1and n = 4,6,8
22(mod 4n);i = 2 and n = 4,6,8
8i(mod 4n) ;i =3,4andn = 4,6,8
20;i=5andn==6
28;i=6andn=8;i=7andn =12
2;i=7andn =28
20+ 2;i=12andn =10,12,14
12;i=3andn =10,12,14
2i+22;i=45andn =10,12,14;i =9,10,11 and n = 12
* — 36;i=6andn =10
[ @wi) =3 10;i=7andn=10;i = 12and n = 14
(2i + 44)(mod 4n) ;i =8,9and n = 10
56(mod 4n);i =6 andn = 12,14
38;i=8andn=12;i=9andn = 14
22;i=7andn =14
40; i =8 andn = 14
54;i=10and n =14
52;i=11andn =14
6;i=5andn =38
8;i=13andn =14

(7)

It can be seen from Equation (4), that each vertex of wheel graph W, for 4 < n < 14 is even has a
different label, which means that for every v;, v; € V(W,), if v; # v;, then f(v;) # f(vj). Therefore, f isan
injective function. The Equation (5) - Equation (7) show that each edge of wheel graph W, for4 <n < 14
is even has a different label, which means that for every edge e;, e; € E(W,) and e; # e;, then f*(e;) #

f*(ej). Therefore, f* is an injective function. Besides, for every y € {0,2,4,6, ...,2(q — 1)} is the label of an
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edge e € E(W,) such that y = f*(e) = f*(vv;) = (f(v;) + f(v;))(mod2q). It means that f* is a
surjective and so a bijective function.

According to the definition of a properly even harmonious labeling [12], the vertices and edges labeling
of wheel graph W, for 4 <n < 14 is even as shown in Figure 5 satisfies a properly even harmonious
labeling. Therefore, each of wheel graph W, for 4 < n < 14 is even is a properly even harmonious graph. m

4.CONCLUSIONS

In this research, we proved that each of wheel graph W}, for 4 < n < 14 is even is a properly even
harmonious graph, which means that there exists a properly even harmonious labeling in each of these graphs
as shown in Figure 5. The general formula of the properly even harmonious labeling of wheel graph W, for
n is even can be studied for further research.
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