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ABSTRACT 
Article History: A magic square whose dimensions are expanded is called a magic cube. A magic cube whose 

properties are expanded is called a perfect magic cube. The perfect magic cube problem is how 

to arrange 𝑚3 numbers in an 𝑚 × 𝑚 × 𝑚 cube (matrix) such that the sum of rows, columns, 

pillars, diagonals (planes and spaces) produce a magic constant of the cube. In this paper, it 

will be studied how to construct a perfect magic cube of order 8𝑛 for 𝑛 ≥ 1 whose entries 

contain an arithmetic sequence with the difference (β) which is set to find specific patterns, and 

the algorithm for constructing a perfect magic cube is then implemented into programming 

language to solve large orders.  
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1. INTRODUCTION 

In prehistoric times there have been studies and the earliest known examples of magic square is the 

Lo-Shu turtle from ancient China [1]. The magic square problem is how to arrange a number of 𝑚2 numbers 

in an 𝑚 × 𝑚 square box (matrix) such that it satisfies the magic square property, namely the sum of the 

numbers in each row, column, and main diagonal are the same [2]. Research on the magic square construction 

has been conducted by [3], [4], [5]. The magic cube is a dimensional extension of the magic square. A magic 

cube is a number of magic squares arranged in such a way that it satisfies a magic cube property, namely the 

sum of the numbers in each row, column, pillar, and diagonal of the space is the same or in other words it is 

called the magic constant of cube [6]. The magic cube problem is how to arrange a number of 𝑚3 numbers 

in a cube (matrix) 𝑚 × 𝑚 × 𝑚 such that it produces a magic constant of cube [7]. The magic cube is divided 

into several types including; simple, diagonal, pantriagonal, diagonal pantriagonal, pandiagonal, and perfect 

magic cube [8]. Some previous studies on the completion of magic cube construction have been carried out 

by [9], [10], [11]. Recently, several types of research have been published related to the magic square and 

cube that applied their properties into some scopes such as cryptography, information security, public key, 

secret sharing, remote access control, applied mathematics, and number theory [12]. 

A perfect magic cube is an expansion of the properties of a magic cube that has the properties that the 

sum of the numbers in each row, column, pillar, diagonal space, and diagonal plane is the same. Research on 

perfect magic cubes with natural number sequence entries has been done per case of each order in previous 

years [13]. Therefore, this paper discusses how to construct a generalized perfect magic cube of order 8𝑛 for 

𝑛 ≥ 1 whose entries contain an arithmetic sequence with initial number (𝛼) and difference (𝛽) which is set 

to find a certain pattern, and the algorithm for constructing the perfect magic cube is then implemented into 

a programming language to solve larger orders. 

 

2. RESEARCH METHODS 

This research will discuss the construction of a perfect magic cube of order 8𝑛 where n is the index for 

𝑛 ≥ 1 with the following research stages: 

1. Literature study and formulate the problem of determining the settings for manually forming a perfect 

magic cube of order 8𝑛. 

2. Prove the existence of the perfect magic cube of order 8𝑛 for 𝑛 = 1,2 with arithmetic sequence. 

3. Construct the perfect magic cube of order 8𝑛 algorithm for 𝑛 = 1,2 with arithmetic sequence. 

4. Recapitulate and test the feasibility of the algorithm up to large order and then construct a perfect 

magic cube of order 8𝑛 for 𝑛 ≥ 1 with arithmetic sequence using Python software. 

5. Prove the existence of the perfect magic cube of order 8𝑛 for 𝑛 ≥ 1 with arithmetic sequence. 

 

2.1 Magic Square, Magic Cube and Perfect Magic Cube with Arithmetic Sequence 

In this section, the definitions and properties of magic square, magic cube, and perfect magic cube with 

arithmetic sequence entries are presented. It also presents illustrations and theorems related to magic square, 

magic cube and perfect magic cube. 

Definition 1. [14]. An arithmetic sequence is a sequence of numbers {𝑎𝑚} with difference (𝛽) if for a fixed 
natural number m and for all 𝑘 = 1,2, … , 𝑚, 

𝑎𝑘 − 𝑎𝑘−1 = 𝛽, 
where 𝑎0 = initial number = 𝛼. 

Based on Definition 1, an arithmetic sequence can be written in Equation (1) as follows: 

𝛼, 𝛼 + 𝛽, 𝛼 + 2𝛽, 𝛼 + 3𝛽, … , 𝛼 + (𝑚 − 2)𝛽, 𝛼 + (𝑚 − 1)𝛽, (1) 

𝛼 + 𝛼 + 𝛽 + 𝛼 + 2𝛽 + ⋯ + 𝛼 + (𝑚 − 2)𝛽 + 𝛼 + (𝑚 − 1)𝛽 =
𝑚

2
(𝛼 + 𝛼 + (𝑚 − 1)𝛽. (2) 

An arithmetic series is the sum of the arithmetic sequence written in Equation (2) [15]. 
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Definition 2. [16], [17]. The magic square can be denoted as follows 

𝐶 = [𝑐𝑖,𝑗: 1 ≤ 𝑖, 𝑗 ≤ 𝑚] 

is an 𝑚 × 𝑚 matrix (square) containing an arithmetic sequence whose entries appear exactly once then 

arranged such that the sum of rows, columns, and main diagonals yields the magic constant of square 
𝑚

2
(2𝛼 +

(𝑚2 − 1)𝛽). 

Example 1. [5]. The magic square with arithmetic sequence entries is illustrated in Figure 1(a). 

Definition 3. [18]. A three-dimensional matrix 𝑚 × 𝑚 × 𝑚 consisting of 𝑚 rows, 𝑚 columns, and 𝑚 layer 

is called a cubic array of order 𝑚 or can be written 𝐶 = 𝑐𝑖,𝑗,𝑘  , 𝑖, 𝑗, 𝑘 ∈ {1,2,3, . . . , 𝑚} where 𝑐𝑖,𝑗,𝑘 is the 𝑖 th 

row element, 𝑗 th column element, and 𝑘 th file of the array (layer). The set of 𝑚 elements of 

i. {𝑐𝑖+𝑙,𝑗,𝑘  ∶  𝑙 = 1,2, . . . , 𝑚} is a column, 

ii. {𝑐𝑖,𝑗+𝑙,𝑘  ∶   𝑙 = 1,2, . . . , 𝑚} is a row, 

iii. {𝑐𝑖,𝑗,𝑘+𝑙  ∶  𝑙 = 1,2, . . . , 𝑚} is a pillar, 

iv. {𝑐𝑖+𝑙,𝑗+𝑙,𝑘  ∶  𝑙 = 1,2, . . . , 𝑚}, {𝑐𝑖+𝑙,𝑗,𝑘+𝑙  ∶  𝑙 = 1,2, . . . , 𝑚}, and {𝑐𝑖,𝑗+𝑙,𝑘+𝑙  ∶  𝑙 = 1,2, . . . , 𝑚} are the 

plane diagonals, 

v. {𝑐𝑖+𝑙,𝑗+𝑙,𝑘+𝑙  ∶  𝑙 = 1,2, . . . , 𝑚} and {𝑐𝑖+𝑙,𝑡+1−(𝑗+𝑙),𝑘+𝑙  ∶  𝑙 = 1,2, . . . , 𝑚} are the space diagonals, 

where 𝑡 = 𝑚. 

Definition 4. [19], [20]. The magic cube is a generalization of the magic square which can be denoted as 

follows  

𝐶 = [𝑐𝑖,𝑗,𝑘: 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑚], 

is an 𝑚 × 𝑚 × 𝑚 matrix (cubic array) containing an arithmetic sequence whose entries appear exactly once 

then arranged such that the sum of rows, columns, pillars, and space diagonals yields the magic constant of 

the cube. 

Example 2. [21]. The magic cube with arithmetic sequence entries is illustrated in Figure 1(b). 

Lemma 1. [18]. The magic cube containing an arithmetic sequence has the magic constant of cube 
𝑚

2
(2𝛼 +

(𝑚3 − 1)𝛽). 

Proof. Suppose that a number of arithmetic rows summed in Equation (2) are then placed in 𝑚 rows, 𝑚 

columns, and 𝑚 layers of a cube matrix 

𝛼 + (𝛼 + 𝛽) + (𝛼 + 2𝛽) + ⋯ + 𝛼 + (𝑚3 − 1)𝛽 =
𝑚3

2
(𝛼 + 𝛼 + (𝑚3 − 1)𝛽), (3) 

Since only one row, column, pillar, or diagonal space of the magic cube is needed, then 

𝑆𝑐 =
𝑚3

2
(2𝛼+(𝑚3−1)𝛽)

𝑚2 =
𝑚

2
(2𝛼 + (𝑚3 − 1)𝛽). ∎  (4) 

Definition 5. [18]. The perfect magic cube is a cubic array containing an arithmetic sequence whose entries 

appear exactly once arranged so that the sum of rows, columns, pillars, plane diagonals, and space diagonals 

produces the magic constant of the cube based on Equation (4). 

Example 3. [22]. The perfect magic cube with arithmetic sequence entries is illustrated in Figure 1(c). 
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 (a) (b)  (c) 

Figure 1. (a) magic square of order four with 𝜶 = 𝟕, 𝜷 = 𝟏, and the magic constant of squares sums to 58, (b) 

magic cube of order three with 𝜶 = 𝟏, 𝜷 = 𝟏, and the magic constant of cubes sums to 42, (c) perfect 

magic cube of order six with 𝜶 = 𝟏, 𝜷 = 𝟏, and the magic constant of cubes sums to 651 
 
The magic cube that has arithmetic sequence entries can be determined using Equation (4) with the 

following information: 

𝑆𝑐 = the sum of a rows, columns, pillars, and space diagonals, 

𝑚 = order of the magic cube, 

𝛼 = initial number, 

𝛽 = the difference between each number, 

𝛼, 𝛽 ∈ ℤ [23]. 

A perfect magic cube has different properties from a magic cube. The difference in properties between the 
magic cube and the perfect magic cube of order 𝑚 causes the construction of the perfect magic cube to exist 
for 𝑚 ≥ 1, 𝑚 ≠ 2,3,4. The case of 𝑚 = 1 has a trivial solution [24]. 

Theorem 1 [25]. There is no perfect magic cube of order two. 

Proof. Let 𝐶2 = (𝑐𝑖,𝑗,𝑘), 𝑖, 𝑗, 𝑘 ∈ 1,2 perfect magic cube of order two whose entries are arithmetic sequence 

with each element 𝑖 rows, 𝑗 columns, and 𝑘 layers. Based on Equation (4) in Lemma 1, the magic constant 

of cube 𝑆𝑐. Take any square matrix in a layer e.g.: 

𝐶2 = (
𝑐1,1,1 𝑐1,2,1

𝑐2,1,1 𝑐2,2,1
), 

based on the properties of magic cube 𝑐1,1,1 + 𝑐1,2,1 = 𝑐1,1,1 + 𝑐2,1,1 = 𝑆𝑐, 𝑐1,2,1 = 𝑐2,1,1, since each entry 

must be different, it is a contradiction with Definition 5.∎ 

Theorem 2 [18]. There is no perfect magic cube of order three. 

Proof. Let 𝐶3 = (𝑐𝑖,𝑗,𝑘), 𝑖, 𝑗, 𝑘 ∈ 1,2,3 perfect magic cube of order three whose entries are arithmetic 

sequence with each element 𝑖 rows, 𝑗 columns, and 𝑘 layers. Based on Equation (4) in Lemma 1, the magic 

constant of cube 𝑆𝑐. Then it holds 

𝑐1,1,𝑘 + 𝑐2,2,𝑘 + 𝑐3,3,𝑘 = 𝑆𝑐, 𝑐1,2,𝑘 + 𝑐2,2,𝑘 + 𝑐3,2,𝑘 = 𝑆𝑐, 

𝑐1,3,𝑘 + 𝑐2,2,𝑘 + 𝑐3,1,𝑘 = 𝑆𝑐, 𝑐2,1,𝑘 + 𝑐2,2,𝑘 + 𝑐2,3,𝑘 = 𝑆𝑐, 

these imply that 𝑐2,2,𝑘 = 𝑆𝑐/3 for 𝑘 = 1,2, and 3, a contradiction with Definition 5.∎ 

Theorem 3 [18]. There is no perfect magic cube of order four. 

Proof. Let 𝐶4 = (𝑐𝑖,𝑗,𝑘), 𝑖, 𝑗, 𝑘 ∈ 1,2,3,4 perfect magic cube of order four whose entries are arithmetic 

sequence with each element 𝑖 rows, 𝑗 columns, and 𝑘 layers. Based on Equation (4) in Lemma 1, the magic 
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constant of cube 𝑆𝑐. First, it will be proved that each layer of the cube has the sum of its four corners elements 

𝑆𝑐. Then it holds 

𝑐1,1,𝑘 + 𝑐1,2,𝑘 + 𝑐1,3,𝑘 + 𝑐1,4,𝑘 = 𝑐1,1,𝑘 + 𝑐2,2,𝑘 + 𝑐3,3,𝑘 + 𝑐4,4,𝑘 = 𝑐1,1,𝑘 + 𝑐2,1,𝑘 + 𝑐3,1,𝑘 + 𝑐4,1,𝑘 = 𝑆𝑐, 

𝑐1,4,𝑘 + 𝑐2,3,𝑘 + 𝑐3,2,𝑘 + 𝑐4,1,𝑘 = 𝑐1,4,𝑘 + 𝑐2,4,𝑘 + 𝑐3,4,𝑘 + 𝑐4,4,𝑘 = 𝑐4,1,𝑘 + 𝑐4,2,𝑘 + 𝑐4,3,𝑘 + 𝑐4,4,𝑘 = 𝑆𝑐, 

these imply that 

2(𝑐1,1,𝑘 + 𝑐1,4,𝑘 + 𝑐4,1,𝑘 + 𝑐4,4,𝑘) + ∑ ∑ 𝑐𝑖,𝑗,𝑘 = 6(𝑆𝑐)

4

𝑗=1

4

𝑖=1

, 

∑ ∑ 𝑐𝑖,𝑗,𝑘 = 4(𝑆𝑐)

4

𝑗=1

4

𝑖=1

, 

𝑐1,1,𝑘 + 𝑐1,4,𝑘 + 𝑐4,1,𝑘 + 𝑐4,4,𝑘 = 𝑆𝑐. 

So, the sum of the corners is 𝑆𝑐 for 𝑘 = 1,2,3, and 4. Consider only the corners perfect magic cube. Thus, we 

have 

𝑐1,1,1 + 𝑐1,1,4 + 𝑐4,1,1 + 𝑐4,1,4 = 𝑐4,1,1 + 𝑐4,1,4 + 𝑐4,4,1 + 𝑐4,4,4  = 𝑐1,1,1 + 𝑐1,1,4 + 𝑐4,4,1 + 𝑐4,4,4 = 𝑆𝑐, 

hence 

𝑐1,1,1 + 𝑐1,1,4 =
1

2
((𝑐1,1,1 + 𝑐1,1,4 + 𝑐4,1,1 + 𝑐4,1,4) + (𝑐4,1,1 + 𝑐4,1,4 + 𝑐4,4,1 + 𝑐4,4,4) 

 −(𝑐1,1,1 + 𝑐1,1,4 + 𝑐4,4,1 + 𝑐4,4,4)), 

 =
1

2
(𝑆𝑐 + 𝑆𝑐 − 𝑆𝑐) =

𝑆𝑐

2
. 

Therefore, any two corners sum up to 𝑆𝑐/2. Similarly, it can be shown that 𝑐1,1,1 + 𝑐1,4,1 = 𝑆𝑐/2 , thus 

𝑐1,1,4 = 𝑐1,4,1, a contradiction with Definition 5.∎ 

 

3. RESULTS AND DISCUSSION 

The construction of a perfect magic cube is inspired by the construction of a magic square. The idea of 

constructing a magic square is to change/swap entries. The method of determining the pattern by assigning 

points can also construct a magic square. The combination of the two methods is used to construct the perfect 

magic cube of order 8𝑛 for 𝑛 ≥ 1. Visualizing a three-dimensional image (cube) can be simplified with a 

two-dimensional image. The following is the pattern of the perfect magic cube of order 8. 

 

 
Figure 2. The pattern of Constructing the Perfect Magic cube of order 𝟖 
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Each layer in the Figure 2 is a partition of the perfect magic cube of order 8. Each layer can be assumed 

to be a matrix. Note that, each matrix has the the sum of the numbers of Ο and + elements in each row, 

column, main diagonal, and pillar are the same. This pattern will result in the number of rows, columns, 

pillars, and diagonals having the same value (magic constant of the cube). We shall now proceed to the 

construction of a perfect magic cube of order 8𝑛 for 𝑛 = 1,2 with illustrations in each step and for 𝑛 > 2 it 

will be proved by a theorem. 

Theorem 4. There exists a perfect magic cube of order 8 with arithmetic sequence.  

Proof. Define 𝑄𝑢 = a 𝑢-th layer or matrix with 𝑢 = 1,2,3, . . . , 𝑡 and 𝑡 = 8𝑛 partitioned from the cubic array 

matrix 𝐶 = [𝑐𝑖,𝑗,𝑘: 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 8]. Given an arithmetic sequence with initial number (𝛼) and difference (𝛽). 

Here is the construction of perfect magic cube of order 8𝑛 for 𝑛 = 1. 

1. Column partition the created even-order (8𝑛) × (8𝑛) matrix 𝑄𝑢 into four column matrices, e.g. 𝑄𝑢 =
[𝐴𝑢, 𝐵𝑢, 𝐶𝑢, 𝐷𝑢]. 

 
 

2. Place the initial number in 𝑄1 in the first row and column of matrix 𝐴1, continue to matrix 𝐵1, 𝐶1, and 

𝐷1 then continue to the second row of the first column repeatedly until the first column in matrix 

𝐴1, 𝐵1, 𝐶1, and 𝐷1 is filled. 

 

 
 

3. Place the next number (the difference ((
8𝑛2

2
) 𝛽) from the previous column) to fill the next column in 

the matrix columns 𝐴1, 𝐵1, 𝐶1, and 𝐷1 following Step 2. It means, place (𝛼 + 32𝛽) in the next column 

in the first row following Step 2 until layer 𝑄1 is filled. Place the next number (the difference ((8𝑛)2𝛽) 

from the previous layer) following Step 2 and Step 3 on 𝑄2, 𝑄3, … , 𝑄8𝑛 until all matrices are filled. It 

means, place (𝛼 + 64𝛽) starting from the first row of the first column of the second layer and then fill 

the next entry following Step 2 and Step 3 until layer 𝑄2, 𝑄3, … , 𝑄8𝑛 are filled. 
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4. Suppose 𝑋𝑢 = [𝐴𝑢, 𝐵𝑢] and 𝑌𝑢 = [𝐶𝑢, 𝐷𝑢]  then 𝑄𝑢 = [𝑋𝑢, 𝑌𝑢]. 
 

 
 

5. Mark the entries in each corner area of the matrix with sizes 
1

4
(8𝑛) ×

1

8
(8𝑛) and 

1

2
(8𝑛) ×

1

4
(8𝑛) of the 

center areas of matrices 𝑋𝑢 and 𝑌𝑢 in the 𝑄1:2:(4𝑛−1)  and 𝑄𝑡−(4𝑛−2):2:𝑡 layers. 
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6. Mark the entries in each corner area and the center of the matrix other than in Step 5 in the 𝑄2:2:(4𝑛) and 

𝑄𝑡−(4𝑛−1):2:(𝑡−1) layers. 

 
 

7. Exchange the matrix entries marked in Step 5 and Step 6 by crossing and reflection respectively to form 

a perfect magic cube (PMC). 
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The yellow background represents the Ο element and the white background represents the + element 

in Figure 2. In the Step 7 illustration, the sum of the entries of each row, column, pillar, diagonal plane, and 

diagonal space is the same. This can be proven using Equation (4) in Lemma 1 or can be calculated manually 

in a row, column, pillar, diagonal space and diagonal plane as follows:  

i. Choose any rows, e.g: 

∑ 𝑐1,𝑗,8 =

8

𝑗=1

𝑐1,1,8 + 𝑐1,2,8 + ⋯ + 𝑐1,8,8 = (𝛼 + 63𝛽) + (𝛼 + 480𝛽) + ⋯ + (𝛼 + 28𝛽) = 8𝛼 + 2044𝛽. 

ii. Choose any columns, e.g: 

∑ 𝑐𝑖,4,5 =

8

𝑖=1

𝑐1,4,5 + 𝑐2,4,5 + ⋯ + 𝑐8,4,5 = (𝛼 + 289𝛽) + (𝛼 + 293𝛽) + ⋯ + (𝛼 + 317𝛽) = 8𝛼 + 2044𝛽. 

iii. Choose any pillars, e.g: 

∑ 𝑐1,1,𝑘 =

8

𝑘=1

𝑐1,1,1 + 𝑐1,1,2 + ⋯ + 𝑐1,1,8 = (𝛼 + 511𝛽) + (𝛼 + 64𝛽) + ⋯ + (𝛼 + 63𝛽) = 8𝛼 + 2044𝛽. 

iv. Choose any plane diagonals, e.g: 

∑ 𝑐𝑖,𝑗,3 =

8

𝑖=𝑗=1

𝑐1,1,3 + 𝑐2,2,3 + ⋯ + 𝑐8,8,3 = (𝛼 + 383𝛽) + (𝛼 + 164𝛽) + ⋯ + (𝛼 + 320𝛽) = 8𝛼 + 2044𝛽. 

v. Choose any space diagonals, e.g: 

∑ 𝑐𝑖,𝑗,𝑘 =

8

𝑖=𝑗=𝑘=1

𝑐1,1,1 + 𝑐2,2,2 + ⋯ + 𝑐8,8,8 = (𝛼 + 511𝛽) + (𝛼 + 411𝛽) + ⋯ + 𝛼 = 8𝛼 + 2044𝛽. ∎ 

 

Theorem 5. There exists a perfect magic cube of order 16 with arithmetic sequence. 

Proof. Define 𝑄𝑢 = a 𝑢-th layer or matrix with 𝑢 = 1,2,3, . . . , 𝑡 and 𝑡 = 8𝑛 partitioned from the cubic array 

matrix 𝐶 = [𝑐𝑖,𝑗,𝑘: 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 16]. Given an arithmetic sequence with initial number (𝛼) and difference 
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(𝛽). The following results of constructing a perfect magic cube of order 8𝑛 for 𝑛 = 2 using Steps 1-7 in 

Theorem 4 are illustrated in Figure 3.  

 

 
           ⋮ 

 
Figure 3. Perfect magic cube of order 𝟏𝟔 with arithmetic sequence 

As the order of perfect magic cube increases, the construction pattern (yellow background) of perfect 

magic cube also expands as well as for perfect magic cube of order 8𝑛 for 𝑛 ≥ 2. In Figure 3, the sum of the 

entries of each row, column, pillar, diagonal plane, and diagonal space is the same. This can be proven using 

Equation (4) in Lemma 1 or can be calculated manually in a row, column, pillar, diagonal space and diagonal 

plane as follows: 

i. Choose any rows, e.g.: 

∑ 𝑐2,𝑗,4 =

16

𝑗=1

𝑐2,1,4 + 𝑐2,2,4 + 𝑐2,3,4 + 𝑐2,4,4 + ⋯ + 𝑐2,13,4 + 𝑐2,14,4 + 𝑐2,15,4 + 𝑐2,16,4 

= (𝛼 + 772𝛽) + (𝛼 + 836𝛽) + ⋯ + (𝛼 + 903𝛽) + (𝛼 + 967𝛽) = 16𝛼 + 32760𝛽. 
 

ii. Choose any columns, e.g.: 

∑ 𝑐𝑖,10,14 =

16

𝑖=1

𝑐1,10,14 + 𝑐2,10,14 + 𝑐3,10,14 + 𝑐4,10,14 … + 𝑐14,10,14 + 𝑐15,10,14 + 𝑐16,10,14 

   = (𝛼 + 701𝛽) + (𝛼 + 697𝛽) + ⋯ + (𝛼 + 645𝛽) + (𝛼 + 641𝛽) = 16𝛼 + 32760𝛽. 

iii. Choose any pillars, e.g.: 
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∑ 𝑐3,8,𝑘 =

16

𝑘=1

𝑐3,8,1 + 𝑐3,8,2 + 𝑐3,8,3 + 𝑐3,8,4 … + 𝑐3,8,13 + 𝑐3,8,14 + 𝑐3,8,15 + 𝑐3,8,16 

      = (𝛼 + 3894𝛽) + (𝛼 + 457𝛽) + ⋯ + (𝛼 + 3785𝛽) + (𝛼 + 54𝛽) = 16𝛼 + 32760𝛽. 

iv. Choose any plane diagonals, e.g.: 

∑ 𝑐1,𝑗,𝑘 =

16

𝑗=𝑘=1

𝑐1,1,1 + 𝑐1,2,2 + 𝑐1,3,3 + 𝑐1,4,4 + ⋯ + 𝑐1,14,14 + 𝑐1,15,15 + 𝑐1,16,16 

 = (𝛼 + 4095𝛽) + (𝛼 + 320𝛽) + ⋯ + (𝛼 + 3715𝛽) + (𝛼 + 60𝛽) = 16𝛼 + 32760𝛽. 

v. Choose any space diagonals, e.g.: 

∑ 𝑐𝑖,𝑡+1−𝑗,𝑘 =

16

𝑖=𝑗=𝑘=1

𝑐1,16,1 + 𝑐2,15,2 + 𝑐3,14,3 + 𝑐4,13,4 + ⋯ + 𝑐14,3,14 + 𝑐15,2,15 + 𝑐16,1,16 

 = (𝛼 + 3900𝛽) + (𝛼 + 391𝛽) + ⋯ + (𝛼 + 3704𝛽) + (𝛼 + 195𝛽) 

 = 16𝛼 + 32760𝛽. ∎ 

 

Theorem 6. There exists a perfect magic cube of order 8𝑛 for 𝑛 ≥ 1 with arithmetic sequence. 

Proof. By Definition 5, given an arithmetic sequence of (8𝑛)3 numbers to satisfy the entries of perfect magic 

cube with initial number 𝛼 and difference 𝛽 for each 𝛼, 𝛽 ∈ ℤ. Since 𝑛 ≥ 1, we take 𝑛 = 1 as the basis. 

i. We will prove the existence of perfect magic cube of order 8𝑛 for 𝑛 = 1. 

By Theorem 4, there exists the perfect magic cube of order 8 with magic constant of cube as 

follows 

8

2
(2𝛼 + (83 − 1)𝛽). 

ii. We will prove the existence of perfect magic cube of order 8𝑛 for 𝑛 = 2. 

Since the algorithm for constructing the perfect magic cube of order 8 is the basis of 

construction pattern, the algorithm for constructing the perfect magic cube of order 16 follows the 

algorithm for constructing the perfect magic cube of order 8 (Steps 1-7) in Theorem 4 or can be 

denoted 8 < 16. Consequently, there exists a perfect magic cube of order 16 in Theorem 5 with 

magic constant of cube as follows  

8(2)

2
(2𝛼 + ((8(2))

3
− 1) 𝛽). 

iii. Furthermore, it is assumed that for the case 𝑛 = 𝑘, there exists a perfect magic cube of order 8𝑘 for 𝑘 

natural numbers. Based on this assumption, it will be proved that perfect magic cube of order 8(𝑘 +
1) also exists. That means it will be proved that the algorithm for constructing the perfect magic cube 

of order 8(𝑘 + 1) follows the algorithm for constructing the perfect magic cube of order 8 (Steps 1-

7) in Theorem 4 or can be denoted 8 < 8(𝑘 + 1). 

Assuming that there exists the perfect magic cube of order 8𝑘, it is known that 

a. The algorithm for constructing the perfect magic cube of order 8𝑘 follows the algorithm for 

constructing the perfect magic cube of order 8 (Steps 1-7) in Theorem 4 or can be denoted 

8 < 8𝑘. Since there exists perfect magic cube of order 8,16, . . . ,8𝑘. 

b. the algorithm for constructing the perfect magic cube of order 8(𝑘 + 1) follows the 

algorithm for constructing the perfect magic cube of order 8𝑘 or can be denoted 8𝑘 < 8(𝑘 +
1). Since there is the perfect magic cube of order 8,16, … ,8𝑘, 8(𝑘 + 1). 

Since the algorithm for constructing the perfect magic cube of order 8𝑘 follows the algorithm 

for constructing the perfect magic cube of order 8 (Steps 1-7) in Theorem 4 and the algorithm for 

constructing the perfect magic cube of order 8(𝑘 + 1) follows the algorithm for constructing the 
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perfect magic cube of order 8𝑘, then based on the transitive property, it can be concluded that the 

algorithm for constructing the perfect magic cube of order 8(𝑘 + 1) follows the algorithm for 

constructing the perfect magic cube of order 8 (Steps 1-7) in Theorem 4 or can be denoted 8 < 8(𝑘 +
1). By doing inductive proof, it has been shown that Theorem 6 there exists a perfect magic cube of 

order 8𝑘, then there exists the perfect magic cube of order 8(𝑘 + 1) with magic constant of cube as 

follows 

8(𝑘 + 1)

2
(2𝛼 + ((8(𝑘 + 1))

3
− 1) 𝛽). 

So, it has been proved that Theorem 6 holds for all 𝑛 ≥ 1.∎ 

 

4. CONCLUSIONS 

In this paper, the construction of a perfect magic cube of order 8𝑛 is based on pattern formation and 

algorithm. Constructing the perfect magic cube of order 8𝑛 with arithmetic sequence entries with initial 

number (𝛼) and difference (𝛽) can be adjusted for 𝛼, 𝛽 ∈ ℤ. The pattern and algorithm of the perfect magic 

cube of order 8𝑛 for 𝑛 = 1 serve as the basis for constructing the perfect magic cube of order 8𝑛 for 𝑛 ≥ 1. 
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