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This paper explores the characteristics of two distinct ideal types within BP-algebra,
specifically T-ideal and -ideal. Initially, we elucidate the characteristics of the T-ideal in
BP-algebra, establishing its connections with the perfect, normal, and normal ideal in BP-
algebra. Subsequently, we demonstrate that the kernel of a homomorphism in BP-algebra
constitutes a T-ideal. Moving forward, we delineate the properties of -ideal in BP-algebra,
highlighting its relationships with ideal and filter in the context of BP-algebra. Additionally,
we explore the characteristics of -ideal and subalgebra in 0-commutative BP-algebra.
Finally, it is proven that the kernel of a homomorphism in 0-commutative BP-algebra can
be identified as an -ideal.
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1. INTRODUCTION

Abstract algebra, also called modern algebra, is a field of study within algebra that focuses on
investigating algebraic structures, including groups, rings, fields, and modules. The significance of abstract
algebra lies in its practical application across various scientific disciplines, such as physics, chemistry,
biology, and computer science. For instance, the concept of rings finds relevance in cryptographic theory,
coding theory, and statistics, particularly in balanced incomplete block design, commonly known as balanced
incomplete random group design. The rapid growth of abstract algebra stems from the immense utility of
these algebraic forms in diverse fields.

Abstract algebra has witnessed the discovery of various new algebras, one of which is the B-algebra
[1]. A B-algebrais defined as a non-empty set M equipped with a binary operation denoted by * and a constant
0, satisfying the following axioms: (B1)a*xa =0, (B2)a*x0=a, and (B3) (a*xb)*c =a * (c *
(0 * b)) forall a,b,c € M. In 2013, C. B. Kim and H. S. Kim [2] introduced the concept of a BN-algebra,
which satisfies the axioms (B1), (B2), and (BN) (axb)*c=(0x*c)*(bx*a) for all a,b,c € M.
Similarly, in the same year, Ahn and Han [3] defined a BP-algebra, which is a non-empty set M equipped
with a binary operation denoted by * and a constant 0, fulfilling the axioms (B1) , (BP2) a * (a * b) = b,
dan (BP3) (a*c)*(b*c) =ax*b forall a,b,c € M. The presence of shared axioms among BP-algebra,
B-algebra, and BN-algebra gives rise to certain resemblances and connections between these algebraic
concepts.

Fitria et al. [4] have explored the notion of prime ideal within B-algebra, presenting definitions and
various properties of ideal and prime ideal in B-algebra. An ideal in B-algebra M is a non-empty subset A that
satisfies two conditions: 0 € M and forany b € A, a * b € A holds a € A for every a,b € A. On the other
hand, a prime ideal of A is an ideal A that satisfies the condition P N Q < A, where P and Q are two ideals in
M, implying that either P € A or Q < A. In 2020, Gemawati et al. [5] extended this discussion to introduce
the concept of complete ideal (c-ideal) and n-ideal in BN-algebra. This research revealed interesting
characteristics that illustrate the relationships between ideals, c-ideals, and n-ideals, as well as the connections
between subalgebra and normal with c-ideals and n-ideals in BN-algebra. Additionally, the study delved into
the concepts of c-ideal and n-ideal within the homomorphism of BN-algebra and BM-algebra. Furthermore,
in 2022, Gemawati et al. [6] explored the concepts of r-ideal and m-k-ideal in BN-algebra and examined their
properties within homomorphism BN-algebra. Also, numerous papers pertaining to ideals in algebraic
structures have been explored by researchers in references [7], [8], [9], [10] and [11].

We have discussed other concepts of BP-algebra like f,-derivation in BP-algebra [12]. Jefferson and
Chandramouleeswaran [13] introduce the notion of ideals in fuzzy BP-ideals and T-ideals in fuzzy T-ideals
within BP-algebra [14] . However, these articles do not delve into the properties of ideals or T-ideals in BP-
algebra. Similarly, EI-Gendy [15] defines the concept of a-ideals in BP-algebra but only discusses the
properties of bipolar fuzzy a-ideals in BP-algebra. It is evident that a more comprehensive and in-depth
investigation into the characteristics of ideals, T-ideals, and a-ideals in BP-algebra could lead to intriguing
characterizations of these concepts.

Based on the description of the relevant research, this study aims to explore and characterize various
properties of ideals, T-ideals, and a-ideals in BP-algebra.

2. RESEARCH METHODS
The following provides the basic concepts needed in the construction of the concept of ideal, T-ideal,
and a-ideal, and filter in BP-algebras.

Definition 1. [3] BP-algebra was defined as a non-empty set (D;*,0) satisfying the following axioms:
(BP1) a*xa =0,
(BP2) a* (a*b) =b,
(BP3) (a*xc)*(b*xc) =axbh,

forall a,b,c € D.

Some of properties about BP-algebra needed in this research is given in the following theorem.
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Theorem 1. [3] If (H; *,0) is a BP-algebra, then for every a,b € H:

() 0% (0*a) =a,
(iD0x(b*a)=a=bh,

(iii) a*0 = a,

(iv) fa*b=0,thenb=*a =0,
(V)0 (0+*a) =a,

(Vi) 0x(b*xa)=a=xbh,

Let (H; *,1) be a BP-algebra. We can define a relation < on H as follows: for any elements a and b in
H,a<bifandonlyifax*b = 0.

Definition 2. [3] A BP-algebra (H; = ,0) is 0-commutative if fulfill @ «x (0 * b) = b = (0 * a) forevery a,b €
H.
Proposition 1. [3] If (H; %, 0) is a 0-commutative BP-algebra, then for every a, b, c € H:
(i) (axc)x(b*c)=(cxb)*(c*a),
(iaxb = (0x%b)*(0x*a).

Definition 3. [13] A non-empty subset M of a BP-algebra (H;*,0) is called a subalgebraof H ifa *b € M
foralla,b € M.

Definition 4. A non-empty subset M of a BP-algebra (H;*,0) is called a normal in H if (m * a) x (n* b) €
Mforanyms*n,a* b € M.

Let (M; %,0) and (N; *,0) are two BP-algebras. A map f:M — N is called a homomorphism if
f(a* b) =f(a) *{(b) forall a, b € M. The kernel of { is defined to be kerf = {a € M : f(a) = 0}.

Definition 5. [13] A non-empty subset A of a BP-algebra (H;+,0) is called an ideal of H if forall a,b € H:
(). 0€A4,
(i). beAanda=x+be Aimplya € A.

Definition 6. [14] An ideal A of a BP-algebra (H;*,0) is said to be closed if 0 * a € A for all a € A.
Definition 7. [14] Let (H;*,0) be a BP-algebra. A non-empty subset A of H is called a T-ideal of H if it
satisfies the following conditions:

(). 0 €A,

(ii). (axb)rxceAandb € Aimplies a*c € Aforall a,b,c € H.
Definition 8. [15] Let (H;*,0) be a BP-algebra. A non-empty subset A of H is called a a-ideal of H if it
satisfies the following conditions

(. 0 €A,

(i). axceAandax+b e Aimplies b+c € Aforalla,b,c € H.

Definition 9. Consider a BP-algebra (H; *,0) and let F be a non-empty subset of H. F is defined as a filter
of H if it satisfies the following conditions:

(F1) 0 € F,
(F2) aeFandaxb e Fimplyb € F.

3. RESULTS AND DISCUSSION

This section presents the properties derived from the concepts of ideal, T-ideal, and a-ideal in both BP-
algebras and 0-commutative BP-algebras.
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3.1 T-ldeal of BP-algebras

We will commence the discussion by exploring pertinent instances that highlight the properties of
the T-ideal in BP-algebra.

Example 1. Let M = {0, a, b, c} which is

Table 1. Table for (M ; ,0)

*

0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

The structure (M; *, 0) represents a BP-algebra. Let’s explore the set A, which consists of all the ideals
in M: A= {{0},{0,a},{0,b}.{0,c},{0,a, b, c}}. We can verify that A is both a closed ideals and T-ideals in
the BP-algebra M. But, B = {0, a, b} not an ideal in M because it does not satisfy the properties of an ideal.
Specifically, fora € Band c *a = b € B, but c is not an element of B. Similarly, B is not a T-ideal in M
because for a € B, (0*a)*c =a*c = b € B, but 0 * ¢ = c is not an element of B, which means the T-
ideal property is not fulfilled.

Example 2. Consider the set of integers Z equipped with the subtraction operation and constant 0, detoned
as (Z; —,0). It can be readily demonstrated that (Z; —, 0) qualifies as a BP-algebra. Let us now focus on a
specific non-empty subset of Z, denoted as /] = Z* U {0}. If b € J, then it must be greater than or equal to
zero (b = 0). Moreover, if a —b € ], then it also be greater than or equal to zero (a —b > 0). These
conditions hold true under the assumption that a is greater than or equal to b, which in turn implies that a €
J. This demonstrates that J is an ideal of Z. However, J is not a closed ideal in Z due to the following reason:
2€],but0—2=-2¢]. ] is additionally a T-ideal in Z. For (a —b) —c € ] we have (a—b) —c =
(a—c)—b=0andfor b €] we get for b > 0 such thata —c = b > 0 . Hence, a — ¢ € J. This proof is
complete.

Theorem 2. Let (H; ,0) is a BP-algebra. If A is a T-ideal of H, then A is an ideal of H.

Proof. Suppose (H; %, 0) is a BP-algebra. Since A isa T-ideal of H, then 0 € A. Let (a*b) xc € A, b € A,
and ¢ = 0, by using Theorem 1 (iii) we have (a*b)*0 =axb € Aandaxc=a*0 =a € A. Hence, A
is an ideal of H.

Corollary 1. Let (H; *,0) is a BP-algebra. If A is a normal T-ideal of H, then A is a normal ideal of H.
Proof. Let (H; *,0) be a BP-algebra and A be a T-ideal of H. By using Theorem 2 we obtain A is an ideal
of H. Since A is a normal, then A4 is a normal ideal of H.

Theorem 3. Let (H; *,0) is a BP-algebra. If A is an ideal of H, then A is a T-ideal of H.
Proof. Suppose (H; *,0) is a BP-algebra. Let A is an ideal of H we have 0 e Aand if b€ A, axb € A
implies a € A such that if (a * b) *x c € A, then a x ¢ € A. Hence, A is a T-ideal of H.

Theorem 4. Let (H; *,0) is a BP-algebra and A is a non-empty subset of H. A is a T-ideal of H if and only
if it is an ideal of H.
Proof. This is directly proven by using Theorem 2 and Theorem 3.

Theorem 5. Let (M; *,0) and (N; *,0) are two BP-algebras. If f: M — N is a homomorphism, then kerf is a
T-ideal of M.

Proof. Suppose (M; *,0) and (N; *,0) are two BP-algebra and f is a homomorphism of M to N. By using
axiom BP1, then (0) = §(0 * 0) = f(0) = f(0) = 0 such that 0 € kerf. Letb € kerjand (a * b) * ¢ € kerf,
then f(b) =0 and by using Theorem 1 (iii) we obtain 0 = f(a * b) = f(c) = (f(a) * (b)) * f(c) =
(f(a) * f(b)) *f(c) = f(a) *f(c) = f(a * ¢). It means a * ¢ € kerf. Thus, kerf is a T-ideal of M.

Theorem 6. Let (D; *,0) is a BP-algebraand A isa T-ideal of D. Ifbe Aanda * b < ¢, thena * c € A.
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Proof. Suppose (D; ,0) is a BP-algebra. Since a * b < ¢, then (a * b) * ¢ = 0. Since A is a T-ideal of D,
then 0 € A, itmeans (axb) *c =0 € A. Thus,ifb € A,anda * b < ¢, then a * c € A.

3.2 a-ldeal of BP-algebras
This section discusses the properties of a-ideal in BP-algebra.

Theorem 7. Let (J; *,0) is a BP-algebra. If A is an a-ideal of J, then A is a filter of J.

Proof. Suppose (J; *,0) is a BP-algebra. Since A is a a-ideal of /,then 0 € A, letasce Aanda*b € A
implies b = ¢ € A. Now, let ¢ = 0, by using Theorem 1 (iii) obtained axc=a*0=a€ Aanda*xb €A
implies b« ¢ = b * 0 = b € A. This shows that A is a filter of J.

Example 3. Consider (Z; —, 0) is the set of integers Z equipped with the subtraction operation and constant
0. It can be readily demonstrated that (Z; —, 0) qualifies as a BP-algebra. Consider a set K = 2Z is a non-
empty subset of Z. Then, 0 =2 x 0 € K. Also, for every a —c € K and a —b € K we have (a — ¢) —
(a — b) = b — c. On the other hand, we get (a — c¢) — (a — b) = 2p — 2q = 2(p — q). This means that b —
¢ € K. Therefore, it has been showed that K is an a-ideal of Z. We can also prove that K is a closed ideal and
T-ideal in Z. Let the set ] = Z* U {0}. In Example 2, we have demonstrated that it satisfies the conditions of
being both an ideal and a T-ideal of Z. But, J is not an a-ideal of Z because 9 —5=4€jand9 -3 =6 €/,
however3 —5= -2 ¢ J.

Theorem 8. Let (J; *,0) is a BP-algebra and A is a a-ideal of /. Ifa < canda < b, thenb *c € A.
Proof. Suppose (J; *,0) is a BP-algebra. If a <canda<b suchthata*c=0€Aand a*xb =0 € A.
Since A is a a-ideal of J, then it is clear that b x ¢ € A.

Considering a 0-commutative BP-algebra, we can examine the characteristics of an a-ideal within this
context.

Theorem 9. Let (K; *,0) is a 0-commutative BP-algebra. If B is a subalgebra of K, then B is an a-ideal of
K.

Proof. Suppose (K; *,0) is a BP-algebra and B is a subalgebra of K. If a € B, by using axiom BP1 we have
a*a = 0 € B. Furthermore, ifa x c € Band a * b € B, by using Proposition 1 (i) and axiom BP3 we obtain
(axc)*(a*xb)=(b*xa)*(cxa)=bx*c €B.Thus, B isan a-ideal of K.

Theorem 10. Let (K; *,0) is a 0-commutative BP-algebra. If B is an a-ideal of K, then B is a subalgebra of
K.

Proof. Suppose (K; *,0) is a BP-algebra. If B is an a-ideal of K, then 0 e B.IfaxceBandax*b €B
implies b * ¢ € B for all a,b,c € K. Thus, by using Proposition 1 (i) and axiom BP3 we obtain (a * c¢) *
(axb) =(b*a)*(c*a)=bx*c € B.Thus, B is asubalgebra of K.

Theorem 11. Let (D; *,0) and (E; , 0) are two 0-commutative BP-algebras. If f: D — E is a homomorphism,
then kerf is an a-ideal of D.

Proof. Suppose (D; *,0) and (E; *,0) are two 0-commutative BP-algebra and f is a homomorphism of D to
E. By using axiom BP1 we get f(0) = f(0 * 0) = f(0) * f(0) = 0 such that 0 € kerf. Let a * c € kerf and
a = b € kerf, then f(a * ¢) =f(a) *f(c) = 0 and f(a * b) = f(a) * f(b) = 0. By using Proposition 1 (i),
axiom BP1 and BP3 we obtain:

(f(a) * 7(c)) * (f(a) * f(b)) = 0+ 0 (1)
(F(b) * f(@)) * (f(c) * f(a)) = 0 (2)
f(b) *f(c) =0 (3)
f(b+c) =0 @)

This implies that the element b * ¢ belongs to the kernel of §. Thus, kerf is an a-ideal of D.

Theorem 12. Let (K; ,0) is a 0-commutative BP-algebra. If C is a normal of K, then C is an a-ideal of K.
Proof. Suppose (K; *,0) is a 0-commutative BP-algebra. Let a, b € C, by using Theorem 1 (iii), then a =
ax0€Candb =b =0 € C. Since C isanormal of K, then by using axiom BP1 and Theorem 1 (iii) we get
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(a*b)*(0x0)=(axb)*0=axb € C. Hence, it has been established that C is a subalgebra of K.
Utilizing Theorem 9, we can deduce that C is indeed an a-ideal of K.

Theorem 13. Let (K; ,0) is a 0-commutative BP-algebra. If C is an a-ideal of K, then C is a normal of K.
Proof. Suppose (K; *,0) is a 0-commutative BP-algebra. Since C is an a-ideal of K and by using Theorem
1 (iii),ifaxbeCanda*0=a€C,thenb*0=>b € C,suchthat (a*b)*(0*0)=a=b € C. Hence,
C isanormal of K.

Theorem 14. Let (K; *,0) is a 0-commutative BP-algebra. C is a normal of K if and only if C is an a-ideal
of K.
Proof. This fact is explicitly demonstrated by using Theorem 12 and Theorem 13.

4. CONCLUSIONS

This article presents the construction of T-ideal properties in BP-algebra. The derived properties
establish connections between T-ideals, ideals, normals, and kernels in BP-algebra. Additionally, the
properties of -ideal in BP-algebra are examined, specifically focusing on the relationship between -ideals and
filters. Finally, the article explores the relationships between -ideals and subalgebras, kernels, and normals in
0-commutative BP-algebra.

ACKNOWLEDGMENT

This research is the fundamental research scheme funded by DIPA LPPM Universitas Riau
with the contract number: 8270/UN19.5.1.3/AL.04/2023. Also, the authors wish to thank the anonymous
reviewers for their valuable suggestions.

REFERENCES

[1] J. Neggers and H. S. Kim, “On B-algebras,” 2002.

[2] C. B. Kim and H. S. Kim, “On BN-algebras,” Kyungpook Mathematical Journal, vol. 53, no. 2, pp. 175-184, 2013, doi:
10.5666/KMJ.2013.53.2.175.

[3] S. Shin Ahn and J. Soon Han, “On BP-algebras,” 2013.

[4] E. Fitria, S. Gemawati, and Kartini, “Prime ideals in B-algebras,” International Journal of Algebra, vol. 11, pp. 301-309,
2017, doi: 10.12988/ija.2017.7838.

[5] G. #1, E. Fitria, A. Hadi, and M. M. #4, “Complete ideal and n-ideal of BN-algebras,” International Journal of Mathematics
Trends and Technology, vol. 66, pp. 52-59, 2020, doi: 10.14445/22315373/IIMTT-V66111P503.

[6] S. Gemawati, M. Musraini, A. Hadi, L. Zakaria, and E. Fitria, “On r-ideals and m-k-ideals in BN-algebras,” Axioms, vol. 11,
no. 6, Jun. 2022, doi: 10.3390/axioms11060268.

[7] G. Dymek and A. Walendziak, “(Fuzzy) Ideals of BN-algebras,” Scientific World Journal, vol. 2015, 2015, doi:
10.1155/2015/925040.

[8] K. Rajam and M. Chandramouleeswaran, “L-fuzzy T-ideals of B-algebras,” Applied Mathematical Sciences, vol. 9, no. 145—
148, pp. 72217228, 2015, doi: 10.12988/ams.2015.59581.

[9] H. K. Abdullah and A. A. Atshan, “Complete ideal and n-ideal of B-algebra,” Applied Mathematical Sciences, vol. 11, pp.
1705-1713, 2017, doi: 10.12988/ams.2017.75159.

[10] S.S. Ahn, J. M. Ko, and A. B. Saeid, “On ideals of Bl-algebras,” 2019.

[11] M. Murali Krishna Rao, “r-ldeals and m-k-ideals in inclines,” Discussiones Mathematicae - General Algebra and
Applications, vol. 40, no. 2, pp. 297-309, Dec. 2020, doi: 10.7151/dmgaa.1340.

[12] S. Gemawati and E. Fitria, “f q-Derivation of BP-algebras,” 2023.

[13] Y. Christopher Jefferson and M. Chandramouleeswaran Head, “Fuzzy BP-ideal,” 2016. [Online]. Available:
http://www.ripublication.com/gjpam.htm

[14] Y. C. Jefferson and M. Chandramouleeswaran, “Fuzzy T-ideals in BP-algebras,” International Journal of Contemporary
Mathematical Sciences, vol. 11, pp. 425-436, 2016, doi: 10.12988/ijcms.2016.6845.

[15] 0. Rashad EI-Gendy, “Bipolar Fuzzy o-ideal of BP-algebra,” American Journal of Mathematics and Statistics, vol. 2020,
no. 2, pp. 33-37, 2020, doi: 10.5923/j.ajms.20201002.01.



