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 ABSTRACT   

Article History: Let 𝑅 be a commutative ring with 𝑈(𝑅) as the set of all unit elements in 𝑅. This paper introduces 

a new graph associated with the ring 𝑅, called the triple unit graph of type II, denoted by 𝑇𝑈2(𝑅) 

with the vertex set is 𝑅 − {0,1}. In TU2(R), two distinct vertices, 𝑢 and 𝑣, are adjacent if there 

exists 𝑤 ∈ 𝑅 − {0,1} with 𝑤 ≠ 𝑢 and 𝑤 ≠ 𝑣 such that 𝑢𝑣𝑤 ∈ 𝑈(𝑅). This paper focuses on the 

algorithm for constructing 𝑇𝑈2(ℤ𝑛) using Python. This research uses the literature study 
research method. The Python programming language can be used to observe the characteristic 

result of the graph. From the patterns generated by the algorithm, some characteristics of 

𝑇𝑈2(ℤ𝑛) are obtained. For example, if 𝑛 is a prime and 𝑛 ≥ 5, then 𝑇𝑈2(ℤ𝑛) is a connected 

graph, a complete graph, a regular graph, and a Hamiltonian graph 
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1. INTRODUCTION 

The graph theory approach to algebraic structures is a method that utilizes graph concepts to investigate 

the properties of algebraic structures. In 1988, Beck [1] introduced a connection between graph theory and 

commutative ring theory by studying the notion of coloring a commutative ring 𝑅. Subsequently, Anderson 

and Naseer [2] continued this investigation into the colorings of commutative rings in 1993. Later in 1999, 

Anderson and Livingston [3] developed research on the subgraph 𝛤(𝑅) of the zero divisor graph of 𝑅. The 

concept of the zero divisor graph has been extensively studied by several researchers, including [4], [5], [6], 

and [7].  

In 1990, Grimaldi [8] defined a unit graph 𝐺(ℤ𝑛) based on the unit elements of ℤ𝑛, where the vertices 

of 𝐺(ℤ𝑛) are the elements of ℤ𝑛. Subsequently, in 2010, Ashrafi et al. [9] generalized the unit graph 𝐺(ℤ𝑛) 

to 𝐺(𝑅) for any ring 𝑅, where 𝑅 is an arbitrary associative ring with nonzero identity and they obtained various 

characterization results for finite commutative rings related to connectivity, diameter, girth, and the planarity 

of 𝐺(𝑅). Then in 2019, Satyanarayana et al. [10] introduced a unit graph of type-1 of a ring, denoted by 

𝑈𝐺1(𝑅) with 𝑉(𝑈𝐺1(𝑅)) = 𝑈(𝑅), where two distinct vertices, 𝑥 and 𝑦, are adjacent if 𝑥𝑦 = 1 and 𝑥 ≠ 1 ≠
𝑦. Then in 2022, Satyanarayana et al. [11] extended the previous research to define the unit graph of type-2 

of ring R, denoted by 𝑈𝐺2(𝑅), which is a subgraph of the unit graph of type-1. In 𝑈𝐺2(𝑅), two distinct 

vertices, 𝑥 and 𝑦, are adjacent if 𝑥𝑦 = 1 and 𝑥 ≠ 𝑦. Furthermore, Celikel [12] introduced the triple zero graph 

of 𝑅, denoted by 𝑇𝑍Γ(𝑅), which is an undirected graph with vertices 𝑇𝑍(𝑅). In 𝑇𝑍Γ(𝑅), two distinct vertices, 

𝑎 and 𝑏, are adjacent if only if 𝑎𝑏 ≠ 0 and there exists a non-zero element 𝑐 of 𝑅 such that 𝑎𝑐 ≠ 0, 𝑏𝑐 ≠ 0, 
and 𝑎𝑏𝑐 = 0. 

According to Suharto [13], Python is a high-level programming language capable of directly converting 

a set of instruction codes into machine code when the program is executed. Python is known for its ease of 

learning and use, with a readable and understandable syntax. It is widely employed in solving problems in 

algebraic structures and graph theory. Several researchers have utilized Python for these purposes, as 

evidenced by [14] and [15]. Additionally, [16], [17], [18], [19] have utilized Python to construct graphs.  

Building upon previous studies, this research introduces a new graph combining the concepts of the 

triple zero graph in Celikel [12] and the unit graph of type-2 in Satyanarayana [11]. This new graph is termed 

the triple unit graph of type II of the commutative ring 𝑅 and denoted by 𝑇𝑈2(𝑅). The vertex set in 𝑇𝑈2(𝑅) 

is 𝑅 − {0,1}. In 𝑇𝑈2(𝑅), two distinct vertices, 𝑢 and 𝑣, are adjacent if there exists 𝑤 ∈ 𝑅 − {0,1} with 𝑤 ≠ 𝑢 

and 𝑤 ≠ 𝑣 such that 𝑢𝑣𝑤 ∈ 𝑈(𝑅), where 𝑈(𝑅) represents the set of all unit elements in 𝑅. This research also 

develops the construction of 𝑇𝑈2(𝑅) from various variants of the ring 𝑅 is necessary to investigate the 

properties of 𝑇𝑈2(𝑅). It will take a long time if done manually. Then, if it is constructed using a computer 

program, such as Python, it will be faster. Therefore, the researcher developed an algorithm using Python 

programming to construct 𝑇𝑈2(𝑅) of the ring of integers modulo 𝑛. By analyzing the output generated 

through Python programming, we can observe the properties of 𝑇𝑈2(𝑅). 

 

2. RESEARCH METHODS 

The research uses the literature study method by collecting data and information as well as studying 

references from various sources such as books, and journals, focusing on algebraic structure, graph theory, 

Python programming, and especially the triple unit graph of type II of a commutative ring 𝑅. The steps 

involved in this research are as follows.  

a. Learning basic definitions and theorems related to graph theory and algebraic structure. 

b. Create the definition of the triple unit graph of type II of a commutative ring 𝑅. 

c. Developing an algorithm for the triple unit graph of type II of ring ℤ𝑛 using Python. 

d. Observing the properties of the triple unit graph of type II of ring ℤ𝑛. 

e. Concluding. 

In general, the research procedure is depicted in the flowchart shown in Figure 1. 
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Figure 1. Research procedure chart 

The following explains several definitions that underlie this research, including the basic concepts of 

graphs, rings, and the triple unit graph of type II. 

2.1 Basic Concepts of Graphs 

The following are some basic definitions of graphs taken from Marsudi [20] and Chartrand and Zhang 

[21]. 

Definition 1. A graph 𝐺 is a pair (𝑉, 𝐸) where 𝑉(𝐺) is a finite nonempty set of vertices in a graph 𝐺 called 

vertices and 𝐸 is a finite set of pairs of vertices in a graph 𝐺 called edges. The number of vertices in a graph 

𝐺 is often called the order and is denoted by |𝑉(𝐺)|, whereas the number of edges in a graph 𝐺 is called the 

size and is denoted by |𝐸(𝐺)|. 

Given an example of the graph 𝐺 shown in Figure 2. 

Figure 2. Graph 𝑮 

In Figure 2, the graph 𝐺 has |𝑉(𝐺)| = 6 with the vertex set 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6} and has 
|𝐸(𝐺)| = 15 with the edge set 𝐸(𝐺) = {𝑣1𝑣2, 𝑣1𝑣3, 𝑣1𝑣4, 𝑣1𝑣5, 𝑣1𝑣6, 𝑣2𝑣3, 𝑣2𝑣4, 𝑣2𝑣5, 𝑣2𝑣6, 𝑣3𝑣4, 𝑣3𝑣5, 𝑣3 

𝑣6, 𝑣4𝑣5, 𝑣4𝑣6, 𝑣5𝑣6}. 

Definition 2. Suppose 𝐺 =  (𝑉, 𝐸) is a graph. If two vertices, 𝑢 and 𝑣, in 𝐺 are connected by an edge 𝑢𝑣, 

then 𝑢 and 𝑣 are said to be adjacent. Meanwhile, if edge 𝑢𝑣 exists, then the vertex 𝑢 and edge 𝑢𝑣 are said to 

be incidents. 

Based on Figure 2, the vertex 𝑣1 and 𝑣2 are connected by an edge 𝑣1𝑣2, so 𝑣1 and 𝑣2 are adjacent 

vertices, and vertex 𝑣1 are incident to the edge 𝑣1𝑣2, 𝑣1𝑣3, 𝑣1𝑣4, 𝑣1𝑣5, and 𝑣1𝑣6. 

Definition 3. The degree of a vertex 𝑣 in graph 𝐺 is the number of edges incident to the vertex 𝑣. The degree 

of vertex 𝑣 is denoted by deg𝐺(𝑣). 

In Figure 2, the graph 𝐺 has a degree of 5 at each vertex. 

Definition 4. A regular graph in graph 𝐺 is a graph in which every vertex has the same degree. If deg(𝑣) = 𝑟 

for every vertex 𝑣 of 𝐺, where 0 ≤ 𝑟 ≤ 𝑛 − 1, then 𝐺 is a 𝑟-regular graph or regular of degree 𝑟. The number 
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of edges in an 𝑟-regular graph with 𝑛 vertex is 
𝑛𝑟

2
. 

In Figure 2, every vertex of graph G has the same degree of 5. Therefore, the graph G is a 5-regular 

graph or regular of degree 5. 

Definition 5. A 𝑢 − 𝑣 walk in graph 𝐺 is an alternating sequence of vertices and edges in 𝐺 that starts from 

the vertex 𝑢 and ends at the vertex 𝑣. A 𝑢 − 𝑣 trail in graph 𝐺 is an alternating sequence of 𝑢 − 𝑣 walk that 

does not repeat any edge. A 𝑢 − 𝑣 path in graph 𝐺 is an alternating sequence of 𝑢 − 𝑣 walk or 𝑢 − 𝑣 trail that 

does not repeat any vertex. 

Based on Figure 2, 𝑢 − 𝑣 walk, 𝑢 − 𝑣 trail, and 𝑢 − 𝑣 path can be determined as follows: 𝑣3 − 𝑣4 

walk: 𝑣3, 𝑣3𝑣5, 𝑣5, 𝑣5𝑣3, 𝑣3, 𝑣3𝑣4, 𝑣4. 𝑣2 − 𝑣5 trail: 𝑣2, 𝑣2𝑣3, 𝑣3, 𝑣3𝑣6, 𝑣6, 𝑣6𝑣2, 𝑣2, 𝑣2𝑣5, 𝑣5. 𝑣1 − 𝑣6 path: 

𝑣1, 𝑣1𝑣2, 𝑣2, 𝑣2𝑣4, 𝑣4, 𝑣4𝑣6, 𝑣6. 

Definition 6. A graph 𝐺 is a connected graph if there exists a 𝑢 − 𝑣 path between two distinct vertices 𝑢 and 

𝑣 in graph 𝐺. A graph 𝐺 that is not connected is called a disconnected graph. 

Figure 2 is an example of a connected graph because it has a 𝑢 − 𝑣 path between two distinct vertices. 

Definition 7. A graph 𝐺 is an empty graph if its edge set is empty (contains no edges) but has at least one 

vertex. 

Definition 8. A graph 𝐺 is a complete graph if every pair of distinct vertices is adjacent. A complete graph 

with 𝑛 vertices is denoted by 𝐾𝑛. 

Figure 2 is an example of a complete graph because every pair of distinct vertices is adjacent. A graph 

𝐺 is a complete graph 𝐾6 because it has 6 vertices. 

Definition 9. A graph 𝐺 is called a Hamiltonian graph if it contains a Hamiltonian cycle. A Hamiltonian cycle 

is a closed cycle that contains all vertices of 𝐺. 

The graph 𝐺 of Figure 2 contains a Hamiltonian cycle. A Hamiltonian cycle in the graph 𝐺 is  

𝑣1, 𝑣1𝑣6, 𝑣6, 𝑣6𝑣4, 𝑣4, 𝑣4𝑣2, 𝑣2, 𝑣2𝑣5, 𝑣5, 𝑣5𝑣3, 𝑣3, 𝑣3𝑣1, 𝑣1. 

Definition 10. The diameter of a graph 𝐺 is the greatest distance between two vertices of a connected graph 

𝐺, denoted by 𝑑𝑖𝑎𝑚(𝐺). 

In Figure 2, the diameter of graph 𝐺 is 1 because graph 𝐺 is a complete graph 𝐾6, where every vertex 

pair in this graph is connected by exactly one edge. 

Definition 11. The girth of a graph 𝐺 is the length of the shortest cycle in the graph 𝐺, denoted by 𝑔(𝐺). 

In Figure 2, the girth of graph 𝐺 is 3 in the cycle  𝑣1, 𝑣1𝑣5, 𝑣5, 𝑣5𝑣4, 𝑣4, 𝑣4𝑣1, 𝑣1. 

2.2 The Triple Unit Graph of Type II of Commutative Ring 

Before we define the triple unit graph of type II, we first recall the definition of the unit graph of type 

II taken from Satyanarayana et al. [11] and the triple zero graph taken from Celikel [12]. 

Definition 12. Let 𝑅 be a finite commutative ring with 1. A graph 𝐺(𝑉, 𝐸) is said to be a unit graph of type-

2 if 𝑉 = 𝑈(𝑅) and 𝐸 = {𝑥𝑦|𝑥, 𝑦 ∈ 𝑈(𝑅) such that 𝑥𝑦 =  1 and 𝑥 ≠ 𝑦}. The unit graph of type-2 of a ring 

𝑅 is denoted by 𝑈𝐺2(𝑅). 

Definition 13. The triple zero graph of 𝑅 is an undirected graph is denoted by 𝑇𝑍Γ(𝑅) with vertices 𝑇𝑍(𝑅).  

If two distinct elements 𝑎 and 𝑏 are adjacent, then (𝑎, 𝑏) is an edge and is denoted by 𝑎~𝑏. Two distinct 

vertices 𝑎 and 𝑏 are adjacent if and only if 𝑎𝑏 ≠ 0 and there exists an element 𝑐 ∈ 𝑅\{0} such that 𝑎𝑐 ≠
0, 𝑏𝑐 ≠ 0, and 𝑎𝑏𝑐 = 0. 

Based on the unit graph of type-2 and the triple zero graph, a new graph definition is given, namely the 

triple unit graph of type II of a commutative ring 𝑅. 

Definition 14. The triple unit graph of type II on a commutative ring 𝑅, denoted by 𝑇𝑈2(𝑅), is a simple graph 

with a vertex set 𝑅∗ = 𝑅 − {0,1}. In 𝑇𝑈2(𝑅), two distinct vertices, 𝑢 and 𝑣, are adjacent if there exists 𝑤 ∈
𝑅 − {0,1} with 𝑤 ≠ 𝑢 and 𝑤 ≠ 𝑣 such that 𝑢𝑣𝑤 ∈ 𝑈(𝑅), where 𝑈(𝑅) is the set of all unit elements in 𝑅. 
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Example 1. Given an example of the unit graph of type-2 and the triple unit graph of type II formed by the 

ring 𝑅 = ℤ7. We knew that ℤ7 = {0, 1, 2, 3, 4, 5, 6}. To determine the unit element of the ring ℤ7, the Cayley 

Table is used as in Table 1. 

Table 1. Cayley Table of ℤ𝟕 

⋅ 0 1 2 3 4 5 6 

0 0 0 0 0 0 0 0 

1 0 1 2 3 4 5 6 

2 0 2 4 6 1 3 5 

3 0 3 6 2 5 1 4 

4 0 4 1 5 2 6 3 

5 0 5 3 1 6 4 2 

6 0 6 5 4 3 2 1 

Based on Table 1, the unit element in ℤ7 is found to be 𝑈(ℤ7) = {1, 2, 3, 4, 5, 6}. According to the 

Definition 12, we obtain the vertex set 𝑉(𝑈𝐺2(ℤ7)) = {1, 2, 3, 4, 5, 6} and the edge set 𝐸(𝑈𝐺2(ℤ7)) =

{(2, 4), (3, 5)}. According to the Definition 14, we obtain the vertex set 𝑉(𝑇𝑈2(ℤ7)) = {2, 3, 4, 5, 6}. In 

𝑇𝑈2(ℤ7), two distinct vertices, 𝑢 and 𝑣, are adjacent if there exists 𝑤 ∈ ℤ7 − {0,1} with 𝑤 ≠ 𝑢 and 𝑤 ≠ 𝑣 

such that 𝑢𝑣𝑤 ∈ 𝑈(ℤ7). Based on the adjacency condition, for example, take 𝑢 = 2, 𝑣 = 3, and 𝑤 = 4 to 

obtain 2 ∙ 3 ∙ 4 = 3 ∈ 𝑈(ℤ7). Thus, vertex 2 and vertex 3 are adjacent. Based on the adjacency condition of 

the graph 𝑇𝑈2(ℤ7), the edge set 𝐸(𝑇𝑈2(ℤ7)) = {(2, 3), (2, 4), (2, 5), (2, 6), (3, 4), (3, 5), (3, 6), (4, 5), 

(4, 6), (5, 6)}. Therefore, we get the graph of 𝑈𝐺2(ℤ7) and 𝑇𝑈2(ℤ7) as shown in Figure 3. 

   
Figure 3. (a) The Graph of 𝑼𝑮𝟐(ℤ𝟕), (b) The Graph of 𝑻𝑼𝟐(ℤ𝟕) 

Figure 3 in (a) is a disconnected graph of the unit graph of type II of ring ℤ7 which has 6 vertices and 

2 edges, while (b) is a connected graph of the triple unit graph of type II of ring ℤ7 which has 5 vertices and 

10 edges. 

 

3. RESULTS AND DISCUSSION 

In this article, we will develop an algorithm to construct the triple unit graph of type II of ring ℤ𝑛 using 

Python programming. The result of the algorithm is as follows. 

3.1 Algorithm for Constructing of 𝑻𝑼𝟐(ℤ𝒏) 

First, the algorithm to construct the triple unit graph of type II of ring ℤ𝑛 is parameterized by the unit 

elements. The vertex set of the triple unit graph of type II is a no-zero and non-unit element in ℤ𝑛. The triple 

unit graph of type II of ring ℤ𝑛 is a simple graph denoted by 𝑇𝑈2(ℤ𝑛) with vertex set 𝑉(𝑇𝑈2(ℤ𝑛)). In 

𝑇𝑈2(ℤ𝑛), two distinct vertices, 𝑢 and 𝑣, are adjacent if and only if there exists an element 𝑤 ∈ ℤ𝑛 − {0, 1} 

with 𝑤 ≠ 𝑢 and 𝑤 ≠ 𝑣, such that 𝑢𝑣𝑤 ∈ 𝑈(ℤ𝑛), where 𝑛 is a non-negative integer and 𝑈(ℤ𝑛) is the set of 

all unit elements in ℤ𝑛. The recursive algorithm to construct 𝑇𝑈2(ℤ𝑛) is called TripleUnitGraphofTypeII. 

(a) (b) 
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Then, import the library to draw a graph in Python programming. 

TripleUnitGraphofTypeII  

Import library networkx and mathplotlib.pyplot 

Step 1: 

for 𝑎, 𝑏 ∈ ℤ𝑛 do  

if 𝑎𝑏 = 1 then 

add 𝑎 to 𝑈(ℤ𝑛);  

end if; 

end for; 

Step 2: 

for 𝑢, 𝑣, 𝑤 ∈ ℤ𝑛 − {0,1} do 

add 𝑢 to 𝑉(𝑇𝑈2(ℤ𝑛));  

if 𝑢 ≠ 𝑣 and 𝑣 ≠ 𝑤 and 𝑢 ≠ 𝑤 then  

if 𝑢𝑣𝑤 ∈ 𝑈(ℤ𝑛) then  

add 𝑢~𝑣 to 𝐸(𝑇𝑈2(ℤ𝑛));  

end if; 

end if; 

end for; 

Step 3: 

Draw 𝑇𝑈2(ℤ𝑛); 

end; 

 

The following are the steps to constructing a graph using the algorithm: 

1. Step 1, check the algorithm by looping through each element of the ring ℤ𝑛. For each element of the 

ring 𝑎, 𝑏 ∈ ℤ𝑛, check if 𝑎𝑏 = 1. If so, then 𝑎 is a unit element of the ring ℤ𝑛, add 𝑎 to 𝑈(ℤ𝑛).  

2. Step 2, the algorithm checks by looping through each element 𝑢, 𝑣, 𝑤 ∈ ℤ𝑛 , excluding 0 and 1. Then, 

add 𝑢 to the vertex set 𝑉(𝑇𝑈2(ℤ𝑛)). Check for adjacency conditions, if 𝑢 ≠ 𝑣, 𝑣 ≠ 𝑤, 𝑢 ≠ 𝑤, and if 

𝑢𝑣𝑤 ∈ 𝑈(ℤ𝑛), add an edge between 𝑢 and 𝑣 to 𝐸(𝑇𝑈2(ℤ𝑛)). Otherwise, return to the looping process 

in Step 2. Now, we have the vertex set and the edge set.  

3. Step 3, draw the result of 𝑇𝑈2(ℤ𝑛) from the vertex and edge set elements obtained in Step 2. 

 

3.2 Constructing of 𝑻𝑼𝟐(ℤ𝒏) 

Some examples will be given to see how this algorithm works in the ring ℤ𝑛. This algorithm will be 

parameterized by an order 𝑛 of the ring ℤ𝑛. 

Example 2. Construct the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 3, 4, 6.  

 For 𝑛 = 3, then  ℤ3 = {0,1,2}. In Step 1, by checking the algorithm for each element 𝑎, 𝑏 ∈ ℤ3. If 

𝑎𝑏 = 1, add 𝑎 to 𝑈(ℤ3). Thus, we obtain 𝑈(ℤ3) = {1,2}. Then in Step 2, the algorithm loops through each 

element 𝑢, 𝑣, 𝑤 ∈ ℤ3 − {0,1}. Add 𝑢 to be the vertex set 𝑉(𝑇𝑈2(ℤ3)). Hence, we get 𝑉(𝑇𝑈2(ℤ3)) = {2}. 

Since there is only one vertex, it does not satisfy the conditions for 𝑢, 𝑣, 𝑤 ∈ ℤ3 − {0,1}, 𝑢 ≠ 𝑣, 𝑣 ≠ 𝑤, 𝑢 ≠
𝑤, and 𝑢𝑣𝑤 ∈ 𝑈(ℤ3). Therefore, the looping process stops at this step and we proceed to Step 3 to draw the 

result of 𝑇𝑈2(ℤ3) in Figure 4. 

 For 𝑛 = 4, then ℤ4 =  {0,1,2,3}. In Step 1, by checking the algorithm for each element 𝑎, 𝑏 ∈ ℤ4. If 

𝑎𝑏 = 1, then add 𝑎 to 𝑈(ℤ4). Thus, we obtain 𝑈(ℤ4)  =  {1,3}. Then in Step 2, the algorithm loops through 

each element 𝑢, 𝑣, 𝑤 ∈ ℤ4 − {0,1}. Add 𝑢 to be the vertex set 𝑉(𝑇𝑈2(ℤ4)). Hence, we get 𝑉(𝑇𝑈2(ℤ4)) =

{2, 3}. Since there are only two vertices, none of them satisfy the conditions for 𝑢, 𝑣, 𝑤 ∈ ℤ4 − {0,1}, 𝑢 ≠

𝑣, 𝑣 ≠ 𝑤, 𝑢 ≠ 𝑤, and 𝑢𝑣𝑤 ∈ 𝑈(ℤ4). Therefore, no adjacent vertices exist between vertices in 𝑉(𝑇𝑈2(ℤ4)). 

Hence, the looping process stops at this step and we proceed to Step 3 to draw the result of 𝑇𝑈2(ℤ4) in Figure 

4. 
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  For 𝑛 = 6, then ℤ6 = {0,1,2,3,4,5}. In Step 1, by checking the algorithm for each element 𝑎, 𝑏 ∈ ℤ6, 

if 𝑎𝑏 = 1 then add 𝑎 to 𝑈(ℤ6). Thus, we obtain 𝑈(ℤ6) = {1,5}. Then in Step 2, the algorithm loops through 

each element 𝑢, 𝑣, 𝑤 ∈ ℤ6 − {0,1}. Add 𝑢 to be the vertex set 𝑉(𝑇𝑈2(ℤ6)). Hence, we get 𝑉(𝑇𝑈2(ℤ6)) =

{2,3,4,5}. Next, it checks for each vertex in 𝑉(𝑇𝑈2(ℤ6)) whether it satisfies the adjacency conditions for 

𝑢, 𝑣, 𝑤 ∈ ℤ6 − {0,1}, 𝑢 ≠ 𝑣, 𝑣 ≠ 𝑤, 𝑢 ≠ 𝑤, and 𝑢𝑣𝑤 ∈ 𝑈(ℤ6). Suppose when 𝑢 = 2, 𝑣 = 3, and 𝑤 = 4, then 

𝑢𝑣𝑤 = 0 ∉ 𝑈(ℤ6), indicating that 𝑢 and 𝑣 are not adjacent. Consequently, 𝑢 and 𝑤 are also not adjacent, and 

similarly for 𝑣 and 𝑤. Hence, no edges are added between 2, 3, and 4. The looping process continues until 

every vertex in 𝑉(𝑇𝑈2(ℤ6)) exhibits its adjacency or not. Subsequently, the looping process stops and we 

proceed to Step 3 to draw the result of 𝑇𝑈2(ℤ6) in Figure 4. 

 

                 

Figure 4. (a) 𝑻𝑼𝟐(ℤ𝟑), (b) 𝑻𝑼𝟐(ℤ𝟒), (c) 𝑻𝑼𝟐(ℤ𝟔) 

Figure 4 is the result of the construction of the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 3,4,6. 

𝑇𝑈2(ℤ3), 𝑇𝑈2(ℤ4),and 𝑇𝑈2(ℤ6) are empty graphs with no edge set but have a vertex set. 

Example 3. Construct the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 7.  

For 𝑛 = 7, then ℤ7 = {0,1,2,3,4,5,6}. In Step 1, by checking the algorithm for each element 𝑎, 𝑏 ∈ ℤ7. 

If 𝑎𝑏 = 1 then add 𝑎 to 𝑈(ℤ7). Thus, we obtain 𝑈(ℤ7) = {1,2,3,4,5,6}. Then in Step 2, the algorithm loops 

through each element 𝑢, 𝑣, 𝑤 ∈ ℤ7 − {0,1}. Add 𝑢 to be the vertex set 𝑉(𝑇𝑈2(ℤ7)). Hence, we get 

𝑉(𝑇𝑈2(ℤ7)) = {2,3,4,5,6}. Next, it checks for each vertex in 𝑉(𝑇𝑈2(ℤ7)) whether it satisfies the adjacency 

conditions for 𝑢, 𝑣, 𝑤 ∈ ℤ7 − {0,1}, 𝑢 ≠ 𝑣, 𝑣 ≠ 𝑤, 𝑢 ≠ 𝑤, and 𝑢𝑣𝑤 ∈ 𝑈(ℤ7). Suppose when 𝑢 = 4, 𝑣 = 5, 
and 𝑤 = 6, then 𝑢𝑣𝑤 = 6 ∈ 𝑈(ℤ7), so 𝑢 and 𝑣 will be adjacent. Since 𝑢 and 𝑣 are adjacent, 𝑢 and 𝑤 will be 

adjacent, and 𝑣 and 𝑤 will also be adjacent, so add edges between 4, 5, and 6. Then, repeat the looping process. 

Suppose when 𝑢 = 5, 𝑣 = 2, and 𝑤 = 3, then 𝑢𝑣𝑤 = 2 ∈ 𝑈(ℤ7), so 𝑢 and 𝑣 will be adjacent. Since 𝑢 and 𝑣 

are adjacent, 𝑢 and 𝑤 will be adjacent, and 𝑣 and 𝑤 will also be adjacent, so add edges between 5, 2, and 3. 

The looping process continues until every vertex in 𝑉(𝑇𝑈2(ℤ7)) exhibits its adjacency or not. Subsequently, 

the looping process stops and we proceed to Step 3 to draw the result of 𝑇𝑈2(ℤ7) in Figure 5. 

 

Figure 5. 𝑻𝑼𝟐(ℤ𝟕) 

(a) 

(b) (c) 
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Figure 5 is the result of the construction of the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 7. 𝑇𝑈2(ℤ7) 

is a connected graph and a complete graph 𝐾5 which has 5 vertices and 10 edges. 

Example 4. Construct the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 11.  

For 𝑛 = 11, then ℤ11 = {0,1,2,4,5,6,7,8,9,10}. In Step 1, by checking the algorithm for each element 

𝑎, 𝑏 ∈ ℤ11. If 𝑎𝑏 = 1 then add 𝑎 to 𝑈(ℤ11). Thus, we obtain 𝑈(ℤ11) = {1,2,3,4,5,6,7,8,9,10}. Then in Step 2, 

the algorithm loops through each element 𝑢, 𝑣, 𝑤 ∈ ℤ11 − {0,1}. Add 𝑢 to be the vertex set 𝑉(𝑇𝑈2(ℤ11)). 

Hence, we get 𝑉(𝑇𝑈2(ℤ11)) = {2,3,4,5,6,7,8,9,10}. Next, it checks for each vertex in 𝑉(𝑇𝑈2(ℤ11)) whether 

it satisfies the adjacency conditions for 𝑢, 𝑣, 𝑤 ∈ ℤ11 − {0,1}, 𝑢 ≠ 𝑣, 𝑣 ≠ 𝑤, 𝑢 ≠ 𝑤, and 𝑢𝑣𝑤 ∈ 𝑈(ℤ11). 

Suppose when 𝑢 = 2, 𝑣 = 3, and 𝑤 = 4, then 𝑢𝑣𝑤 = 2 ∈ 𝑈(ℤ11), so 𝑢 and 𝑣 will be adjacent. Since 𝑢 and 𝑣 

are adjacent, 𝑢 and 𝑤 will be adjacent, and 𝑣 and 𝑤 will also be adjacent, so add edges between 2, 3, and 4. 

Then, repeat the looping process. Suppose when 𝑢 = 4, 𝑣 = 3, and 𝑤 = 8, then 𝑢𝑣𝑤 = 6 ∈ 𝑈(ℤ11), so 𝑢 and 

𝑣 will be adjacent. Since 𝑢 and 𝑣 are adjacent, 𝑢 and 𝑤 will be adjacent, and 𝑣 and 𝑤 will also be adjacent, 

so add edges between 4, 3, and 8. The looping process continues until every vertex in 𝑉(𝑇𝑈2(ℤ11)) exhibits 

its adjacency or not. Subsequently, the looping process stops and we proceed to Step 3 to draw the result of 

𝑇𝑈2(ℤ11) in Figure 6. 

 

Figure 6. 𝑻𝑼𝟐(ℤ𝟏𝟏) 

Figure 6 is the result of the construction of the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 11. 

𝑇𝑈2(ℤ11) is a connected graph and a complete graph 𝐾9 which has 9 vertices and 36 edges. 

Example 5. Construct the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 16.  

For 𝑛 = 16, then ℤ16 = {0,1,2,4,5,6,7,8,9,10,11,12,13,14,15}. In Step 1, by checking the algorithm for each 

element 𝑎, 𝑏 ∈ ℤ16. If 𝑎𝑏 = 1 then add 𝑎 to 𝑈(ℤ16). Thus, we obtain 𝑈(ℤ16) = {1,3,5,7,9,11,13,15}. Then 

in Step 2, the algorithm loops through each element 𝑢, 𝑣, 𝑤 ∈ ℤ16 − {0,1}. Add 𝑢 to be the vertex set 

𝑉(𝑇𝑈2(ℤ16)). Hence, we get 𝑉(𝑇𝑈2(ℤ16)) = {2,3,4,5,6,7,8,9,10,11,12,13,14,15}. Next, it checks for each 

vertex in 𝑉(𝑇𝑈2(ℤ16)) whether it satisfies the adjacency conditions for 𝑢, 𝑣, 𝑤 ∈ ℤ16 − {0,1}, 𝑢 ≠ 𝑣, 𝑣 ≠

𝑤, 𝑢 ≠ 𝑤, and 𝑢𝑣𝑤 ∈ 𝑈(ℤ16). Suppose when 𝑢 = 5, 𝑣 = 9, and 𝑤 = 7, then 𝑢𝑣𝑤 = 11 ∈ 𝑈(ℤ16), so 𝑢 and 

𝑣 will be adjacent. Since 𝑢 and 𝑣 are adjacent, 𝑢 and 𝑤 will be adjacent, and 𝑣 and 𝑤 will also be adjacent, 

so add edges between 5, 9, and 7. Then, repeat the looping process. Suppose when 𝑢 = 4, 𝑣 = 6, and 𝑤 = 8, 

then 𝑢𝑣𝑤 = 0 ∉ 𝑈(ℤ16), indicating that 𝑢 and 𝑣 are not adjacent. Consequently, 𝑢 and 𝑤 are also not 

adjacent, and similarly for 𝑣 and 𝑤. Hence, no edges are added between 4, 6, and 8. The looping process 

continues until every vertex in 𝑉(𝑇𝑈2(ℤ16)) exhibits its adjacency or not. Subsequently, the looping process 

stops and we proceed to Step 3 to draw the result of 𝑇𝑈2(ℤ16) in Figure 7. 
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Figure 7. 𝑻𝑼𝟐(ℤ𝟏𝟔) 

Figure 7 is the result of the construction of the triple unit graph of type II of ring ℤ𝑛 for 𝑛 = 16. 

𝑇𝑈2(ℤ16) is a disconnected graph which has 14 vertices and 21 edges. 

3.3 Observation of The Characteristics of 𝑻𝑼𝟐(ℤ𝒏) 

There are several observations for the resulting properties of the triple unit graph of type II of ring 

ℤ𝑛. 

1. If 3 ≤ 𝑛 ≤ 6 and 𝑛 ≠ 5, 𝑇𝑈2(ℤ𝑛) it is an empty graph. 

2. If 𝑛 is prime and 𝑛 ≥ 5, then 𝑇𝑈2(ℤ𝑛) it is a complete graph, a connected graph, and a 

Hamiltonian graph. 

3. If 𝑛 is prime and 𝑛 ≥ 5, then 𝑇𝑈2(ℤ𝑛) it is a (𝑛 − 3)-regular graph. 

4. If 𝑛 is not prime and 𝑛 ≥ 4, then 𝑇𝑈2(ℤ𝑛) it is a disconnected graph. 

5. If 𝑇𝑈2(ℤ𝑛) is a connected graph, then 𝑑𝑖𝑎𝑚(𝑇𝑈2(ℤ𝑛)) = 1. 

6. If 𝑇𝑈2(ℤ𝑛) is a connected graph, then 𝑔(𝑇𝑈2(ℤ𝑛)) = 3. 

The results of these observations are useful as assumptions for properties that apply to the triple unit 

graph of type II of ring ℤ𝑛 that still need to be proven algebraically. 

 

4. CONCLUSIONS 

In this paper, we have defined triple unit graphs of type II of ring ℤ𝑛 and described an algorithm to 

construct the triple unit graphs of type II using Python programming language. The examples described show 

how the algorithm works on the given ring ℤ𝑛. With the help of the Python program to construct the triple 

unit graphs of type II, it is very easy for researchers to assume the properties of the triple unit graphs of type 

II of the ring ℤ𝑛 because it only takes a short time to construct graphs of various ring variations. 
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