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1. INTRODUCTION

Ring theory is a structure in abstract algebra whose existence is very important in mathematics. Almost
every branch of mathematics and non-mathematics uses it indirectly, one of which is a derivative of Calculus.
In mathematics, especially in calculus, the concept of derivation is well known. The derivative was first
thought of by a British mathematician and physicist, whose name is Sir Isaac Newton (1642-1727), and a
German mathematician, whose name is Gottfried Wilhelm Leibniz (1646-1716).

The concept of the derivative in calculus uses polynomial rings Z[x] as a domain and codomain of the
derivative function defined for each f(x) = ag + a1x + -+ + a,x™ € Z[x] witha; e Zand i = 0,1,2, ...,n

wheren € N U {0} holdsi(f(x)) = ljm [0 a, + 2a,x + - + na,x™1 € Z[x]. There is the
dx Ax—0 Ax

Leibnitz’s rule that for every f(x),g(x) € Z[x] holds % (F) +g(x)) = % (F(0) + %(g(x)) € Z[x]
and ﬁ (Fx)-gx) = ﬁ (F())-g(x) + f(x) -:—x (g(x)) € Z[x], as described in [1]. This shows that the

existence of derivatives is inseparable from the ring theory. This is because the concept of derivation was
first introduced on a ring, namely a polynomial ring.

Based on [2], a ring R is a system consisting of a non-empty set R and two binary operations in R,
called addition (+) and multiplication (-) such that (R, +) is an abelian group, (R,) is a semigroup, and the
distributive law applies between multiplication and addition operations. There are many types of rings that
we already know, for example, divisor rings, cartesian product rings, factor rings, idempotent rings, and many
more. It can be seen that the derivative in calculus is a mapping from one ring to another ring and there is
Leibnitz’s rule. This is the initial motivation for defining the ring derivation.

According to [3], [4], and [5], amap d: R — R is a derivation on the ring R if forall a,b € R amap d
satisfies d(a + b) = d(a) + d(b) and d(a-b) = d(a) - b + a- d(b). One example of the derivation is the
derivation on the polynomial ring Z[x]. Let a polynomial ring Z[x] and the mapping d: Z[x] — Z[x] with the
definition d(p(x)) = d(ag + a;x + azx? + -+ a,x™) = a; + 2a,x + 3azx? + -+ na,x™ ! for all
p(x) = ap + ayx + ayx? + -+ + a,x™ € Z[x] is a derivation on the polynomial ring Z[x] as explained in
[6]. Another easy-to-understand example of derivation is the derivation which uses lie product. Let R be a
noncommutative ring. For a fixed element a € R isdefined d:R - Rby d(r) = [a,r] = ar —raforall r €
R. If we check, it can be seen that the mapping d is a derivation because for all r;,r, € R we obtain
dirn+nrn)=[lan+nl=arn+nrn) - +rn)a=arn+ar,—ra—na=ar, —rna+ar, —na=
d(r)) +d(rp) and d(nnry) =la,nr] =anr —nna =arnr, —nar, + rnar, —nra = la,nlrn +
rla.rp] = d(r)r, + r1d(r;). That means the mapping d is a derivation called the inner derivation of R
which is associated with a, see [5]. Several types of special rings can be found, namely divisor rings, cartesian
product rings, and factor rings. For each of these rings, a general derivation can be defined that will always
apply. In this paper, we will discuss each derivation on the divisor ring, the cartesian product ring, and the
factor ring. We will also discuss the concept of inserting one ring into another ring, where for example a ring
R with derivation d has a ring of constant of d, namely R%, then R¢ is a subring of the divisor ring R, where
A is a multiplicatively closed set of R.

2. RESEARCH METHODS

This study focuses on the derivation properties of the divisor ring, the cartesian product ring, and the
factor ring. At the beginning of the research, we conducted a literature study regarding rings, a derivation on
ring, an ideal-d, and several theorems as contained in [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], and [12].
After that, we construct a conjecture regarding the properties of the derivation in the predetermined rings. In
the last step, we will prove some of the properties that we have built. In building a derivation property of
some of these rings, it is necessary to first introduce the process of constructing divisor rings, the theorem of
necessary and sufficient conditions of a subring, a ring of constant, and an ideal-d.

There is a type of ring, namely the divisor ring obtained from a ring with a multiplicatively closed set
which is explained in the following proposition.
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Proposition 1. [7] Let R be a commutative ring with unity. If A is a multiplicatively closed set of R without
zero element and zero divisor, then there is a commutative ring R, with unity which contains R as a subring
of R,4. Furthermore, for all element in A isa unitin Ry,.

A subset S of aring R with the same operations as a ring R that also satisfies every axiom of the ring
is called a subring, see [7]. To make it easier to prove a subring, there is a theorem of necessary and sufficient
conditions for a subring as follows.

Theorem 1. [8], [12] Let S be a non-empty set in a ring (R, +,"). The set S is a subring of R if and only if for
all s;,s, € S satisfiess; —s, e Sand s, -s, € S.

In the introduction, we have known the definition of derivation. Suppose a ring R has the derivation d.
Forany c € R, ifd(c) = Og, then c is called a constant element of d. The set containing the constant elements
of d will further form a subring of R or commonly referred to as the ring of constant of d as explained in the
following theorem.

Theorem 2. [9], [10] Let R be aring and d: R — R a derivation. We have the set of constants of d, denote by
R% = {r € R|d(r) = 0g}. The set R% is a subring of R, we call it the ring of constant of d and 1; € R<.

In the ring, we know the ideal concept which is a special subring of a ring. For example, ring R with
the derivation d and ideal I. If I is an ideal in R and d is an inner derivation of R, then the derivation d
satisfies d(I) < I. However, if d is not an inner derivation, then the derivation d does not necessarily satisfy
to d(I) < I. Therefore, this problem raises the idea of defining an ideal I that satisfy d(I) < I as follows.

Definition 1. [5], [11] Let a ring R with unity, ideal I in R, and a derivation d of R. The ideal I is called d-
ideal if it satisfies d(I) < I.

After understanding some of the definitions and theorems needed in the discussion, the last step that
will be taken is to make a conjecture and prove the conjecture to be a theorem or proposition.

3. RESULTS AND DISCUSSION

The derivation discussed in this paper is the derivation on rings, especially the derivation of the divisor
ring, cartesian product ring, factor ring, and idempotent ring.

3.1 Derivation on The Divisor Ring

The quotient has been identified. Suppose a ring R with a multiplicatively closed set A has a derivation
of d. From Proposition 1, we find that there is a divisor ring R, = {2 |r ER,a € A}. In this ring, a mapping
64: R4 = Ry can be defined, furthermore, this mapping is a derivation of the divisor ring.

Theorem 3. Let R be a commutative ring with unity and A is a multiplicatively closed of R without zero
element and zero divisors. If a map d: R — R is a derivation on ring R, then a map &,: R4 = R4 with the

definition &, (2) = M for all £ € R, is a derivation of the divisor ring R,.
Proof. From Proposition 1, we can define R, = {2 |r € R,a € A} as a commutative divisor ring with unity.

We need to prove that 8,4 is a derivation on the ring R4. First, we will show that &, is well-defined and closed.
Forany ry,7,,a;,a, € Rwithry =1,,a, = a,, wehaver; ra, =1, - a; & 2—1 = 2 \where 2—1;—2 € Ry. We
2

1 as 1
can get
) - dr)aimred(@y) .
O (al) - PP [Definition of &4]
= w [Because d is a mapping and (R, +,") is a ring]
2

=6, (a—zz) [Definition of §,]
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r r d(r)-a-r-d(a) . .
And for any € R4, we have §, S)=——"2 € R, because r € R, a € AC R, a mapping d is a

derivation of R, (R, +,") isaring, and (4,") is multiplicatively closed. This means that &, is a mapping because
it is well defined and closed.

Next, for anyi r—z € R,, we have
1. 5A( = 5,4(%)

a;-a,
— d(r1az+73:01)"a1°05—(r1-A2+75°a1)-d(a1°a2)
(a1-a3)?
_ (d(T1'a2)+d(T2'a1))'a1'az—T1'az'd(araz)—rz"11'd(a1"12)
a?-a3
_d(riraz)a-az+d(ry-a.)-ar-az—ri-az:(d(aq) ax+ag-d(az))—ry-as-(d(ar)-az+as-d(az))
- a?-a?
1°a;
- (d(rl)-az+r1-d(a2))-a1-a2+(d(rz)-a1+r2-d(al))-al-az—rl-az-(d(al)-az+a1-d(a2))—rz-al-(d(al)-a2+a1-d(a2))
a?-a3
- d(ry)-ay-a3+r-d(ay)a;-a,+d(ry) a;-ai +1p-d(ay)as-a—ry-d(a,)-a3—ry-d(ay) a,-a, —r,°d(a,)-aq-a,—1-d(a,)-a}
a?-a?
_ d(r)ayaj-ryd(ay)-ad+d(ry)-axai—ryd(az)ai
ai-aj
d(Tl) a—rird(ar) az ax | d(rp)ax—rpd(az) ai a1
a? a, a a? a; ag
— d(r1)-a;—ry-d(as) + d(rz)-az—12-d(az)
ai a3
r T
=8 () + 64 (2)
az
T 71T
2.8, (22) =8,
az ap-az
— d(r173)a1a5-d(a1-a2) 11 T2
(ai-az)?
_ (d(ry)ra+r1-d(12))-as-az—(d(ar)-az+as-d(az))rirs
af-aj
— d(r1)T2-a1-a2+71°d(12) 010 -d(@1) A2 71 T2~ a1°d(a2) T2 T2
2.2
a?-a3

— d(r1)-a;13-a5-11-d(a1) 73 az + r1°a1°d(12)-az—11°a1 72 d(a2)
af-a} af-a}

_d(@r)ai—rid(ag) 1r2 az | 11 a1 d(rp)ax—1p-d(az)

h a? a, a, a; ag a?

—d@r)a;—rd(as) 1 + o d(rz)-az—1z-d(az)

2 2
ay ap aq as

T2 2
- 8A ( 1) az + ag 8A (az)
It is proved that the mapping 84: R4 — Ry is a derivation of the divisor ring R4. m

From Theorem 3, we can define the derivation of any divisor ring. Here we give the following example of
Theorem 3.

Example 1. Let R = Z[x] be a polynomial ring and A = Z[x]\{0} be the set of multiplicatively closed. We
can define a derivation on a polynomial ring, i.e., d: Z[x] = Z[x], for all p(x) = ag + a1x + -+ a,x™ €
x],d(p(x)) = a; + 2 - azx + -+ n- apyx™ 1. From Proposition 1, we can construct a commutative

divisor ring Ry = {p( )|p(x) ER,qlx) € A} Then, from Theorem 3, we can define a derivation §,: R4 —
p(x) p(x)\ _ d(p())-q()- p(x)d(q(x))
R, for all == pro € Ry define 6A( o )) POE

In the following theorem, we will explain the relationship between the ring of constant of d and the
ring of constant of §, where the ring of constant of d is a subring of the ring of constant of &,. Further
explanation is shown in the following theorem.

Theorem 4. Let R be a commutative ring with unity, a derivation d: R — R, and R, be a divisor ring with
derivation 6,: R, — Ry with the definition &, (=) = “2“T@forall Z € R,. IfR% = {r € R|d(r) = 0z}
is a ring of constant of d and RjA = {g € RA|6A (g) = ORA} is a ring of constant of &4, then ring R% is a

subring of ring RfA
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Proof. We need to prove that the ring R¢ is a subring of ring R/‘f“. We can form a mapping a: R — R4 with
the definition a(r) = L forall » € R. Forall 4, , € R, we obtain

1 a(rp+n)= r1+r2 = —rl + 2= a(r) + a(ry)
T- TR T- 17‘R 15 T
ey _ M T T .
2. a(ry 1) 1r 1nig  1r 1r a(ry) - a(ry)

It can be concluded that « is a ring homomorphism. Now, we will show that « is a ring monomorphism. For
any r;,r, € R where a(r;) = a(ry). From this, we can get
T
a(ry) =a(r2):>—:—:>r1 lp=n-lg=nr=n
Ip  1g
Now, we know that r; = r,. Thus, we can say that « is a ring monomorphism and it is proved that ring R can
be embedded into the R,. Because of any ring monomorphism a: R — R4, element r € R can be considered

as element i € R,. We know that R¢ € R and Rf*‘ C Ry4. So, it can be obtained that for all ¢;, c, € R®
1. ¢—c =;—;—i—;= CllRCZ € Ry
Because R¢ is the ring of constant of d, that means ring R¢ is a subring of the ring R. It can be obtained
from Theorem 1 that ¢; — ¢, € R% or d(c; — ¢;) = 0g. S0, we can get
s (Cl_cz)_d(cl_cz)'1R_(Cl_C2)'d(1R)_OR']-R_(CI_CZ)'OR _O_R_0
A1, /7 12 B 1x T 1, Ra

Cl C2

It can be concluded that —= € R
2. (0l Cz—i;'f—i C;I:ZERA

Because R? is the ring of constant of d, that means ring R¢ is a subring of the ring R. From Theorem
1 we have c¢; - ¢, € R4 or d(cy - ¢c;) = 0z. We can get that
s (Cl'cz)_d(cl'cz)'lR_Cl'Cz'd(lR)_OR'lR_Cl'CZ'OR _O_R_O
N1, /o 12 - 1g 1 "4
It can be concluded that == e € R4

Because for all ¢;,c, € R we get €, — Cy, ¢y - C; € R% and element ¢; — ¢,, ¢; - ¢, € R% can be considered

as element <=2, =2 ¢ R4, then ring R% can be embedded into the R34 or we can say that the ring R is a
R R

subring of ring RjA. [ |
An example is given to clarify Theorem 4.

Example 2. Let a polynomial ring R = Z[x] and the set of multiplicatively closed A = Z[x]\{0}. We can
define a derivation on a polynomial ring, i.e., d: Z[x] — Z[x] for all p(x) = ag + a1x + - + a,x™ € Z[x]
define d(p(x)) = a; + 2 - azx + -+ n - a,x™ 1. Assume that the ring of constant of d is Z[x]¢ = {p(x) €

x]|d(p(x)) = 0}. Note that ring Z is subring of Z[x] and for all p(x) = a, € Z where p(x) = ao + 0x +
-+ 0x™ we get d(p(x)) = 0 or Z < Z[x]%. From the definition d, we have for any p(x) = ay + a;x +
4 a,x™ € Z[x]¢ where d(p(x)) =0 a;+2 ax+-+n-a,x™* = 0.InZ[x], any non-empty set
B={x"ne Z+} = {1 x,x2,...,x™} € Z[x] such that for all p(x) € Z[ ] there is a; € Z and x' € B such
that p(x) = X7t a;x* with i e N U {0}. Besides that, if for any a; € Z,x' € B fori € Z* holds X7, a;x' =
0, then the only value of a; that satisfies is 0 or we can write ag = a; = -+ = a,, = 0. That means B is a base
of Z[x] and Z-module Z[x] is a free module. Because a; + 2 - a,x + -+ n-a,x™ = 0 and Z[x] is a free
module, then a; = 2-a, = -+ =n-a, = 0. We know that Z is a domain integral, so we have a; = a, =
- =a, =0. Substitute a; =a,=-=a,=0 to p(x) =a¢g+ a;x+ -+ a,x™ to get p(x) = a,.
Because a, € Z, then Z[x]¢ < Z. In conclusion, the ring of constant of d is Z. From Proposition 1, we can
construct a commutative divisor ring R4 = {p(x) p(x) € Z[x],q(x) € A} So, from Theorem 3, we can

define a derivation 8: R, — R, for all p(x; € R, as 8( Ex;) Ap) Q(Z)(xfz(x)'d(q(x)). Assume that the ring
_ (P& | ¢ (p(x) .
of constant of & is RA = {q(x) ) (q(x)) Og,, p(x) € Z[x],q(x) € Z[x]\{O}}. Based on Theorem 4, it can

be obtained that the ring of constant of d, i.e., Z[x]¢, is a subring of the ring of constant of §, i.e., R[‘f“
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3.2 Derivation on The Cartesian Product Ring

Furthermore, there is a ring that is obtained from the cartesian product of several other rings, which is
called the cartesian product ring. In the following theorem, we will show a derivation on the cartesian product
ring.

Theorem 5. Let R; be a commutative ring with unity for i = 1,2,...,n and (I]}=, R;, +,7) be a cartesian
product ring where i € N. If a map d;: R; — R; is a derivation on the ring R; for i = 1,2, ..., n, then a map
modi [Ty Ry = [T, R; with the definition [T, d; ((r, 72, ., 7)) = (d1 (1), do (1), ..., dn(13,)) for
all (ry, 7, ...,1,) € [11-; R; is a derivation of the Cartesian product ring []~; R; where i € N.
Proof. We have a ring R;, cartesian product ring [T~ R;, and derivation on the ring R;, i.e., d;: R; = R;, for
i =1,2,...,n. Itwill be shown that [Ti-, d; is a derivation of the cartesian product ring [[}~; R; where i € N.
First, we will show that [}~ d; is well-defined and closed. For all (a4, a,, ..., a,), (b, bs, ..., by) € [17=1 R;
where (a4, ay, ..., ap) = (by, by, ..., by), that means a; = b; fori = 1,2, ...,n. We can get

Ty d; (ag, az, ..., an) = (d1(a1),d2(az), ..., dy(ay)) [Definition of [, d;]
= (dy(by),d2(by), ..., dn(by)) [Because d is a mapping]
= [1iL1d; (b1, by, ..., bp) [Definition of [T%, d;]

And for all (ay,ay, ..., a,) € [T, R;, we have [T, d; (a1, az, ..., an) = (d1(ay), d2(ay), ..., dn(ay)) €
[T, R; because d; is a derivation of R; for i = 1,2, ...,n. This means that [], d; for i =1,2,..,nis a
mapping because it is well-defined and closed.
Next, for all x = (ay,ay, ...,a,),y = (by, by, ..., by) € [1i=; R;, we obtain
1 I dix +y) =11}k di(aq, az, ..., ay) + (by, by, ..., by)
=[IiY,d; ((a; + by,a; + by, ..., an + by))
= (dy(aq + b1),dy(az + by), ..., dp(an + by))
= (d1(ay) + dq(by),dy(az) + dy(by), ..., dy(ay) + dy(by))
= (dl (al): dz (az)' L] dn(an)) + (dl (bl): d2 (bz)» L] dn(bn))
=T~ d; ((ay, az oy an)) + [Ty d; ((by, by, -\ b))
= [l di(0) + 12, di ()
2. Hlﬁ=1 di(x-y) = Hlfl=1 di((ap az, ..., ap) - (b1, by, ..., bn))
| J Aoy ((al “by,ay by, ..., ap - bn))
(d1(a1 “by),dy(ay " by), ..., dy(ay, - bn))
=(di(aq) - by + ay - d(by),dz(az) - by + ay - d(by), ..., dp(ay) - by + an - d(by))
= (dy(aq) - by, dz(az) * by, ..., dy(ay) - by) + (al “d1(b1),az - d(by), ..., an " d(bn))
= (d1(a1); dy(ay), ---’dn(an)) “(by, by, ..., by) + (ay, ay, ..., ay) - (d1(b1),d2(b2); s dn(bn))
=TT~ d; ((ay, az, -, ay)) - (by, by, e, by) + (aq, @, -, ay) - 1y d; ((by, by, ..., by))
=M i) -y + x - 12, di(¥)
From the explanation above, it can be concluded that the mapping 1%, d; : [1i=; R; = I1}, R; isaderivation
on the cartesian product ring [T, R;. m

The following is an example of the application of Theorem 5 to a cartesian product ring of two polynomial
rings.

Example 3. Let a polynomial ring (R[x],+,) and the derivation d;: R[x] —» R[x] with the definition
di(p(x)) =a; +2-azx + - +n-apx™?t for all p(x) =ag+ a;x + ax? + -+ a,x™ € R[x] define
Then given a polynomial ring (Z[x], +,) and the derivation d,: Z[x] — Z[x] with the definition d,(q(x)) =
by + 2 byx + -+ n-byx™ Hor all q(x) =by+ byx + byx? + -+ bx™ € Z[x]. It is possible to
construct a cartesian product ring R[x] % Z[x] = {(p(x), g(x))|p(x) € R[x], q(x) € Z[x]}. From Theorem
5, we can form a mapping d; x d: R[x] X Z[x] - R[x] % Z[x] for all (f(x), g(x)) € R[x] x Z[x] define
d, x d, ((f(x),g(x))) = (dl(f(x)),dz(g(x))) which is the derivation on the cartesian product ring
R[x] x Z[x].
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3.3 Derivation on The Factor Ring

In this subsection, we will discuss the derivation on factor rings. The factor ring used here is a factor
ring constructed from a ring and d-ideal. The properties of the derivation on the factor ring are described in
the following theorem.

Theorem 6. Leta ring R with unity, amap d: R = R is a derivation on ring R, and set I < R is a d-ideal of
R. Amap d:R/I — R/I with the definition d(a + 1) = d(a) + I for all a + I € R/I is a derivation on the
factor ring R/I.

Proof. We will show that d is a derivation on the factor ring (R/I, +,7). Because we have aring R and | is a
d-ideal in R, so we can construct a factor ring R/I = {¥ = r + I|r € R}. First, we will show that d is well-
defined and closed. Foranya =a+1,b=b+1 € R/Iwherea=b < a—b € I. Thatmeansd(a — b) €
I. So, we can get

d@@ =d(a+1D [Because @ = a + I]
=d(a) +1 [Definition of d]
=d(b) +1 [Because d(a) — d(b) = d(a — b) €1]
=d(b+1) [Definition of d]
=d(b) [Because b = b + 1]

And forany a = a + I € R/I, we have d(a) = d(a) +1 € R/I because a € R and d is a derivation on R.
This means that d is a mapping because it is well defined and closed.

Next, from the definition of d and for all 77,73 € R/I where /; = r; + I and 7; = r, + I, we obtain
1. dRFR) =dm +1Fr+1)
=d((n+mr)+D
=d(rp+mr)+1
=d(r) +d(ry) +1
=d(r) +1+d(ry) +1
=d(r, + D¥d(r, + 1)
_ = d () +d (1)
2. d(f ) =d((n+D (2 +1)
=d((ry-m) +1)
=d(ry ) +1
=d(r) rp+r-dr) +1
=d(r) rp+1+r-d(ry) +1
=dr)+D (rp + I_)-T—(r1 +0D7(dm) + D
=dnn+D "+ D+ + D d(r+1)
= d(i) T+ T d(7)
From the description, it is clear that d is the derivation on the factor ring R/I. m

The following is an example of applying the Theorem 6.

Example 4. Given a ring matrix M,(Z) = {[Z Z] |a, b,c,d € Z} with addition and multiplication
operations on matrix with the derivation d: M,(Z) — M,(Z) where for all [‘Cl Z] € M,(Z), d ([? Z]) =

[(C) _Ob] An ideal of M,(Z), namely I = {[2 ﬂ |e, f,g,h € ZZ}. A factor ring M,(Z)/I can be formed
with the definition of addition operation “ + > and multiplication operation « = where for each A + I, B +
I € My(Z), define (A+D+B+1)=((A+B)+1and (A+1)"(B+1)=(A-B)+1. We can define a
function d: M,(Z) —» M,(Z) where d(A+1) = d(A) +1 for all A+ 1 € M,(Z)/I. From Theorem 6, a

) by b,
4]+1,[b3 b4]+IeM2(Z)/I

- a
mapping d is a derivation on the factor ring M, (Z)/I because for all [a; a

([al +by a,+ bz] n 1)
|

we obtain

- (11 a; _ bl bZ] _ 3
1. d ([a3 a4] + I+ b3 b4 + I) B d a3 + b3 a4, + b4,
_d(a1+b1 a2+b2])+1

as +bs au+b,
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_ 0 —a; —bz

- [—a3 —bs 0 ] +

_ 0 —day — 0 —bz

-| % O]+1+[_b3 2|+

3
er a) e[t 5))
“ a4]) +17d ([b3 b |)
a; a —=([by b
o ai] +1) +d( o bz] +1)
3 4
[a1b1 +a,b; ab, + a2b4] + I)
azb; + azbs azb, + asb,
d a,b; + ayb; a;b, + a2b4]) 41
asb, +a,b; aszb, +aub,
[ 0 _a1b2 - a2b4] +I
_a3b1 - a4_b3 0
_ ([ 0 _az] . b1 bz] + [al az] . [ 0 _bz ) +I
- _a3 0 b3 b4 a3 a4— _b3 0
_ 0 _a2 bl bz — al az 0 _bZ
=| s 0 | bs b4]+’+[a3 a4]'[—b3 o]t
0 _a2 _ bl bz —_ a]_ az _ 0 _bz
[_a3 0]+I.[b3 b4]+1>+([a3 a4]+1'[_b3 0]+1)

(
o (S ) B ol ) £ ol R (el )

Theorem 7. Let a ring R with unity, a derivation on ring R with definition d: R = R, (Vr € R)r v d(r),
and the ideal I € R . In the factor ring R/I, we can construct a derivation d: R/I — R/I with the definition
d(a+1) = d(a)+Iforalla+1€R/I.IfR* = {r € R|d(r) = 0} is a ring of constant of d and I < R?,
then factor ring R*/I = {a + I € R/I|a € R%} is a subring of ring of constant of d.

Proof. We can show that if ring R¢ = {r € R|d(r) = 0z} is a ring of constant of the derivation d and I <
R4, then factor ring R%/I ={a +1 € R/I|a € R%} is a subring of ring of constant of the derivation d.
Assume that the set (R/I)® = {r + 1 € R/1|d(r +I) = 0y + I} is aring of constant of the derivation d. We
have the fact that the set I is ideal of R. Because of I € R% and R® is a ring, then I is an ideal of R too. So,
we can construct the set R4/l = {a + I € R/I|a € R%}. First, foralla + 1 € R*/I S R/Iweknowa + I €
R/1. Because we have d as a derivation of factor ring R/I, we get d(a + 1) = d(a) + 1 € R/I. Because
element a € R4 and ring R% is a ring of constant of the derivation d, so d(a + 1) = d(a) + I = O + I. It’s
mean that a + 1 € (R/I)% or R%/I < (R/1)®. And then, for all a+1,b+1 € R%/I € R/I we get a +
I¥(-b)+I=(a—b)+1€R/Iand(a+1)"(b+I)=a-b+1€R%I because a,b € R* and R is a
ring of constant of the derivation d. Based on Theorem 1, it can be concluded that R4 /I is a subring of the
ring of constant of the derivation d, i.e. (R/1)%. m

N
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“l
[r—
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=
S
N
e—
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~——
1]
Q)
-~

/N
—

4. CONCLUSIONS

A commutative ring R with unit elements along with a set A is provided with a derivation d:R — R
will have a derivation on the divisor ring defined by 8,: R, — R,, for all 2 €R, 6 (2) = M with

Ry = {£|r ER,a € A}. The derivation of the divisor ring also has several properties such as if R% =
{r € R|d(r) = 0g} isasubring of R or as a ring constant of d and RjA = {2 € RA|8A (2) = ORA} is a subring

of R, or as a ring of constant of &,, then ring R is a subring of ring Rf“‘. It is also possible to construct a
ring derivation on the cartesian product ring by definition [}, d; : [1}x; R; = [1- R; forall (ry, 73, ..., 1) €
Ty Ri, T ds (12, 0m) =_(d1(r1), d,(1y), ..., dn(1,)) and derivation on factor ring by definition
d:R/I - R/Iforalla+1€R/l,d(a+1)=d(a)+1.



BAREKENG: J. Math. & App., vol. 18(3), pp. 1729 - 1738, September, 2024, 1737

REFERENCES

[1] V. E. Tarasov, “Leibniz Rule and Fractional Derivatives of Power Functions,” J. Comput. Nonlinear Dyn., vol. 11, no. 3,
pp. 1-4, 2016, doi: 10.1115/1.4031364.

[2] E. A. Behrens and C. Reis, Ring theory. Academic Press, 1972.

[3] M. Ashraf, S. Ali, and C. Haetinger, “On Derivations in Rings and Their Applications,” The Aligarh Bull. of Maths., vol.
25, no. 2, 2006.

[4] M. Bronstein, “Symbolic integration I: Transcendental functions,” Comput. Math. with Appl., vol. 33, no. 7, 1997, doi:
10.1016/s0898-1221(97)84595-6.

[5] C. R. Hajarnavis, “An Introduction to Noncommutative Noetherian Rings,” Bull. London Math. Soc., vol. 23, no. 1, 1991,
doi: 10.1112/blms/23.1.91.

[6] I. Ernanto, “Sifat-sifat Ring Faktor yang Dilengkapi Derivasi,” J. Fundam. Math. Appl., vol. 1, no. 1, 2018, doi:
10.14710/jfma.v1il.3.

[7] S. Wahyuni, I. E. Wijayanti, D. A. Yuwaningsih, and A. D. Hartanto, Teori ring dan modul. UGM PRESS, 2021.

[8] I. K. Wolfand L. J. Goldstein, “Abstract Algebra: A First Course.,” Am. Math. Mon., vol. 82, no. 8, 1975, doi:
10.2307/2319828.

[9] A. Nowicki and J. M. Strelcyn, “Genesrators of rings of constants for some diagonal derivations in polynomial rings,” J.
Pure Appl. Algebr., vol. 101, no. 2, 1995, doi: 10.1016/0022-4049(94)00011-7.

[10] P. Jedrzejewicz, “Rings of constants of polynomial derivations and p-bases,” in Analytic and Algebraic Geometry, 2013.
doi: 10.18778/7969-017-6.06.

[11] M. R. Helmi, H. Marubayashi, and A. Ueda, “Differential polynomial rings which are generalized Asano prime rings,”
Indian J. Pure Appl. Math., vol. 44, no. 5, 2013, doi: 10.1007/s13226-013-0035-6.

[12] Rasiman, M. R. Rubowo, and A. S. Pramasdyahsari, “Teori Ring,” Maret, 2018.



1738 Thomas, et. al.  DERIVATION ON SEVERAL RINGS...



