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1. INTRODUCTION

The vec operator transforms a matrix into a column vector by stacking the first column to the last
column of a matrix vertically [1]. Similarly, [2] introduces the vech operator for symmetric matrices, which
functions like the vec operator but excludes entries above the main diagonal. . In this case, the vech operator
transforms a symmetric matrix into a column vector by stacking only the relevant elements from each column,
omitting those above the main diagonal. Both vec and vech operators are widely utilized in multivariate
statistics for deriving key results [2]. Furthermore, [3] extends the vech operator, initially designed for
symmetric matrices, to general square matrices by incorporating supra-diagonal elements. The vec operator
also plays a significant role in analyzing structured families of symmetric stochastic matrices( see [4] and
[5]), while [6] applies it to individual blocks of arbitrary matrices, providing a straightforward formula.

The vec operator related to the Kronecker product and the vec-permutation matrix can be seen in [7].
The matrix that transforms the vec operator with its transpose is the commutation matrix. The concept of the
commutation matrix to the commutation tensor and the use of the commutation tensor to achieve the
unification of the two formulae of the linear preserver of the matrix rank is extended by [8]. Another
relationship between the vec operator related to the Kronecker product and the commutation matrix can be
seen at [9], [10], and [11]. Then, there are three definitions of commutation matrix which are represented by
[12] in different ways and it is proven that these three definitions are equivalent. Proof of the equivalent uses
the properties in the Kronecker product on the matrix. Kronecker product is used in many branches of
mathematics [13] and physics [14]. Rakotonirina [15], gives formulas of Kronecker commutation matrices
(KCMs) in terms of some matrices of particle physics. By using the block matrix vec, and Ojeda [16],
provides necessary and sufficient conditions for the factorization of a matrix into the Kronecker product of
two matrices so that the basic algorithm is obtained to decide whether a matrix has square roots for the
Kronecker product. Furthermore, More [17], derives a new approach to describing balanced and unbalanced
partitioned block matrices and discusses the properties of the block operator vec and the block Kronecker
product.

In addition to permutation and commutation matrices, the vec operator is also associated with the
duplication matrix. The duplication matrix changes the vech to vec. The duplication matrix is useful in
various cases, such as in control theory [18] to show that the order of the external positive system can be
reduced to n("T“) (LTI system analysis via conversion) and in statistics [19] to transform the multivariate to

univariate system. There are several other matrix operators defined, such as vecp [20], vecd [21] and its
applications [22], veck and its applications [23]. Hidayah, et.al [24], introduces the vech*and vecp*
operators and constructs a matrix that transforms vech*to vecp* for n = 2, 3,4, 5, and 6, and finds several
properties.

This paper will construct matrices that transform vech™ to vecp*, vech™ to vec, and vecp™ to vec in
general. Section I describes the development of the vec operator and its application through research that
previous researchers have done. Section Il gives some definitions and theorems which will be used. Section
I present some interesting results about the vech* and vecp™ operators.

2. RESEARCH METHODS

This section present definitions, properties, and theorems related to vec, vech, vech”*, and vecp”.

Definition 1. [1] Let A = (a;;) be an m X n matrix and 4; as its jth column, then vec(4) is the mn x 1
vector gives by

Ay
vec(A) = A:Z
A
For example, if A is the 2 X3 matrix given by A = (52; (1) g) then vec(A) is the 6 x 1 vector given by

vec(A) = (2,8,0,1,5,3)T.
Theorem 1. [1] Let a and b be any two vectors, whereas A dan B are two matrices of the same size. Then
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a. vec(a) =vec(al) =a,
b. vec(ab™)=bQ a,
c. vec(aA + BB) = avec(A) + Bvec(B), where a and g are scalars.

Theorem 2. [1] Let A = (a;;), B = (b;;), and € = (c;;) be matrices of sizes m X n, n x p, and p X q,
respectively. Then vec(ABC) = (CT ® A)vec(B).

Theorem 3. [1] Let A = (a;;), B = (b;;), € = (c;j), and D = (d;;) be matrices of sizes m X n, n X p,
p X q, and g x m, respectively. Then tr(ABCD) = (vec(AT))T (DT ® B)vec(C).

Definition 2. [3] Let A = (ai]-) be an n X n matrix. Then vech(A) is the 2*1 % 1 vector that is obtained

2
from vec(A) by eliminating all supra-diagonal elements of A.
For example, for n = 3, vech(A) = (ay1, Gz, 31,2, A3z, 33)" .

Definition 3. [1] Let H;; be an m X n matrix that has its only nonzero element, a one, in the (i, j)th position.
The mn X mn matrix, denoted by K,,,, is given by

The matrix H;; can be conveniently expressed in terms of columns from the identity matrices I, and L. If
e; m is the i-th column of I,,, and e; ,, is the jth column of I,,, then H;; = e; e, ,," .

Theorem 4. [12] Let K, ,, be a commutation matrix. Then the following statements are equivalent:
a. Definition 3

b. Let I, be the identity matrix, and e;, is an m-dimensional column vector that has 1 in the {t®
position and 0’s elsewhere; that is:

€im= [0, 0, ceey 0, 1, 0, ey O]T and In ® ei,mT = aijei,mT, al-j € In.
The commutation matrix, denoted by Ky, ,, is given by:

L, ® e1,mT

I ey’
Knpn=|" ®: zm

In X em,mT

c. A permutation matrix P is called a commutation matrix of a matrix, m X n, if it satisfies the
following conditions:

I. P =[Aj;]isan m X n block matrix, with each blok A;; being n X m matrix.

ii. Foreachi€{1,2,..,m}, je€{1,2..,n}, Ay = (ax"") is a (0,1) matrix with unique 1
which lies at the position (j, i).

We denote this commutation matrix by K, ,, thus a commutation matrix is of size mn x mn.

Theorem 5. [1] Let A be an m xn matrix and B be a pxq. Then vec(AQ B) = (I, Q Kpin ®
L) (vec(A) Q vec(B)).

Definition 4. [19] Let A = (aij) be an n x n symmetric matrix. The duplication matrix D,, is a matrix that
transforms vech(A) to vec(A) of size n? x @ The general form of D,, is as follows:
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(0(i—1)><(n—i+1)> fori = j
In—i+1) ’ '

D, = (Onx(n—j+1))r fori < j,
O¢-1x(n-j+1)
() s
foreachi,j = 1,2,...,n where E{fj =€, ® ej,n with e;, is the ith unit vector of size n X 1 and e; ,, is the
jth unit vector of size n x 1.

n(n+ )

Definition 5. [24] Let A = (a;;) be ann x n matrix. Then vech*(4) is the =——= x 1 vector that is obtained

from vec(A) by eliminating all below elements of 4, i.e.:
— T
vech®(A) = (ai1, @12, 22, A13, A23, A3, o) A1, A2y ) An) -

Definition 6. [24] Let A = [a;;] be an n x n matrix. The vecp*(A) is the %n(n + 1) x 1 vector that stacks

the main diagonal elements and then the supra-diagonal elements in order of the first column to the last
column of 4, i.e.:

T
vecp*(A) = (ay1, Az, A33, o) Anny Q12 A13, A23) o) Ay e A1) -

For example, suppose given a matrix A of size 4 x 4 as follows:

201 8

a=(183 2|

58 3 6

19 47
)

then vech*(4) = (2,0,8,1,3,3,8,2,6,7)T and vecp*(4) = (2,8,3,7,0,1,3,8,2,6)7.

3. RESULTS AND DISCUSSION

Let A be an n X n matrix. Based on Definition 5 and Definition 6, the operators vech*(A) and
vecp®(A) have the same elements, only the position of the arrangement of the elements is different.
Therefore, each element of vech*(A) can be associated with exactly one element of vecp*(A). Consequently,

there is a transformation matrix which is symbolized as B, @) = (b J) with entries namely 1 and 0, where 1
represents the change in the position of the arrangement of elements from vech*(A) to vecp™(A) or b;; = 1
represents the change from the jth row of vech™(A) to the ith row of vecp * (A4) such that

B, P vech*(A) = vecp*(4) 1)

The form of B,*® for n = 2,3,4,5,6 has been obtained in the article [24]. We need several symbols,

a. e, isarow matrix containing one element 1 in the first column,

b. O,y IS azero-matrix consisting of m-row and n-column,
c. FE= (O(n—l)xlvln—l)-

We obtain the form of B,*® of size 2 x "(n;l)

which satisfies Equation (1) for any n as follows:

el, 0
1,2 1x1 B
B, ® = 0., eI, |andB, ® = (F1:> forn >3 2)
n
O1x1 e{z

where
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T
€1n O1x1 O1x1

. O1xn-1
O1x2 €1n-1 O1x1 - O1xn-1
T : : 0
Ep=|0ixs Owia  epp : xn=1 | and

O1x4 O1x1 O1x1

T
0 e
Oixn O1xn-1  Oqxn—2 1x2 Ln

F O1x1 O1xn O1xn-1 O1x3
/ O2x2 F3 O2x1 Oz2xn Oz2xn-1 \|
Fr = [ Osx3 O3x2 Fy O3x1 O3xn [
" Osxa Oux3 Oux2 Fy Os: =  On-3xn-1
. . . . . ‘e On—zxn
On-1xn-1 On-1xn-2  On-1xn-3 On-1x2 Fo On-1xa

n(n+1) n(n-1) _ n(n+1)

where size of matrix E; isn X and matrix F,; is — X

For example, for n = 4,

3711,4 O1x1 O1x2 Oix3

T
O1x2 €13 O1x2 Oix3

T
01)(3 01)(2 61,2 01)(3

B4-*(p): 01)(4 01)(3 lez e{l
O1x1 e{4 O1x2 O1x3
O2x2 F; Ozx1 Oxs
O3x3 O3y, Fa Ozx1
100000O0O0O00O0
0010000O0OO0OO0
000001T0O0OO0O0
0000O0O0OO0OO0OO0OTI1

—]10100000O0OO0D0
0001000O0OO0OO0
00001T0O0OO0OO0OO
00000O0O1TO0OO0O0
00000O0OO0O1TO00
00000O0OOO0OT1ITO0

The properties associate with B, *® are as follows:

Theorem 6. The B,*® is a permutation matrix.

Proof. A matrix is said to be a permutation matrix if each row and each column of the matrix contains one
element 1 and the other elements are 0. In Equation (2), matrix Bn*(p) is formed from matrices E;, and F,;.
Matrix Ej, contains one unit vector in each row and each column, while the other elements contain a zero
matrix. The E; matrix contains the F, matrix, where F, = (O(n_ml, 1n-1), meaning that E; contains the
identity matrix, which has one 1 element in each row and each column, while the other elements contain a
zero matrix. So, the matrix B,,*® is a permutation matrix. m

Corollary 1. The B,*® is an orthogonal matrix.

Proof. The proof is analogous to the proof of Theorem 3.1 (see [24]). m

Theorem 7. The B,,*® is a unique matrix.

Proof. Let A be ann x n matrix. Suppose X = (x;;) and Y = (y;;) are B,"® of size @ that transforms
vech*(A) to vecp*(A) such that Xvech*(A) = vecp*(A) and Yvech*(A) = vecp*(A). From Theorem 6, it
is obtained that Bn*(p) is a permutation matrix. That is, each element of vech*(A) is individually mapped to
an element of vecp™(A). As a result, X and Y are permutation matrices with entries x;; = y;; for each i =

n(n+1) n(n+1)
1I2I ) 2 2

andj =12, or X = Y so that it is proven that the Bn*(”) is a unique matrix. m

Theorem 8. Let A be an n X n matrix, then
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a. tr(B, ) =1,

b. det(Bn*(p)) _ {—1, if Bn:((p)) is an odd permutation matrix,
1, if B,"'P is an even permutation matrix.
Proof. (a) Based on Equation (2), the Bn*(p) is formed from the partition matrix E;, and E,;, where the number

1 is always located on the main diagonal in the first row and first column while the main diagonal in the other
rows and columns contain the number 0. Since a trace is the sum of the entries on the main diagonal, then

tr(Bn*(p)) = 1. (b) Based on the article [24] it is found that if the permutation of the Bn*(p) matrix is odd
then det(Bn*(p)) = —1 and otherwise. Consequently, it can be concluded that if Bn*(p) is an odd permutation
matrix then det(B,"®)) = —1, and if B,"® is an odd permutation matrix then det(B,"®) = 1.m

Let S = (s;;) be an n x n symmetric matrix, which means s;; = s;;. Based on Definition 5 and Definition

6, every element of vec(S) is a duplicate of the elements vech”(S) and vecp™(S), except for the element on
the main diagonal. Therefore, every vech*(S) and vecp*(S) element can be associated with vec(S) elements.

Consequently, there exists a unique matrix denoted as Dn*(h) = (hi]-) and Dn*(p) = (pi]-), with the elements
1 and 0, where h;; = 1 represents the change from the jth row of vech*(S) to the ith row of vec(S), and
pij = 1 represents the change from the jth row of vecp*(S) to the ith row of vec(S) such that

D, ®vech*(S) = vec(S) (3)
and

D, Pvecp*(S) = vec(S). 4)

The Dn*(h) of size n? x n(nT“) can be constructed in general as follows:

I.
(< : ),fori=j,

O(n-i)xi
* T
D, ™ = (ej,j ® ei.j),fori <J,
On-iyxi
(Onxj),fori >
where i,j =1,2,...,n.

For example, n = 3,

100000
) 96T 010000

1 €2 31,2) T 000100

e e

- (02x1> ( 0152 (35 ® els) 010000
DM = I =l001000
T (p2)  (ess®e) | T [oo0001 0
0 0 I 000100

(03)  (O3x2) (I3) 000100
000001

Next, the D,,*® of size n? x @ can be constructed in general as follows:
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((e1n ® ezn), forj =1,
(O(n—iI;)lx(i—n)'fori =J,wherei,j=23,..n
(Onx(j—1)),f0ri > j,wherej =2,3,..,n—1,

O1x(n-1)
(e<n—1>,<n—1> ® e€in-1)
(eyn) fori<jandj=2,

D, ® = | >;f0ri=1,2,...,n—1andj=n.

O2x(j-1)
e(j-2),(-1) ® eg:(j—l) Jfori < J, WhGTEj =34, ..,n—1.

On-1-jx(j-1)
For example, n = 3,

100000

O1x2 000100

(e1®el3) (ez3) (32,2®efz> 000010

o I, lez' 000100

D3P = | (e el ( )( )=010000

3 ( 23 ® 2’3) 0251 92,2®e£,2 000O0O01
I

T 1 000010

(es:®e33) (O30) (02X1) 000001

001000

The following section provides a theorem that explains the relationship between B,*®, p,,"™ and
Dn*(p)-

Theorem 9. Let S be an n X n symmetric matrix. Then
a. Dn*(h) — Dn*(P)Bn*(P)
b. Dn*(p) — Dn*(h)Bn*(P)T_

Proof. (a) Based on Equation (3) obtained

vec(S) = D,,"Mvech*(S) (5)
Equation (4) obtained
vec(S) = D,,"Pvecp*(S) (6)
and Equation (1) obtained
vecp*(S) = By, Pvech*(S) )
Substituting Equation (7) into Equation (6), so that
vec(S) = D,,* P B,* P vech*(S) 8)
Furthermore, substituting Equation (5) into Equation (8) is obtained
D, Mvech*(S) = D,,"®B,* P vech*(S) 9)

So, we have D™ = p,*®p *®

(b) From (a) obtained D,"™ = p,*® B *® Since B,*® is nonsingular then B,*® is invertible. Thus,
premultiplying both sides by B,,*®~* and obtained

Dn*(h)Bn*(p)—l — Dn*(p)Bn*(p)Bn*(p)_l — Dn*(P)In(n+1) — Dn*(p) (10)
2

From Corollary 1, B,*® is an orthogonal matrix then B,,*®~! = g *®T sg,

Dn*(P) — Dn*(h)Bn*(P)T -
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The properties of the D, ™ and D, *®) are discussed in the following theorem.

n(n+1)

Theorem 10. Let D,,"™ and D,,*P’ both be analogous to the duplication matrix of size n? x 2“2 and have

a Moore-Penrose inverse, then

a. rank(D, (h)) = rank(D, *(p)) M,
b. Dn*(h)+ — (Dn*(h)TDn*(h))_ Dn*(h)T,
-1
C. Dn*(p)"' — (Dn*(p)TDn*(P)) Dn*(P)T’
d. Dn*(h)+Dn*(h) = In(n+1) and Dn*(p)-‘-Dn*(p) = In(n+1),
2 2

e. D,"M*vec(4) = vech*(A) for every n x n symmetric matrix 4,

f. D, P*vec(4) = vecp*(A) for every n x n symmetric matrix A,

Proof. Part (a), since A is a symmetric matrix, means that vech*(A), vecp*(A), and vec(A) have exactly the
same elements. Suppose D,,"™Mvech*(4) = 0 and D,," P vecp*(4) = 0. So according to the Equation (3)
and Equation (4), it means wvec(4) =0. This implies that vech*(A) = vecp*(4) = 0. Thus,
D,"™vech*(4) = 0 and D,;"™vech*(4) = 0 if vech*(A) = vecp*(4) = 0, so the matrix D,"™ and
Dn*(p) has full column rank. Parts (b), (c), and (d) follow immediately from (a) and (h) [1],
whereas (e) is obtained by premultiplying D,,"™vech*(4) = vec(4) by D,;"™* and then applying (d) and
(f) is obtained by premultiplying D,,*®vecp*(4) = vec(A) by D,,"®* and then applying (d). m

The following section provides a theorem that explains the relationship between Bn*(p), Dn*(h), and
Dn*(p)-

Theorem 11. Let S be an n X n symmetric matrix. Then,
a Dn*(h)"' — Bn*(p)TDn*(p)""
b. Dn*(Z’)+ — Bn*(P)Dn*(h)+_
Proof. Based on Theorem 10, we have
-1
Dn*(h)+ — (Dn*(h)TDn*(h)) Dn*(h)T (11)
and
*(p)+ (D ()T *(p)) D, *(p)T (12)

From Theorem 9, substitute D,"™ = D, *® B, *® into Equation (11) and D,,"® = D,,*™B,*®)T into
Equation (12) so obtained the desired result. m

We will give some theorems related to the relationship between vech* and vecp* with B,*®, D,,*™®,
D,;"®, and the commutation matrix, Kpyy,.

Theorem 12. Let 4 be an n X m matrix, B be an m X m matrix, and C be an m X n matrix. If ABC is a
symmetric matrix then

vech*(ABC) = D,,”™*(cT ® A)D,,"™vech*(B) = D,"™*(cT ® A)D,," P vecp*(B)
and
vecp*(ABC) = D,,"P* (€T ® A)D,," Pvecp*(B) = D,"P*(CT @ A)D,," Pvech*(B).
Proof. Based on Theorem 2, we have
vec(ABC) = (CT ® A)vec(B) (13)
By using Definition 5, Equation (13) becomes
D,,"™vech*(ABC) = (CT ® A)D,, "vech*(B) (14)
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Premultiplying both sides by D,,*™* so that Equation (14) becomes
vech*(ABC) = D,,”™*(cT ® A)D,,"vech*(B) (15)
By using Theorem 9(a) and Equation (1), Equation (15) becomes
vech*(ABC) = D,,"™*(CT @ A)D,,"Pvecp*(B) (16)

Premultiplying both sides by Bn*(p) so that Equation (16) becomes
vecp*(ABC) = D,"®@*(CT @ A)D,,"Pvecp*(B) (17)
By using Theorem 9(b), Equation (17) becomes
vecp*(ABC) = D, P+ (CT ® A)D,," W B, " PTvecp*(B). (18)
Based on Corollary 1 then B,,"®T = B, *®~1 5o that Equation (18) becomes
vecp*(ABC) = D,,"P*(CT @ A)D,," Pvech*(B) (19)
The proof is complete. m

Theorem 13. Let A be an n X n matrix, B be an n X m matrix, C be an m X m matrix, and D be anm X n
matrix. If A and C are symmetric matrices, then

tr(ABCD) = (vecp*(4))' Dy ®T (DT ® B)Dy," Pvecp*(€) = (vech*(4)) Dy ®T(DT ®
B)D,," Mvech*(C).
Proof. Based on Theorem 3, we have
tr(ABCD) = (vec(AT))T(DT ® B)vec(C) (20)
Since A is a symmetric matrix then AT = A and by using Equation (4) so that Equation (20) becomes
T
tr(ABCD) = (Dn*(p)vecp*(A)) (DTB)D,," P vecp*(C) (21)
By using Theorem 9(a), Equation (21) becomes
T
tr(ABCD) = (Bn*(p)Tvecp*(A)) D,,*™T (DT @ B)D,,* Mvech*(C) (22)
Based on Corollary 1, we have B,*®T = B,*®~1 and by using Equation (1), Equation (22) becomes
tr(ABCD) = (vech*(4))' D" @7 (DT @ B)Dy," Mvech*(C) (23)
From Equation (21) and Equation (23), the proof is complete. m

Theorem 14. Let A be an n x n matrix. Then D,"®Mvech*(4) = D,"Pvecp*(4) = vec(Ay + AL, — Dy,
where Ay is the upper triangular matrix obtained from A by replacing a;; by 0 for i > j, and D, is the
diagonal matrix having the same diagonal entries as A.

Proof. Suppose A given a matrix of size n X n as follows:

ai1 A1z -+ A1p

Ay; Qyp -+ QA
A=|% G2z an |,

ap1 QAp2 ** Qpn

Based on Equation (3) and Equation (4), A is a symmetric matrix. Thus, by following the rules of
Definition 5 and Definition 6, the elements selected are the main diagonal and the supra-diagonal elements.
Therefore, the matrix formed is the upper triangular matrix from A which is denoted by A;; as follows:

aip Q12 -+ QA1p

0 a e a
AU — X 22 . ?n
0 0 = Qnn

By adding the Ay with its transpose, we have
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2a11 a12 oo aln
Ay +AL=4=| % 2%22 e fan (24)
a.ln d2n " 20ng

From Equation (24) the element of the main diagonal is 2a;j for i =j where i,j =1,2,---,n. By

paying attention to Definition 5 and Equation (6), the main diagonal of A acts as a reflection axis, so that
the diagonal matrix is formed which is denoted by D, as follows:

aj;; 0 - 0
DA _ O QAyy 0
0 0 " am
Equation (24) reduced by D, obtained
ai1 Q12 -+ QAin
(Ay +Af) — Dy = a1 G2z - Gan | — g
a.ln aén a7.m

Consequently, D,"™vech*(4) = D,,"Pvecp*(A) = vec(A') = vec(Ay + A, — D,). m

Theorem 15. Let A be an n X n matrix and B be an m X m matrix. Then

a. vecp®(A® B) = Dy P Iy @ Kpn ® 1) (D" P & D" ) (vecp® (4) @ vecp*(B)) =
D™ P* (I, ® Ky ® 1) (D" ™ ® D" M) (vech* (4) @ vech*(B)),

b. vech*(A® B) = Dpn" ¥ (I ® Kinn ® 1) (D™ ® D, " ™) (vech* (4) ® vech*(B)) =
D" ™ (I ® Ko ® L) (D" P ® D" ) (vecp® (4) ® vecp*(B)).
Proof. (a) Based on Theorem 5, we have
vec(AQ® B) = (I, ® Kn Q ) (vec(A) Q vec(B)) (25)
Analogously, by using Equation (4), we have
vecp (A ® B) = (I ® Kimn ® L) (vecp™ (4) ® vecp™(B))
D" vecp* (A ® B) = (I ® Kmn ® In)(Dn" P vecp* (4) ® Dy P vecp* (B))
Do @ Dy P vecp* (A @ B) = Dy ®* (I @ K @ 1) (D" Pvecp* (4) ® Dy Pvecp*(B))
vecp™ (A ® B) = Dy P* (I, @ Ky ® 1) (D" P vecp*(A) @ Dy, Pvecp*(B)) (26)
By using [1], consider that
vecp* (A ® B) = Dy P* (I ® Kynn ® L) (Dn" Pvecp (4) ® Dy Pvecp*(B))
= Dy ¥ (In ® Kun ® L) (D0 @ D) (B, P vech (4) ® By Pvech*(B))
= Dy P (I, ® K ® 1) (D" P ® D" P (B," P @ B,,," ) (vech* (4) ® vech*(B))
Thus, Equation (26) becomes
vecp*(AQ B) = XY (27)
where
X = D P (I @ K ® 1)
Y = (D,"™ ® D" M) (vech*(4) ® vech*(B))
(b) By using Equation (1) and premultiplying both sides by B,,,,,"®~*, Equation (27) becomes
vech*(A @ B) = By P 71XY (28)

Based on Corollary 1, we haveB,, @~ = B, ®T and by using Theorem 11(a) and 9(a), Equation (28)
becomes
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vech* (A Q® B) = PQ (29)
where
P = Dy ™* (I, @ Ky ® 1)
Q = (0,"PB,"P ® D,,"P B,," ) (vech*(A) ® vech*(B))
By using [1] and Equation (1), Equation (29) becomes
vech*(A® B) = Dy ™* (I, ® Ky @ 1) (Dn"® @ Dy, ") (vecp* (4) ® vecp*(B))

The proof is complete. m

4. CONCLUSIONS

This article provides the properties of matrices that transform vech™ to vecp*, vech™ to vec, and vecp*
to vec, as well as the relationships of each of these matrices. It is suggested for further research is to find the
relationship between the vech* and vecp™ operators in the field of statistics.
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