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ABSTRACT
Nonparametric regression is a statistical method used to model relationships between
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points using the generalized cross-validation method in the nonparametric bi-response
spline regression model. The research results showed that the generalized-cross validation
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Spline. implemented using Python can provide optimization at optimal knot points. Based on the

results of the generalized cross-validation model analysis, it is concluded that GCV can
effectively optimize knot points for spline fitting, ensuring a balanced and efficient model in
capturing data patterns without overfitting.
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1. INTRODUCTION

The industrial revolution 4.0 has changed digital transformation for all groups on earth. This revolution
requires humans to continue to develop various aspects of technology, one of which is machine learning.
Machine learning is a field of computer science that studies algorithms and techniques to automatically
generate solutions to complex and difficult problems [1]. One technigue in machine learning is regression
analysis. Regression analysis is a statistical method for studying the relationship between several variables
and can predict a variable [2].

Regression analysis is generally used for model validation, forecasting, controlling variables,
understanding relationships between variables, and others. Regression analysis is used to describe the
relationship between independent variables (product quality, price, income, etc.) and dependent variables
(time, purchasing decisions, etc.) [3]. Regression analysis itself has several approaches that can be used to
make it easier to find out the pattern of variable relationships. Nonparametric regression is an approach used
when the shape or pattern of the regression curve between the response variable and the predictor variable is
unknown [4].

Nonparametric regression has several techniques for carrying out estimates. One of the regression
models with a nonparametric approach that is very often used to estimate regression curves is spline
regression [5]. Nonparametric spline regression is an analysis used to obtain an estimated regression curve
by estimating data patterns according to their movement. If the regression model consists of two response
variables with a relationship between the two response variables, then the model is called bi-response
regression. If in the bi-response regression, there is an unknown shape of the regression curve then the
analysis used is nonparametric bi-response spline regression [6]. The performance of splines in bi-response
nonparametric regression is highly dependent on the location of the knot points used in interpolation.
Improper placement of knot points can produce inaccurate or unstable splines [7].

In research [8] the use of generalized cross-validation can select more optimal parameters at knot
points. Generalized Cross Validation (GCV) is a statistical method used to select model parameters in the
context of regularization and smoothing. Generalized cross-validation has the basic idea of choosing a K
value (knot) that minimizes the assumption of a function of the ith observation from the data. Next, a function
is obtained from a subsample of size n — 1 taken from the original data which will later be carried out
repeatedly [9]. The advantage of GCV is that it can effectively optimize node points for spline fitting, ensuring
a model that is balanced and efficient in capturing data patterns without overfitting.

In another previous study conducted by [10] with the title “Estimates for The Generalized Cross-
Validation Function via An Extrapolation and Statistical Approach”. The research results can be concluded
that generalized cross-validation is the best method for extrapolation and statistical approach. Therefore, this
method is the most appropriate method based on relevant previous references. The authors are interested in
conducting research with the title “Knot Optimization for Bi-response Spline Nonparametric Regression with
Generalized Cross-Validation (GCV)”.

2. RESEARCH METHODS

This research uses literature study research methods and reviews of related journals. The Visualization
of Similarities Viewer (VosViewer), Nonparametric Spline Bi-response Regression, and Optimal Knot Points
will be the three bases on which this research was conducted.

2.1 Visualization of Similarities Viewer (VosViewer)

In research, VosViewer is used for bibliometric analysis, mapping topics to the latest research,
searching for the most used references in a particular field, and more [11]. VosViewer has features to make
bibliometric data visualization easier to present. VosViewer works to combine several documents and will
understand the content, patterns, and trends of these documents [12][13][14]. The mapping produced by
VosViewer from bibliometric data related to bi-response nonparametric regression, spline, and generalized
cross-validation can be seen in Figure 1, which shows the results of bibliometric visualization through
extraction in VosViewer with title and abstract field.
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Figure 1. VosViewer with Title and Abstract Visualization

Based on Figure 1, visualization of bibliometric data taken from Scopus metadata. A larger circle
indicates that the data is widely used. In the visualization, it can be seen that forecasting, algorithms,
generalized cross-validation, and regression analysis are widely used in research terms.

2.2 Nonparametric Regression

The model used if the regression curve is not found or does not follow a certain pattern is called a
nonparametric regression model [15]. Nonparametric regression models are used to estimate regression
curves that depend only on observed data. For example, the predictor variable and the response variable
respectively (y;, x;), then the relationship between x; and y; is written as.

vi=fx)+ g, i=12,...,n 1)

f(x;) is the regression function for estimating y; dan ¢; is the error which is expected to be normally
distributed.
2.3 Bi-response Spline Nonparametric Regression

Bi-response regression refers to a regression model in which there is more than one response variable,
and between these variables, there is a strong correlation or relationship, both logically and mathematically
[16]. If the regression curve for bi-response regression is not known, then the approach used is nonparametric
bi-response regression. This nonparametric approach uses a spline function involving several predictor
variables so the model is called a bi-response spline nonparametric regression model. Based on [16], the
function for nonparametric regression is bi-response spline is written with Equation (2) and Equation (3).

FOG) = I8 Vxd + 28 B, G~ k)T )

7 2

FO) = 312 3] + 38, B2,y (i — k™ ©
with:
FD(x) : Regression function to-i the unknown for response 1

F@(x;) : Regression function to-i the unknown for response 2

2.4 Knot Point

One way to choose optimal knot points is the Generalized Cross-Validation (GCV) method [17]. The
advantage of the GCV method is that it has asymptotically optimal properties that are not found in other
methods [18]. The formula for calculating GCV values in bi-response regression is written with Equation

(4) [19].
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MSE
[N~1trace(I-H)]? (4)

GCV =
MSE = N7LE2_, T, () — 772 (5)
where N = 2n
with:
n : Many observations
I : ldentity matrix

H : Hat matrix

3. RESULTS AND DISCUSSION

The regression equation makes it possible to predict the values of a dependent variable from the values
of one or more independent variables. An independent variable is a variable whose value is known, while a
dependent variable is a variable whose value is not yet known and will be predicted [20]. On the other hand,
the use of regression analysis is for description, control, and prediction (forecasting) and is also most widely
used for forecasting. Regression is also used to determine the magnitude of the variable contribution [21].

The spline function is the sum of a polynomial function with a truncated function. In this section, we
discuss nonparametric regression models, where the estimation of the g curve is carried out using a spline
[22]. We will be given paired data (x;,y,) and the relationship between the two is assumed to follow a
nonparametric regression model with Equation (6).

y; = f(xj) +¢,j=12,..,n (6)

The regression curve is approximated by a spline function g with r is a K knot points, a spline regression
model is written with Equation (7).

yi=g(xj)+¢, j=12,..,n (7)
If Equation (7) is written in matrix form, it is obtained as.
Y1 9(x1) €1
3’:z _ g(ftz) + Ssz ®)
v \gw)/) \en

The shape of the regression curve of g(x;) from Equation (7) is assumed to be unknown, while the
errors g;, j = 1,2,..,n are mutually independent with zero mean and variance o2

The spline function is a function that can generally be written with Equation (9).
9(x)) = X aixj + Xy B — ki) ©)

with a; and By, in Equation (9) are real constants. According to [23], if the spline regression model is written
in matrix form, it is obtained as:

Y= X[Kl, Kz, ,KR]B + ¢ (10)

Next, the estimated parameter 8 in Equation (10) is obtained using the Weighted Least Squares (WLYS)
method in nonparametric bi-response spline regression by minimizing the weighted sum of squared errors
which is written with Equation (11).

eTWe = (Y — XB)TW(Y — XB)
= (YT — BTXTY(WY — WBX)
=YTWY — YTWXB — BTXTWY + BTXTWXB (11)

where W is a diagonal matrix.
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To determine the value of 8 which minimizes the sum of the squares of the weighted errors, a reduction in
Equation (11) is carried out on BT and it must be equal to zero, obtained as:

g =XTwx)" ' XTwy (12)

From the optimization solution of Equation (11), § is obtained. Consequently, the estimate for a spline
regression curve with K knots is given as.

g(xj) = X(k)B
= X()X (R X)X Ky
= A(k)y (13)
where A(k) is a function of the knot point K.

From the results obtained, it can be seen that §(x;) is a linear estimator in observations and is very

dependent on the knot point. Next, to obtain the best spline, it is necessary to select the optimal knot points
using the generalized cross validation method.

The generalized cross-validation method is one method that is often used in selecting optimal knot
points. This GCV method is a modification of the Cross-Validation (CV) method. According to [24], the
optimal knot point is obtained from the smallest GCV value. The CV function can be written as

o1 S fa)?
CV(k)=n [1-n—1trace(A(k)]? 0

GCV (k) is a vector that contains the GCV value of the knot point obtained from dividing the sum of
the squared residues of f(x) by n{[1 — n~'trace(A(k)]}?. The general equation of GCV can be written
with Equation (15).

MSE
[n~Ytrace(l — A(k)]?
_ o T o)
[n~1trace(I — A(k)]?

_ -1 YA I-AK)]?
-n [n~1trace(I-A(k)]? (15)

GCV (k) =

The minimum MSE value indicates that the optimization value is close to the actual value. Assuming
a minimum value of MSE, MSE is divided by the value [n~1trace(I — A(k)]? with the value of A(k)
influenced by k. Optimization of knot points is chosen based on small GCV values. Therefore, to obtain an
estimate of the optimal spline function, experiments can be carried out on the value k(0 < k < 1) to obtain
the optimal minimum GCV value for spline fitting. Optimizing knot points in spline regression will be optimal
if the GCV (k) value is relatively small, meaning that the optimization does not change much, ensuring that
the model can be balanced.

The GCV equation includes the term A(k), where A(k) is the effective number of independent knot
points that depend on the parameter k. This term acts as a penalty for models that are too complex. The more
complex the model (the more degrees of freedom), the value of A(k) will approach 1 so that the GCV value
will increase. This can reduce the tendency of complex models to obtain low GCV values thereby encouraging
the selection of simpler models that can capture data patterns without overfitting.
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Figure 2. Knot Point Optimization by GCV Method

Knot point optimization by the GCV method in Figure 2 is carried out by calculating the GCV value
for each number of knot points in that range and selecting the number of knot points that minimizes the GCV

value.

The GCV method will automatically select the optimal number of knot points based on the balance
between bias and variance. If the model has too few knot points, the GCV will show a higher value because
the model is not flexible enough. If the model has too many knot points, the GCV value will also be high due
to overfitting. In other words, the GCV method will ideally find the number of knot points that provide the

model with the best predictive performance.

Next, the knot point optimization process with Generalized Cross Validation (GCV) on bi-response

spline nonparametric regression is applied using Python to produce the following syntax.

import numpy as np

import mathplotlib.pyplot as plt

from scipy.interpolate import LSQUnivariatespline
from sklearn.model_selection import Kfold

# Example of bi-response data

x = np.linspace(0, 10, 100)

y1 =np.sin(x) + 0.1 * np.random.randn(len(x))
y2 = np.cos(x) + 0.1 * np.random.randn(len(x))

# Combine y1 and y2 into one two-dimensional array
y = np.vstack((y1, y2)).T

def. generalized_cross_validation(x, y, num_knots):
kf = Kfold(n_splits=5, shuffle=True. Random_state=42)
gev_errors =[]

for train_index, test index in kf.split(x):
X_train, x_test = x[train_index], x[test_index]
y_train, y_test = y[train_index], y[test_index]

# Determine the knot point (excluding the ends)
knots = np.linspace(x_train.min ('), X_train.max( ), num_knots + 2) [1:-1]

# Spline fit for each columny
splines = [LSQUnivariatespline(x_train, y_train[: ,i], t=knots) for i in
range(y_train.shape[1])]
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# Predictions and calculate errors
y_pred = np.column_stack([spline(x_test) for spline in splines])
error = np.mean((y_test —y_pred) ** 2)

gcv_errors.append(error)
return np.mean(gcv_errors)

# Range of number of knot points to test
num_knots_range = range(5, 16)
gev_values =[]

for num_knots in num_knots_range:
gev = generalized_cross_validation(x, y, num_knots)
gcv_values.append(gcv)

# The number of knot points that minimizes GCV
optimal_num_knots = num_knots_range[np.argmin(gcv_values)]

# Create a spline with the optimal number of knot points
optimal_knots = np.linspace(x.min( ), x.max( ), optimal_num_knots + 2) [1:-1]
optimal_spline = [LSQUnivariatespline(x, y[:, i], t=optimal_knots) for i in range(y.shape[1])]

# Visualization of results
plt.figure(figsize=(12,6))

plt.plot(x, y1, ‘o’, label="Data y1°)
plt.plot(x, y2, ‘o’, label="Data y2°)

x_fit = np.linspace(0, 10, 100)
y1_fit = optimal_spliines[0](x_fit)
y2_fit = optimal_splines[1](x_fit)

plt.plot(x_fit, y1_fit, *-, label="Optimal Spline y1”)
plt.plot(x_fit, y2_fit, *-, label="Optimal Spline y2”)

plt.legend()
plt.title(f"Optimal Spline with {optimal_num_knots} Knots’)
plt.show()

In previous research entitled "Estimates for The Generalized Cross-Validation Function via An
Extrapolation and Statistical Approach”, a statistical approach was used to find estimates for GCV. In this
article, we develop the GCV method used in nonparametric bi-response spline regression to optimize knot
points. Interpretation of the application of knot point optimization is carried out using the Python syntax in
the box table above and produces the best knot optimization in the nonparametric bi-response spline
regression which can be seen in Figure 3.
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Figure 3. Optimization of Knot Points on Sin and Cos Graphs,
(a) Sin Graph, (b) Cos Graph

Based on Figure 3, the GCV method is used to optimize knot points in nonparametric bi-response
spline regression (sin and cos graphs). In the graph, it can be seen that the GCV method provides optimal
knot points, namely 5 knot points and forms the best model.

According to this explanation, Generalized Cross Validation (GCV) is able to provide optimization at
optimal knot points. The GCV process is automatic and does not require complex or manual parameter
settings. This makes it easier to implement, especially in settings where determining the optimal number of
knot points may be unclear. GCV can effectively optimize knot points for spline fitting, ensuring a model
that is balanced and efficient in capturing data patterns without overfitting.

4. CONCLUSIONS

Based on the results and discussion, bi-response spline regression has the weakness that it always
depends on optimal knot points. Taking knot points that are not optimal results in the curve resulting in the
spline regression model being unable to accurately capture the structure present in the data and can cause
poor model performance on unseen test data. Therefore, generalized cross-validation parameter estimation is
used to select the most optimal knot points.
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