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Any complex valued S-metric space where each Cauchy sequence converges to a point in this
space is said to be complete. However, there are complex valued S-metric spaces that are
incomplete but can be completed. A completion of a complex valued S-metric space (X, S;) is
defined as a complete complex valued S-metric space (X, S,) with an isometry i: X — X such
that i(X) is dense in X. In this paper, we prove the existence of a completion for a complex
valued S-metric space. The completion is constructed using the quotient space of Cauchy
sequence equivalence classes within a complex valued S-metric space. This construction
ensures that the new space preserves the essential properties of the original S-metric space
while being completeness. Furthermore, isometry and denseness are redefined regarding a
complex valued S-metric space, generalizing those established in a complex valued metric
space. In addition, an example is also presented to illustrate the concept, demonstrating how
to find a unique completion of a complex valued S-metric space.
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1. INTRODUCTION

One knows that the set of all rational numbers @ is incomplete because it contains Cauchy sequences
that do not converge. Indeed, the set of all real numbers R can be defined as the completion of Q which is
constructed using equivalence classes of Cauchy sequences. Due to the specific convergence properties of
the metric and the fact that convergent sequences are Cauchy sequences, the completion of an incomplete
metric space by a Cauchy sequence can also be obtained.

Several authors have proposed different types of metric space generalizations, such as [1], [2], [3], [4],
[5], [6], [7], [8]. Completing these spaces has also been studied, and many results have been proven. For
instance, Dun and Hang [9] demonstrated that the metrization theorem on h-metric spaces of Paluszyn ski
and Stempak [10] can be used to complete any b-metric space. This approach overcomes the restriction of
using the quotient space of Cauchy sequence equivalence classes for constructing the completion of a metric
space. Ge and Lin [11] proved the existence and uniqueness completion theorem for partial metric spaces by
introducing symmetrically dense subsets. In response to Ge and Lin's question about the denseness property,
Dung [12] provided an example of a partial metric space. Furthermore, Hasanah and Supeno [13] investigated
the completion characteristics of complex valued metric space. They constructed the completion of this space
by redefining the concepts of isometry and denseness, as defined in metric spaces. In their recent paper, Beg
et al. [14] explored the completion of a complex valued strong b-metric space.

The completion of a metric space using Cauchy sequences can be obtained due to convergence
properties possessed by the metric and the fact that convergent sequences are Cauchy sequences. Inspired by
Azam et al. [4], a new space has recently been proposed as a generalization of the S-metric space, known as
complex valued S-metric space [15]. However, there is no work discussing the notion of completion for
complex valued S-metric space. Motivated by prior research, this paper aims to show the existence and
uniqueness of completion in terms of complex valued S-metric space.

2. RESEARCH METHODS

First, we recall some fundamental concepts needed to discuss completion in complex valued S-metric
space, including the partial order on the set of all complex numbers C given in Azam et. al. [4] and the
complex valued S-metric space described in Mlaiki [15] and Tas and Ozgur [16].

Definition 1. (see [4]) Let C be the set of all complex numbers and z,, z, € C. The partial order < on C is
defined as follows:

z, S zp ifand only if Re(z1) < Re(z,) and Im(z,) < Im(z,).
From Definition 1, it implies that z; < z, if one of these conditions is satisfied:
(i) Re(zy) = Re(z) and Im(z,) < Im(z,),
(li) Re(zl) < Re(Zz) and Im(Zl) = Im(Zz),

(ili) Re(zy) < Re(zy) and Im(z,) < Im(z,),
(iv) Re(z;) = Re(zy) and Im(z,) = Im(z,).

It is written as z; 5 z, if z; # z, and one of the conditions (i), (ii), or (iii) holds. If only the condition (iii) is
satisfied then we can write z; < z,.

The properties of partial order on C are given by

() 0= z; Xz, implies |z4| < |z,],

(i) z; 2 zyand z, < z3 imply z; < z3,

(i) 0 2 z; = z, implies |z,| < |z,|

(iv) Ifa,b € R,0 <a <bandz = z,thenaz; 3 bz,, forall z;,z, € C.

Definition 2. (see [15], [16]) Let X be a nonempty set. A complex valued S-metric on X isamap S.: X3 - C
such that the following conditions hold for all z,,z,, z;,a € X.

1 0 = 5:(21,22,23),
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(it) S.(24,25,23) = 0ifandonly if z; = z, = 735
(iit) Sc(z1, 22, 23) 3 Sc(21,21,a) + Sc(22, 25, a) + Sc(23, 23, a).
Henceforth, the pair (X, S.) is called a complex valued S-metric space.

Definition 3. (see [15], [16]) Let (X, S.) be a complex valued S-metric space.

1) Asequence {z,} c X converges to z € X if S.(z,2,,z) - 0 asn — oo. That is for all ¢ such that 0 <
c € C, there existsny € N such that for all n > n, we have S.(z,z,.z) < c. We denote this by
7{% Zy = Z.

2) Asequence {z,} c X is called a Cauchy sequence if S.(z,, z,, z, ) = 0. That is for all ¢ such that 0 <
c € C,there exists ny € N such that for all n, m > ny we have S.(z,, z,, z,) <c.

3) A complex valued S-metric space (X, S.) is said to be complete if every Cauchy sequence is convergent.

Lemma 1. (see [15], [16]) Let (X, S.) be a complex valued S-metric space and {z,,} be a sequence in X. Then
{z,} converges to z if and only if |S.(z,2,,2z)|— 0 asn — oo.

LLemma 2. (see [15], [16]) Let (X, S.) be a complex valued S-metric space and {z,,} be a sequence in X. Then
{z,} is a cauchy sequence if and only if |S.(z,, z,, Z )|— 0 @sn, m — oo.

Lemma 3. (see [15], [16]) If (X, S.) be a complex valued S-metric space, then S.(z,, 21, z;) = S:(23, 22, 21)
forall z4,z, € X.

Following the steps to show the existence of completion. Let a complex valued S-metric space (X, S.)
which is not S-complete. First, we identify any two Cauchy sequences in (X,S.) and define C[x] as the
equivalence classes of these sequences. Next, we form a new space consisting of these classes, denoted as X.
Furthermore, we define a map S, that maps from the product space X3 to C and prove that it is a complex
valued S-metric. Thus, (X,S,) is a complex valued S-metric space. To show that (X, S.) and (X,S,) are
isometric, we define a map i: X — X. Moreover, we prove that i(X) is a dense in X. Using this denseness, we
prove that (X, S,) is a complete space.

The next step is to show that the completion is unique. We assume (X,S,) and (X*,S.*) are two
completions of (X, S.), where f: X — X and g: X — X* are respective isometries and f(X) is a dense in X
and g(X) isadense in X*. Then, we define amap h: X — X*. We prove that h is an isometry and that h(X) =
X,

3. RESULTS AND DISCUSSION

Before proving the existence and uniqueness of completion in complex valued S-metric space, we first
give some new concepts in this space. Adopting the definitions for complex metric case in Dahliatul and
Imam [13], we also define two definitions of isometry and dense in terms of complex valued S-metric space.

Definition 4. Let (X, S.) and (X,S,) be complex valued S-metric spaces.

(i) A mapping f:X —> X is called to be an isometry if S.(f(z1),f(21),f(25)) = Sc(z1,24,2,), for all
Z1,Z7 € X.

(ii) The spaces (X,S.) and (X,S.) are said to be isometric if there exists a bijective isometry.

Definition 5. Let (X, S¢) be complex valued S-metric spaces and Y be a subset of X. A subset " is a dense in
X ifevery z € X is a limit point of Y. This is equivalent to its closure Y is equal to X.

The following lemmas, which characterize the denseness and the convergence by means of complex
valued S-metric space.

Lemma 4. Let (X, S;) be complex valued S-metric spaces and Y be a subset of X. A subset Y is dense in X if
and only if for every x € X there is a sequence in Y converging to x.

Proof. = Let x be any point in X. Since Y is dense in X, then there are 2 cases:
e If x € Y then there is constant sequence {x, x, -+ } € Y converging to x.

e If x ¢ Y then x be a limit point of Y. This means that for all ¢,, = % + i% there exists x,, € Y such that
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Xn € B, (x)NY — {x}.
Consider that {x, } c Y such that S.(x,, x,, x) < ¢, forall n € N. Now, we prove that {x,,} converges to x.
Forallc € C,c > 0 withc = ¢, + icy, since Re(c) = c1 > 0 and Im(c) = ¢, > 0, then by the Archimedian

property, there exist n,,n, € N such that <ny and < n,.
Choose ny = max{ns,n,}. Then for all n 2 ny we have

1 1 .
Se (ot 2, %) < —+i— < 1 +icy
nq n;

Therefore, {x,} converges to x.

& If x € Ythen x € Y. Hence, Y € Y. Next, if x € X — Y, by hypothesis there exist {y,} c Y such that {y,,}
converges to x. Hence, for every ¢ € C,c > 0 we have y, € B.(x)NY — {x}. Therefore, x is a limit point of
Y, impliessx €Y.So, X €Y.

Conversely, if y € Y then y € X. Hence, Y € X. Morover, if y € Y', where Y’ be a set of all limit point of Y,
then for every ¢ € C, ¢ > 0 we have there exist z € Y such that z € B.(y)NY — {y}. Consequently, y € X.
SinceY = YUY thenY c X.

Hence, ¥ = X. .

LLemma 5. Let (X, S.) and (X, S,.) be complex valued S-metric spaces and a map_ f:X - X.If f(X)isadense
in X then there exist a sequence {x,,} c X such that {f (x,,)} converges to £ € X.

Proof. Given f(X) is a dense in X.
Forall ¢, = %+ i%, n € N, choose x,, € X such that
Se(f Gen), f (), ®) < 4
We proof that {f (x,,)} is convergent in X.
Forany £ € X, by , then there exists {}’n} cX converging to X. In particular, forall c€ C,c > 0

with ¢ = ¢; + ic, there exist ny,n, € N such that < ny and — < n,. Choose n, = max{n,, n,}. Then for
all n = n, we have

A SeOmyn, 2) <
Since f(X) isadense in X, for each n € N, there exists x,, € X such that f(x,,) = y,,. Moreover, for all n >
Ny,

~ 1 1
Sc(fxen), flxp),X) < —+i—<c +ic; =c
ny Ny
Hence, {f (x,,)} converges to % € X. L

LLemma 6. Let (X,S,) and (X,S.) be complex valued S-metric spaces and an isometry f: X — X with £(X)
being dense in X. If {x, } is sequence in X then it is a Cauchy sequence.

Proof. Let £ € X. Since f(X) is a dense in X, by there exist a sequence {x,} c X such that
{f(x,)} € f(X) converges to £ € X. It implies {f (x,,)} is Cauchy sequences in f(X). In particular, for all
0 < ¢ € C, there exists ny € N such that for all m,n > ny, we have S.(f (x,,), f (xn), f (xm)) < c.

Since f is an isometry, for all m,n = n, we have

Se(Xny Xp, X)) = s\c(f(xn);f(xn);f(xm)) <c.

Hence, {x,,} is a Cauchy sequence in X. s
Furthermore, we introduce the concept of completion in complex valued S-metric space.

Definition 6. Let (X,S.) be a complex valued S-metric space. A complete complex valued S-metric space

(X,S.) is called a completion of (X, S.) if there exists an isometry i: X — X such that i (X) is dense in X.

LLemma 7. Let C[x] be the collection of all Cauchy sequences on a complex valued S-metric space, i.e. C[x] =
{{xn} € X|{x,,} is Cauchy sequence in X}. For any two sequences {x,} and {y,} in C[x], define the

relation "~" as
o~} & rlli_r)golsc(xn:xn:}’n)l =0
then "~" is an equivalence relation.
Proof. Given X,S.) a complex valued S-metric space and Clx] =

{{xn}|{x,} is an arbitrary sequence in X}. We proof that "~" is reflexive, symmetric and transitive.
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1. Let {x,}€(C[x]. By the property of S, we obtain S.(x,,x,, x,) =0, which implies
Airglec(xn. Xn, Xp)| = 0. Hence, "~" is reflexive.
2. Let{x,}, {v.} € C[x]. By , we have S.(x,, Xn, Yn) = Sc(Un, Yo X)), forall n € N.
Taking modulus and limit as n — oo on both sides, we have
0= Ail)‘golsc(xnr Xn, Yn)l = }li_r)r(}olsc(Yn: Yo xn)l

Hence, "~" is symmetric.
3. Let {x,.}, {vn}, {2} € C[x] such that {x, }~{v,} and {3, }~{z.}. Then
lim | (xn, %n, )| = 0 and lim [Sc(yn, yn, zn)| = 0.
By the property of S, we get
SC(xTL' xTL' Zn) s ZSC(xTU xTL' yn) + SC(ZTL' ZTL' Yn)
Taking modulus and limit as n — oo on both sides, we obtain

Ai_r)lgolsc(xn' Xn, Zp)| < Zrlli_r)r(}olsc(xn:xn:Yn)l + Tlli_r)rgolsc(zn; Zn, Y| =0
Hence, "~" is transitive.
This proves that "~" is an equivalence relation on C[x]. e

Next, we define a set X be the set of all equivalence classes in C[x] over the relation "~", that is

X = {[{xn}]l{xs} € Clx] }

In particular, {x,,} € [{x,}] means that {x,,} is a member of [{x,}], i.e. a representative of the class [{x,}].

Lemma 8. Let X be the set of all equivalence classes in C[x] over the relation "~". If for every [{x,.}], [{y.}] €
X holds

Sc([an}), [}, [Omd]) = lim ScCon, X, )
then S is a complex-valued S.-metric and (X, S..) is a complex valued S-metric space.

Proof. We prove that S, is well-defined by proving that the limit exists and is independent of the choice of
Cauchy sequences from equivalence classes.

(i) Let{x,}{y}€X.

Consider
ScGtn, xn, Yn) 3 28 (X, Xy Xm) + 28 (Vs Yoo Ym) + Se (X Xy Yim)
which implies
Sc(xn' xn' Yn) - Sc(xm' xm: J’m) 5 Z[Sc(xn' xn' xm) + Sc(Yn' Yn' Ym)]
Also
Sc (Xm, Xmo J’m) - Sc(xn: Xn, Yn) 3 (_2) [SC (xnr Xn» xm) + Sc(yn: Yoo Ym)]
Thus,

|SC(le' xnl yn) - Sc(xmr xm' Ym)l S 2|Sc(xn' xn'xm) + Sc(yn' yTl' ym)l
Assume m > n. Taking limit as n — oo, we get
1 [S (o, X, V) = Se Gty Xoms V)| < 2 [ 1 1S G, 2, )]+ 1 S G, Y, Y
Since {x,} and {y,,} are Cauchy sequences in X then
7P_r}(;lolsc(xn:xn:xm)l = Tlli_)ngolsc(yn'yn: Ym)l =0.
Hence,
Ai_r)rololsc(xn' Xns Yn) — Sc(Xmy Xm, Ym)| = 0.
This means that {S.(x,, x,,, v,)} is a Cauchy sequences in C. By the completeness of C, this sequence
converges. Indeed, YILLH(}O Sc(Xp, Xn, V) EXiStS.
(i) Let {x,}, {xn}, {vn}, {yn} € X such that {x;,,}~{x,.} and {y,,}~{v»}. This means that
%Ergolsc(xn: xn'x1,1)| =0and %i_r}(}olsc(}’n: yn'%;)l =0.
With the same argument on (i), we can easily verify that
7y_r)rololsc(xnr Xn, yn) - Sc(xr’u xrlu Y7,1)| =0
This means that T{ijgosc(xn, Xy Vn) = %i_r)gosc(x,’i,x,’i,y,’l).
So, &grgo Sc(xn, xn, ¥n) is independent of the particular choice of the representatives.

Then, we prove that S, is a complex-valued S,.-metric.

If [{x,3], [{yn}], [{2n}] € X then
1) Since S.(xp, xn, V) £ 0,
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Se([fn3], (o)), [yd]) = lim Sc(xn, %p, yn) % 0.
2)  Sc([{xn)], [{xn)], [{y3]) = 0 implies lim Sc(xn, %p, yn) = 0.
Since {x,} and {y,,} are Cauchy sequences in X,

{xn}~{yn} & [{xn}] = {ynl]
3) Recall that S.(x, X0, Vi) = 25X, X0, Zn) + Sc (Vo Yns Zn) Which implies

lim Se(xn, X, yn) = 2 1im S (on, X, 2n) + 10 S (v, Y, Z0)
This means

Se([{n 3], [o6n3), [m3D) = 28 ([{xn3], [ 3], [{203D) + Se ([, [}, [{z03D)

Hence, S, is a complex valued S-metric. Moreover, (X,S,) is a complex valued S-metric space. (]

We can now state and prove the main theorem that every complex valued S-metric space has a unique
completion.

Theorem 1. Every complex valued S-metric space has a completion.

Proof. Given (X, S.) and (X, S,) be any two complex valued S-metric spaces. For each x € X, associate the
class £ = [{x,x, x, ... }] € X which contains the constant Cauchy sequence {x, x, x,...}. Then, define f: X —
X with f(x) =%.
It is clear that f is an isometry. Since for each x,y € X,

Sc(fG. f(x), f(1) = Sc(%,%,9) = lim Sc(x, x,y) = Sc(x, %, y)
Next, we show that £(X) is a dense in X.
Consider X = [{x,,}]. Let {x,,} € X. Since {x,,} is Cauchy, then for every ¢ > 0 there is a n, € N such that
for all n > ny we have S(x,, x5, x5, ) < c.
Let {xp,, Xng, Xny, - } € ¥ny € f(X). We obtain

S"\C(J’C\,J’C\,xfn\o) = %i_r)rgoSC(xn,xn,xno) <c.

Thus, every neighbourhood of £ € X contains an element of £(X). This means that every £ € X is a limit
point of X. Hence, by Definition 5, £(X) is a dense subset of X.
Furthermore, we show that (X, S,) is complete.
Let {x,,} be any Cauchy sequence in X. Choose c,, € C with c,, = % + ii. Since f(X) is a dense in X, then

for all 5,, € X there is 3, € f(X) such that
1 1

0 < S.(%5, Xn, ) < o tis
Taking modulus and limit as n — oo on both sides,
lim [S (6, %, 3)| = 0.
To show that {37,} is a Cauchy sequence, we use Condition (iv) in the Definition of S... Then for all m,n €
N (assuming m > n), we have
SC(j’;' yﬁ: J//r\n) < SC(’?Z' ﬁ! )/CZ) + SC(E: 5];' -’/CZ) + Sc(}/lr\n’p\}/l;'\nr »)/C;)
< - . - - . - P —~ P —_—
2 [Zn T Zn] 2 [Zm T Zm] S (s Zoms %n)
Since {x,,} is a Cauchy sequence, we obtain
hm Sc(ﬁ»ﬁ: }71’;1) = 0
m,n—coo
Consequently,
im_[S. G, Y, 9| = 0
So, {¥,} is a Cauchy sequence in f(X).
Next, we will show that {y,,} is a Cauchy sequence in X.
Suppose y, € X, such that y, = f(y,). We have

Q(T/E,ﬁ, Ym) = S'\c(f(yn):f(yn):f(:)’m))
Using the fact that f is an isometry, we find

S\c(ﬁ: 3/"7\1' 371;1) =S (Yn: Yns Ym)r foreachm,n € N
Therefore,

lim (S G, Yo, ¥)| = lim[Se 0, Y, )| = 0
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This means that {y,,} is a Cauchy sequence in X.

Let {7} € £ € X. We will show that {x;;} converges to %.

Recall that

For fixed n, constant sequence {V,, ¥, Yn> -} € ¥n = f (), and {y,,} € X, then

_ . 1 1 .
ScCn X%p, %) <2 [ﬂ + lﬁ] + Jim_Sc(ym, Yims Yn)

Since {y,,} is a Cauchy sequence in X, then
1

-~ 1
S, X, %) < - + LE,
which implies
lim |S.(%,,%,,%)| =0
n—oo
Hence, {x,,;} converges to X. It means that ()?, SAC) is a complete space.
We proof that the completion is unique by showing ()?,SAC) is isometrically equivalent to (X*,S.").
Let ()?, SAC) and (X*,S.") be any two completions of complex valued metric space (X, S.). It follows that there
exist isometries f: X — X and g:X — X* such that f(X) is a dense in X and g(X)isadense in X*.
Next, consider amap h: f(X) — g(X) with h(f(x)) = g(x), forall x € X. Obviously, h is an isometry, since
for all x,y € X then So(f (x), (), f ) = Sc(x, %,¥) = Sc"(g (), g(x), g»).

Let £ € X. Since f(X) is adense in X, by Lemma 4, there exist a sequence {x,,} c X such that it converges
in X. Since f is an isometry, {f (x,,)} is a Cauchy sequence in X. Also, by the denseness of f, {f(x,)} is a
Cauchy sequence in f(X), which implies {x,,} is a Cauchy sequence in X.

Moreover, since h is an isometry, then {g(x,)} is a Cauchy sequence in X*. Using the fact that X* is a
complete space, we find that there exist x* € X* such that rlli_r)&g(xn) =x".

From these, we define a map i to extend h, i.e. i:X - X* as follow

o h(x), X€fX)

()= { lim A(fCe) = lim g(r), 2 € X = F(X), f(xa) € FX), lim f(xy) = .
We show that i is an isometry and i(X) = X*.
Forall £, € X, there exist {x,,}, {y,,} € X such that rlli_r)gof(xn) =X and %ilgof(y”) =9.

By the definition of i, we obtain

S (1@, i@, i) = lim S.” (A(f Gend) R(FGa)), h(F ) = Jim Se* (9 Gen), 9 Cen), 9Om)
From the isometry of h, we find
SC*(i(J’C\),i(f),i(}?)) = %ijgoi(f(xn),f(xn),f(h))
Since {f (x,)} and {f (v,)} are convergent sequences, we have
o S (i(R),i(R), i) = Sc(%,£,9)
S0, i is an isometry.
Finally, we show that i(X) = X*.
Let x* € X*, based on Lemma 5, there exist {x,} c X such that {g(x,)} converges to x*. Clearly, {g(x,,)}
is Cauchy sequence in g(X). By Lemma 6, we have {x,} is a Cauchy sequence in X. Also, {g(x,)} is a
Cauchy sequence in g(X).
Since h: f(X) = g(X) is an isometry, {f(x,)} is also a Cauchy sequence in X. This implies, {f(x,)}
converges in X, namely . Since i is an isometry, {i(f (x,))} = {g(x,,)} converges to i (%).
Therefore,

Sc (1(2), i(2),x") < 287 (((R), (%), g (x)) + Sc™(x7, x7, g (xp)
Taking limit as n — oo on both sides, we have
0 < limS."(i(®),i(®),x*) < 21lim S.*(i(%),i(X), g(xy)) + lim S."(x*, x*, g (xy,)
n—-oo n—oo n—-oo
which implies
SC*(i(f)» l(f),x*) = 0
So, for all x* € X*, there is £ € X such that i(2) = x*. In particular, i(X) = X*. ]
We provide an example to verify the existence of completion in a complex valued S-metric space.

Example 1. Consider A c C with A = {z € C|0 < Re(z) < 1}U{z € C|0 < Im(z) < 1}. If z, € C with
Z, = xj + iy for all k = 1,2,3, then define amap S.: A3 - C by
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Sc(z1,22,23) = (Ixy — x3] + |xz — x3) + illyy — y3l + ly2 —y3)
It is easy to verify that S, is a complex valued S-metric. Moreover, (4, S.) is a complex valued S-metric
space.

Let {z,} € Awith z, = {% + l%} for all n € N. We show that {z,,} is a Cauchy sequence in A.
Observe that

1 1 11 m-n |1
Se(Zn) 20, Zm) = 2 ‘; _E| +2i |£ —;| = (2 + 2i) | — | < (24 20) |Z|
Since |2 + 2i| = 22,
1Sc(21,22,25)| <22 forall n € N.
Given a real number € > 0. Let . .
c= E + lﬁ
Obviously, ¢ > 0. Choose ny > % Then, for all m,n = n, we obtain
V2 _2V2 22
1Sc(Zzn) Zn, Zm) | < - < - < o <lc| =¢
In particularly, |S.(z,, Z,, zm)| = 0 as n - co. Using , {z,} is then a Cauchy sequence in A.

However, {z,} does not convergent in A, because there is no x € A such that {z,,} converges to x. Hence,
(4,5,) is incomplete complex valued S-metric space.

We will find a complete complex valued S-metric space (B, S.) such that (4,S.) c (B, S,).

Let A = {z € C|0 < Re(z) < 1}U{z € C|0 < Im(z) < 1}. Claim that A is closure of A.

Let z € C be a limit point of A. Then, there is {z,,} c A such that lim z,, = z. Since z,, € A foreachn € N,
n—-oo

it follows that 0 < Re(z,) < 1and 0 < Im(z,) < 1. This implies 0 < Re(z) < 1and 0 < Im(z) < 1. So,
z € A. Therefore, any limit point of A must be in A then 4 is closed. Since A4 is closed, we have 4 is closure
of 4.

Next, consider (B, S.) = (4, S,). Then, every Cauchy {z,} c B is convergent on B. Hence, (B, S.) contains
(A,S.) and is a complete complex valued S-metric space, as desired.

Moreover, since A c B and B is closed then B = A. Therefore, A is dense in B.

Next, we show that (4,S.) and (B, S,) are isometrics. Equivalent to showing that there exists a bijective
isometry f: A - B.
Defineamap f: A - B by f(z) =z, forall z € A.

Then, f is an isometry. Since for any z4,z, € A4,
Sc(f(z1), f(z1), f(22)) = (Ixg — 23] + [x2 — x3]) + i(ly1 — y3| + [y2 — ¥3]) = Sc(21, 22, 23)
It is clearly that f is a bijective. So, (4, S.) and (B, S.) are isometrics.

Now, we can conclude that (B, S.) is completion of (4, S.).

4. CONCLUSIONS

Derived from the result and discussion, a proof establishes the existence and uniqueness of completion
for complex valued S-metric space. It begins by introducing the fundamental concepts such as isometry and
denseness through this space, followed by the proof of some lemmas characterizing denseness and
convergence. The main theorem states that every complex valued S-metric space has a completion. Next, this
completion is proven unique by establishing an isometric equivalence between two completions.



BAREKENG: J. Math. & App., vol. 18(4), pp. 2747 - 2756, December, 2024. 2755

ACKNOWLEDGMENT

The authors would like to thank the Faculty of Mathematics and Natural Sciences, Universitas

Tanjungpura, for the research grant provided through DIPA UNTAN funds with contract number
023.17.2.677517/2024.

REFERENCES

[1] M. Jleli and B. Samet, “On a new generalization of metric spaces,” Journal of Fixed Point Theory and Applications, vol. 20,
no. 3, 2018, doi: 10.1007/s11784-018-0606-6.

[2] A. Amini-Harandi, “Metric-like spaces, partial metric spaces and fixed points,” Fixed Point Theory and Applications, vol.
2012, 2012, doi: 10.1186/1687-1812-2012-204.

[3] S. G. Matthews, “Partial Metric Topology,” Annals of the New York Academy of Sciences, vol. 728, no. 1, pp. 183-197,
1994, doi: 10.1111/j.1749-6632.1994.th44144 x.

[4] A. Azam, B. Fisher, and M. Khan, “Common fixed point theorems in complex valued metric spaces,” Numerical Functional
Analysis and Optimization, vol. 32, no. 3, pp. 243-253, 2011, doi: 10.1080/01630563.2011.533046.

[5] N. Souayah and N. Mlaiki, “A Fixed Point Theorem in Sb-Metric Spaces,” Journal of Mathematics and Computer Science,
vol. 16, pp. 131-139, Jun. 2016, doi: 10.22436/jmcs.016.02.01.

[6] L. G. Huang and X. Zhang, “Cone metric spaces and fixed point theorems of contractive mappings,” Journal of Mathematical
Analysis and Applications, vol. 332, no. 2, pp. 1468-1476, 2007, doi: 10.1016/j.jmaa.2005.03.087.

[7] S. Sedghi, 1. Altun, N. Shobe, and M. A. Salahshour, “Some properties of S-metric spaces and fixed point results,”
Kyungpook Mathematical Journal, vol. 54, no. 1, pp. 113-122, 2014, doi: 10.5666/KMJ.2014.54.1.113.

[8] Z. Mustafa and B. Sims, “A New Approach To Generalized Metric Spaces,” Journal of Nonlinear and Convex Analysis, vol.
7, no. 2, pp. 289-297, 2006.

[9] N. Van Dung and V. T. Le Hang, “On the Completion of B-Metric Spaces,” Bulletin of the Australian Mathematical Society,
vol. 98, no. 2, pp. 298-304, 2018, doi: 10.1017/S0004972718000394.

[10] M. Paluszyfiski and K. Stempak, “On quasi-metric and metric spaces,” Proceedings of the American Mathematical Society,
vol. 137, no. 12, pp. 4307-4312, 2009, doi: 10.1090/s0002-9939-09-10058-8.

[11] X. Ge and S. Lin, “Completions of partial metric spaces,” Topology and its Applications, vol. 182, pp. 16-23, 2015, doi:
10.1016/j.topol.2014.12.013.

[12] N. Dung and V. Le Hang, “Remarks on partial b-metric spaces and fixed point theorems,” Matematicki Vesnik, vol. 69, pp.
231-240, Jan. 2017.

[13] D. Hasanah and 1. Supeno, “The Existence and Uniqueness of Completion of Complex Valued Metric Space,” E-Journal
Matematika, vol. 7, no. 2, pp. 187-193, May 2018, doi: 10.24843/MTK.2018.v07.i02.p202.

[14] I. Beg, F. Rashied, and M. Tahir, “Completion of complex valued strong b-metric spaces,” Discussiones Mathematicae.
Differential Inclusions, Control and Optimization, vol. 40, no. 1, pp. 101-107, 2020, doi: 10.7151/dmdico0.1219.

[15] N. M. Mlaiki, “Common Fixed Points In Complex S-Metric Space,” Fixed Point Theory, vol. 4, no. 4, pp. 509-524, 2014,
[Online]. Available: http://scik.orgadv.

[16] N. Tas and N. Y. Ozgiir, “Common fixed point results on complex-valued S-metric spaces,” Sahand Communications in

Mathematical Analysis, vol. 17, no. 2, pp. 83-105, 2020, doi: 10.22130/scma.2018.92986.488.



2756 Kiftiah, et al. A COMPLETION THEOREM FOR COMPLEX VALUED S-METRIC SPACE...



