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Graph G is a simple, connected, undirected graph with vertex set V(G) and edge set E(G). A
graph G is called to have an edge irregular reflexive k-labeling if its vertices can be labeled
with even numbers from 0 until 2, and its edges can be labeled with positive integers from
1 to k. such that the weights for all the edges are different, where k = max{k,, 2y,,}. The
weight of edge uv in graph G with 6 labeling, denoted by wtg (uv), is defined as sum of the
edge label and all vertex labels incident to that edge. The reflexive edge strength of a graph
G, denoted by res(G), is the value of minimum k of the largest label. In this paper, edge
irregular reflexive k-labeling for Dumbbell Graph (D, , ) and corona of open ladder and
null graph (0(L,) © N,,) will be determined. The reflexive edge strength of the Dumbbell

Graph Dy q With m,n > 3,m =n and q = 3 is [Z=2] for 2m + 2 = 0,4 (mod 6) and
[2";”] +1 for 2m + 2 = 2 (mod 6). The reflexive edge strength of the corona of open
ladder and null graph O(L,) © Ny, withn >3 and m> 1 is [an+33n_4

4 % 2,3 (mod 6) and [W] + 1for 2nm + 3n — 4 = 2,3 (mod 6).

] for 2nm + 3n —
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1. INTRODUCTION

Graph labeling is often discussed in graph theory. Labeling was first introduced by Wallis [1] in 1963.
According to Wallis, labeling on a graph is a function that pairs graph elements (vertices or edges) with
numbers (generally positive or non-negative integers). If the domain of the mapping is the set of vertices,
then it is called vertex labeling; if the domain of the mapping is the set of edges, then it is called edge labeling.
If the domain of the mapping is the set of vertices and edges, then it is called vertex and edge (total) labeling.
Over time there has been a development of various types of labeling in graphs, one of which is the irregular
total k-labeling [2].

Vertex irregular total k-labeling and edge irregular total k-labeling were introduced in 2007 by Baca
et al. [3]. Furthermore, in 2017, there is a new concept of irregular total k-labeling which is vertex irregular
reflexive k-labeling and edge irregular reflexive k-labeling on a graph G introduced by Baca et al. [4]. A
graph G is called to have an edge irregular reflexive k-labeling if its vertices can be labeled with even number
from 0 to 2,,, and its edges can be labeled with positive integers from 1 to k. such that the weights for all
edges are different, with k = max {k,, 2y, }.

Suppose graph G is a simple, connected, undirected graph with vertex set V(G) and edge set E(G).
The weight of an edge uv in a graph G with 6 labeling, denoted by wtq (uv), is the sum of vertex label u,
edge label uv, and vertex label v, is defined as wtg(uv) = 8(u) + 6 (uv) + 6(v). The reflexive edge
strength of a graph G, denoted by res(G), is the value of minimum k of the largest vertex label or the largest
edge label. In research conducted by Baca et al. [4] found a lemma that can be used as a guide to determine
the reflexive edge strength of any graph G (res(G)).

Lemma 1. For every graph G,

[M] for |E(G)| £ 2,3 (mod 6),
res(G) > IE(?&)I
[T] + 1, for |E(G)| = 2,3 (mod 6).

There are several research related to edge irregular reflexive k-labeling such as banana tree graphs B, ,,
and B3, studied by Novelia and Indriati [5], alternate triangular snake graf A(T,) and double alternate
quadrilateral snake graf DA(Q,,) studied by Zalzabila et al. [6], wheel graph W}, and prism graph D,, studied
by Tanna et al. [7], mongolian tent graph M,,, 5 studied by Indriati and Azzahra 5], umbrella graphs Us ,, and
U, studied by Rahmawati and Indriati [9], corona of cycle and null graph (N;) denoted by (C,, © N)
studied by Setiawan and Indriati [10], corona of path and other graphs studied by Indriati et al. [11], corona
product of graphs with path studied by Yoong et al. [12]. Agustin et al. [13] have studied the edge irregular
reflexive k-labeling on ladder graphs L,, and triangular ladder TL,, graphs. In this research, we determine
edge irregular reflexive k-labeling for corona of open ladder and null graph 0(L,,) ©® N, withn>3 and m
> 1. Dumbbell Graph D, , , have been studied by Saputri et al. [14] on odd harmonic labeling, but it has
never been used for edge irregular reflexive k-labeling so in this research we determine edge irregular
reflexive k-labeling for Dumbbell Graph D, ,, , Withm,n = 3,m =nand q = 3.

2. RESEARCH METHODS

The research method used in this research is a literature study that refers to various references, such as
books, journals, and writings that discuss edge irregular reflexive k-labeling. From this method, we can
determine res(G) of Dumbbell Graph and corona of open ladder and null graph. The steps of this research
can be seen in Figure 1.
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Lemma 1
Lower bound of res(()

v

Label vertex and edge for upper bound of res(G)

v

General pattern of vertex and edge label

v

General pattern of edge weight such that are edge

have different weight

!

General pattern of

res(Dmm3)
and

res(O(L,) ® Np,)

Figure 1. Flowchart of the research

3. RESULTS AND DISCUSSION

In this chapter, following the research methodology, the results and discussion of reflexive edge
strength on the Dumbbell Graph D;;, ,,, 3, and corona of open ladder and null graph O0(L,) © N,, are given.
In the first section we discuss for Dumbbell Graph, and in the second for corona of open ladder, and null
graph.

3.1 Dumbbell Graph D, 3

Dumbbell Graph is a graph formed from two circular graphs C,,, and C,, connected by a path graph P,,
where the endpoints of the path graph F, are one of the vertices of each circular graph [15]. So, the notation
of Dumbbell Graph is Dy, ,, ,, Wwhere m,n = 3 denotes the number of vertices in the two circular graphs and
q = 2 denotes the number of vertices in the path graph. The Dumbbell Graph D, , has vertex set
V(Dpng) =witll <i<miu{yll <j<qju{w?l1 <i<n} and the set of edges E(Dpmngq) =
vl <i<m—13U{yupa|l <j < q-1}U{v?v,%1 <1 <n-1} v;'and v,? are vertices
of the circular graph, and u; is a vertex of the path graph.

The reflexive edge strength of a Dumbbell Graph can be obtained through Theorem 1.
Theorem 1. For any positive integer on the Dumbbell Graph Dy, , ; Withm,n = 3,m =nand q = 3,

[2"?2] , for2m+ 2 = 0,4 (mod 6),

TeS(Dm,m,3) = |'2m+2
3

]+ 1,for 2m + 2 = 2 (mod 6).

Proof. It is known that the number of edges of the Dumbbell Graph D;;, , 3 is 2m + 2, so based on Lemma
1 we get

[2";+2] , for2m+ 2 £ 2,3 (mod 6),

[2m+2
3

res(Dimm3) =

] +1,for 2m + 2 = 2,3 (mod 6).
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Next, constructed 8 on the edge irregular reflexive k-labeling of Dumbbell Graph Dy, ,, 3 with k =

[ZW;-FZ]; for 2m + 2= 0,4' (mod 6) and k = [2”;+2] + 1’ for 2m +2 =2 (mod 6) are as follows.

The vertex labels u; for 1 < j < 3 as follows,
G(uj) = 0.

The vertex labels v;! for 1 < i < m as follows,

( 4i + 2a . ) m
, fori =a(mod3),a=123,1<i< l—J,
3 2
m m— 2
o(v;!) = 2m — 2i+2t—2, fori>l?l,1StS[ ]
m—3—-3t+3<i<m-1-3t+3,
0, fori = m.

The vertex labels v, for 1 < I < n as follows,

( 0, forl =1,
4] M
3 forl =0(mod3),2<1< >l
M2l =1(mod3)2 <1<
9(1712) = { 3 ) ort = (mo )l =0t = E )
4] — 2 M7
T, forlEZ(modB),ZSlS E,
n n— 17
on — 201—2t+4, forl> [E],1StS[T n+1-3t<l<n+3-3t

The edge labels wju;,, for 1 < j < 2 as follows,

The edge labels v;'v;,,* for 1 < i <m — 1 as follows,

( 4i -3 ) . m
T fori =0(mod3),1<i< > and
form =1 (mod 6) andi = 0 (mod 3),
4i —1 m
3 fori =1(mod3),1<i< Bl
4i —5 m
0 (v;'vip1") = T fori =2(mod3),1<i< B
m m+1
2m — 2i—2t—1, formZS,iZ[—J,lStS[ J
2 6
m-—2-3t<i<m-—3t,
m £ 1 (mod 6) andi # 0 (mod 3),
\ 3, fori >m — 2.

The edge labels v,,*v,* as follows,
0 (v vyl) = 1.

The edge labels v;%v; .2 for 1 <1 < n— 1 as follows,
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( 4, forl =1,
4l + 2a for | = q n _
3 , orl =a (mod3) < [E],a =0,1,2,
41 + 4
T forn = 3,4 (mod 6) and I = 2 (mod 3),
O(v“vi41°) = S 3 forn =5 (mod 6) and ! = 0 (mod 3),

n n

2n — 21—2t, forn26,12[E],lﬁtsng,n—1—3tSlSn+1—3t,
n % 3,4 (mod 6) and ! # 2 (mod 3),
n 5 (mod 6) andl Z 0 (mod 3),

\ 2, forl=n-—1.

The edge labels v,%v,? as follows,
0 (v, °v,2) = 2.

Based on the obtained labelling formula, the largest label which is the upper boundary ofres(Dm_mr3)
is located at vertex v;! fori = %

f (vml) = 4%;2(1, for% = a(mod3),a = 1,2,3.
From the lower and upper bour21 s on the Dumbbell Graph D,, ,,, 3, the maximum value of the vertex

label and edge labels are obtained, namely [@] for 2m + 2 = 0,4 (mod 6) and [Zm;zl + 1 for 2m +

2 = 2 (mod 6). Then, the following edge weights are obtained,

th(ujuj+1) =], for1 <j<2.

4i +3, forlSi<[%],

wtg(v' v ") = m
Am—4i+1, fori> [?]

wtg (v vy1) = 3.

n
4l +2, forlSlSlEJ,
wtg(v,%v41%) = n
4n — 4] + 4, forl > IEJ

wtg (v, 2v12) = 4.

It can be seen that all the edge weights of the Dumbbell Graph D,y, ,, 5 are different, the lower bound
and upper bound are equal to res(D,, , 3). Therefore, 8 satisfies the edge irregular reflexive k-labeling and
has reflexive edge strength. Thus the theorem is proved.

Figure 2 shows the edge irregular reflexive 6-labeling on the graph Dumbbell Graph Dg ¢ 5. The label
of each edge and vertex is shown with blue numbers. The weight of each edge is shown with a red number.

Note: (vertex v¢! can also be called vertex u,, vertex v12 can also be called vertex u; )
Figure 2. Edge Irregular reflexive 6-labeling on the graph dumbbell graph D¢ g 3
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3.2 Corona of Open Ladder and Null Graph O(L,) ® Np,

The corona of open ladder and null graph denoted by O(L,) O N,,. This graph is a connected graph
with vertex set V(O(L,) © Np) = {w;,v;: 1 <i<n}U{u;v;:1<i<n1<j<m}and the edge
set E(O(Lp) ONp) ={uv; :2<i<n—1}U{uujs1, Vi1 :1<i<n-1}u {uiui_j,vivirj 1<
i <n,1<j < m}. The corona of open ladder and null graph has 2nm + 3n — 4 edges. The reflexive edge
strength of the corona of open ladder and null graph can be obtained through Theorem 2.

Theorem 2. For any positive integer n > 3 andm > 1,
[2nm+3n—4-]
res(0(Ln) O Ni) = [2nm-f3n—4
3

for 2nm + 3n — 4 # 2,3 (mod 6),
] + 1,for 2nm + 3n — 4 = 2,3 (mod 6).

Proof. It is known that the number of edges of the corona of open ladder and null graph O(L,) © Ny, is
2nm + 3n — 4, so based on Lemma 1 we get
[2nm+3n—4]

res(O (Ln) © Nm) 2 [an-f3n—4

3

for 2nm + 3n — 4 2,3 (mod 6),
] + 1,for 2nm + 3n — 4 = 2,3 (mod 6).

Next, constructed 6 on the edge irregular reflexive k-labeling of corona of open ladder and null graph
OLw) O Ny with k= [P0 for 2nm + 3n — 4 % 2,3 (mod 6) and k = [ZE1=4]

1, for 2nm + 3n — 4 = 2,3 (mod 6) are as follows.

The vertex labels Ui, Vi, Uy j forl1<i<nand1 <j<m asfollows,

( 0, fori =1,
m+1, fori = 2, m odd,
m, fori = 2, m even,
2im+3i—3
— s foriodd,i # 1,m = 0 (mod 3) and
fori = 3 (mod 6),m = 1,2 (mod 3),
2im + 3i
—3 forieven,i # 2,m =0 (mod 3) and
fori =0 (mod 6),m = 1,2 (mod 3),
2mF 375 fori=1(mod 6),m = 1 (mod 3) and
_ ori =1 (mod 6),m=1(mo an
G(Ui) = G(Ui) = Q(UU) = A 3
fori =5 (mod 6),m = 2 (mod 3),
2im+3i—4
— s fori = 2 (mod 6),m =1 (mod 3) and
fori = 4 (mod 6),m = 2 (mod 3),
2im + 3i — 2 ]
— s fori = 4 (mod 6),m = 1 (mod 3) and
fori = 2 (mod 6),m = 2 (mod 3),
2im+3i—1
— s fori =5 (mod 6),m = 1 (mod 3) and

\ fori =1 (mod 6),m = 2 (mod 3).

The vertex labels Vi fort<i<nand1 <j < mas follows,
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( 0, fori =1,
m+1, fori = 2,m odd,
m+ 2, fori = 2,m even,
2im +3i— 3 , _
— s foriodd,i # 1,m = 0 (mod 3) and
fori = 3 (mod 6),m = 1,2 (mod 3),
2im + 3i , ,
Ea— forieven,i # 2,m = 0 (mod 3) and
fori = 0 (mod 6),m = 1,2 (mod 3),
2m+ 375 fori=1(mod6),m =1 (mod3)and
9(vi_j)=< — s ori =1 (mod 6),m =1 (mod 3) an
fori =5 (mod 6),m = 2 (mod 3),
2im+3i—4
— s fori =2 (mod 6),m =1 (mod 3) and
fori = 4 (mod 6),m = 2 (mod 3),
2im+3i—2
— s fori = 4 (mod 6),m =1 (mod 3) and
fori =2 (mod 6),m = 2 (mod 3),
2im+3i—1
— s fori =5 (mod 6),m =1 (mod 3) and

fori =1 (mod 6),m = 2 (mod 3).

The edge labels w;u;, 4 for1 <i <n —1 as follows,

( m, fori =1,m odd,
m+1, fori = 1, m even,
m+1, fori = 2,m odd,
m+ 2, fori = 2, m even,

Ri—2)m+3i—6

fori = 3,m = 0 (mod 3),

for i =4 (mod 6),m =1 (mod 3) and
fori =1 (mod 6),m = 2 (mod 3),

3 )

(2i — 2)m + 3i — 4 _
3 , fori = 0,3 (mod 6),m = 1 (mod 3) and

60 (Uiltip1) = 3 fori = 2,5 (mod 6),m = 2 (mod 3),
(2i — 2)m + 3i
3 )

fori =1 (mod 6),m =1 (mod 3) and
fori = 4 (mod 6),m = 2 (mod 3),
Qi—2)m+3i—2 ,

3 , fori = 2 (mod 6),m =1 (mod 3) and

fori = 3 (mod 6), m = 2 (mod 3),

20 —-2)m+ 3i—8
( )3 , fori =5 (mod 6),m =1 (mod 3) and

\ fori = 0 (mod 6),m = 2 (mod 3).

The edge labels v;v;,; for 1 <i <n — 1 as follows,
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O (vivis1) = S

3

Qi—-2m+3i-1

3

(2i—2)m+3i+3

3

( m+1,
m+ 2,
m+ 2,
m+ 3,
RQi—2)m+3i—3

)

1]

)

Qi—2)m+3i+1

3

(2i—2)m+3i—5

3

)

)

EDGE IRREGULAR REFLEXIVE LABELING OF DUMBBELL GRAPH, CORONA OF...

fori =1, m odd,
fori =1, m even,
fori = 2, m odd,

fori = 2, m even,
fori = 3,m = 0 (mod 3),

for i =4 (mod 6),m =1 (mod 3) and
fori =1 (mod 6),m = 2 (mod 3),

fori = 0,3 (mod 6),m = 1 (mod 3) and
fori = 2,5 (mod 6),m = 2 (mod 3),

fori =1 (mod 6),m = 1 (mod 3) and

fori =4 (mod 6),m = 2 (mod 3),

fori = 2 (mod 6),m =1 (mod 3) and

fori = 3 (mod 6),m = 2 (mod 3),

fori =5 (mod 6),m = 1 (mod 3) and

fori = 0 (mod 6),m = 2 (mod 3).

The edge labels u;v; for 2 <i < n — 1 as follows,

0 (u;v;) = A

( m+1,
m+ 3,

(2i—3)m+3i—3

3

Qi—3)m+3i—9
3

Qi—3)m+3i+1

3

i-3)m+3i—1
3

(2i—3)m+3i—5
3

Qi—3)m+3i—7
3

)

)

)

)

)’

)

fori = 2, m odd,
fori = 2, m even,

for i odd,m = 0 (mod 3) and
fori = 3 (mod 6),m = 1,2 (mod 3),
forieven,i # 2,m = 0 (mod 3) and

fori = 0 (mod 6),m = 1,2 (mod 3),

fori =1 (mod 6),m = 1 (mod 3) and
fori =5 (mod 6),m = 2 (mod 3),
fori = 2 (mod 6),m = 1 (mod 3) and
fori = 4 (mod 6), m = 2 (mod 3),
fori = 4 (mod 6),m = 1 (mod 3) and
fori = 2 (mod 6), m = 2 (mod 3),
fori =5 (mod 6),m = 1 (mod 3) and
fori =1 (mod 6),m = 2 (mod 3).

The edge labels w;u; j for 1 < i <nand1 < j < mas follows,
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( j, fori=1,

j, fori=2,modd,
j+2, fori=2,meven,
j+1, fori=3,

2i—-6)m+3i—6

3 +j, foriodd,i # 1,3,m = 0 (mod 3) and

fori = 3 (mod 6),m = 1,2 (mod 3),

(2i — 6)m + 3i — 12

3 +j, forieven,i #2,m =0 (mod 3) and

fori = 0 (mod 6),m = 1,2 (mod 3),

20—m6)m+3i—2
0(wu ;) =3 ( ) +j, fori=1(mod6),m=1(mod 3)and

3
fori =5 (mod 6),m = 2 (mod 3),

(i —6)m+3i—4

3 +j, fori=2(mod6),m=1(mod3)and

fori = 4 (mod 6), m = 2 (mod 3),

2i—6)m+3i—38

3 +j, fori=4(mod6), m=1(mod3)and

fori = 2 (mod 6),m = 2 (mod 3),

(2i —6)m +3i — 10

3
\ fori =1 (mod 6),m = 2 (mod 3).

+j, fori=5(mod6),m=1(mod 3)and

The edge labels v;v; jfor1 <i<n—1and 1 <j < mas follows,

( j+m, fori =1,
j+tm+1, fori =2,

(2i —3)m +3i -3

3 +7, foriodd,i # 1,m = 0 (mod 3) and

fori = 3 (mod 6),m = 1,2 (mod 3),

2Qi—=3)m+3i—-9
3

+7j, forieven,i # 2,m =0 (mod 3) and

fori =0 (mod 6),m = 1,2 (mod 3),

20—-3m+3i+1
( )3 +7, fori =1 (mod 6),m =1 (mod 3) and

0(vivi;) = 9 fori =5 (mod 6), m = 2 (mod 3),
(2i—3)m+3i—1
3

+7, fori = 2 (mod 6),m =1 (mod 3) and
fori = 4 (mod 6),m = 2 (mod 3),

(2i—3)m+3i—5
3

+7, fori = 4 (mod 6),m = 1 (mod 3) and
fori = 2 (mod 6), m = 2 (mod 3),

i-3m+3i—-7 )
3 +j, fori =5 (mod 6), m = 1 (mod 3) and

\ fori =1 (mod 6),m = 2 (mod 3).

The edge labels v;v; j fori =n,3 <i<nand1 < j < mas follows,
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Qi—3)m+3i—6
3

+7, foriodd,i # 1,m = 0 (mod 3) and
fori = 3 (mod 6),m = 1,2 (mod 3),
(2i —3)m +3i — 12

3 +j, forieven,i #2,m =0 (mod 3) and

fori = 0 (mod 6),m = 1,2 (mod 3),

2i-3)ym+3i—-2

3 +j, fori=1(mod6),m=1(mod3)and

fori =5 (mod 6),m = 2 (mod 3),

0(vivis) = 5 (2i —3)m + 3i — 4
3

+j, fori=2(mod6),m=1(mod3)and
fori = 4 (mod 6),m = 2 (mod 3),
(2i—3)m+3i—8

3 +j, fori=4(mod6), m=1(mod3)and

fori = 2 (mod 6), m = 2 (mod 3),

2i—3)m+3i—10
( ) - +j, fori=5(mod6),m=1(mod3)and

\ fori =1 (mod 6),m = 2 (mod 3).

From the lower and upper bounds on the corona of open ladder and null graph 0(L,) ® N,,,, the

maximum value of the vertex label and edge labels are obtained, namely [W] for2nm+3n—4 %

2,3 (mod 6) and [W] + 1 for 2nm + 3n — 4 = 2,3 (mod 6). The following edge weights are

obtained,

wtg(Uiujpq) = 2im+ 3i — 2, forl<i<n-1.
wteg(vvi4q) = 2im+3i — 1, forl<i<n-—1.
wtg(u;v;) = (2i —1)m+ 3i — 3, for2<i<n-1.

_ J, fori=1,1<j<m,
wig(uini ;) = {(zl' —)m+3i—4+j, for2<i<nmi<j<m
Wwtg (v, ')={(2i—1)m+3i—3+j, forl1<i<n—-1,1<j<m,
OATITL Qi—1m+3i—4+4j, fori=n3<i<nl<j<m
It can be seen that all the edge weights of the corona of open ladder and null graph 0(L,) ® N,, are
different, the lower bound and upper bound are equal to res(0(L,) © N,,). Therefore, 8 satisfies the edge
irregular reflexive k-labeling and has reflexive edge strength. Thus the theorem is proved.

Figure 3 shows the edge irregular reflexive 4-labeling on the corona of open ladder and null graph
0(L3) O N;. The label of each edge and vertex is shown with blue numbers. The weight of each edge is
shown with a red number.

1,1 ug1 u3 1
0 29 B
L 115 2 |10

3 8
0 L 4 4
Uy 1 2 Tug 5 ug
2 |6
3 2 5 |v2 3 v3
0 L 4 4
4 9

2 |2 3 17 3 I
0 20 4

V1,1 V31 v3,1

Figure 3. Edge irregular reflexive 4-labeling on the corona of open ladder and null graph 0(L3) © N,
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4. CONCLUSIONS

In this research, it has been discussed about edge irregular reflexive k-labeling of Dumbbell Graph
Dipng Withm,n > 3,m =n and q = 3 and edge irregular reflexive k-labeling of corona of open ladder

and null graph O(L,) © N,, with n = 3 and m > 1. Based on the results and discussion, the following
conclusions are obtained

1. The reflexive edge strength of Dumbbell Graph D, ,, , Withm,n = 3,m =nandq =3 is

[2";”], for 2m+ 2 = 0,4 (mod 6),

reS(Dm,m,3) = |'2m+2
3

|+ 1,for 2m + 2 = 2 (mod 6).

2. The reflexive edge strength of corona of open ladder and null graph 0(L,,) ® N,,, withn > 3 and
m=>1is
[2nm+3n—4]

res(0(Ly) @ Ny) = [znmfgn_4]

for 2nm + 3n — 4 # 2,3 (mod 6),
+ 1,for 2nm + 3n — 4 = 2,3 (mod 6).

For readers who feel interested in this research topic, they can conduct research to determine the edge
irregular reflexive k-labeling of Dumbbell Graph Dy, ,, with m,n = 3 and q = 2, Dumbbell Graph
Ding Withm,n = 3 and g > 3, and other graph classes that have not been studied, such as the corona of
open ladder and cycle graph O(L,)) © Cp, withn,m > 3.
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