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One of the many challenges encountered by most pension fund administrators (PFAs) in the
Defined Contribution (DC) pension plan is the determination of a sustainable and suitable
investment plan for their members under mortality risk. To achieve this, there is need to
develop an optimal portfolio which considers the volatility of the stock market price
consisting of one risk-free asset and a risky asset which follows the Heston volatility model
(HVM). Also, the portfolio considers additional voluntary contributions (AVC) by members,
tax on the stock market price, charge on balance (CB), and the mortality risk of the pension
scheme members (PSM) modeled by the Weibull mortality force function. Furthermore, an
optimization problem is established from the extended Hamilton Jacobi Bellman (EHJB)
equation using variational method. By applying the variable separation technique and
mean variance utility, the optimal control strategy (OCS) and the efficient frontier are
obtained. Finally, some numerical simulations are presented to study the behavior of the
OCS with respect to some sensitive parameters. It was discovered that the composition of
the OCS depends on the instantaneous volatility, tax on investment, AVC, risk aversion
coefficient (RAC), CB and the correlation coefficient. Hence, the understanding of the
behaviour these parameters are very crucial in the determination of OCS.
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1. INTRODUCTION

The role of pension scheme as it concerns employee’s welfare during working period (accumulation
phase) and after working period (distribution phase) cannot be over emphasized as it plays key role with
respect to social security system and has become so popular among working class members [1]-|2]. Very
importantly, there two basic types of pension scheme in which employees can be enroll in; they include the
defined benefit (DB) pension scheme and the DC pension scheme. In the former, the employer bears the
burden of contribution and set aside certain percentage of its yearly budget toward taking care of his retired
employees. The benefit of members of this scheme depends on years spent during active service, rank
before retirement and salary scale before retirement. As good as this scheme is to PSM, there are
challenges of nonpayment and late payment of benefit to members due to poor management of the funds
and insufficient funds. However, these challenges necessitate the introduction of the later scheme. In the
DC pension scheme, there is joint contribution by both employer and employee where employees
contribute 8% and employers contribute 10% [3]. These funds are paid into individual member’s unique
account known as the retirement savings account (RSA) under the custody of pension fund custodians
(PFC) and managed by the pension fund administrators (PFAs) under the supervision of Nigerian pension
commission (PENCOM). Unlike the former scheme, the retirement benefits of each member depend solely
on the accumulations of the joint contributions and ultimately of investment returns during the
accumulation period. However, this investment returns depend heavily on the investment strategy and
efficiency of the pension fund managers. Hence, this has led to the study of OCS which simply described
the best distributions of members’ wealth into different assets with the goal of obtaining optimal returns.
Several authors such as [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], and [17] have
studied the OCS under different assumptions.

It is worthy of note that it is impossible to determine the OCS of any investor without the
understanding of the satisfaction an investor intends to achieve at the expiration of such investment and this
has led to the study of utility maximization and these utility functions are often refers to as objective
functions [1][15] There are two classes of utility goals; they include utility functions which maximize the
accumulation at the expiration of an investment or retirement and the one that balance the return of
investment and the risk involvement of such investment, i.e maximizing the accumulated fund and
minimizing risk. The first class includes exponential utility function which exhibits constant absolute risk
aversion (CARA) [6][18][19]/20]. Next is logarithm or power utility functions which exhibit constant
relative risk aversion (CRRA) [8][9]|20] and the quadratic loss functions [21][22]. The second class
includes the mean variance utility function and value at risk (VAR) utility. The first utility function, which
originates from [23], studied a single-phase portfolio optimization problem under mean variance utility.
[24], extended the work of [23] to a continuous time model and determined the efficient frontier under
mean variance utility. Several authors such as [1], [25], [26], and [27] all used mean variance utility under
different assumptions. The second utility equals the problem of maximizing the terminal accumulation with
minimum guarantee [28].

In DC pension scheme, the accumulation period requires that members of the scheme contribute and
wait till after retirement for distribution. However, this has not been the case in recent years due to
mortality risk involved in the scheme. This implies that PFAs are mandated to return the accumulated funds
of death members to their next of kin during the accumulation phase; this has somehow affected the
dynamics of the investment strategies already in existence. Hence this has led to the study of OCS with
return of premium clauses under different assumptions.

Several authors have since engaged in this study under different assumptions. The OCS with return
of premium clause was first studied in [1] under mean variance utility function. In their paper, they
considered investment in bond and equity where the price process of the equity followed the geometric
Brownian motion (GBM). In [25], the OCS with return of premium clause was studied under the Heston
volatility model; they considered investment in a risk-free asset and a risky asset where the price process
of the risky asset followed the Heston volatility model and went on to determine the efficient frontier of the
members. The OCS with return of premium clause was also studied in [26]. They considered investment in
one risk free asset and two risky assets modeled by GBM and constant elasticity of variance (CEV) model
and solved for the OCS under mean variance utility. [29] obtained the OCS in a DC scheme where the price
process of the risky asset followed the jump diffusion process. In [30], the OCS for inflation index bond
and the stock market price was studied for a portfolio with a risk free asset, stock and inflation index bond
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where the stock market price followed the Heston’s volatility model. [31] further extended the work of [1]
by studying the OCS with return of premium for a portfolio with assets such as fixed deposit, stock and
loan. Furthermore, [32] studied the explicit solution of an OCS with voluntary contribution and return
clause under logarithm utility. However, in the afore mentioned literature, the returned funds were without
interest from the invested funds but in [33] they studied the OCS with return of premium including
predetermined interest; they used the Abraham De Moivre model as their mortality force function. Very
recently, some authors have used the Weibull force function to model their mortality rate and went on to
study the OCS for a pension plan under different assumptions. They used Weibull force function because
the mortality rate is proportional to the power of the PSM’s age unlike in Abraham De Moivre’s force
function where the mortality rate is the ratio of difference between the terminal age of the PSM’s and
PSM’s present age to the PSM’s age. [34] and [35] studied OCS with return premium with proportional
administrative charges; in their work, they used the Weibull force function to model the mortality rate of a
DC pension scheme and obtained the OCS under exponential and mean variance utilities respectively.

All through the literature and to the best of our knowledge, the OCS for a DC scheme have not yet
been studied with return of premium clause for portfolio with a combination of charge on balance and
additional voluntary contribution under Heston volatility model when the mortality risk is modeled by
Weibull force function. We use the mean variance utility as our objective force function and determine the
OCS and the efficient frontier of members under this condition. Furthermore, we will study the impact of
some sensitive parameters on the OCS. The main contribution in this paper is that we modified the work of
[25] by modeling our mortality risk using Weibull force function instead of Abraham De Moivre model,
introduce charge on balance similar to [34]| and additional voluntary contributions similar to [36], to
determine the OCS.

2. RESEARCH METHODS

2.1 The Weibull Mortality Force Function

In this section, we discuss a pension fund system with return clause of premium based on mortality
risk where the mortality risk is modeled using Weibull mortality force function.

Suppose ¢ is the pension scheme member’s (PSM’s) monthly contributions, w, the initial age of
accumulation phase, T period of investment such that w + T is the terminal age of the PSM.

Also, let %14”0 ot be the mortality rate of PPMs from time ¢t to t+%, tf is the accumulated

contributions at time t, atfX: et is the returned contributions to the death members’ families within the
;r 0

accumulation period. Let a represents the presence of return clause; if @ = 0, the PFA returns nothing to
the death member’s family, if ae(0,1), the PFA returns a fraction of PPM’s contributions to the death
member’s family and if @ = 1, the PFA returns all the contribution to the death member’s family. The
return clause could be without interest [1][20][25][26]

From the work of [1], [25], and [26], we have

X1
—wott
— = U(w, + t)dt,
1 - x%,w0+t (1)
fﬁ'wo 1+ = Ulwy + )dt,

See [1], and [20] for more details.

Where U(t) is the force function and 2 is the maximal age of the life table. From [34], the Weibull
force function formula is given as

U)=ut? 0<t<T,u>0,z>0 2)
This implies that
U(wy +t) = u(wy +t)? 3)
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2.2 PSM’s Portfolio with CB and AVC

In this section, we formulate a PSM’s wealth by considering a financial market comprising of an
investment in a fixed deposit and a stock market. Also, we consider a complete probability space (Q, F;, P)
over a real space (1, probability measure P and filtration F;which represents the available information from
the market generated by the Brownian motions W, and W,,. These two Brownian motions correlate thus;
E[W, W] = p.

Let S2(t) represent the value of the fixed deposit at time t and its model is given as

dsP(t) = S (t)rdt @
sfo=1 "’

Also, let S2(t) represents the value of the stock at time t which follows the Heston volatility model
[25], [36] whose dynamics is given by the system of stochastic differential equation below

{dsg(t) = 52(6) (O + $C)dt + \/Edm;)’ )
SE(®)(0) = s
{dCt(t) = I(bp — C)dt + a\/End’ ©
C:(0) = cq

where 7~ > 0 is the interest rate of the risk-free asset, ./C; is the volatility of the stock market
price, b is the long-term price variance, X is the rate of reversion to the long-term price variance, o is the
volatility and §) is the expected appreciation rate of the stock market price.

Furthermore, we consider a case where the PSM is allowed to invest in one risk-free asset and a risky
asset. Let (Y(t),Yy(t)) be the proportion of the PPM wealth to be invested in stock and fixed deposit
where 9o(t) = 1 — Y(¢t). Let B be the charge on balance which is determined based on the value of the
stock by the pension fund administrators [34], 8 the tax rate on the stock [14] and @ is the additional
voluntary contribution made by the PPM during the accumulation period [15][33].

From [1] and [25], the differential form associated with the PPM wealth Q(t) corresponding to
investment strategies (9 (t), Do (t)) and the accumulation phase period [¢t, t + i], is given as:

§% st
t+; t+; 1
1 2(t) ‘Do(t)F-l-‘D(t),F + 0dM, + £ — 1
t + - = t t n (7)
¢ 1-%
" 1 1 %,Wo"’t
_BQ(t) T_I - ﬁ T_IQ(t) — ﬂ/tf%%’w()_'_t
Spn =S¢
1—-9Y(t L
(1-91®) 57
a(t) 7]
Q (t + l) -9(t) = St1+% St 14—t (8)
" \ O Stl / 1= fﬁ,w(ﬁt
1 1
_—(B + ﬂ)Q(t) ; + 9dM5 + 'BE — dtf%iw(}_’_t—
From [1], we have
B+R-=(B+Pd, £~ ode S % ase Cw¥ s ©)
- = )] - ) g ) e
n n s? s? st St

Substituting Equation (1) and Equation (9) into Equation (8), we have
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st as? p
do() = 4@ (g)(t)s_g +H1-9@) 5= B+H) t) (1 + Uwwy + £)de) (10)
+OAM, + £dt — attU(w, + t)dt

Substituting Equation (3), Equation (4), Equation (5) and Equation (6) into Equation
(10), we have

Q(t)( DD —r)C; )
+u(wy + 0+ — (B+ B/ rdt + (Q)V(®)/C, + 6)dM,
+£(1 — atu(w, + t)?)

2(0) = g0

ag(t) = (11)

2.3 Mean Variance Utility and EHJB Equation

The mean variance utility is best suitable for time inconsistent problem which is similar to our type. In
this section, we take into consideration a PFA who is interested to maximize the wealth of his members
especially the surviving ones by protecting their wealth in the presence return clause and minimize the
volatility of the accumulated wealth. Hence, there is need to develop an optimal control problem using the
mean-variance utility as follows:

I(t,q,¢) = sgp{Et,MQ@(T) - Vary ;.0 (T)} (12)

Next, we follow the approach in [1], [26] by using the variational inequality technique. The control
problem in Equation (12) is equivalent to the following Markovian time inconsistent stochastic optimal
control problem with value function 7(t, g, ¢)

[ Jta,c,D) = EpgelQ0(T)] = L Var, 4 [02(T)]
= (Bt g,c[Q(T)] = L (B, [Q¥(T)?] = (Brq,c[Q2(TD) (13)
It g,¢) = sgp J,gq,¢,9)

Following [1], the OCS 9" satisfies:

I(t,g,c) = s%pd(t, 4,¢9") (14)
Where y is the risk-averse coefficient of the PPM.
Let

/i"D(t' ('Z' C) = Et,@,c [Q;D (T)]

gﬁ?)(t, QU C) = Et,c;,c [Q@(T)Z]

Then
I(t,g,c) = sgp x (t, a.¢c, i¥(t,q,¢),72(t, g, c))

where

#(t6,d,64,0) = i =5 G — %) (15)

Our interest here is to maximize the PSM utility in Equation (12) subject to his wealth in Equation
(11) and applying the Ito’s lemma and maximum principle, we obtain the EHJB equation summarized by
the verification theorem below.

Theorem 1. (verification theorem) If there exist three real functions X,Y,Z:[0,T] X R = R satisfying
the following EHJB equations:



432 Akpanibah et al. A MATHEMATICAL APPROACH TO INVESTMENT WITH CHARGE ON BALANCE...

( ( De(H —7) ) )
Xp— 20+ (X, — x,) % +u(wy + )2 +7 — (B+p)
+2(1 — atu(w, + £)7)

e +IT(b— ) (X, — x,) +%(q,2)(t)\/z +0)" (X — Lgg) ( (16)

1
+EJZC(XCC — Lee) + (9geDp + 80Ve)(Xge — Lge)

\ X(T,q,c) = x(T,q,c,4,4%)

( %( De(H—r) )
Y +Y, +u(wy +t)*+r —(B+p)

+€(1 — atu(wy + t)?)

i +ZI(b—0)Y, +%(42}(t)\/5 + e)zy% ( (17)

1
+ Eazc‘ycc + (0gcDp + 6oVe) Y, )
\ YT.q,¢c) = q

( De(H —7) ) )
2, + 2, | \tulw, + 07+ — (B+B)
+£(1 — atu(w, + t)?)

8 +3I(b—10¢)3Z, +%(42}(t)\/2 + H)ZZ% ( (18)

1
\ +EO'ZCZCC + (0gcDp + 6oVc)Z,,

\ Z(T,qg,c) = g>

where:
Lcm = y‘yéa Ly = yyqyca L = yycz (19)
{xt=x4=xc=xcc=x%=x4i=xw=x¢j=xﬁ=0

Y
x;=1l+ya,x,; =y,x; = —3

(20)

Then 3(t,q,¢) = X (t,,¢),4¥" = Y(t,4,¢),7Y = Z(t,q,¢) for the OCSY".
Proof. The proof is similar to one in [37], [38], and [39].

3. RESULTS AND DISCUSSION

3.1 Main Results

Proposition 1. The OCS for the stock market price is given by
(r-B-p)(t-T)

o z+1
7 ((wo+t) .

_(w°+T)z+1 _ x_\/z (21)

1—e [t-T)(T+pa(9-m))]
T+po €

D =215 -1 = pals -7

Proof. First, we simplify Equation (16) by substituting Equation (19) and Equation (20) into
Equation (16) to have
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( ( De(H—7) )
X+ X, | \buGw, + 0+ — (B+B)
sup- jm — atu(w, j t)%) L _ 0 )
? +I(b = )X, +5(aD(OVe +6) (X —vYZ)
\+%020(ch - yycz) + (0402),0 + 90-\/2) (qu - yyqu)J
\ X(T,g,¢) = (T, q,¢,4,6%)

Differentiating Equation (22) with respect to 2)(t) and solve for Y(t), we have

(23)

S (5= X0p(Xge =1 YgUe)+24E (X =7Y3)
- 61@%4‘}’@/%) ’

substituting Equation (23) into Equation (17) and Equation (22), we have

: a(ulwo + 0T+ =BEE) | 1y o)

—0Ve(H — ) + (1 — atu(w, + t)z)] =0

l 2 (4 [x%(fb ”’)"'(xa;c Y%‘yc)ap] (24)
+ 2 g c(xcc yyc ) Xoa _y‘y%)

\ X(Tr 9, C) = x(T' q,¢,9, %2)
g(u(wo + )2 +7r —(B+p))

—OVe(H — ) + £(1 — atu(w, + £)?) (=Y.

Xg(H— ””)+(x Yy yc)o_p] —
{ — 3 i 3 »=0
< C(lytl (55 4,«) + O.plytlc) [ x%%_yfy%

1 x@(ﬁ)"”')"’(‘x@c_yyqyc)ap]z

\ +2¢Yaq [ (X —1YD)

\ YT, q,c) = g

Next, we conjecture a solution for X (t, g, ¢) and Y(t, g, ¢) as follows

xt+x%[

A

yt+y4[

(25)

w1(t)

{X(t g,¢) = u,(t)g + vl(t) + (26)

uy (T) = 1,v(T) = 0,w1(T) = 0

wz(t)

{y(t 13,0) = Uy (DG +v2(O) + 27

/M’Z(T) - 17 ’lfz(T) - OI wZ(T) - 0
Differentiating Equation (26) and Equation (27), we have

C’l}'lt-

{0 = g+ 22+ 210 x, =y, 00 = 2 Xy = KXo = X = 0 (28)

C’U’zt

(t) )
A Yy =1, Ye =27, Ygg = Yge = Yo =0 (29)

{yt Uzeq +—— »

Substituting Equation (28) and Equation (29) into Equation (26) and Equation (27), we have:

C”lt(f)

+

guy(t) +—— el [ st 107 b= B4 5) uq(t)

v —0Ve(H — ) + (1 — atu(w, + £)?) —0
T(b—c)v4(t) . o?cv? . cluq (H—1r)—uvy0p)? (30)
14 2y 2yuj
ul(T) = 17 Ul(T) = 0' wl(T) =0

+
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g(u(wy + 0%+ 7 — (B+B))

—0Ve(H — ) + (1 — atu(w, + t)z)]
T(b— C)Vz(t) w1 (H—1)—uyv,0p
IO 4 o(§ — ) [0l
/M’Z(T) =1,v,(T) =0,w>(T) =0

Simplifying Equation (30) and Equation (31), we have

Gt (6) + “2 + 220 4y () [

1
v (t) — T (B) —502"’22 . )

[ult(t) + (_:;E’Lifo(g _?ﬁ)) U (t)] q + _ [11(9—7)—uyv50p]?

4 21} b =0
+ w1 +v (€0 = atuwo +07) = 0ve(® = 1)) ua () + Toer (0] 7
\ w (T) =1,v4(T) =0,w4(T) =0
( 11 (H—1)?2
(wy +t)* vy (1) — Tw, () + ——| ¢

wye () +( " w,(®)| g + w  |S

1 [ ) <+4’_(B+B)) 2 ] —1200(H — 1) "Ly

+ [ (®) + ¥ (01 = atuuwy + £)7) — 0VE( — 7)) 2 (£) + Tow (8]
u(T) = 1,v5(T) = 0,w,(T) =0
Sinceg # 0, ¢ # 0, y # 0, Equation (32) and Equation (33) reduces to

1
V

{ult(t) + (utwo + )+ — (B+))us(t) =0
w (T) =1

{"fu(t) — Ty (1) — jo?wf - Ol
{ w1 (6) +y (€01 = atu(wo + ©)%) = 0VE($ — 1)) 1, (£) + Towy (1)] = 0
{uZt(t) + (u(wy + )2+ — (B +B))uy(t) =0
u,(T) =1
{vztm — T0,(©) + 2 vy0p(5 =) = 0,
{wﬂ(t) +y (£1 = atu(uwg + £)7) — Ove(H — 7)) 14, (t) + Tooy() = 0
Solving Equation (34) — Equation (39), we obtain:

ol BB T=D)4 o (wo )+~ (wo +£)7+1]

uq(t) =
1w, (£) = e[(4~—B—ﬁ)(r—t)+zi—1((w0+T)Z+1—(wo+t)z+1]
po(§-r)* . o*(p’ —1)( $-r )2 +(s5—4~>2>ez(t_r)
z(z+pa(s5 ) 2% T+po(H—r) 2%
g (t) — (H—7)? J(P —1)(55 ) _ ,po(H—7r)(t-T)
' (oo * parmmtsrys) (1€ N xen
1 _ o(T+pa(9-m)
“TeG 1T e |
(1 o((THpa(e-r))(t- T)))(a R)?

v, (t) =

I+po

(1)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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w(t) =

w:

435

(r—B-B)(T-7)

. z+1
z+1(w0 +7)

"

Y (5 — Ve (9 — 4’)) ez (o7 ftT(Wo + T)? e[

u
_z+_1((wO+T)z+1_(w0+t)z+1)

|

1

|

+y (5 —0Ve(H—1)
( a?(p?-1)

olr=B-p)(T-D)
) u(wy+t)? o u(wy+T)?
$-r  \?, (§-)?

2 (I+pa($3—4")) + 2 ) (ez(t_T) - 1)

(H—7)? a(p?-1)(H—r) I(t-T) _
T+po(H—r) p(z+pa(s5—4~>2)) (e 1)

T _ _ 1 F(t—
e (T+pa(H-r))(t-T) +§(e 1 —1) -1
_ 1

2T +pa(H—r)

1 (44)

F2

pa(H—r)3
T+po(H—r)

1

=
_ 1
T+pa(H—r)

(e(zz+pa(s5—4~))(t—r) _ 1)

(r=B-BX(T-1)
u )3+l

14 (f — V(- 4~)) ues i [T (g + )2 e[‘le(“’O*’ ]dr

(45)

ZL‘?((WOJrT)zH_(wOH)zH)]

, (1) =

1
u(woy+T)?

) [e[(r—B—b’)(T—t)—

|

+y (f —6vVe(H—7)

+

u(wy+t)?

H—r
T+po(H—r)

(H=r)*(T-t)
T+pa(H—7)

)2 <e((z+pa(ﬁ3—4’))(t_T)) — 1)

Substituting Equation (40), Equation (42) and Equation (44) into Equation (26) and Equation (41),

Eq

uation (43), and Equation (45) into Equation (27), X (¢t, g, ¢) and Y(t, g, ¢) are solved.

From Equation (28) and Equation (29), we have

i

X, = uy = o[ B=BYT=D4 5 ((wo+T)*+ ~(wo+)**1]

_ | o=B=B)(T—D)+——((wo+T)* 1~ (wo+1)*+1
’y% =u, =e z+1

1 (46)
e I
cT vy Ty T+po
Xgg =Xge =0
Substituting Equation (46) into Equation (23), we obtain Equation (21) which completes the proof.

Next, we proceed to solve the efficient frontier which shows the relationship between the expectation

and variance.

Pr

oposition 2. The efficient frontier of the pension fund is given as follows
Etq,c[QY (1]
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[(r—g—ﬁ)(T—m—((wo+T)Z+1 (wo+)7*1]

(f OVe(H — 4"))uez

[(4“ -B-

z+1

(r—B-B)(T-1)

1(w0+r)z+1

1wt f (wo +T)e [ dr

ﬁ)(r—t)—m((wO+T>Z+1—(wO+t>Z+1)] 1

+(e-oves - )

(1 _ e(z+pa(55—r))(t—r))(55 — )2

c

- +
ulwy + T)?

H-mM*T -1

u(w, +t)?

T+ po

H—r
+($+pa($§—r)

®-7) T+pa(H—7)

i X
) (e(T+eots-r)E=) _ 1)

Var,, [9Y ()] (47)

\

(1_e(I+pa(s§—¢))(t—7'))(5_¢)2

(H=m)2(T-t)

C

2 T+po(H—7)

H—r
+ (1+pa(3§—r)

2p0(H—r)3
I(T+pa(9-1))

a%(p?-1) H—r ($-r)?
+ I (E+po($§—¢)) I
2(9—7)>?
T+pa(H—r)
20(p%-1)(H—r)
p(X+pa(H-1)?)

2 [1- e(x+po(s§—4~))]

(1 — epo®=r)(t-

T+pa(H—r)

)2 (e(+po-r)e-1) _ 1)
pa(H-r)3

2 T+po(H—r)

= az(pz—l)(
+ 2

— ce¥-T) x

o2 | €7D

S )
I+po(H—r) 2
e(l+po($§—4~))(t—T)

2 +l(e3<t—T> -1)-1
THpo(H—
po(®=r) (6(21+p0(35 /r“))(t T) _ 1)

T))

2il+pa($3 )
(9-r)?

a(p?-1)($-7) )

p(T+po(9-7)32)

- 2
THpo(H-) E (Z+po($§—¢)

Proof. Recall that

E g [0V (D] =4Y (t, 3,0) = Y(t, q,¢), (48)

From Equation (15) and Theorem 1, we have
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Substituting Equation (40) - Equation (45) into Equation (28) and Equation (29) and
simplify it, we have
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Substituting Equation (41), Equation (43), Equation (45) and Equation (50) into Equation (48),
we obtain Equation (47) which completes the proof.

3.2 Numerical Simulations

In this section, numerical simulations showing the relationship between the OCS and some sensitive
parameters are presented. To achieve this, the following data are used similar to [25], [34] unless otherwise
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stated: ¥ = 0.5, B=0.01,» =0.01,y =05, x=1,p=0.1,0 =0.1, X =0.01, §=0.01, a = 0.01,
n = 0.001, wq = 20, T = 30.
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Figure 1. Relationship Between the OCS and RAC
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3.3 Summary of Results and Discussion

In Figure 1, the relationship between OCS and the RAC was presented. It was observed that the
OCS for the risky asset is a decreasing function of the RAC. Also, from the graph in figure 4, it was
observed that the PSM with higher RAC will invest a smaller proportion of his wealth in the risky asset
(stock) and increase investment in risk free asset while members with lower RAC will invest more in the
risky assets while reducing investment in the risk-free asset. In Figure 2, the relationship between OCS and
tax with different AVC was presented. It was observed that as the OCS increases, the tax on the risky asset
increases likes wise. Also, it was observed that the OCS for the risky asset is a decreasing function of the
AVC. It was also observed, that if PSM have more AVC in his RSA, such member may tend to invest less
proportion of his wealth in the risky asset (stock) and increase investment in risk-free asset and vice versa.
This is consistent with other literature [36].

In Figure 3, the relationship between the optimal fund size and entry age of the PSM. It was
observed that the optimal fund size grows as the entry age of the PSM grows. This implies that with late
entry into the scheme, PSM tens to increase the percentage of their investment in risky asset, thereby
leading to an increase in the optimal fund size of the PSM. Also, in Figure 4, the relationship between the
OCS and tax with different risk-free interest rate of the PSM was simulated. It was seen that the OCS falls
as the risk-free interest rate grows and grows when the risk-free interest rate falls. This simply indicates
that PSM will likely wish to invest less in risky asset if the interest rate from the risk-free asset is very high
and attractive. However, if the risk-free interest rate is less attractive, PSM member may be advised by
their fund administrators to move to fund I investment platform for more profitable investment in risky
assets, thereby reducing their investment in risk free asset. Also, we observed similar to Figure 2, that OCS
is an increasing function of tax and vice versa.

In Figure 5, the relationship between the OCS and CB was presented. It was seen that the OCS is a
decreasing function of CB. This implies that if the CB imposed on investment in risky asset is high, this
may discourage PSM from investing in risky asset, hence invest more in risk free assets. In Figure 6, the
relationship between the OCS and appreciation rate of the stock market was presented. It was seen that the
OCS is an increasing function of the appreciation rate. This implies that if the stock appreciates
impressively over time, the PSM may be advised by the PFA to increase his investment in such asset for
the purpose of increasing his returns on investment and may do otherwise if the value of the stock
depreciates.

4. CONCLUSION

In conclusion, we developed an optimal portfolio considering the volatility of the stock market price
consisting of a risk-free asset and a risky asset under the Heston volatility model (HVM). Also, the PFA
takes into consideration the additional voluntary contributions (AVC) by PSM, tax on the stock market
price, charge on balance (CB), and the mortality risk of the PSM using Weibull model. The investment
model obtained under this assumption in (21) is strongly dependent on the instantaneous volatility, tax on
investment, AVC, risk aversion coefficient (RAC), CB and the correlation coefficient. Also, the efficient
frontier which shows the relationship between the expectation and the risk was also obtained in (47).
Hence, the understanding of the behavior these parameters are very essential, efficient and necessary in the
formation of OCS for any PSM by PFAs.
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