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Influenza is an infectious disease that has become a public health concern and affects
millions of people every year. In Indonesia, 1,527 people were recorded as being infected
: 9" July 2024 with influenza from May 2013 to April 2016. In this article, a fractional-order a € (0,1]
29" November 2024 mathematical model of influenza spread was formulated in the sense of Caputo derivative.
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basic reproduction number is less than one. Meanwhile, the endemic equilibrium point exists

and tends to be asymptotically stable whenever the basic reproduction number is greater
S: than one. Next, a sensitivity analysis was carried out to determine whether changes in
parameter values affect the increase or decrease in the value of the basic reproduction
number. Lastly, the numerical simulation of the fractional-order model is demonstrated to
support the analytical results.
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1. INTRODUCTION

Influenza is an acute respiratory infection caused by the influenza virus and is common worldwide.
Influenza disease is caused by negative-strand RNA viruses from the Orthomyxoviridae family [1]. In
Indonesia, 1,527 people were recorded as being infected with influenza from May 2013 to April 2016.
Overall, the estimated annual incidence of influenza ranges from 13 to 19 for every 100,000 population. The
highest incidence rate occurs in children aged 0 — 4 years, namely 82 — 114 for every 100,000 population,
followed by children aged 5 — 14 years, namely 22 — 36 for every 100,000 population [2]. Common symptoms
of influenza include fever, cough, headache, etc. These symptoms usually start about two days after being
infected by someone with the virus [3]. Vaccination programs, isolation, quarantine, etc can be used to
prevent the spread of influenza [4].

Mathematical modeling is a field of mathematics used to formulate a real problem into a mathematical
model [5]. Several researchers have studied the dynamics of the spread of influenza using mathematical
modeling, namely Khanh [6], who described the transmission of influenza virus with disease resistance in
humans. Erdem et al. [7] have studied the influenza model with the assumption that everyone has the same
opportunity to contact other individuals. Next, Erdem et al. [7] developed the model by adding a quarantine
class, assuming the latency period (inactive virus) is negligible and immunity is permanent. Kanyiri et al. [8]
have constructed a model for the spread of influenza by dividing the infected subpopulation into two types,
namely infected with the wild-type strain and the resistant strain. Rosyada et al. [9] discussed mathematical
modeling that explains the model of influenza virus transmission with the SEIR Model in a case study in
Pekalongan City. Baba et al. [10] have constructed a mathematical model to study resistance and non-
resistance strains of influenza. Barik et al. [11] analyzed the model by assuming a functional response of type
I Holling for urban areas and type Il Holling for rural areas on the rate of infection transmission. Guan et al.
[12] have established an influenza epidemic model with vaccinated and asymptomatic patients. Chen [13]
has developed a model for the spread of influenza stratified by age.

Fractional order mathematical modeling is a mathematical technique used to formulate natural
phenomena into models involving fractional order. Fractional order refers to a form of differential equation
that contains derivatives of non-integer order, namely derivatives with fractional powers. This order adds
information from classical theory with a more accurate description so that it can explain natural phenomena
better [14]. One of the researchers who has studied the development of influenza spread using a fractional
model approach is Ebenezer [15] who examined the fractional order of influenza using an epidemic model.
Yaro et al. [16] have studied respiratory epidemic models, one of which is caused by the influenza virus,
using Caputo’s fractional order derivative. Cui and Liu [17] have formulated a fractional model that governs
the dynamical properties of bi-strains of influenza. Evirgen et al. [18] have constructed a fractional-order
influenza spread model with distinct contact rates. Abdoon et al. [19] have provided a novel mathematical
model for influenza using the Atangana-Baleanu Caputo fractional-order derivative operator in place of the
standard operator. Khan et al. [20] have investigated the coexistence of two influenza strains. Alsubaje et al.
[21] have modeled the transmission dynamic of influenza using a deterministic SEIHR-V model under
Caputo fractional-order Calculus.

Based on the description above, we proposed a fractional-order mathematical model of influenza
spread using the Caputo fractional approach proposed by Ojo et al. [4]. We also modified the basic model in
[4] by eliminating the influenza vaccination compartment, considering that in Indonesia, influenza
vaccination is given from the age of 6 months through an immunization program. By using fractional ordinary
differential equations, we hope that the fractional order mathematical model can accommodate the actual
phenomenon of the spread of influenza.

2. RESEARCH METHODS

In this section, we will provide the mathematical theory used and the research methods carried out in
this research.

2.1 Caputo Derivative

The Caputo fractional derivative is defined as follows [22]:
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Definition 1. Let f(t) is a function that is differentiable to the m™" derivative. The Caputo derivative of f(t)
of order a € (0, 1] can be defined as follows:

1t
D*f(t) = Li0) = {I(m-a) fO (t—r)a—m+1 dt, m—1<a<m
dt® ,

FMw®, a=m

where t > 0 and m € N.

a
Caputo fractional derivative of a constant C is zero, namely % = 0 and holds:

e = { r(m+1)

at®
r(m-a+1)

OOm<a-—-1

t"* m>a—1

If a =1, then the Caputo fractional derivative is an ordinary derivative. Thus, the Caputo fractional
derivative is a generalization of the ordinary derivative [23].

2.2 Systems of Nonlinear Fractional-order Differential Equation

The following are the definition and theorem regarding systems of nonlinear fractional-order
differential equations [23]:

Definition 2. Consider a system of fractional-order nonlinear differential equations using the Caputo
approach as follows:

D% (t) = f(x) (D

where x € R™ and a € (0,1].

Theorem 1. The equilibrium point of Equation (1) is the solution to £ (x) = 0. An equilibrium point is locally
asymptotically stable if all eigenvalues (4;) of the Jacobian matrix ] = df/dx evaluated at the equilibrium
point satisfy |arg (4;)| > an/2.

2.2 Research Methods
The steps used to analyze the fractional-order mathematical model of the spread of influenza are as
follows:

a. Modifying the mathematical model of the spread of influenza as referred to by Ojo et al. [4],
namely by only taking the influenza spread model, adding fractional order to the model, and
modifying the model by eliminating the vaccination compartment.

b. Analyze the stability of the equilibrium points in the fractional-order mathematical model of the
spread of influenza with the following steps:

i. Determining the equilibrium point in a fractional-order mathematical model of the spread of
influenza.

ii.  Calculating the basic reproduction number (Rq) using the next-generation matrix method.

iili.  Linearize the fractional-order mathematical model of the spread of influenza using the
Jacobian matrix.

iv.  Testing the local stability of the equilibrium point of the fractional-order mathematical model
of the spread of influenza using the Routh-Hurwitz criterion.

c. Carrying out numerical simulations on fractional-order mathematical models of the spread of
influenza using MATLAB software.
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3. RESULTS AND DISCUSSION

In this section, we propose a fractional-order mathematical model of the spread of influenza, analysis
of the model, and conduct numerical simulations of the model to support the analytical results.

3.1 Model Formulation

A fractional-order mathematical model of the spread of influenza is constructed under the following
assumptions:

a.

f.

The population is divided into four compartments: the susceptible subpopulations (S), the exposed
subpopulations (E), the infected subpopulations (1), and the recovered subpopulations (R).
Moreover, the total population is givenby N =S + E + 1 + R.

All newborn individuals are considered susceptible to influenza.
The rate of disease spread begins with a saturation incidence rate.

Immunity in individuals who have recovered from influenza may decrease, so individuals who
recover can become susceptible to the disease again.

Individuals who are vaccinated against influenza are still considered individuals who are
susceptible to the disease.

All parameter values have positive values.

A description of the parameters in the mathematical model of the spread of influenza can be seen in
Table 1 as follows:

Table 1. Description of the Parameters

No Parameter Description

1 s Rate of influx of susceptible individuals
2 u Rate of natural death
3 K Rate of decline in immunity of recovered individuals
4 B Rate of transmission
5 P Rate of saturation
6 o Rate of influenza progression from exposure to infection
7 y Recovery rate of individuals infected
8 ) Influenza death rate

Based on these assumptions and parameters, the compartment diagram of the influenza spread model
can be formed in Figure 1 as follows:

—» T a )4
Sa*ME™1I * R
H I

Figure 1. Compartment Diagram for Mathematical Model of the Spread of Influenza

Based on Figure 1, a mathematical model of the spread of influenza can be formed as follows:

dS—+R (u+r)s
dt—T[K u+r7)s,

dE—S + wE 2
=15~ (0 +WE, @)
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a_ E—(y+u+8)I

dt =0 y M )

R _ I — (k+ R

dt - y K l’l )
where r = %. The solution of Equation (2) is defined for every t = 0 in the set of positive invariants,
with:

s
Q:{(S,E,I,R)eRi S,E,I,RZ0,0SNS;}. 3)

Next, we consider a fractional-order model of Equation (3). The fractional-order mathematical model
of the spread of influenza is as follows:

a
de«
d*E
dt®
d*l
WzaE—(y+u+5)I,
d*R
dt®

where a € (0, 1] is the order of the fractional derivative. The fractional derivative used in Equation (4) is
the Caputo approach.

=m+kR—(u+r)S,

=rS— (o + WE, (4)

=yl — (k + )R,

3.2 Model Analysis

Based on Theorem 1, the equilibrium point is obtained by making the right side of Equation (4) zero.
The disease-free equilibrium point in Equation (4) is:

T
x% = (8% E° 1% RO) = (;, 0; 0; 0). (5)

Then, the basic reproduction number (R,) of model Equation (5) is computed using the next-
generation matrix method. The basic reproduction number is defined as the number of secondary cases of
primary cases during the infectious period due to the type of infection [24]. Based on Equation (5), there are
two compartments with infected compartments, namely E and I. The Jacobian matrices F and V for the new
infection acquired from susceptible individuals and the rate of individual movement from one subpopulation
to another subpopulation evaluated at the free equilibrium point x° are given by:

F:[8+ngl]’ 0
o
Vz[—cr,u y+u+5]' ©

The basic reproduction number of Equation (6) is obtained by determining the spectral radius of the matrix
FV~1, so that it is obtained:
nfc

CE T D)

(7)

Ro

The following theorem provides the local stability of the disease-free equilibrium point.

Theorem 2. The disease-free equilibrium point x° is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix of Equation (4) around the disease-free equilibrium point x° is given by:
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b
—U 0 u Kp
J(x%) = 8 —(Ga;i- 1) 7;_3 8 _ (8)
0 0 ~Guts) ~ETH
Vi

Based on Equation (8), the-eigenvalues of Jacobian matrix J are 1, = —_/1, A, = —(k + ), and the
roots of quadratic equation:

22+ a2+ a; =0, )

where a; =(c+w)+ @y +u+6) and a, = (e +wW(y + u+ 8) —nPfo;/u. Using the Routh-Hurwitz
criterion, the roots of Equation (9) have a positive real part if and only if a; > 0 and a, > 0, which obtained
when R, < 1. Ahmed et al. [25] showed that for every n € N, a,, > 0 is a necessary condition for

larg (1;)| > ? where i = 1,2,...,n. Thus, it is proven that the disease-free equilibrium point x° is locally
asymptotically stable for a € (0,1]if Ry < 1. m

Next, the endemic equilibrium point x* of Equation (4) will be determined. The endemic equilibrium
point x* of Equation (3) is:

x* = (8% E% I'; R), (10)
where
1+ pl*
5*=n( p ),
UR
*_y+u+6ﬁ
O’ )
. puo+ Wy +u+8)k+wRy—1)
pp(o + Wy +p+ 8+ + B0+ Wy +u+ 8+ p) —oky)’
R* = 14 I*.
K+ u

The endemic equilibrium point x* exists if Ry > 1.
The following theorem provides the local stability of the endemic equilibrium point.
Theorem 3. The endemic equilibrium point x* is locally asymptotically stable if Ry, > 1.

Proof. The Jacobian matrix of Equation (4) around the disease-free equilibrium point x° is given by:

—(u+r") 0 —P1 K
JeO =1 G a0 | v
0 0 Y _(K+M)

where p; = (1+:+1*)2. Based on Equation (11), the eigenvalues of Jacobian matrix J are the roots of the

characteristic equation:
A* 4+ by A3 + byA%2 + b3A+ by =0, (12)

where by = ji +ju +jo + j7, b2 = jaje — Jsor + U1 +Jj7)Ua + jo) + jujz, bs = (1 +J7)(aje — js01) +
Ju7Ua + Jje) +jojzor, dan by = j1j7(ajs — js01) + j301(Jj2j7 — Kry1). Due to the complexity of the
coefficient expression in the characteristic equation, the analytical proof is difficult to carry out, so the proof
will be shown numerically. Numerical simulations to determine the stability of the endemic equilibrium point
x™ are carried out by taking two order a values, namely @« = 0.75 and @ = 1. The initial values and parameter
values used in this numerical simulation are given in Table 2 and Table 3 as follows:
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Table 2. Initial Values in Phase Portrait Simulation

Initial Values S E I R
Z 200,000 90,000 500 400
Z, 225,000 60,000 450 350
Z3 250,000 35,000 400 300

Table 3. Parameter Values in Fractional-order Mathematical Model of the Spread of Influenza

Parameter Value Reference
s 100 Assumed
u 3.516 x 107* [4]
K 0.088 [4]
B 5.03 x 107 Assumed
p 0.7 Assumed
o 0.4 [4]
y 0.1998 [4]
5 0.021 [4]

The results of the numerical simulation can be seen in Figure 2 by taking three different initial values.

=1 a=0.75

First Initial Value
Second Initial Value
Third Initial Value

First Initial Value
Second Initial Value
Third Initial Value

@ (b)

Figure 2. Phase Portrait of (3) for Ry > 1 when () @ = 1 and (b) a = 0.75

Based on the numerical simulation results in Figure 2, the solution of (4) with three different initial
values given converges to the endemic equilibrium point x*, where R, = 6.4623 > 1. Thus, the endemic
equilibrium point x* tend to be locally asymptotically stable for « € (0,1] if Ry > 1. m

3.3 Sensitivity Analysis

In this sub-section, we present the sensitivity analysis of the reproduction number (R,) to the
parameters in Equation (4). The aim of this analysis was to measure the parameters that have the most effects
on R,. The index of each parameter involved in R, can be formulated as follows:

Ro 0Ry m
em = ER_O' (13)
where e, is the sensitivity index of the parameter m and m is the parameter to be analyzed. The sensitivity
index of R, with respect to each parameter, such as =, 8, g, u, y, and § can be computed using (13). For
example, the sensitivity index of R with respect to 8 and y are:

IRy B ORy v

Ro 0 Ro 0 —
=—— =1, =———=—-0.9035.

eﬁ a3 :RO ey aV :Ro
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The results of calculating the sensitivity index on the parameters of the fractional-order mathematical
model of the spread of influenza can be seen in Table 4 as follows:

Table 4. Parameter Sensitivity Index Calculation Results

Parameter  Sensitivity index

T 1

B 1

o 8.7823 x 10™*
u —1.0025

Y —0.9035

é —0.095

Based on Table 4, a sensitivity index with a positive value indicates that an increase in the parameter
value will cause an increase in the basic reproduction number, while a sensitivity index with a negative value
indicates that an increase in the parameter value will cause a decrease in the basic reproduction number. For

example, sensitivity index ege" =1, increasing the g value by 10% will increase R, by 10% and for

ef" = —0.9035, increasing the y value by 10% will decrease R, by 9.035%.

Based on the parameter values in Table 3, we also perform sensitivity simulations to verify our
sensitivity analysis of 8 with respect to R, in Figure 3 as follows:

x10°

14

— = 05
=50

12 — = 100

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

&)

@ (b)

Figure 3. Sensitivity of R, with respect to (a) g and (b) y for Different VValues of
Based on the sensitivity simulation results in Figure 3, it can be seen that if the g value increases, the
resulting R, value will increase monotonically, and if the y value increases, the resulting R, value will
decrease monotonically. Next, we perform sensitivity simulations of g and y with respectto I in Figure 4 as
follows:

x10% Sensitivity Between g and | for a =1 2 x10% Sensitivity Between g and | for o = 0.75

3=0.10
3=0.55

5=0.10
=055
120 5=1.00

0 . I . I . I . I . ] I I I I I . I I I I
0 10 20 30 40 50 60 70 80 920 100 0 10 20 30 40 50 60 70 80 90 100

t t
(@) (b)
Figure 4. Sensitivity of B with respect to I when (a) ¢ = 1 and (b) @ = 0.75
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25 }104 Sensitivity Between y and | for a =1 5 5104 Sensitivity Between ~ and | for o = 0.75

7=0.10 7=0.10
1=055

4=0.55 18-
N 4=1.00 J’ =1.00
L/ L

I(t)

oL > ol
0 10 20 30 40 50 60 70 80 90 100

\ \ A\
05 | \ 04|
\ \\M—; 02 -
\KL L I L ] 1 L 1 L 1 L 1 Il I 1
10 20 30 40 50 60 70 80 90 100

t t
(@) (b)
Figure 5. Sensitivity of y with Respect to I when (a) &« = 1 and (b) @ = 0.75
Based on Figure 4, it can be seen that the number of infected individuals will be more significant if
the rate of the spread of influenza is greater. Based on Figure 5, the number of infected individuals will

decrease if the rate of the spread of influenza is greater. Apart from that, sensitivity analysis of § and y with
high order a have faster convergence speeds compared to smaller a.

Based on the description above, it can be seen that the level of influenza transmission significantly
impacts the spread of influenza. This indicates that preventive measures are needed to control the spread of
influenza, such as maintaining cleanliness, wearing masks, maintaining distance, and so on. In addition, the
recovery rate of influenza also has a major impact on reducing the spread of influenza. Therefore, effective
influenza treatments can reduce the number of infected individuals.

3.4 Numerical Simulation

In this sub-section, we conduct several numerical simulations of Equation (4). Numerical simulations
were carried out using MATLAB software. The initial values used in these simulations are
(5(0); E(0); 1(0); R(0)) = (200,000; 90,000; 500; 400). Here, we take 500 days for the time horizon.
Simulations were carried out with varying fractional derivative order values a € (0.5, 1].

Now, we will perform a numerical simulation for the disease-free equilibrium point x°. The parameter
values used in this numerical simulation are f = 2.03 x 10~7 and other parameter values are taken in Table
2. In this case, the value of R, is Ry = 0.0026 < 1, which means there is no disease spread in a population.
The results of the numerical simulation of the disease-free equilibrium point in Equation (4) can be seen in
Figure 6 and Figure 7 as follows:

%10° Susceptible Population 35 %104 Exposed Population

2.85

281 1 3 a=08|

2751 1 25

271

S()

265

26 —a=0.6
a=07
=08
2551 —a=09
a=1
25 L L L L . L L L L h
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
t t
(@) (b)

Figure 6. Numerical Solution of Equation (4) when R, < 1 for (a) Susceptible Population and
(b) Exposed Population
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Infected Population Recovered Population
18000 T T T T T T T T T T

18000

a=0.6 =06

16000 |- 16000 [

14000 14000

12000 [ 12000

10000 10000 -

I(t)
R(t)

8000 8000

6000 6000

4000 4000

2000 2000

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

t t
(@) _ (b)
Figure 7. Numerical Solution of Equation (4) when Ry < 1 for (a) Infected Population and (b) Recovered
Population

Based on the numerical simulation results in Figure 6 and Figure 7, we observe that the solution of
Equation (4) converges to disease-free equilibrium when R, < 1. Apart from that, numerical simulation
with high-order a have faster convergence speeds compared to smaller a.

Next, we will perform a numerical simulation for the endemic equilibrium point x*. The parameter
values used in this numerical simulation are taken in Table 2. In this case, the value of R, is
Ry = 6.4632 > 1, which means that disease spreads in a population. The results of the numerical simulation
of the endemic equilibrium point in Equation (4) can be seen in Figure 8 and Figure 9 as follows:

«10° Susceptible Population w104 Exposed Population
2.85 T T T T T T T T T 3.5 T T T T T T T
—a=06
=07
28F 1 3 a=08|

a=09
a=1

275 1 25

27+

S(t)
E(t)

265

26

255

25

0 1‘0 2‘0 3‘0 4‘0 5‘0 6‘0 7‘0 8‘0 9‘0 100 0 1‘0 2‘0 30 40 50 60 70 80 90 100
t t
(a) _ (b)
Figure 8. Numerical Solution of Equation (4) when Ry > 1 for (a) Susceptible Population and
(b) Exposed Population

Infected Population Recovered Population
18000 T T T T T T T T T T

18000

a=0.6

=06

16000 16000 -

14000 |-

14000 [

12000 [ 12000

10000 10000

R(t)

8000 8000

6000 6000
4000 4000

2000 2000

L T L I L L L T
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
t t

€Y (b)
Figure 9. Numerical Solution of Equation (4) when R, > 1 for (a) Infected Population and
(b) Recovered Population
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Based on the numerical simulation results in Figure 8 and Figure 9, we observe that the solution of
Equation (4) converges to endemic equilibrium when R, > 1. Apart from that, numerical simulation with
high-order a have faster convergence speeds compared to smaller a.

4. CONCLUSIONS

In this article, we have investigated a fractional-order mathematical model of the spread of influenza
as a generalization of the integer-order model proposed by Ojo et al. [4]. The basic model in [4] is modified
by simply taking the influenza spread model, removing the influenza vaccination compartment, and
generalizing the model by adding a fractional order. We have calculated the basic reproduction number (R,)
and proven the equilibrium point stability of a fractional-order mathematical model of the spread of influenza.
Based on mathematical analysis, a disease-free equilibrium point is locally asymptotically stable if R, < 1,
which means there is no disease spread in a population. Numerically, the endemic equilibrium point tends to
be locally asymptotically stable when R, > 1, which means that disease spreads in a population. We also
studied sensitivity analysis analytically and numerically to measure parameters that have a high impact of
R,. Finally, we have performed numerical simulations for different order (a) values of the fractional
derivative. The numerical simulation results show that solutions with high-order a have faster convergence
than those with smaller .

REFERENCES

[1] K. Mostafa, “Fact Sheets Influenza (Seasonal),” https://www.who.int/news-room/fact-sheets/detail/influenza-(seasonal).

[2] D. Gaitonde, F. Moore, and M. Morgan, “Influenza: Diagnosis and Treatment,” Am Fam Physician, vol. 100, no. 12, pp. 751—
758, Nov. 2019.

[3] N. K. Susilarini et al., “Estimated Incidence of Influenza-Associated Severe Acute Respiratory Infections in Indonesia, 2013-
2016,” Influenza Other Respir Viruses, vol. 12, pp. 81-87, Sep. 2017.

[4] M. M. Ojo, T. O. Benson, O. J. Peter, and E. F. Goufo, “Nonlinear Optimal Control Strategies for a Mathematical Model of
COVID-19 and Influenza Co-Infection,” Physics A, vol. 607, pp. 1-27, Sep. 2022.

[5] J. Caldwell and Y. Ram, Mathematical Modelling Concepts and Case Studies. Netherlands: Springer-Verlag, 2013.

[6] N. H. Khanh, “Stability Analysis of an Influenza Virus Model with Disease Resistance,” Journal of the Egyptian
Mathematical Society, vol. 24, pp. 193-199, May 2015.

[7] M. Erdem, M. Safan, and C. C. Chavez, “Mathematical Analysis of an SIQR Influenza Model with Imperfect Quarantine,”
Society for Mathematical Biology, vol. 79, pp. 1612-1636, Jun. 2017.

[8] C. Kanyiri, K. Mark, and L. Luboobi, “Mathematical Analysis of Influenza: A Dynamics in the Emergence of Drug
Resistance,” Comput Math Methods Med, vol. 2018, pp. 1-14, Aug. 2018.

[9] F.S. Rosyada, Widowati, and S. Hariyanto, “Local Stability Analysis of an Influenza Virus Transmission Model Case Study:
Tondano Health Center in Pekalongan City,” IOP Publishing, 2018, pp. 1-8.

[10] I. A. Baba, H. Ahmad, M. D. Alsulami, K. M. Abualnaja, and M. Altanji, “A Mathematical Model to Study Resistance and
Non-resistance Strains of Influenza,” Results Phys, vol. 26, pp. 1-6, May 2021.

[11] M. Barik, C. Swarup, T. Singh, S. Habbi, and S. Chauhan, “Dynamical Analysis, Optimal Control, and Spatial Pattern in an
Influenza Model with Adaptive Immunity in Two Stratified Population,” AIMS Mathematics, vol. 7, pp. 4895-4935, Dec.
2021.

[12] X. Guan, F. Yang, Y. Cai, and W. Wang, “Global Stability of an Influenza: A Mode with Vaccination,” Appl Math Lett, vol.
134, pp. 1-6, Jul. 2022.

[13] Y. Chen, J. Zhang, and Z. Jin, “Optimal Control of an Influenza Model with Mixed Cross-Infection by Age Group,” Math
Comput Simul, vol. 206, pp. 410436, Apr. 2023.

[14] L.C.deBarros, M. M. Lopes, F. S. Pedro, E. Esmi, J. P. C. dos Santos, and D. E. Sanchez, “The Memory Effect on Fractional
Calculus: An Application in the Spread of COVID-19,” Computational and Applied Mathematics, vol. 40, no. 72, pp. 1-21,
Mar. 2021.

[15] B. Ebenezer, “On Fractional Order Influenza: A Epidemic Model,” Applied and Computational Mathematics, vol. 4, no. 2,
pp. 77-82, Mar. 2015.

[16] D. Yaro, W. O. Apeanti, S. W. Akuamoah, and D. Lu, “Analysis and Optimal Control of Fractional-order Transmission of a
Respiratory Epidemic Model,” Int J Appl Comput Math, vol. 5, no. 116, pp. 1-21, Jul. 2019.

[17] T. Cui and P. Liu, “Fractional Transmission Analysis of Two Strains of Influenza Dynamics,” Results Phys, vol. 40, pp. 1—-
15, Jul. 2022.

[18] F.Evirgen, E. Ucar, S. Ucar, and N. Ozdemir, “Modelling Influenza: A Disease Dynamics Under Caputo-Fabrizio Fractional
Derivative with Distinct Contact Rates,” Mathematical Modelling and Numerical Simulation with Applications, vol. 3, no. 1,
pp. 58-73, Mar. 2023.

[19] M. A. Abdoon, R. Saadeh, M. Berir, F. E. Guma, and M. Ali, “Analysis, Modeling, and Simulation of a Fractional -order
Influenza Model,” Alexandria Engineering Journal, vol. 74, pp. 231-240, May 2023.



502

[20]
[21]
[22]

[23]
[24]

[25]

Akbar, etal. A FRACTIONAL-ORDER MATHEMATICAL MODEL OF THE SPREAD OF INFLUENZA

H. Khan, A. H. Raipar, J. Alzabut, M. Aslam, S. Etemad, and S. Rezapour, “On a Fractal-Fractional Based Modeling for
Influenza and Its Analytical Results,” Qual Theory Dyn Syst, vol. 23, no. 70, pp. 1-21, Jan. 2024.

N. E. Alsubaje, F. E. Guma, K. Boulehmi, N. Al-kuleab, and M. Abdoon, “Improving Influenza Epidemiological Models
under Caputo Fractional-order Calculus,” Symmetry (Basel), vol. 16, no. 7, pp. 1-18, Jul. 2024.

B. Bandyopadhyay and S. Kamal, Stabilization and Control of Fractional Order Systems: A Sliding Model Approach. India:
Springer, 2015.

K. Diethelm, The Analysis of Fractional Differential Equations. New York: Springer-Verlag, 2012.

F. Brauer and C. C. Chavez, Mathematical Model in Population Biology and Epidemiology, Second. New York: Springer-
Verlag, 2012.

E. Ahmed, A. M. A. El-sayed, and H. A. A. El-saka, “On Some Routh-Hurwitz Conditions for Fractional Order Differential
Equations and Their Applications in Lorenz, Rossler, Chua, dan Chen System,” Phys Lett A, vol. 358, pp. 1-4.



