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1. INTRODUCTION

Drug abuse is a pervasive global issue that significantly impacts public health and socio-economic
stability [1]. Over the past decade, the incidence of drug abuse has risen dramatically, exacerbating public
health crises and economic burdens. The proliferation of illicit drug trafficking has permeated all societal
levels, including vulnerable populations such as teenagers, posing severe long-term consequences for national
health and stability. This condition is very detrimental and has a big impact on the life of the nation and state
in the future |2]. The term ‘narcotics’ encompasses various dangerous drugs and substances that pose a high
risk of addiction [3]. Narcotics, such as opioids and stimulants, are psychotropic compounds used in the
treatment of specific medical conditions. However, currently, many individuals who abuse drugs are not in
the function of treatment, which disrupts the central nervous system, causing these individuals to suffer from
mental and behavioral disorders [4].

In 2022, the National Narcotics Agency and Police of the Republic of Indonesia reported 43,099 cases
of drug abuse, with 55,452 individuals identified as suspects [5]. Globally, an estimated 275 million
individuals used drugs in 2020, a number that increased to approximately 296 million in 2021 [7]. Drug abuse
has induced the deaths of half a million people worldwide, especially for injecting drug users who suffer from
HIV or Hepatitis C [6].

Mathematical modeling provides a valuable tool for understanding the complex behavioral dynamics
of drug users. Researchers have proposed to describe mathematical models to study the dynamics of the
transmission of drug abuse. Liu et al. [8] studied a mathematical model of drug distribution by taking into
account the history of drug abuse. Mushanyu and Nyabazda [9] described the transmission of drug abuse with
attention to the level of high and low risk in drug abuse. Furthermore, Batista et al. [10] analyzed the drug
abuse model by considering individual drug addicts due to abuse and individual drug addicts due to
undergoing treatment using prescribed drugs. Ginoux et al. [11] constructed a mathematical model of drug
use in the classic predator-prey model with the assumption that drug users are predators, while non-drug users
are prey. Zhang et al. [13] investigated the transmission of drug use by adding a time delay factor. Hafiruddin
et al. [12] developed a mathematical model for the dynamics of the spread of drug addicts by adding criminal
penalties aspect and implementing optimal control strategies to reduce the number of drug addicts. Akanni et
al. [14] constructed the dynamics of drug use based on mental health factors. Akanni [15] also developed a
mathematical model of drug users by noticing its consequences on the dynamics of the spread of terrorism.

Fractional differential equations can be used to understand the dynamics of real-life situations.
Fractional differential equations contain derivatives of unknown functions of fractional order. In this case, it
can provide better and more detailed information in modeling a problem so that it can be explained better.
[16]. For example, Zafar et al. [17] discussed White and Comiskey's mathematical model, which describes
drug abuse using fractional order derivatives. Achar et al. [18] expanded the model for the spread of drug use
using a predator-prey model approach with fractional order derivatives and incorporating a Holling type-III
functional response. Furthermore, [19] represented a fractional-order mathematical model of the dynamics of
drug distribution and money laundering.

This study proposes a fractional-order mathematical model for drug user transmission, building on the
integer model developed by Akanni et al. [14]. We also converted the basic model in [14] by combining the
populations of light, heavy, and mentally ill drug users into one population and proposed a fractional order
differential equation model to obtain a more accurate picture of the transmission dynamics of drug users.

2. RESEARCH METHODS

This section outlines the theorems, definitions, and procedural steps used to analyze the fractional-
order model of drug user transmission.

2.1 Caputo Fractional Derivative

Calculus is a mathematical discipline that focuses on rates of change and accumulation of quantities,
using integer-order derivatives and integrals. Derivatives indicate how a function changes (like speed as the
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derivative of distance), and integrals measure the accumulation of quantity while integrals represent
accumulated quantities (like area under a curve).

Fractional calculus extends these concepts by allowing the order of derivatives and integrals to be
fractional, rather than just whole numbers. For example, while you might be familiar with the first derivative
(denoted as f'(x)) or the second derivative (denoted as f''(x)), fractional calculus allows us to talk about

1 3
derivatives like f2(x) or fz(x). This innovative approach provides a broader framework for understanding
dynamic systems and can model complex phenomena more effectively than traditional calculus.

The Caputo fractional derivative is a fundamental concept in fractional calculus, a field that generalizes
traditional calculus by allowing derivatives of non-integer orders. Developed by the mathematician Francesco
Caputo in the 1960s, this type of derivative is particularly significant for its applications in various scientific
and engineering fields, especially when modeling processes with memory or hereditary properties.

Definition 1. Let f(t) is a function that is differentiable to the m*" derivative. The Caputo derivative of f (t)
of order a € (0, 1] can be defined as follows:

. 1 t f(m)(‘[)
D“f(t)=d f(t): Fm—a ), (t—r)“—mﬂdr’ m—1<a<m’ o

dt? -
O, a=m

where t > 0 and m € N.

. . . a%c
Caputo fractional derivative of a constant C is zero, namely v 0 and holds:

rm+1
T ( )

—— m>a-1
rm—-a+1)

gegm { O0m<a-1
If @ =1, then the Caputo fractional derivative is an ordinary derivative. Thus, the Caputo fractional
derivative is a generalization of the ordinary derivative [20].

2.2 Stability of The Fractional-order Systems

The stability theorem is a fundamental concept in the dynamical system that provides conditions under
which a dynamic system's equilibrium point is stable. In simple terms, a system is considered stable if, after
a small disturbance, it tends to return to its equilibrium state rather than diverging away from it.

Theorem 1. Consider a system of fractional-order nonlinear differential equations using the Caputo
approach as follows:

D%x(t) = f(x), (2)
where x € R™ and a € (0,1]. The equilibrium point of Equation (2) are solution to f(x) =0. An
equilibrium point is locally asymptotically stable in all eigenvalues (A;) of the Jacobian matrix | = 0f /0x
evaluated at the equilibrium point satisfy |arg (4;)| > an/2 |20].

2.3 Research Procedures

a. Literature Study

We conduct a literature study through journals, reference books, and scientific articles related to
drugs, the mathematical theory used, and its application to the fractional-order model of the
transmission of drug users.

b. Construct the Fractional-Order Model

The fractional-order mathematical model for drug user transmission, based on [14], originally
includes six compartments: vulnerable individuals using drugs S(t), light users L(t), heavy users
H(t), individuals with mental illness M(t), rehabilitated individuals T(t), and those who quit
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Q(t). It is modified to four compartments: vulnerable individuals S(t), drug users I(t),
rehabilitated individuals T(t), and those who quit Q(t). This model applies the Caputo fractional
order derivative to analyze drug user dynamics more effectively.

c. Analyze the Local Stability Equilibrium Points
The steps used are as follows:
i.  Determine the equilibrium points in the fractional-order model of the drug user transmission.
ii.  Linearize the model using the Jacobian matrix.
iii.  Substitute the equilibrium points into the Jacobian matrix to obtain a linear system.

iv.  Test the local stability of each equilibrium point by calculating the eigenvalues from the
linearization results.

d. Simulate and Interpret the Results

We conduct a numerical simulation of the fractional-order model of the transmission of drug users
using MATLAB software and conclude the previous steps to determine the dynamics of the
transmission of drug users for different values of the fractional-order ().

e. Conclude

We summarize the findings, emphasizing how fractional-order derivatives after the understanding
of drug transmission dynamics compared to traditional integer-order models. Discuss implications
for public health interventions and potential areas for further research.

3. RESULTS AND DISCUSSION

This section presents the results of the fractional-order model for drug user transmission, including
model formulation, stability analysis, numerical simulations, and sensitivity analysis.

3.1 Model Formulation

In the fractional-order model of the transmission of drug users, there are several assumptions used as
follows:

a. The rate of individual recruitment is constant.

This assumption simplifies population dynamics by keeping the number of new individuals stable
over time, allowing for predictable growth patterns and clearer analysis of other variables' effects.

b. Rehabilitation is isolated so that individuals undergoing rehabilitation cannot influence vulnerable
individuals.

Isolating rehabilitation effects enables focused study on its efficacy without interference from
interactions with individuals still using drugs, thus minimizing external influences.

c. Populations of individuals stop using drugs after undergoing rehabilitation.

This assumption suggests that rehabilitation effectively eliminates drug use, providing a clear
outcome that facilitates the examination of rehabilitation's impact on overall population dynamics.

d. The population of individuals who stop using drugs can return to individuals who relapse into
using drugs.

Acknowledging the possibility of relapse enhances the model's realism, as recovery from
substance use disorder is often non-linear, reflecting actual recovery scenarios.

e. All parameter values have positive values.

Ensuring all parameters remain positive is crucial for maintaining the model's mathematical
validity, preventing nonsensical interpretations and unstable population behaviors.
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The following is a definition of each variable and parameter used in the fractional order mathematical
model of the distribution of drug use which is listed in Tabel 1 and Tabel 2.

Table 1. Definition and Description of Variables

Variable Description
S(t) The population of individuals is vulnerable to using drugs at this time t
I(t) The Population of individual drug users at the time t
T (t) The population of individuals rehabilitated at the time ¢
Q) The population of individuals who have stopped using drugs at the time ¢

Table 2. Definition and Description of Parameters

Parameter Description
I1 Recruitment rate of individuals vulnerable to using drugs
B The rate at which vulnerable individuals are influenced to use drugs due to

contact with individuals who use drugs

Rate of rehabilitation/treatment of drug users

The rate at which rehabilitated individuals stop using drugs
The rate at which individuals who stop using drugs relapse
Natural death rate

Death rate due to drug use

S E®E R T =

Based on the assumptions and definitions of variables and parameters previously explained, a
transmission diagram for a fractional-order model of the transmission of drug users can be formed in Figure
1 as follows:

Q n
p
o
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l |
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Figure 1. Compartment Diagram of a Fractional Order Model of The Transmission of Drug User

Based on the compartment diagram in Figure 1, the change in the susceptible population over time is
influenced by a constant recruitment rate (II), the rate at which vulnerable individuals are influenced to use
drugs (B), and the natural death rate of susceptible individuals (u). This illustrates a new individual who is
vulnerable to drug users. Next, the number of drug users increases as the number of drug users increases
from vulnerable individuals who use drugs (B), The rate at which individuals who stop using drugs relapse
(a) and decreases due to the rate of rehabilitation (y), natural death (u), and death rate due to drug use (§).
This indicates the dynamics of transmission and rehabilitation for drug users.

The rehabilitated population increases as individuals recover from drug (y) and decreases as
rehabilitated individuals stop using drugs and natural death (u) This illustrates the success of the
rehabilitation program so that rehabilitated individuals stop using drug (p). Next, the number of individuals
who stop using drugs increases due to the rate at which individuals stop using drugs (p) and decreases at
which individuals who stop using drugs relapse () and due to individuals returning to using drugs and
natural deaths (w). This indicates that there are individuals who have successfully stopped using drugs after
undergoing rehabilitation. Thus, the fractional-order model of the transmission of drug users can be expressed
as follows:
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S—n SI — uS
ar - ST a

%=B51+a0—(y+u+5)1 (3)

=T = (@+ 1)

The solution of Equation (3) is defined for every t = 0 in the set of positive invariants, with:

a={sLT.Q€eRr: S,I,T,on,OSng}. (4)

Next, we consider a fractional-order model of the Equation (5). The fractional-order model of the
transmission of drug users is as follows:

ass

W =1- ﬁSI — us,

d%l

a;;=ﬁﬂ+aQ—(V+M+5N. (5)
d*T

Jra =Y (p + T,

deQ

g — P~ (a + 1Q.

where a € (0, 1] is the order of the fractional derivative. The fractional derivative used in Equation (3) is
the Caputo approach. The Caputo fractional derivative is defined as follows Theorem 1.

3.2 Analysis Model

In this sub-section, we study the stability of the equilibrium in Equation (3). We will follow several
intermediate steps to clarify the process. This will involve determining the equilibrium points of the system,
linearizing the model around these equilibrium points, and then analyzing the stability of these points using
eigenvalues. This process helps identify how the system will respond to changes in parameters and initial
conditions, providing insights into the effectiveness of interventions aimed at controlling drug use and
promoting recovery.

3.2.1 Drug-free Equilibrium

Based on Theorem 1, the equilibria are satisfied by setting the equation in Equation (3) to be constant
with time or:

as dl aT da
Ls_d_4ad_4_,. (6)
dt dat dt dt

The drug-free equilibrium is denoted by E, = (Sy, Iy, To, Qo) = (g 0,0,0).

3.2.2 Basic Reproduction Number

Next, the value of the basic reproduction number (R,) which will be used to determine the threshold
for a condition that indicates the transmission of drug users in non-endemic or endemic conditions. Determine
endemic criteria in a population (R) is obtained by building a matrix that generates the number of newly
infected individuals, namely by using the NGM (Next Generation Matrix) method [21], we take the
population I,14 and T. The Jacobian matrix F and Z for the new infection acquired from susceptible
individuals and the rate of individual movement from one subpopulation to another subpopulation are given

by:
BS 0 0
F= [ 0 O 0] (7

0 0 0
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m 0 -—«a
0 —p my

The basic reproduction number of the Equation (3) is obtained by determining the spectral radius of
the matrix FZ™1, so that it is obtained:
_ Bll(p + w)(a + p)
py+u+dp+a+p +apu+9d)

(®)

Ro

3.2.3 Stability of Drug-Free Equilibrium

Analysis of the stability of the system's equilibrium point is carried out by first determining the
eigenvalues of the matrix A. The following theorem provides the local stability of the drug-free equilibrium.

Theorem 2. The drug-free equilibrium E is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix of the Equation (3) around the drug-free equilibrium E| is given by:

i —pBI
. B

0 0
U
B
JEo) =] Bl 7—(V+ll+5) 0 a | 9
0 Y —(p+w 0
0 0 P —(a+p)l
The eigenvalues of the matrix J(E,) are obtained, namely A; = —u, and the roots of the following
equation:
(13 + a1/12 + azl + as ) =0. (10)
with a; = u(m1+m:m3)—/3n’ a, = u(m2m3+m1m2+7:111m3)—/3r[(m2+m3), az = u(m1mzm3—ipy)—ﬁﬂmzm3,
thus we have |arg(4,)| = |arg(1,)| = |arg(13)| = larg(Ay)| = T > az—n Next, we will examine the roots of

Equation (10) using the Routh-Hurwitz criterion, aq,a,,az > 0 and a;a, — a3 > 0 are necessary and
sufficient condition to satisfy |arg(1;)| = m > O;—“ and 0 < a < 1. It is clear that for all negative eigenvalues

(|arg(/1]-)| =m> “—Zﬂ, forj=1,2, 3,4) if Ry < 1. Therefore, the drug-free equilibrium E; is asymptotically
stable for every a € (0,1] if Ry < 1.m

This represents that if Ry < 1 there would be no transmission of drug users in the population.

3.2.4 Stability of Endemic Equilibrium

Furthermore, we calculated the endemic equilibrium of Equation (3) namely (E;). This is a situation
when there are individuals using drugs. In other words, the number of individuals using drugs are not zero or
can be stated individually (I # 0). The endemic equilibrium E; of the Equation (3) is given by:

E, = (S%1",T*Q"), (11)
with,
. I
B+ )

_ H(Ro— 1)

r ,
B

The endemic equilibrium E; exists if Rg > 1. Next, we will discuss the stability analysis of the
obtained equilibrium. The stability of the endemic equilibrium (E,) is difficult to prove analytically because
it involves a quartic equation that depends on S*, I*and is of order 4. Thus, the local stability of the endemic
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equilibrium will be analyzed through numerical simulations using the phase field. Numerical simulations
show that the endemic equilibrium tends to be locally asymptotically stable if Ry > 1. This can be seen in
Figure 2.

For the simulation, three different sets of initial conditions are chosen to assess the convergence
behavior of the system and represent different starting points for the populations in the model, which could
include varying numbers of susceptible, infected, treatment, and quitted individuals. As the simulation
progresses, the orbits corresponding to these initial conditions converge to the same point, demonstrating the
stability of the endemic equilibrium. Numerical simulations to determine the stability of the endemic
equilibrium E; are carried out by taking two orders a values, namely ¢ = 0.8 and @ = 1. The choice of
these orders allows for the exploration of how fractional calculus influences the dynamics of the model. The
initial values and parameter values used in this numerical simulation are given in Table 3 and Table 4 as
follows:

Table 3. Initial Values in Phase Portrait Simulation

Initial Values S 1 T Q
z 5000 2000 20 10
Z, 6000 1000 10 15
Z3 7000 3000 60 20

Table 4. Parameter Values in the Fractional-Order Model of The Transmission of Drug User

Parameter Value Reference
I 10 Assumption
B 7.61x 107* Assumption
y 0.0489 9]
p 0.2 [9]
a 0.002 9]
U 1 Assumption

70
1) 0.00213 9]
4000 = £ . . 3500 =08

= 1st Initial Value ‘
== 2nd Initial Value
3rd Initial Value

1st Initial Value
2nd Initial Value
3rd Initial Value

3500

2000 ; 1 =

o 27 % .
. 3 0 0.5 1 15 2 25 3
I(t) x10% I(t) x10%
(a) (b)

Figure 2. Phase Portrait of Equation (3) for Ry > 1,
@a=1,(b)a=0.8

Based on the numerical simulation results in Figure 2, the solution of Equation (3) with three different
initial values given converges to the endemic equilibrium point E;, where Ry = 8.8038 > 1. Thus, it is
proven that the endemic equilibrium E; is locally asymptotically stable for @ € (0, 1] if Ry > 1.
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3.3 Sensitivity Analysis

In this section, we present the sensitivity analysis of the reproduction number (R,) to the parameters
in the Equation (3). Sensitivity analysis aims to determine parameters that have a large influence on a model
and measure the parameters that have the most effect on Ry [22]. The index of each parameter involved can
be formulated as follows:

o = Lo (12)

m om Ro ’
where ey, is the sensitivity index of the parameter m and m is the parameter to be computed for the remaining
parameters using parameter values in Table 4. The results of calculating the sensitivity index on the
parameters of the fractional-order model of the transmission of drug users can be seen in Table 5 as follows:

Table 5. Parameter Sensitivity Index Calculation Results

Parameter  Sensitivity index

I 1

1
—0.7287
—1.32514
—0.0352
0.082752
0.006289

T R OO TE XN

Based on Table 5, the sensitivity index can be analyzed as follows. The positive sensitivity index
shows that an increase in the parameters will lead to an increase in the basic reproduction number, while a
negative sensitivity index means that an increase in the parameter will lead to a decrease in the basic
reproduction number. For example, for § = 1, increasing the value f by 10% increases the reproduction
number Ry by 10%. Thus increasing the natural death rate y by 10% decreases R, by 7.287%.

Based on the sensitivity analysis results, the parameters that have a significant impact on the model are
B, 1, v, and I1. This is because the sensitivity index values have the highest absolute values compared to other
parameters. The recruitment rate of individuals vulnerable to using drugs (IT) and the natural death rate (@)
cannot be controlled, the influencing parameters are f§ and y. So, underscore the importance of carefully
managing the parameters influencing drug use transmission dynamics to effectively control the epidemic and
determine effective prevention strategies.

We also show sensitivity simulation to verify our sensitivity analysis. The parameter values used in the
simulations are given in Table 4. In Figure 3, we can see that, the parameter chosen with distinct values of 3,
respectively, R, increases monotonically. These results indicate that increasing 8 will increase the basic
reproduction number R.

45

—y = 0.0489
4r — = (0.00489
=y = 0.000489

Figure 3. Sensitivity of Ry with Respect to 8 for Different Values of y
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Figure 4. Sensitivity of f# of Equation (3) in I plane,
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Figure 5. Sensitivity of y of Equation (3) in I plane,
(@ a=1,(b)a=0.8

Based on Figure 4, it can be seen that the number of infected individuals will increase if the rate at
which vulnerable individuals are influenced to use drugs due to contact with individuals who use drugs
increases, and the number of infected individuals will decrease if the rate of rehabilitation/treatment of drug

users decrease can be seen at Figure 5.

3.4 Numerical Simulation

In this section, a numerical simulation will be carried out on a fractional-order model of the
transmission of drug users. We will perform a numerical simulation for the drug-free equilibrium E,. The
parameter values used in this numerical simulation are § = 5 X 10~° and other parameter values are taken
in Table 4. The initial value used is (S(0),1(0),T(0),Q(0) = (5000; 1000; 40; 15). The simulation uses
several fractional-order values a € (0.4, 1]. These values effectively capture the complexities of drug use
behaviors, allowing for the representation of memory effects and the non-linear dynamics associated with

addiction recovery and relapse [23].
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Figure 6. Numerical Solution of Equation (3) when Ry < 1,
(a) Susceptible Population, (b) Infected Population, (¢) Treatment Population, (d) Quitted Population

521

Based on the numerical simulation results in Figure 6, the value of Ry is Ry = 0.088 < 1, which
means there is no spread of drug users in a population. We observe that solution Equation (3) converges to
drug-free equilibrium when Ry < 1. Apart from that, numerical simulation with high-order a have faster
convergence speeds compared to smaller «.

Next, we will perform a numerical simulation for the endemic equilibrium E;. The parameter values
used in this numerical simulation are taken in Table 4. The initial value used is (S (0),1(0),T(0), Q(O)) =
(5000; 1000; 40; 15). The simulation uses several fractional-order values « € (0.4, 1].
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Figure 7. Numerical Solution of Equation (3) when Ry > 1,
(a) Susceptible Population, (b) Infected Population, (¢c) Treatment Population, (d) Quitted Population

Based on the numerical simulation results in Figure 7, the value of Ry < 1is Ry = 6.4632 >
1, which means there is a transmission of drug users in a population. We observe that the solution of
Equation (3) converges to endemic equilibrium when R, > 1. Apart from that, numerical simulation
with high-order a have faster convergence speeds compared to smaller a.

4. CONCLUSIONS

This paper presents a fractional-order differential equation model using the Caputo approach to study
the transmission dynamics of drug users. The model identifies two types of equilibrium: the drug-free
equilibrium and the endemic equilibrium. We analyzed the local stability of both the drug-free and endemic
equilibrium points. The drug-free equilibrium is locally asymptotically stable when the basic reproduction
number (R,) is less than one, while the endemic equilibrium is stable when (R) is greater than one. We
conducted both analytical and numerical sensitivity analyses to identify parameters that significantly impact
the basic reproduction number. Our sensitivity simulations indicate that the number of infected individuals
increases with higher values of parameter () and decreases with higher values of parameter (y). Finally,
our numerical simulations for different fractional-order values demonstrate that higher-order derivatives
result in faster convergence speeds compared to lower-order derivatives. In the future, this work could be
used to study different fractional operators and fractal-fractional parameter estimation with real data.
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