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ABSTRACT 

Article History: The graph in this research is a simple and connected graph with 𝑉(𝐺) as vertex set and 

𝐸(𝐺) as an edge set. We used deductive axiomatic and pattern recognition method. Local 

irregularity vertex coloring is defined as mapping 𝑙: 𝑉(𝐺) → {1,2,… , 𝑘} as vertex irregular 

𝑘-labeling and 𝑤: 𝑉(𝐺) → 𝑁 where 𝑤(𝑢) = ∑ 𝑙(𝑣)𝑣∈𝑁(𝑢) . The conditions for 𝑤 to be a 

local irregularity vertex coloring, if 𝑜𝑝𝑡(𝑙) = 𝑚𝑖𝑛{𝑚𝑎𝑥{𝑙𝑖}} with 𝑙𝑖  as irregularity vertex 

labeling and for every 𝑢𝑣 ∈ 𝐸(𝐺), 𝑤(𝑢) ≠ 𝑤(𝑣). The minimum number of colors produced 

from local irregularity vertex coloring of graph 𝐺 is called chromatic number local 

irregularity, denoted by 𝜒𝑙𝑖𝑠(𝐺). In this research, we analyze about the local irregularity 

vertex coloring and determine the chromatic number of local irregularity of bicyclic graphs.  
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1. INTRODUCTION 

A graph 𝐺 is a set consisting of a set of vertex denoted by 𝑉(𝐺) and a set of edges denoted by 𝐸(𝐺) 
[1]. The set of vertex is said not to be empty, while the set of edges may be empty [2]. Based on the above 

definition, it can be said that a graph may have no edges and only one vertex [3]. In graph terminology, we 

recognize cardinality, neighborhood, and vertex degree. Cardinality is the number of members of a set [4]. 

Two neighboring vertices (connected directly) are two vertices connected by an edge [5]. The degree of a 

vertex is the number of neighboring vertices [6]. 

In graph theory, we are familiar with graph labeling. Graph labeling is a way of assigning labels in the 

form of positive integers to vertex, edges, or both with certain conditions [7]. Graph labeling is a mapping of 

a set of numbers called labels to graph elements, usually vertex or edges. In general, the labels given are 

positive integers [8]. Suppose there is a function 𝑓:𝑉(𝐺) → 𝑆 where 𝑆 is a set of non-negative numbers and 

𝑉(𝐺) is the set of vertex in the graph, then 𝑓 is called the vertex labeling of a graph 𝐺 and the member of 

𝑓(𝑣) where 𝑣 ∈ 𝑉(𝐺) is called the edges label [9]. The irregularity labeling is defined as the labeling  

𝑓: 𝐸 → {1,2, … , 𝑘} with 𝑘 is a positive integer such that 𝑤𝑓(𝑥) = ∑ 𝑓(𝑥𝑦)(𝑦𝜖𝑁(𝑥))  is different for all vertices, 

where 𝑁(𝑥) is the neighborhood of the vertex 𝑥 [8]. In another definition, irregularity labeling is a mapping 

that maps the set of edges of a graph G to the set of positive integers, such that any two distinct vertex in 𝐺 

have different weights [10]. 

A distinctive problem in graph labeling involves graph coloring. There are three types of graph coloring 

concepts, namely vertex coloring, edge coloring, and region coloring. Vertex coloring is the assignment of 

color to each vertex of  𝑉(𝐺) where every two neighboring vertices have different colors [11]. This graph 

coloring method is an application of graph theory that is used in solving map coloring and schedule 

management problems with methods contained in the graph coloring [12].  

There is a special case in vertex coloring of a graph, namely local irregularity vertex coloring. Local 

irregularity vertex coloring is a combination of irregularity labeling and vertex coloring, which is done by 

minimizing the vertex label and minimizing the number of vertex colors in a graph 𝐺 [13]. The vertex weight 

of local irregularity vertex coloring is the sum of the neighboring vertex labels [14]. The number of colors 

used in vertex coloring is called the chromatic number. The chromatic number is denoted 𝜒(𝐺) is the smallest 

integer 𝑘 such that the graph 𝐺 has a vertex coloring with 𝑘-color [15]. A vertex coloring on a graph is said 

to be efficient if the number of colors used to color a graph is the chromatic number of the graph [16]. 

Previously, it has been studied about local irregularity vertex coloring of comb product on star graphs [17], 

local irregularity vertex coloring on unicyclic graph families [18], local irregularity vertex coloring of the 

corona product of a tree graph [19], local irregularity vertex coloring of vertex amalgamation of path graph 

[20], local irregularity vertex coloring on sun graph, fan graph, star graph, and double star graph [21]. 

The definition of local irregularity vertex coloring can be seen in the following definition [14]: Suppose 

𝑙: 𝑉(𝐺) → {1,2,… , 𝑘} is a labeling 𝑘-vertex of local irregularity and 𝑤: 𝑉(𝐺) → 𝑁 where  

𝑤(𝑢) = ∑ 𝑙(𝑣)𝑣∈𝑁(𝑢) . The condition for 𝑤 to be a local irregular vertex coloring if 𝑜𝑝𝑡(𝑙) = 𝑚𝑖𝑛{𝑚𝑎𝑥{𝑙𝑖};  

𝑙𝑖  𝑖𝑠 𝑖𝑟𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 𝑣𝑒𝑟𝑡𝑒𝑥 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔} and for every 𝑢𝑣 ∈ 𝐸(𝐺), 𝑤(𝑢) ≠ 𝑤(𝑣). The chromatic number of 

local irregularity denoted by 𝜒𝑙𝑖𝑠(𝐺) is defined as 𝜒𝑙𝑖𝑠(𝐺) =  min{|𝑤(𝑉(𝐺))|} where 𝑤 is the local 

irregularity vertex coloring. There are several studies about local irregularity vertex coloring, but the research 

about local irregularity vertex coloring of bicyclic graphs has not been conducted yet. Therefore, the author 

is interested in researching local irregularity vertex coloring of bicyclic graphs. A simple connected graph 𝐺 

with |𝑉(𝐺)| = 𝑛 is said to be bicyclic, if |𝐸(𝐺)| = 𝑛 + 1 [22]. A simple connected graph 𝐺 is called a bicyclic 

graph, if it contains exactly two circles with 𝑞 = 𝑝 + 1, where 𝑝 = |𝑉(𝐺)| and 𝑞 = |𝐸(𝐺)| [23]. A bicyclic 

graph is a specific type of directed graph that contains two cycles. These cycles can be traversed in a specific 

direction, with each cycle forming a closed loop. The presence of these two cycles distinguishes a bicyclic 

graph from other types of directed graphs [24]. In this research, there are 3 types of graphs from the bicyclic 

graph family, namely bicyclic graf of type I 𝐵1 (𝑛, 𝑚), bicyclic graph of type II 𝐵2(𝑛,𝑚, 𝑟), and bicyclic 

graph of type III 𝐵3(𝑛,𝑚, 𝑡).  
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2. RESEARCH METHODS 

The research methods used in this research are axiomatic deductive method and pattern detection. The 

axiomatic deductive method is a research method that uses the principles of deductive proof that apply in 

mathematical logic by using existing axioms or theorems and then applied in coloring the local irregularity 

vertex on the bicyclic graph family. Then to obtain the pattern and chromatic number of the local irregularity 

on the family  of bicyclic graphs, the pattern detection method is used by finding the pattern and chromatic 

number on the family of bicyclic graphs of type I 𝐵1(𝑛,𝑚), type II 𝐵2(𝑛,𝑚, 𝑟), type III 𝐵3(𝑛,𝑚, 𝑡). The 

illustration of a bicyclic graph family is shown in the Figure 1. 

 

    
 (a) (b) (c) 

 

Figure 1. Illustration of a Bicyclic Graph Family, (a) Bicyclic Graph of Type I 𝑩𝟏 (𝒏,𝒎), (b) Bicyclic Graph of 

Type II 𝑩𝟐(𝒏,𝒎, 𝒓), (c) Bicyclic Graph of Type III 𝑩𝟑(𝒏,𝒎, 𝒕) 

 

The research procedure carried out in this research can be seen in Figure 2. 

 

Figure 2. Research Procedure 

 

In order to prove some theorems in this research, there are lemma and some observations used in this 

research. Here are the following lemma and observations: 

Lemma 1. [14] Suppose graph 𝐺 is simple and connected, then 𝜒𝑙𝑖𝑠(𝐺) ≥ 𝜒(𝐺). 
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Observation 1. [14] For a connected graph 𝐺, if every two neighboring vertices have different degrees, then 

𝑜𝑝𝑡(𝑙) = 1. 

Observation 2. [14] For a connected graph 𝐺, if every two neighboring vertices have the same degrees, then 

𝑜𝑝𝑡(𝑙) ≥ 2.  

 

3. RESULTS AND DISCUSSION 

There are three new theorems obtained from this research regarding the chromatic number of local 

irregularities 𝜒𝑙𝑖𝑠(𝐺) on the family of bicyclic graphs, which are as follows: 

Observation 3. Suppose the graph 𝐵1(𝑛,𝑚) is a bicyclic graph with 𝑛,𝑚 ≥ 3, then 

𝜒(𝐵1(𝑛,𝑚)) = {
2 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛 
3
 

𝑛 𝑖𝑠 𝑜𝑑𝑑; ∪  
𝑚 𝑖𝑠 𝑜𝑑𝑑       

 

Theorem 1. Suppose the graph 𝐵1(𝑛,𝑚) is a bicyclic graph with 𝑛,𝑚 ≥ 3,  then 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) = 3. 

Proof.  A bicyclic graph of type I 𝐵1(𝑛,𝑚) has vertex set 𝑉(𝐵1(𝑛,𝑚)) = {𝑥𝑖 ; 1 ≤ 𝑖 ≤ 𝑛} ∪

{𝑦𝑗; 1 ≤ 𝑗 ≤ 𝑚 − 1} and edges set 𝐸(𝐵1(𝑛,𝑚)) = {𝑥𝑖𝑥𝑖+1; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ (𝑥𝑛𝑥1) ∪ {𝑦𝑗𝑦𝑗+1; 1 ≤ 𝑗 ≤

𝑚 − 2} ∪ (𝑦𝑚−1𝑥𝑛) ∪ (𝑥𝑛𝑦1), therefore the number of vertex is |𝑉(𝐵1(𝑛,𝑚))| = 𝑛 +𝑚 − 1 and the 

number of edges is |𝐸(𝐵1(𝑛,𝑚))| = 𝑛 + 𝑚. 

Case 1. 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3 

In the graph 𝐵1(𝑛,𝑚) there are neighboring vertex that have the same degree, for example 𝑥1 and 𝑥𝑛 

with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵1(𝑛,𝑚)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next, proves 

the lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 1 and 

Observation 3, we get 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚))  ≥ 𝜒(𝐵1(𝑛,𝑚)) = 2. Assume 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) = 2, meaning there are 

2 colors. If 𝑥𝑖 , 𝑦𝑗 ∈ 𝑉(𝐵1(𝑛,𝑚)) is labeled, then the following possible vertex weights are obtained: 

a) If 𝑙(𝑥𝑖) = 1; 𝑙(𝑦𝑗) = 1, then 𝑤(𝑥1) = 𝑤(𝑥2), 𝑥1𝑥2 ∈ 𝐸(𝐵1(𝑛,𝑚)). 

b) If 𝑙(𝑥𝑖) = 1 for 𝑖 is odd; 𝑙(𝑥𝑖) = 2 for 𝑖 is even; 𝑙(𝑦𝑗) = 1 for 𝑗 is odd; 𝑙(𝑦𝑗) = 2 for 𝑗 is even, then 

𝑤(𝑥1) = 𝑤(𝑥𝑛), 𝑥𝑛𝑥1 ∈ 𝐸(𝐵1(𝑛,𝑚)). 

c) If 𝑙(𝑥𝑛) = 1; 𝑙(𝑥𝑖) = 1 for 𝑖 is odd; 𝑙(𝑥𝑖) = 2 for 𝑖 is even; 𝑙(𝑦𝑗) = 1 for 𝑗 is odd; 𝑙(𝑦𝑗) = 2 for  𝑗 is 

even, then the vertex color is more than 2. 

Based on the above statement, there are at least 3 colors at the vertices 𝑥𝑖 , 𝑦𝑗 ∈ 𝑉(𝐵1(𝑛,𝑚)) with the 

value of 𝑜𝑝𝑡(𝑙) = 2. Next, select the vertices 𝑥1, 𝑥2, and 𝑥𝑛, 

𝑤(𝑥1) = 𝑙(𝑥2) + 𝑙(𝑥𝑛) = 2 + 1 = 3 (1) 

𝑤(𝑥2) = 𝑙(𝑥1) + 𝑙(𝑥3) = 1 + 1 = 2 (2) 

𝑤(𝑥𝑛) = 𝑙(𝑥1) + 𝑙(𝑥𝑛−1) + 𝑙(𝑦1) + 𝑙(𝑦𝑛−1) = 1 + 1 + 1 + 1 = 4 (3) 

Based on Equation (1), Equation (2), and Equation (3), we get 𝑤(𝑥1) ≠ 𝑤(𝑥2), 𝑥1𝑥2 ∈ 𝐸(𝐵1(𝑛,𝑚)) and 

𝑤(𝑥1) ≠ 𝑤(𝑥𝑛), 𝑥𝑛𝑥1 ∈ 𝐸(𝐵1(𝑛,𝑚)) satisfies the definition of local irregularity vertex coloring. So the 

lower bound of the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3 is 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≥ 3. 

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 𝐵1(𝑛,𝑚), 

we define the labeling 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2} as follows: 

𝑙(𝑥𝑖) = {
1 𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑖 = 𝑛    
2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛   

 

𝑙(𝑦𝑗) = {
1 𝑗 𝑖𝑠 𝑜𝑑𝑑                  
2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚   
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From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {
2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛                          
3 𝑖 = 1, 𝑛 − 1                                 
4 𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑖 < 𝑛 − 1; 𝑖 = 𝑛

 

𝑤(𝑦𝑗) = {

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚               
3 𝑗 = 1,𝑚 − 1                      
4 𝑗 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑗 < 𝑚 − 1 

 

Based on the weight function above, each neighboring vertices has a different vertex weight. The set of vertex 

weights on the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3 which is {2,3,4}, then |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Thus, we get 3 ≤ 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ 3, then 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) = 3 ; when 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3. 

Case 2. 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛,𝑚 ≥ 3 

In the graph 𝐵1(𝑛,𝑚) there are neighboring vertex that have the same degree, for example 𝑥1 and 𝑥𝑛 

with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵1(𝑛,𝑚)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next proves the 

lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 1 and 

Observation 3, we get 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚))  ≥ 𝜒(𝐵1(𝑛,𝑚)) = 3. So the lower bound when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛,𝑚 ≥

3 is 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≥ 3.  

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 𝐵1(𝑛,𝑚), 
we divide into 5 subcases, namely when 𝑛 = 𝑚 = 3, when 𝑛 = 𝑚 ≠ 3, when 𝑛 ≠ 𝑚;𝑛 = 3;𝑚 ≡
1(𝑚𝑜𝑑 4) 𝑜𝑟 𝑚 = 3; 𝑛 ≡ 1(𝑚𝑜𝑑 4), when 𝑛 ≠ 𝑚;   𝑛 = 3;   𝑚 ≡ 3(𝑚𝑜𝑑 4)  𝑜𝑟 𝑚 = 3; 𝑛 ≡ 3(𝑚𝑜𝑑 4), 
and when 𝑛 ≠ 𝑚; 𝑛,𝑚 > 3. 

Subcase 2.1 is when 𝑛 = 𝑚 = 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {
1 𝑖 = 1,3
2 𝑖 = 2   

 

𝑙(𝑦𝑗) = {
1 𝑗 = 1
2 𝑗 = 2

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {
2 𝑖 = 2
3 𝑖 = 1
6 𝑖 = 3

 

𝑤(𝑦𝑗) = {
2 𝑗 = 2
3 𝑗 = 1

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 = 𝑚 = 3 which is {2,3,6}, then 

|𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Subcase 2.2 is when 𝑛 = 𝑚 ≠ 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {

1
 
 

𝑖 𝑖𝑠 𝑜𝑑𝑑;  𝑜𝑟                 
𝑖 = 𝑛 − 1;  𝑜𝑟             
𝑖 = 𝑛                             

 
 

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛;  𝑖 < 𝑛 − 1    

 

𝑙(𝑦𝑗) = {
1
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 𝑜𝑟        
𝑗 = 𝑚 − 1           

         

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚 − 1  
 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛                                  
3 𝑖 = 1, 𝑛 − 2                             
4
 

𝑖 = 𝑛; 𝑜𝑟                                  
𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑖 < 𝑛 − 2        
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𝑤(𝑦𝑗) = {

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛                                
3 𝑗 = 1, 𝑛 − 2                           
4 𝑗 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑗 < 𝑚 − 2     

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 = 𝑚 ≠ 3 which is {2,3,4}, then 

|𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Subcase 2.3 is when 𝑛 ≠ 𝑚; 𝑛 = 3;𝑚 ≡ 1(𝑚𝑜𝑑 4) 𝑜𝑟 𝑚 = 3; 𝑛 ≡ 1(𝑚𝑜𝑑 4). The following is the labeling 

defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {

1
 

𝑖 = 1,3; 𝑛 = 3; 𝑜𝑟              
𝑖 ≡ 0,1,2(𝑚𝑜𝑑 4);𝑚 = 3

2
 

𝑖 = 2; 𝑛 = 3; 𝑜𝑟                 
𝑖 ≡ 3(𝑚𝑜𝑑 4);𝑚 = 3      

 
 

𝑙(𝑦𝑗) = {

1
 

𝑗 ≡ 0,1,2(𝑚𝑜𝑑 4); 𝑛 = 3; 𝑜𝑟     
𝑗 = 1,3;𝑚 = 3                              

2
 

𝑗 ≡ 3(𝑚𝑜𝑑 4); 𝑛 = 3; 𝑜𝑟           
𝑗 = 2;𝑚 = 3                                 

 

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) =

{
 
 

 
 
2
 

𝑖 = 2; 𝑛 = 3; 𝑜𝑟           
𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑖 < 𝑛;𝑚 = 3

3
 

𝑖 = 1; 𝑛 = 3; 𝑜𝑟            
𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 = 3           

5 𝑖 = 𝑛                                

 

𝑤(𝑦𝑗) = {

2
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 𝑗 < 𝑚;𝑛 = 3; 𝑜𝑟 
𝑗 = 2;𝑚 = 3                          

3
 

𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 3; 𝑜𝑟               
𝑗 = 1;𝑚 = 3                           

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑛 = 3;𝑚 ≡ 1(𝑚𝑜𝑑 4) 𝑜𝑟  

𝑚 = 3; 𝑛 ≡ 1(𝑚𝑜𝑑 4) which is {2,3,5}, then |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Subcase 2.4 is when 𝑛 ≠ 𝑚; 𝑛 = 3;𝑚 ≡ 3(𝑚𝑜𝑑 4) 𝑜𝑟 𝑚 = 3; 𝑛 ≡ 3(𝑚𝑜𝑑 4). The following is the labeling 

defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {

1
 

𝑖 = 1,3; 𝑛 = 3; 𝑜𝑟              
𝑖 ≡ 0,1,3(𝑚𝑜𝑑 4);𝑚 = 3

2
 

𝑖 = 2; 𝑛 = 3; 𝑜𝑟                 
𝑖 ≡ 2(𝑚𝑜𝑑 4);𝑚 = 3      

 
 

𝑙(𝑦𝑗) = {

1
 

𝑗 ≡ 0,1,3(𝑚𝑜𝑑 4); 𝑛 = 3; 𝑜𝑟     
𝑗 = 1,3;𝑚 = 3                              

2
 

𝑗 ≡ 2(𝑚𝑜𝑑 4); 𝑛 = 3; 𝑜𝑟           
𝑗 = 2;𝑚 = 3                                 

 

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) =

{
 
 

 
 
2
 

𝑖 = 2; 𝑛 = 3; 𝑜𝑟            
𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 = 3           

3
 

𝑖 = 1; 𝑛 = 3; 𝑜𝑟            
𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑖 < 𝑛;𝑚 = 3 

6 𝑖 = 𝑛                                 

 

𝑤(𝑦𝑗) = {

2
 

𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 3; 𝑜𝑟                 
𝑗 = 2;𝑚 = 3                              

3
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 𝑗 < 𝑚; 𝑛 = 3; 𝑜𝑟      
𝑗 = 1;𝑚 = 3                               
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The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑛 = 3;𝑚 ≡ 3(𝑚𝑜𝑑 4) 𝑜𝑟  

𝑚 = 3; 𝑛 ≡ 3(𝑚𝑜𝑑 4) which is {2,3,6}, then |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Subcase 2.5 is when 𝑛 ≠ 𝑚; 𝑛,𝑚 > 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {

1
 
 

𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 ≤ 𝑖 < 𝑛 − 1; 𝑜𝑟
𝑖 = 𝑛 − 1;  𝑜𝑟                        
𝑖 = 𝑛                                        

 
 

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 2 ≤ 𝑖 < 𝑛 − 1       

 

𝑙(𝑦𝑗) = {
1
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 1 ≤ 𝑗 < 𝑚 − 1; 𝑜𝑟         
𝑗 = 𝑚 − 1                                          

 

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 2 ≤ 𝑗 < 𝑚 − 1                 
 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛                  
3 𝑖 = 1, 𝑛 − 2                         
4
 

𝑖 = 𝑛; 𝑜𝑟                               
𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑖 < 𝑛 − 2    

 

𝑤(𝑦𝑗) = {

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚                   
3 𝑗 = 1,𝑚 − 2                          
4 𝑗 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑗 < 𝑚 − 2     

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑛 = 3;𝑚 > 3. which is {2,3,4}, 

then |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Based on the five subcases above, the upper bound of the chromatic number of local irregularity is 

obtained 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. Thus, we get 3 ≤ 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ 3, then 

𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) = 3; when 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛,𝑚 ≥ 3. 

 

Case 3. 𝑛 𝑖𝑠 𝑜𝑑𝑑;  𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3 

In the graph 𝐵1(𝑛,𝑚) there are neighboring vertex that have the same degree, for example 𝑥1 and 𝑥𝑛 

with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵1(𝑛,𝑚)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next proves the 

lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 1 and 

Observation 3, we get 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚))  ≥ 𝜒(𝐵1(𝑛,𝑚)) = 3. So the lower bound when 𝑛 𝑖𝑠 𝑜𝑑𝑑;𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 

𝑛,𝑚 ≥ 3 is 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≥ 3.  

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 𝐵1(𝑛,𝑚), 
we divide into 2 subcases, namely when 𝑛 = 3 and when 𝑛 > 3. 

Subcase 3.1 is when 𝑛 = 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {
1 𝑖 = 1,3
2 𝑖 = 2   

 

𝑙(𝑦𝑗) =

{
 

 
1
 

𝑗 ≡ 0,1,3(𝑚𝑜𝑑 4);𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟

𝑗 ≡ 0,1,2(𝑚𝑜𝑑 4);𝑚 ≡ 2(𝑚𝑜𝑑 4)       

2
 

𝑗 ≡ 2(𝑚𝑜𝑑 4);𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟        

𝑗 ≡ 3(𝑚𝑜𝑑 4);𝑚 ≡ 2(𝑚𝑜𝑑 4)              

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {
2 𝑖 = 2
3 𝑖 = 1
5 𝑖 = 3
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𝑤(𝑦𝑗) =

{
 

 
2
 

𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚;𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟

𝑗 𝑖𝑠 𝑜𝑑𝑑;𝑚 ≡ 2(𝑚𝑜𝑑 4)                       

3
 

𝑗 𝑖𝑠 𝑜𝑑𝑑;𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟                 

𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚;𝑚 ≡ 2(𝑚𝑜𝑑 4)        

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛 𝑖𝑠 𝑜𝑑𝑑, ;𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 3 which is {2,3,5}, then 

|𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Subcase 3.2 is when 𝑛 > 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) = {

1
 
 

𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 ≤ 𝑖 < 𝑛 − 1; 𝑜𝑟       
𝑖 = 𝑛 − 1;  𝑜𝑟                              
𝑖 = 𝑛                                              

  
 

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 2 ≤ 𝑖 < 𝑛 − 1              

 

𝑙(𝑦𝑗) =

{
 

 
1
 

𝑗 ≡ 0,1,3(𝑚𝑜𝑑 4);𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟

𝑗 ≡ 0,1,2(𝑚𝑜𝑑 4);𝑚 ≡ 2(𝑚𝑜𝑑 4)       

2
 

𝑗 ≡ 2(𝑚𝑜𝑑 4);𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟        

𝑗 ≡ 3(𝑚𝑜𝑑 4);𝑚 ≡ 2(𝑚𝑜𝑑 4)               

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛                  
3 𝑖 = 1, 𝑛 − 2                         
4
 

𝑖 = 𝑛; 𝑜𝑟                               
𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑖 < 𝑛 − 2    

 

𝑤(𝑦𝑗) =

{
 

 
2
 

𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚;𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟

𝑗 𝑖𝑠 𝑜𝑑𝑑;𝑚 ≡ 2(𝑚𝑜𝑑 4)                      

3
 

𝑗 𝑖𝑠 𝑜𝑑𝑑;𝑚 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟               

𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚;𝑚 ≡ 2(𝑚𝑜𝑑 4)       

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛 𝑖𝑠 𝑜𝑑𝑑;  𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 > 3 which is {2,3,4}, then 

|𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Based on the above two subcases, the upper bound of the chromatic number of local irregularity is 

obtained 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. Thus, we get 3 ≤ 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ 3, then 

𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) = 3; when 𝑛 𝑖𝑠 𝑜𝑑𝑑;  𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3. 

Case 4. 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛,𝑚 ≥ 3 

In the graph 𝐵1(𝑛,𝑚) there are neighboring vertex that have the same degree, for example 𝑥1 and 𝑥𝑛 

with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵1(𝑛,𝑚)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next proves the 

lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 1 and 

Observation 3, we get 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚))  ≥ 𝜒(𝐵1(𝑛,𝑚)) = 3. So the lower bound when 

𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛,𝑚 ≥ 3 is 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≥ 3.  

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 𝐵1(𝑛,𝑚), 
we divide into 2 subcases, namely when 𝑚 = 3 and when 𝑚 > 3. 

Subcase 4.1 is when 𝑚 = 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) =

{
 
 

 
 
1
 
 

𝑖 = 𝑛; 𝑜𝑟                                                    
𝑖 ≡ 0,1,3(𝑚𝑜𝑑 4); 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟
𝑖 ≡ 0,1,2(𝑚𝑜𝑑 4); 𝑛 ≡ 2(𝑚𝑜𝑑 4)       

2
 

𝑖 ≡ 2(𝑚𝑜𝑑 4); 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟       
𝑖 ≡ 3(𝑚𝑜𝑑 4); 𝑛 ≡ 2(𝑚𝑜𝑑 4)              

 

𝑙(𝑦𝑗) = {
1 𝑗 = 1
2 𝑗 = 2

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 
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𝑤(𝑥𝑖) =

{
 
 

 
 
2
 

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛; 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟

𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≡ 2(𝑚𝑜𝑑 4)                     

3
 

𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟               

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛; 𝑛 ≡ 2(𝑚𝑜𝑑 4)        
5 𝑖 = 𝑛                                                         

 

𝑤(𝑦𝑗) = {
2 𝑗 = 2
3 𝑗 = 1

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;  𝑚 𝑖𝑠 𝑜𝑑𝑑;𝑚 = 3 which is {2,3,5}, then 

|𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Subcase 4.2 is when 𝑚 > 3. The following is the labeling defined 𝑙: 𝑉(𝐵1(𝑛,𝑚)) → {1,2}: 

𝑙(𝑥𝑖) =

{
 
 

 
 
1
 
 

 𝑖 ≡ 0,1,3(𝑚𝑜𝑑 4); 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟
𝑖 ≡ 0,1,2(𝑚𝑜𝑑 4); 𝑛 ≡ 2(𝑚𝑜𝑑 4)    
𝑖 = 𝑛                                                         

  
 

2
 

𝑖 ≡ 2(𝑚𝑜𝑑 4); 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟        
𝑖 ≡ 3(𝑚𝑜𝑑 4); 𝑛 ≡ 2(𝑚𝑜𝑑 4)               

 

𝑙(𝑦𝑗) = {
1
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 𝑜𝑟                         
𝑗 = 𝑚 − 1;                          

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 2 ≤ 𝑗 < 𝑚 − 1 
 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) =

{
 
 

 
 
2
 

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛; 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟
𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≡ 2(𝑚𝑜𝑑 4)                     

3
 

𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≡ 0(𝑚𝑜𝑑 4); 𝑜𝑟               
𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛; 𝑛 ≡ 2(𝑚𝑜𝑑 4)        

4 𝑖 = 𝑛                                                        

 

𝑤(𝑦𝑗) = {

2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛                           
3 𝑗 = 1, 𝑛 − 2                      
4 𝑗 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑗 < 𝑚 − 2

 

The set of vertex weights on the graph 𝐵1(𝑛,𝑚) when 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;  𝑚 𝑖𝑠 𝑜𝑑𝑑;𝑚 > 3 which is {2,3,4}, then 

|𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. 

Based on the above two subcases, the upper bound of the chromatic number of local irregularity is 

obtained 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ |𝑤 (𝑉(𝐵1(𝑛,𝑚)))| = 3. Thus, we get 3 ≤ 𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) ≤ 3, then 

𝜒𝑙𝑖𝑠(𝐵1(𝑛,𝑚)) = 3; when 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛,𝑚 ≥ 3. ∎  

An illustration of local irregularity vertex coloring on the bicyclic graph of type I 𝐵1(𝑛,𝑚); 𝑛 = 𝑚 =
3 is shown in Figure 3. 

 

Figure 3. Illustration of Local Irregularity Vertex Coloring on the Bicyclic Graph of Type I 𝑩𝟏(𝒏,𝒎) 

Observation 4. Suppose the graph 𝐵2(𝑛,𝑚, 𝑟) is a bicyclic graph with 𝑛,𝑚 ≥ 3 𝑎𝑛𝑑 𝑟 ≥ 2, then  

𝜒(𝐵2(𝑛,𝑚, 𝑟)) = {
2 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛 
3
 

𝑛 𝑖𝑠 𝑜𝑑𝑑; ∪  
𝑚 𝑖𝑠 𝑜𝑑𝑑       
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Theorem 2. Suppose the graph 𝐵2(𝑛,𝑚, 𝑟) is a bicyclic graph with 𝑛,𝑚 ≥ 3 𝑎𝑛𝑑 𝑟 ≥ 2, then 

𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) =

{
 
 
 

 
 
 
3 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3; 𝑟 ≥ 2; ∪                       
 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 𝑚 = 3; 𝑟 > 2; ∪
 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 𝑚 > 3; ∪            
 𝑛, 𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 ≠ 𝑚; ∪                     
 𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑟 𝑖𝑠 𝑜𝑑𝑑; ∪                                     
 𝑛 𝑖𝑠 𝑜𝑑𝑑;𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; ∪                                       
 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑                                             
4 𝑛 = 𝑚 = 3; 𝑟 = 2                                                 

 

 

Proof.  A bicyclic graph of type II 𝐵2(𝑛,𝑚, 𝑟) has vertex set 𝑉(𝐵2(𝑛,𝑚, 𝑟)) = {𝑥𝑖; 1 ≤ 𝑖 ≤ 𝑛} ∪

{𝑧ℎ; 2 ≤ ℎ ≤ 𝑟 − 1} ∪ {𝑦𝑗; 1 ≤ 𝑗 ≤ 𝑚} and edges set 𝐸(𝐵2(𝑛,𝑚, 𝑟)) = {𝑥𝑖𝑥𝑖+1; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪

(𝑥𝑛𝑥1) ∪ (𝑥𝑛𝑧2) ∪ {𝑧ℎ𝑧ℎ+1; 2 ≤ ℎ ≤ 𝑟 − 2} ∪ (𝑧𝑟−1𝑦𝑚) ∪ (𝑦𝑚𝑦1) ∪ {𝑦𝑗𝑦𝑗+1; 1 ≤ 𝑗 ≤ 𝑚 − 1}, therefore 

the number of vertex is |𝑉(𝐵2(𝑛,𝑚, 𝑟))| = 𝑛 +𝑚 + 𝑟 − 2 and the number of edges is |𝐸(𝐵2(𝑛,𝑚, 𝑟))| =

𝑛 +𝑚 + 𝑟 − 1. 

Case 1. 𝑛,𝑚 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3; 𝑟 ≥ 2 

In the graph 𝐵2(𝑛,𝑚, 𝑟) there are neighboring vertex that have the same degree, for example 𝑥1 and 

𝑥𝑛 with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next 

proves the lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 

1 and Observation 4, we get 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟))  ≥ 𝜒(𝐵2(𝑛,𝑚, 𝑟)) = 2. Assume 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) = 2, 

meaning there are 2 colors. If 𝑥𝑖 , 𝑦𝑗, 𝑧ℎ ∈ 𝑉(𝐵2(𝑛,𝑚, 𝑟)) is labeled, then the following possible vertex 

weights are obtained: 

a) If 𝑙(𝑥𝑖) = 1; 𝑙(𝑦𝑗) = 1; 𝑙(𝑧ℎ) = 1, then 𝑤(𝑥1) = 𝑤(𝑥2), 𝑥1𝑥2 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). 

b) If 𝑙(𝑥𝑖) = 1 for 𝑖 is odd; 𝑙(𝑥𝑖) = 2 for 𝑖 is even; 𝑙(𝑦𝑗) = 1 for 𝑗 is odd; 𝑙(𝑦𝑗) = 2 for 𝑗 is even; 

 𝑙(𝑧ℎ) = 1 for ℎ is odd, ℎ > 1; 𝑙(𝑧ℎ) = 2 for ℎ is even, then 𝑤(𝑥1) = 𝑤(𝑥𝑛), 𝑥𝑛𝑥1 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). 

c) If 𝑙(𝑥𝑛) = 1; 𝑙(𝑥𝑖) = 1 for 𝑖 is odd; 𝑙(𝑥𝑖) = 2 for 𝑖 is even, 𝑖 < 𝑛; 𝑙(𝑦𝑚) = 1 for 𝑟 is odd; 𝑙(𝑦𝑗) = 1 

for 𝑗 is even; 𝑙(𝑦𝑗) = 2 for 𝑗 is even, 𝑟 is even or 𝑗 < 𝑚, 𝑟 is odd; 𝑙(𝑧ℎ) = 1 for ℎ is odd; 𝑙(𝑧ℎ) = 2 

for ℎ is even, then the vertex color is more than 2. 

Based on the above statement, there are at least 3 colors at the vertices 𝑥𝑖 , 𝑦𝑗, 𝑧ℎ ∈ 𝑉(𝐵2(𝑛,𝑚, 𝑟)). 

Next, select the vertices 𝑥1, 𝑥2 , and 𝑥𝑛, 

𝑤(𝑥1) = 𝑙(𝑥2) + 𝑙(𝑥𝑛) = 2 + 1 = 3 (4) 

𝑤(𝑥2) = 𝑙(𝑥1) + 𝑙(𝑥3) = 1 + 1 = 2 (5) 

𝑤(𝑥𝑛) = 𝑙(𝑥1) + 𝑙(𝑥𝑛−1) + 𝑙(𝑧2) = 1 + 1 + 2 = 4 (6) 

Based on Equation (4), Equation (5), and Equation (6), we get 𝑤(𝑥1) ≠ 𝑤(𝑥2), 𝑥1𝑥2 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)) 

and 𝑤(𝑥𝑛) ≠ 𝑤(𝑥1), 𝑥𝑛𝑥1 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)) satisfies the definition of local irregularity vertex coloring. So 

the lower bound of the graph 𝐵2(𝑛,𝑚, 𝑟) when 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3; 𝑟 ≥ 2 is 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≥ 3. 

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 

𝐵2(𝑛,𝑚, 𝑟) we define the labeling 𝑙: 𝑉(𝐵2(𝑛,𝑚, 𝑟)) → {1,2} as follows: 

𝑙(𝑥𝑖) = {
1
 

𝑖 𝑖𝑠 𝑜𝑑𝑑; 𝑜𝑟       
𝑖 = 𝑛                  

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛
 

𝑙(𝑦𝑗) = {

1
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 𝑜𝑟                       
𝑗 = 𝑚; 𝑟 𝑖𝑠 𝑜𝑑𝑑                 

 

2
 

𝑗, 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑜𝑟                    
𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚; 𝑟 𝑖𝑠 𝑜𝑑𝑑

 

𝑙(𝑧ℎ) = {
1 ℎ 𝑖𝑠 𝑜𝑑𝑑 
2 ℎ 𝑖𝑠 𝑒𝑣𝑒𝑛
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From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {

2 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑖 < 𝑛                     
3 𝑖 = 1, 𝑛 − 1                            
4
 

𝑖 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑖 < 𝑛 − 1; 𝑜𝑟
𝑖 = 𝑛                                        

 

𝑤(𝑦𝑗) =

{
 
 

 
 
2 𝑗 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑗 < 𝑚                 

3
 

𝑗 = 𝑚; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑜𝑟          
𝑗 = 1,𝑚 − 1; 𝑟 𝑖𝑠 𝑜𝑑𝑑       

4
 

𝑗 𝑖𝑠 𝑜𝑑𝑑; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑜𝑟       
𝑗, 𝑟 𝑖𝑠 𝑜𝑑𝑑; 1 < 𝑗 < 𝑚 − 1

 

𝑤(𝑧ℎ) = {
2 ℎ 𝑖𝑠 𝑒𝑣𝑒𝑛; ℎ < 𝑟
4 ℎ 𝑖𝑠 𝑜𝑑𝑑               

 

Based on the weight function above, each neighboring vertices has a different vertex weight. The set of vertex 

weights on the graph 𝐵2(𝑛,𝑚, 𝑟) when 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3; 𝑟 ≥ 2 which is {2,3,4}, then 

|𝑤 (𝑉(𝐵2(𝑛,𝑚, 𝑟)))| = 3. Thus, we get 3 ≤ 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≤ 3, then 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) = 3; when 

𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛,𝑚 ≥ 3; 𝑟 ≥ 2. 

 Case 2. 𝑛 = 𝑚 = 3; 𝑟 = 2 

In the graph 𝐵2(𝑛,𝑚, 𝑟) there are neighboring vertex that have the same degree, for example 𝑥1 and 

𝑥𝑛 with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next 

proves the lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 

1 and Observation 4, we get 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟))  ≥ 𝜒(𝐵2(𝑛,𝑚, 𝑟)) = 3. Assume 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) = 3, 

meaning there are 3 colors. If 𝑥𝑖 , 𝑦𝑗, 𝑧ℎ ∈ 𝑉(𝐵2(𝑛,𝑚, 𝑟)) is labeled, then the following possible vertex 

weights are obtained: 

a) If 𝑙(𝑥𝑖) = 1; 𝑙(𝑦𝑗) = 1, then 𝑤(𝑥1) = 𝑤(𝑥2), 𝑥1𝑥2 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). 

b) If 𝑙(𝑥𝑖) = 1 for 𝑖 is odd; 𝑙(𝑥𝑖) = 2 for 𝑖 is even; 𝑙(𝑦𝑗) = 1 for 𝑗 is odd; 𝑙(𝑦𝑗) = 2 for 𝑗 is even, then 

𝑤(𝑥3) = 𝑤(𝑦3),  𝑥3𝑦3 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). 

c) If 𝑙(𝑥𝑖) = 1 for 𝑖 is odd; 𝑙(𝑥𝑖) = 2 for 𝑖 is even; 𝑙(𝑦𝑗) = 1 for 𝑗 is odd; 𝑙(𝑦𝑗) = 3 for 𝑗 is even, then 

the vertex color is more than 3. 

Based on the above statement, there are at least 3 colors at the vertices 𝑥𝑖 , 𝑦𝑗, 𝑧ℎ ∈ 𝑉(𝐵2(𝑛,𝑚, 𝑟)). 

Next, select the vertices 𝑥1, 𝑥2 , 𝑥3, and 𝑦3, 

𝑤(𝑥1) = 𝑙(𝑥2) + 𝑙(𝑥3) = 2 + 1 = 3 (7) 

𝑤(𝑥2) = 𝑙(𝑥1) + 𝑙(𝑥3) = 1 + 1 = 2 (8) 

𝑤(𝑥3) = 𝑙(𝑥1) + 𝑙(𝑥2) + 𝑙(𝑦3) = 1 + 2 + 1 = 4 (9) 

𝑤(𝑦3) = 𝑙(𝑦1) + 𝑙(𝑦2) + 𝑙(𝑥3) = 1 + 3 + 1 = 5 (10) 

Based on Equation (7), Equation (8), Equation (9), and Equation (10), we get 𝑤(𝑥1) ≠ 𝑤(𝑥2), 𝑥1𝑥2 ∈

𝐸(𝐵2(𝑛,𝑚, 𝑟)), 𝑤(𝑥2) ≠ 𝑤(𝑥3), 𝑥2𝑥3 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)), 𝑤(𝑥3) ≠ 𝑤(𝑥1), 𝑥3𝑥1 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)), and 

𝑤(𝑥3) ≠ 𝑤(𝑦3), 𝑥3𝑦3 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)) satisfies the definition of local irregularity vertex coloring. So the 

lower bound of the graph 𝐵2(𝑛,𝑚, 𝑟) when 𝑛 = 𝑚 = 3; 𝑟 = 2 is 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≥ 4. 

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 

𝐵2(𝑛,𝑚, 𝑟), we define the labeling 𝑙: 𝑉(𝐵2(𝑛,𝑚, 𝑟)) → {1,2,3} as follows: 

𝑙(𝑥𝑖) = {
1 𝑖 = 1,3
2 𝑖 = 2   

 

𝑙(𝑦𝑗) = {
1 𝑗 = 1,3
3 𝑗 = 2    

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 3, the following weight function is obtained: 
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𝑤(𝑥𝑖) = {
2 𝑖 = 2 
3 𝑖 = 1
4 𝑖 = 3

 

𝑤(𝑦𝑗) = {

2 𝑗 = 2
4 𝑗 = 1
5 𝑗 = 3

 

Based on the weight function above, each neighboring vertices has a different vertex weight. The set of vertex 

weights on the graph 𝐵2(𝑛,𝑚, 𝑟) when 𝑛 = 𝑚 = 3; 𝑟 = 2 which is {2,3,4,5}, then |𝑤 (𝑉(𝐵2(𝑛,𝑚, 𝑟)))| =

4. Thus, we get 4 ≤ 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≤ 4, then 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) = 4; when 𝑛 = 𝑚 = 3; 𝑟 = 2. 

Case 3. 𝑛 = 𝑚 = 3; 𝑟 > 2; 𝑟 is even 

In the graph 𝐵2(𝑛,𝑚, 𝑟) there are neighboring vertex that have the same degree, for example 𝑥1 and 

𝑥𝑛 with 𝑥𝑛𝑥1 ∈ 𝐸(𝐵2(𝑛,𝑚, 𝑟)). Based on Observation 2, the value of the labeling is 𝑜𝑝𝑡(𝑙) ≥ 2. Next 

proves the lower bound of the chromatic number of the local irregularity vertex coloring. Based on Lemma 

1 and Observation 4, we get 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≥ 𝜒(𝐵2(𝑛,𝑚, 𝑟)) = 3. So the lower bound when 𝑛 = 𝑚 =

3; 𝑟 > 2; 𝑟 is even is 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≥ 3.  

Next, to prove the upper bound of the chromatic number of the local irregularity of the graph 

𝐵2(𝑛,𝑚, 𝑟), we divide into 2 subcases, namely when 𝑟 = 4 and when 𝑟 > 4. 

Subcase 3.1 is when 𝑟 = 4. The following is the labeling defined 𝑙: 𝑉(𝐵2(𝑛,𝑚, 𝑟)) → {1,2,3}: 

𝑙(𝑥𝑖) = {
1
2

𝑖 = 1
𝑖 = 2

3 𝑖 = 3
 

𝑙(𝑦𝑗) = {
1 𝑗 = 1,3
2 𝑗 = 2   

 

𝑙(𝑧ℎ) = {
1 ℎ = 3
3 ℎ = 2

 

From the labeling with 𝑜𝑝𝑡(𝑙) = 3, the following weight function is obtained: 

𝑤(𝑥𝑖) = {
4 𝑖 = 2
5 𝑖 = 1
6 𝑖 = 3

 

𝑤(𝑦𝑗) = {

4 𝑗 = 2
5 𝑗 = 1
6 𝑗 = 3

 

𝑤(𝑧ℎ) = {
4 ℎ = 2
5 ℎ = 3

 

The set of vertex weights on the graph 𝐵2(𝑛,𝑚, 𝑟) when 𝑛 = 𝑚 = 3; 𝑟 = 4 which is {4,5,6}, then 

|𝑤 (𝑉(𝐵2(𝑛,𝑚, 𝑟)))| = 3. 

Subcase 3.2 is when 𝑟 > 4. The following is the labeling defined 𝑙: 𝑉(𝐵2(𝑛,𝑚, 𝑟)) → {1,2}: 

𝑙(𝑥𝑖) = {
1 𝑖 = 1,3
2 𝑖 = 2   

 

𝑙(𝑦𝑗) = {
1 𝑗 = 1,3
2 𝑗 = 2   

 

𝑙(𝑧ℎ) = {
1
 

ℎ = 𝑟 − 1; or                   
ℎ 𝑖𝑠 𝑒𝑣𝑒𝑛                           

2 ℎ 𝑖𝑠 𝑜𝑑𝑑; 1 < ℎ < 𝑟 − 1
 

From the labeling with 𝑜𝑝𝑡(𝑙) = 2, the following weight function is obtained: 

𝑤(𝑥𝑖) = {
2 𝑖 = 2
3 𝑖 = 1
4 𝑖 = 3

 



BAREKENG: J. Math. & App., vol. 19(2), pp. 1093- 1108, June, 2025.     1105 

 

 

𝑤(𝑦𝑗) = {

2 𝑗 = 2
3 𝑗 = 1
4 𝑗 = 3

 

𝑤(𝑧ℎ) = {
2 ℎ 𝑖𝑠 𝑜𝑑𝑑; ℎ > 1 
3 ℎ 𝑖𝑠 𝑒𝑣𝑒𝑛; ℎ < 𝑟

 

The set of vertex weights on the graph 𝐵2(𝑛,𝑚, 𝑟) when 𝑛 = 𝑚 = 3; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑟 > 4 which is {2,3,4}, then 

|𝑤 (𝑉(𝐵2(𝑛,𝑚, 𝑟)))| = 3. 

Based on the above two subcases, the upper bound of the chromatic number of local irregularity is 

obtained 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≤ |𝑤 (𝑉(𝐵2(𝑛,𝑚, 𝑟)))| = 3. Thus, we get 3 ≤ 𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) ≤ 3, then 

𝜒𝑙𝑖𝑠(𝐵2(𝑛,𝑚, 𝑟)) = 3; when 𝑛 = 𝑚 = 3; 𝑟 > 2; 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛.∎ 

An illustration of local irregularity vertex coloring on the bicyclic graph of type II 𝐵2(𝑛,𝑚, 𝑟); 
𝑛 = 𝑚 = 3; 𝑟 = 4 is shown in Figure 4. 

 

Figure 4. Illustration of Local Irregularity Vertex Coloring on the Bicyclic Graph of Type II 𝑩𝟐(𝒏,𝒎, 𝒓) 

Observation 5. Suppose the graph 𝐵3(𝑛,𝑚, 𝑡) is a bicyclic graph with 𝑛,𝑚 ≥ 3 𝑎𝑛𝑑 1 < 𝑡 ≤ 𝑚𝑖𝑛{𝑛,𝑚}, 
then  

𝑋(𝐵3(𝑛,𝑚, 𝑡)) = {
2 𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛 
3
 

𝑛 𝑖𝑠 𝑜𝑑𝑑; ∪  
𝑚 𝑖𝑠 𝑜𝑑𝑑       

 

 

Theorem 3. Chromatic number of local irregularity of bicyclic graph of type III 𝐵3(𝑛,𝑚, 𝑡) with 𝑛,𝑚 ≥
3 𝑎𝑛𝑑 1 < 𝑡 ≤ 𝑚𝑖𝑛{𝑛,𝑚} are: 

I. 𝑋𝑙𝑖𝑠(𝐵3(𝑛,𝑚, 𝑡)) = 2 

𝑓𝑜𝑟 {
𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 = 𝑚 = 𝑡 + 1; ∪                                                           
𝑛, 𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 𝑚 = 𝑡; ∪                                                                                
𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 = 3; 𝑛 = 4;𝑚 > 4 𝑜𝑟 𝑚 = 4; 𝑛 > 4        

 

II. 𝑋𝑙𝑖𝑠(𝐵3(𝑛,𝑚, 𝑡)) = 3 

𝑓𝑜𝑟 

{
 
 
 
 
 
 

 
 
 
 
 
 
𝑛,𝑚, 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 = 𝑚; ∪                                                                                           
𝑛, 𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 = 3; 𝑛,𝑚 ≠ 𝑡; ∪                                                                 
𝑛,𝑚, 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 > 3; 𝑛 = 𝑡;𝑚 > 𝑡 + 2 𝑜𝑟 𝑚 = 𝑡; 𝑛 > 𝑡 + 2; ∪       
𝑛,𝑚, 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 > 3; 𝑛,𝑚 ≠ 𝑡; ∪                                                             
𝑛, 𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; ∪                                                                            
𝑛,𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 = 𝑚; 𝑛 > 𝑡 + 1; ∪                                                       
𝑛, 𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 𝑚; 𝑛 > 𝑡 + 2; ∪                                                                      
𝑛, 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 ≠ 𝑚; 𝑡 = 3; 𝑛,𝑚 > 4; ∪                                                              
𝑛, 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 > 3; ∪                                                               
𝑛,𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 ≠ 𝑚;𝑛,𝑚 > 𝑡 + 2; ∪                                                                
𝑛, 𝑡 𝑖𝑠 𝑜𝑑𝑑;𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛; ∪                                                                                          
𝑛 𝑖𝑠 𝑜𝑑𝑑;𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 > 2;𝑚 > 𝑡; ∪                                                                
𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚, 𝑡 𝑖𝑠 𝑜𝑑𝑑; ∪                                                                                          
𝑛, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑡 > 2; 𝑛 > 𝑡                                                                       

 

III. 𝑋𝑙𝑖𝑠(𝐵3(𝑛,𝑚, 𝑡)) = 4 
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𝑓𝑜𝑟 

{
 
 
 

 
 
 
𝑛,𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 = 3; 𝑛 = 𝑡 𝑜𝑟 𝑚 = 𝑡; ∪                                                   
𝑛,𝑚, 𝑡 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚; 𝑡 > 3; 𝑛 = 𝑡;𝑚 = 𝑡 + 2 𝑜𝑟 𝑚 = 𝑡; 𝑛 = 𝑡 + 2; ∪      
𝑛, 𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 = 𝑚; 𝑛 = 𝑡 + 2; ∪                                                                     
𝑛, 𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑛 ≠ 𝑚; 𝑛 ≤ 𝑡 + 2 𝑜𝑟 𝑚 ≤ 𝑡 + 2; ∪                                           
𝑛 𝑖𝑠 𝑜𝑑𝑑;𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 = 2; ∪                                                                              
𝑛 𝑖𝑠 𝑜𝑑𝑑;𝑚, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛; 𝑡 > 2;𝑚 = 𝑡; ∪                                                                
𝑛, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑡 = 2; ∪                                                                              
𝑛, 𝑡 𝑖𝑠 𝑒𝑣𝑒𝑛;𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑡 > 2; 𝑛 = 𝑡                                                                       

 

 

An illustration of local irregularity vertex coloring on the bicyclic graph of type III 

𝐵3(𝑛,𝑚, 𝑡); 𝑛, 𝑚 𝑖𝑠 𝑜𝑑𝑑; 𝑛 ≠ 𝑚 ≠ 𝑡; 𝑡 = 3 is shown in Figure 5. 

 

Figure 5. Illustration of Local Irregularity Vertex Coloring on the Bicyclic Graph of Type III 𝑩𝟑(𝒏,𝒎, 𝒕) 

 

4. CONCLUSIONS 

In this research, we have discussed the local irregularity vertex coloring of bicyclic graphs of type I 

𝐵1(𝑛,𝑚), type II 𝐵2(𝑛,𝑚, 𝑟), type III 𝐵3(𝑛, 𝑚, 𝑡). Thus, we obtained the chromatic number of local 

irregularity in the bicyclic graph of type I 𝐵1(𝑛,𝑚) is 3. The chromatic number of local irregularity in the 

bicyclic graph of type II 𝐵2(𝑛,𝑚, 𝑟) is 3 and 4 with certain conditions. The chromatic number of local 

irregularity in the bicyclic graph of type III 𝐵3(𝑛,𝑚, 𝑡) is 2, 3, and 4 with certain conditions. Based on the 

results of research on local irregularity vertex coloring of the bicyclic graph family, we provide an open 

problem to the readers. 

Open Problem:  Analyze the local irregularity vertex coloring of the bicyclic graph on 𝑛-vertices and 

its operation. 
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