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1. INTRODUCTION

The concept of fuzzy sets was first introduced by Zadeh [1] in 1965 as a mathematical approach to
represent uncertainty in data through degrees of membership, which provides flexibility in describing the
ambiguity of the elements of a set. Many researchers have integrated the fuzzy concept into various fields of
science. One of the crucial developments in fuzzy theory was when Rosenfeld |2]| combined this concept with
group theory, leading to the development of the fuzzy subgroup. In developing this theory, fuzzy subgroups
have become a significant research topic and have been studied extensively by various researchers. Among
them, Abdurrahman investigated aspects such as the Image (Pre-image) Homomorphism of Interior Fuzzy
Subgroups [3], Interior w-fuzzy Subgroups [4], and Homomorphisms and (A, p]-Fuzzy Subgroups |[5].
Furthermore, Shuaib, Shaheryar, and Asghar focused their research on the characterization of o-fuzzy
subgroups [6]; Bejines, Jesus Chasco, Elorza, and Montes addressed the preservation of equivalence relations
within fuzzy subgroups, while Boixader, Mayor, and Recasens studied the aggregation of fuzzy subgroups
and the concept of T-vague groups. Beyond group theory, fuzzy sets have also been extended and examined
within various other algebraic structures, as carried out by Hemabala and Kumar in the context of I'-near
rings [16] and by Abdurrahman in semiring structures |7], [8], [9], [10], [11]. This development enriches
group theory in the fuzzy context and introduces a new approach to applying fuzzy structures to other
algebraic structures.

Furthermore, in 1999, Molodtsov [12] introduced the concept of the soft set as an alternative to a fuzzy
set to handle uncertainty without requiring complex membership functions. The soft set provides a more
straightforward and flexible framework, which was eventually extended into group theory to produce the
concept of soft group. Researchers such as [13], [14], [15], [16], [17] developed the idea of the soft group,
which allows applying the soft set concept to the algebraic structure of groups, providing an exciting
alternative in modelling data structures with uncertainty.

Many researchers have also conducted studies by combining fuzzy sets and soft sets with groups,
including [18], [19], [20], [21], [22], [23], |24]. However, no research has specifically discussed the formation
of levels soft set (levels soft group) from fuzzy subsets (fuzzy subgroups). Additionally, previous studies
have not examined the characteristics of level soft sets concerning subset operations, intersections, and unions
in soft sets or the conditions required for a fuzzy subgroup to form a level soft group.

This research focuses on developing level soft sets and level soft groups, a domain not thoroughly
investigated in the existing literature. The study substantially contributes to the field by demonstrating
fundamental operations in soft group theory, including intersection, union, and AND operations, when
applied to level soft groups. These yield-level soft groups remain within the same group. This finding suggests
that the structure of soft groups exhibits a stable property that enables these operations to produce soft groups
consistently.

In addition, this research introduces the concept of level soft groups as an extension of soft groups,
incorporating group homomorphisms. This approach provides a new perspective on the relationships between
these structures. By exploring the interplay between soft groups and group homomorphisms, this research
paves the way for a deeper understanding of the underlying mechanisms that govern the behaviour of these
structures and their role in the development of group theory.

As a result, this research expands the scope of fuzzy and soft group theory and provides valuable
insights for researchers and academics interested in further exploration. It is expected to encourage more in-
depth and applied studies within group theory and soft sets, opening new opportunities to apply these concepts
across various fields and advancing knowledge in the area.

2. RESEARCH METHODS

This paper employs a theoretical framework to develop the concepts of level soft set and level soft
group. The research methodology involves a systematic approach comprising several key stages, including a
comprehensive literature review, concept development, property analysis, and constructed property
validation. The literature review examined the fundamental concepts of group theory, including groups,
subgroups, group homomorphisms, fuzzy sets, fuzzy subgroups, soft sets, and soft groups.
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To support the discussion section, we cite the works [12], [15], [25], [26], [27], |28]. These concepts
provide a crucial theoretical foundation for understanding and developing the ideas of levels soft set and soft
group. By leveraging this foundation, we can construct and analyze the properties related to levels of soft set
and soft group and subsequently validate these properties. Thus, this enables us to develop a more
comprehensive and in-depth theory about soft sets and soft groups, providing a foundation for further research
and applications in this field.

In this paper, we assume that G is a group. A non-empty subset K of a group G is called a subgroup,
denoted by K < G, ifand only if ac™! € G for every a, ¢ € G. The subgroup {e;} and G are trivial subgroups
of G, where e; is the identity element of G. If K < G and N < G, then KNN < G.

Let G and S be groups and ¢ is a function from G into S. Then ¢ is called a group homomorphism of
G into S if @ maintains the group operation, that is

p(ac) = p(a)p(c)

for every a,c € G.

A group homomorphism ¢: G — § is called an epimorphism if it is onto and it is called a monomorphism if
it is one-one. The set Ker ¢ = {c | ¢(c) = eg}, is called the kernel of . The set Im ¢ = {@(c) | c € G}, is
called the Image of ¢. If N < G, then ¢(N) < S.

In addition to this, A fuzzy subset of G is a function from G into a close interval [0,1]. The operations
listed below are the most frequently used ones on fuzzy subsets. Let § and b be fuzzy subsets of G and z € G,

fUp(2) & (2) v h(2) and f1h(2) & f(z) AH(2).

If f(z) < b(z) for every z € G, then we called f E§. For K(# @) € G, a fuzzy subset xx is called the
characteristic function of K if

wr (1, zZ€K
w@ ey ] ¢ K
for every z € G.

Let f be a fuzzy subset of G and a € [0,1]. The set {z | f(z) = a}, is called the a — level subset of f and it is
denoted by f,.

Proposition 1. Let f and b be a fuzzy subset of G. Then the following assertions hold:

a. Iff€handc€[0,1], thenf, S h,,

b. Ifa<canda,c€[0,1], thenf, < f,,

c. f=bifandonlyiff. =9, foranyc € [0,1].
Proposition 2. 4 fuzzy subset fof G is a fuzzy subgroup of G if and only if §(ac™!) = f(a) Af(c) for all
ace€EaG.

Proposition 3. 4 fuzzy subset § of G is a fuzzy subgroup of G if and only if the level subset §, is a subgroup
of G for every a € f(G) U {c € [0,1] | c < f(e)}.

Although distinct from the previous section, the concept of soft sets and soft groups still supports the
overall argument. Let ¢ be a function from the parameter set A to the power set P(G). A soft set over G is
presented as

o4% {(a,a(a))|a € A,o(a) S G}.

In other words, the function o maps elements of the set <A to a subset of G, and the resulting soft set in a
collection of ordered pairs. (a, a(a)), where a € A and g(a) € G.

Definition 1. Let 0.4 and 8¢ Be soft set over G. The soft set 0.4 is said to be a soft subset of the soft set 8y,
denoted by 0.4 C 6p, if
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a. ACSD,and
b. o(a) € 6(a) forevery a € A.

Definition 2. Let 0 4 and 6p Be soft set over G. The soft set a4 is said to be equal to the soft set 6, denoted
byO'dq :6@, Z-JFO'UQ E@DandSD ;O'aq.

Definition 3. The intersection of the soft set 6.4 and &g Over G is the soft set ws over G, denoted by 4169 =
s, such that § = AND and n(s) = a(s)NS(s) foreach s € S.

Definition 4. The union of the soft sets o, and &6p Over G is the soft set ms over G, denoted by
o ,4,Ubp = g, such that S = AUD and for each s € S,

o(s), SEA—-D
n(s) = 6(s), SED—-A
a(s)Udb(s), s E€AND

Definition 5. Let 0,4 and 85 Be soft set over G. The AND operation of .4 and &s It is a soft set T g5 over
G, denoted by 0.4 \Ss = T 4xs, such that m(a,s) = a(a)N6(s) for any (a,s) € A X S.

The following example illustrates Definition 1 through 5 of soft set theory. We begin by defining two
(111 121 137 [47 [5 . .
fundamental sets, G and €. Let G be defined as G = {[ 0] , [ 0] , [ 0] , [ O] , [ 0]}, which contains five elements

representing our soft sets discourse universe. Similarly, let € be defined as £ = {ey, €5, €3, €4, €5}, which also
consists of five elements that will serve as parameters in our soft sets. Next, we define three subsets of &,
namely A = {e,,e3}, C = {e,}, D = {eq, ey, e3, e5}. With these sets established, we can define three soft sets
over G.

The first soft set 0 4, is defined as g4 = {(ez,{[g]}) , (e3,{[(1)] , [g]})} Thus, this indicates that the
element e, is associated with the single-element [g], while element e; is associated with two elements, [(1)]

and [(2)] The second soft set, 8¢, is defined as O, = {(e4,{[g] , [:)1-]’ [g]})}, showing that element e, is

g], and [g] The third soft set, J&p, is defined as

5= (eu 21D (o 201 302 o 5D, i s s s

associations of elements in D with various elements in G, indicating, for example, that e; is associated with
2 4 . . . .. [3 5
[O] and [0], while e5 is associated with [0] and [0]

associated with three elements: [(2)], [

From these definitions, we can identify significant relationships. First, we observe that g4 C Jp,
indicating that all pairs in g4 are also present in d7. Thus, this means that the information contained in 0.4 is
fully represented within &5. Conversely, we find that 6 % 0,4, which shows that not all pairs in 8¢ are found
in g 4, highlighting that 8, has unique associations beyond o 4. Next, we analyze the intersection of sets A
and D, which yields AND = {e,, e3}. This result indicates that elements e, and e3, they are common to both
sets. Consequently, the intersection of soft sets g4 and & is

ot = (s (4. e (1) 1)

Confirming that the pairs associated with e, and e; in 0,4 are also present in dp.
We then proceed to calculate the union of sets A and C, resulting in AUC = {e,, e3, e,}. This union
includes all unique elements from both sets. Therefore, the union of soft sets o4 and 8¢ is

oatite = {(ex (21 (oo (21 D) Cen 11D

The combined information from both soft sets results in a new set encompassing all associations.
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Additionally, we observe that AUD = D, meaning that all elements in A are already included in D.
Thus, we conclude that 0416 = &p, indicating that the information in 0.4 does not add any new elements
to 6@.

Finally, we analyze the intersection of soft sets 8¢ and 83, which results in

ocnsn ={{tewe ([ (6} )- (e (G151 (coven 5] 51) (v 1)}

Thus, this shows the pairs formed by combining elements from 8, and 8y, indicating the relationships
that can be established between these two soft sets.

Definition 6. Soft set 0.4 over G is said to be a soft group over G if and only if 6(a) < G, for any a € A.

To illustrate Definition 6, we  present  the following  example, where
a b c

G = { 0 d e] a,b,cdef€ Z} is a group under the operation of matrix addition over the integers, and
0 0 f

the parameter set A is given as A = 3Z. We then define a function o: A — P(G) That maps each element

of A to a subset of G, such that
nz 0 0
0(z)=4{|0 nz O0||nezZ

0 0 nz
For each z € A. Then we can easily see that g(a) < G, for any a € A. Thus, by Definition 6, we obtain that
0.4 1s a soft group over G.

3. RESULTS AND DISCUSSION

In the initial part of the discussion, we will construct a soft set over the group G using the fuzzy subset
fof G. To facilitate this construction, we will define a parameter set <A, which consists of two components:
the Image of the function f, i.e., f(G), and the set of all values ¢ within the interval [0, 1] such that c is less
than or equal to f(e), where e represents the identity element of G. The Image f(G) Includes all possible
membership values assigned by f to the elements of G. At the same time, the second component ensures that
we also consider values related to the identity element, thereby enriching the parameter set. This construction
will provide a foundational framework for analyzing the relationships between the components of G and their
corresponding degrees of membership in the fuzzy subset. It will set the stage for further exploration of soft
sets in this mathematical context.

Proposition 4. Let | be a fuzzy subset of G and a set of parameters
A=f(G) U{de[01]]d<f(e)}

If o7: A — P(G) is a relation defined by o7(c) = f¢, for each ¢ € A, then a;, It is a soft set over G.

Proof. Let c = d in the set of parameters A. Since f is a fuzzy subset of G, by Proposition 1, we have f, =
fa. Therefore, by definition a3, we have o;(c) = 07(d), and so the relation o; well-defined. In other words,
op: A — P(G) is a function. Thus, o is soft set over G. m

The soft set o7, over G, as in Proposition 4 is hereafter called the level soft set over G.
Proposition 5. Let f and Y) be a fuzzy subset of G. Let o7, and oy, Be two-level soft sets over G. Then
a. Iff €, then i, & 0y, where A S B.

b. o5, Uoy, = 9 (§0b) 5

c. 0Oy, M Oy = J(fﬁb)cﬂnB.



2268 Abdurrahaman, et al. LEVEL SOFT GROUP AND ITS PROPERTIES...

Proof.

a. Since f € ¥, so based on Proposition 1 we have that f, € b, for any a € A. Thus, by definition
o; and gy, we have, o;(a) S gy(a). In other words, a5 , £ oy,

b. Letx € f,Up, forany a € AUB. Then x € f, or x € ,. Because of this,
f(x) = aorh(x) =a.
Thus,
f(x) VH(x) = a = fUh(x) = a.

In other words, x € (’be)a and so
faUbg € (be)a < oi(a)Uay(a) O'be(a), for each a € AUB.

Therefore,

o5, U oy, & G(Tgb)ﬂug'

c. Since f and § are fuzzy subsets of G, we have, for any a € ANB
faNba ={xeG|ix) za}N{xeG[Hhx) = a}
={x€G|f(x) =aandh(x) = a}
={x €G|f(x) Ah(x) = a}
={x € 6 | fNp(x) = a}
- (i7in),
Thus,

oi(@)Nay(a) = afﬁb(a).

Therefore, o3 , N 0y, = I(i0D) yp ™

0 0 O
Now we introduce a group G = {[0 0 0] ZE Z} under matrix addition over the integers. Then we
0 0 z

0 0 O
0 0 z

000]

can easily prove that £ = { ZE ZZ} < G. Next, define a fuzzy subset f: G — [0, 1] where for

each 4 € G,

e (0.7, BEL
i) = {0.4, bEGC—L

In the following section, we will demonstrate that f is a fuzzy subgroup of G. To show that f, we review
two conditions below for all a,c € G.
a. Ifa,ce L, thena —c € L and so
fla —c) =0.7
=0.770.7
= f(a) Af(c).
b. Ifat least one of & and ¢ does not belong to £, then
fla —c) > 0.4
= f(a) Af(c).
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Thus, this shows that f is a fuzzy subgroup of G. Hence, by Proposition 3, we conclude that, f; < G for each
d € f(G) U {c € [0,1] | ¢ < f(e)}. Thus, according to the definition of the level soft set g; , In Proposition
4, we obtain:

a. oy(d) =f4 =G < G forany d € [0,0.4].
b. 0;(d) =f; = L < G forany d € (0.4,0.7].

Consequently, we have a soft group derived from a level subset of a fuzzy subgroup, as we will present
in the following proposition.

Proposition 6. Let f be a fuzzy subgroup of G, then the level soft set o5, is a sofi group over G.

Proof. Let f be a fuzzy subgroup of G. Then, by Proposition 3, we have {; is a subgroup of G for every d €
A. Therefore, by definition o5 ,, we have g5(d) = fq < G for any d € A and so o; ,, it is a soft group over
G.m

The soft group over G, d; ,, as in Proposition 6 is hereafter called level soft group over G.

Proposition 7. Let § and § be a fuzzy subgroup of G, then I (ifin) is a level soft group over G.
A

Proof. Since f and §) are fuzzy subgroups of G. Then, by Proposition 2, for any x, z € G, we have
fAh (cz™*) = f(cz™*) Ah(cz™)
2 [f(c) AT(@2] A [h(c) AD(2)]
= () Ali(2) AB(E)] AD(2)

= 7(c) A [H(e) AT(D)] AB()
= [{(c) AB()] A [i(2) A B(2)]
= i1 () A TN (2)

Thus, 0D is a fuzzy subgroup of G. Therefore, based on Proposition 6, we conclude that I (ifin) Itis alevel
A
soft group over G. m

According to the analysis of the proof presented in Proposition 7, we conclude that the intersection of
two fuzzy subgroups of group G is itself a fuzzy subgroup of group G. Therefore, we articulate this condition
in the following remark.

Remark 1. Let f and Yy be a fuzzy subgroup of G, then 0\Y is a fuzzy subgroup of G.

Let's explain this proposition with the following example.

0 0 O
Example1.LetG =3[0 0 0

Z € Z} be a group under the operation of matrix addition over the integers

0 0
0 0 O 0 0 O
suchthat W =4{|0 0 O0||z€3Z;<Gand X = { 0 0 0f|ze€ SZ} < G. Suppose f dan § are fuzzy
0 0 z 0 0 z

subsets of G such that for each ¢ € G,

(09, ceEW
Kd:{(xcew

and
(0.6, CEX
Mdz{acex'

Since W < G and K < G, it follows that

0 0 O
WNK =410 0 0||z€15Z; <G
0 0 z

so, for any ¢ € G
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. (0.6 cEWNK
(fNB)(©) ={ 0, ﬁewmc'

To show that {1 is a fuzzy subgroup of G. We need to verify two conditions for any m,n € G. These
conditions are as follows:

Firstly, if m, n € WNX, then m — n € WNXK, which yields
(fAp)(m — n) = 0.6
=0.6 0.6
= f(a) Af(o).
Secondly, if either m or 7 (or both) is not in WNXK, then
(fﬁb)(/m -—n)=0
= f(a) Af(c).

Consequently, we have f1\b is a fuzzy subgroup of G. Let A = (fﬁb)(G) Ufdelol]]|d< (fﬁb)(e)}.
Consider the set-valued function oyp: A — P(G) defined by O'fﬁb(d) of (fﬁb) dfor any d € A. Based on
Proposition 6, we have a level soft set O (ifip) » which forms a soft group over G.

A

Considering the conditions of Proposition 7 and the steps in the solution of Example 1, we derive two
conditions presented in the following analogies: Corollary 1 and Corollary 2.

Corollary 1. Let 1, T2, -+, o Be a fuzzy subgroup of G, then. O (5, fif 71 1) 1t is a level soft group over G.
A

Proof. To prove this property, we utilize the conditions in Proposition 6, which enables us to focus on
showing that f;Nf,N -+ Nf, is a fuzzy subgroup of G. We subsequently prove this result for n > 2 by
employing mathematical induction.

Firstly, for n = 2, based on Remark 1, we have that f; N, is a fuzzy subgroup of G.

Secondly, assume that for n = k, f;Nf,N -+ Nfy is a fuzzy subgroup of G. We will prove that forn = k + 1,
f.0f,0 -+ N, Nfj41 is also a fuzzy subgroup of G. Since f; Nf,N -+~ Nfx and fj,; are both fuzzy subgroups
of G, it follows from Remark 1 that, f;Nf,N -+ Nf,Nfxs1 is a fuzzy subgroup of G. From all cases, it is
established that f; Nf,N -+ N, Nfr41 is a fuzzy subgroup of G. Therefore, by the principle of mathematical
induction, we conclude that f; Nf,N - Nf,, is a fuzzy subgroup of G, for all positive integers n. m

Corollary 2. Let L be a non-empty subset of a G and f be a fuzzy set in G defined by

wr (@ ceL
@y Cer

forall c € L and a,d € [0,1] witha > d. Then, { is a subgroup fuzzy of G if and only if L < G.
Proof. Let f be a subgroup fuzzy of G and let ¢,z € L. Then

flcz™) 2 §(c) A f(2) = a,

and so f(cz™1) = a. Thus, cz™! € L. In other words, we have £ < G. Conversely, assume that £ < G. Let
¢,z € G. Since L < G, we consider the following two conditions:
Firstly, if at least one of ¢ and z does not belong to £, then

flcz™) = d = f(c) A f(2).
Secondly, if ¢,z € L, then cz™! € £ and so
f(cz™) = a = f(c) A f(2).

Thus, f is a fuzzy subgroup of G. m
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Proposition 8. Let a5, and oy be level soft group over G, where ANS # @. Then o oy, is a level soft
group over G.

Proof. Consider o5 , and oy, as level soft groups over G, where o [0y, = 0y, and D = ANS. According
to Proposition 6, we conclude that, g;(c) < G for any ¢ € A and oy (s) < G for any s € S. As a result, from
the property of the intersection of two subgroups in G, we have dp(d) = o;(d)Nay(d) < G, for any d € D.
Therefore, o3, [1ay, is level soft groups over G. m

As an illustration of Proposition 8, we provide a specific example which will help us to clarify the
concepts where is discussed in the Proposition 8. By examining this case, we can better to understand the
implications of Proposition 8.

Example 2. Based on the conditions in Example 1, we show that o, [1oy, is a level soft group over G.

0 0 O 0 0 O
Proof. Since both W = {[0 0 O] ZE SZ} and KX = {[0 0 0] Z E SZ} are subgroups of G, and f and
0 0 z 0 0 z

b are subset fuzzy of G. Therefore, based on Corollary 2, we have that f and ¥ are subgroup fuzzy of G. Let
A =1(G) ={0,0.9} and § =h(G) ={0,0.6}, and so ANS = {0}. Consider the set-valued function
op: A — P(G) and 0y: S — P(G) defined by a;(d) = f for any d € A, and gy(s) = fs for any s € S.
Based on Proposition 6, we have a level soft set g5 , and gy, which forms a soft group over G, where

o1, = {(0.01®), (0.9,6:0.9) )} = {0, ), (09,000} = {(0,6), (0.9, W)}

and

oy = {(0,05(0)),(0.6,5,(0.6))} = £(0, 50, (0.6,50,6)} = {(0,6), (0.6,£)}.

Suppose that o5, oy, = 0y, Thus, for any e € {0}, we have

Therefore, o5 , Moy, = {(0,G)} is level soft groups over G. m.
Corollary 3. The intersection of the level soft groups o5, and oy, , over G is a level soft group over G.

Proposition 9. Let 03 , and oy, Be a level sofi group over G, where ANB = @. Then o5 Uy, is a level soft
group over G.

Proof. Let g5, and oy, be level soft groups over G, where o; Loy, = 0y, and D = AUB. Then, by
Proposition 6, we have o5(a) < G for any a € A and oy (c) < G for any ¢ € B. Since ANB = @, it follows
that A —B = A and B — A = B. Therefore, based on Definition 4, we obtain the condition for
any s € D,

0y(s) = 05(s) < G,s €A —Boroy(s) =0y(s) <G, s EB— A.

Thus, we conclude that, 0y, = o5, Loy, is a level soft group over G. m
Proposition 10. Let a5, and oy, be level soft group over G. Then o; ,\ay,, is a level sofi group over G.

Proof. Since o, and gy, be level soft group over G, where o; , Ay, = 0y, . Then, by Proposition 6, we
have g;(a) = f, < G for any a € A and oy (c) = b, < G for any ¢ € B. Therefore, based on the property of
the intersection of two subgroups, we obtain f,Nh, < G, and so gy(a,c) = g;(a)Nay(c) < G, for any
(a,c¢) € A X B. Consequently, o5, Ady, = 0y, ., It is a level soft group over G. m
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Definition 7. Suppose o3 , is a level soft group over G, and e denotes the identity element in G.
a. oy, is called an identity level soft group on G if o;(c) = {eg} For any c € A.
b. g, is called an absolute level sofi group on G if o;(c) = G for any ¢ € A.

Proposition 11. Suppose @ is a homomorphism from group G into group L, and o; , is a level soft group over

def

G, where oy £ @ o ;. If 0;(c) = Ker @ for any ¢ € A, then ((paf)cﬂ is the identity level soft group over L.

Proof. Since o; , It is a level soft group over G. Then, by Definition 6, g;(c) = f; < G, for any ¢ € A. Since
@: G — L a group homomorphism, it follows from the properties of group homomorphisms that the Image
of a subgroup of G under ¢ is a subgroup of L. Thus, we obtain

9oi(c) = ¢ (07()) = p(fe) < K.

Consequently, by Definition 6, we have ((paf) P is a level soft group over L. Since, o;(c) = Ker ¢ for any
¢ € A. Then, based on the definition of Ker ¢, we obtain

90i(c) = ¢ (01(c)) = p(Ker ) = {e,}.

Therefore, by Definition 7, ((paf) P is the identity level soft group over L. m

Proposition 12. Suppose @ is a homomorphism from group G onto group L, and oy, is a level soft group

def

over G, where po; £ @ o o;. If o7, Is an absolute level soft group over G, then (qoaf) 4 s an absolute level

soft group over L.

Proof. Considering that o5, is a level soft group over G, based on Definition 6, g5(c) =f. < G, forany c €
A. Since g5(c) = f, < G and ¢: G — L a group homomorphism, we have

¢ (1)) = 9o < K.

Therefore, according to Definition 6, ((paf)ﬂ is a level soft group over L. Since o5, is an absolute level soft

group over G, and ¢: G — L is an epimorphism. It follows, based on Definition 7, that oy(c) = G for each
¢ € A. Consequently,

¢ (610) = 9 = k.

Thus, ((paf) 4 is an absolute level soft group over L. m

4. CONCLUSIONS

Based on the results and discussions we have conducted throughout this research, we have successfully
established the fundamental properties of levels soft set, which include several essential operations, including
subset, intersection, and union. In this context, we found that the intersection, union, and AND operations
applied to two levels of soft group over a group consistently yield the same level of soft group over the group.
This condition demonstrates that this structure is stable and can be extended without losing its fundamental
properties. These findings emphasize the consistency and stability inherent in the structure we investigated,
which is an essential aspect of the development of this theory. Furthermore, we also identified the existence
of levels soft set (levels soft group) formed through group homomorphism and soft group. This process
highlights the profound relationship between soft set theory and algebraic structures, providing new insights
into how these concepts interact and contribute to developing a broader theory in this field, opening up
opportunities for further research and practical applications in various disciplines.
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