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 ABSTRACT 

Article History: 
This study explores the application of the Extended Finite Element Method (XFEM) 

for modeling fracture behavior, utilizing COMSOL Multiphysics 5.6 to simulate a 

homogeneous concrete medium without embedded reinforcement. The computational 

model incorporates key parameters such as stress ratio (Young’s modulus of 137.9 

MPa), lateral strain from axial loading (Poisson’s ratio of 0.17), concrete density of 

2.4 g/cm³, and a crack growth rate governed by Paris’ law. The simulation results 

show a maximum stress intensity factor (𝐾𝑚𝑎𝑥) of 66.2 𝑀𝑝𝑎 × 𝑚5×10−1
 and a failure 

point occurring after approximately 22,568 load cycles. A mixture comprising 25% 

clamshell ash and lime was used as a sustainable cement substitute, achieving a 

maximum compressive strength of 20.53 MPa—meeting the structural concrete 

standard. These findings contribute to enhancing predictive fracture models and 

promoting sustainable material innovation in civil engineering. 
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1. INTRODUCTION 

In modern structural engineering, concrete remains one of the most widely used construction materials 

due to its strength and versatility. However, conventional concrete production heavily relies on cement, which 

contributes significantly to global carbon emissions [1]. At the same time, increasing urban development has 

led to the generation of substantial industrial and organic waste. One such waste product is clamshell ash, 

which is typically discarded and underutilized. Recent studies have begun exploring the potential of 

incorporating waste materials into concrete to enhance sustainability and reduce environmental impact [2], 

[3][4]. 

Despite various studies investigating crack propagation in concrete using the Extended Finite Element 

Method (XFEM) [5][6][7], most of them focus on standard cement-based mixtures or reinforced concrete, 

with limited attention given to alternative sustainable mixtures such as those incorporating clamshell ash or 

elasto-plastic hydraulic fracture [8]. Moreover, while XFEM has been widely adopted for simulating fracture 

mechanics [9], there remains a research gap in combining this method with simulation tools like COMSOL 

Multiphysics to evaluate eco-friendly concrete mixtures. 

The finite element method is a numerical technique that aims to overcome the limitations of mesh-

related defects by extending the classical finite element approach to a mesh-independent framework [5][6]. 

While the Finite Element Method (FEM) and the Finite Volume Method (FVM) are both widely used for 

solving partial differential equations in engineering applications, they differ fundamentally in their 

approaches. FEM discretizes the problem domain into elements and uses interpolation functions to 

approximate the solution, making it well-suited for problems involving complex geometries and stress-strain 

analysis. In contrast, FVM is based on the conservation laws over control volumes and ensures local 

conservation of fluxes, which is particularly advantageous for fluid dynamics and heat transfer problems. As 

noted by [11], FVM emphasizes the balance of physical quantities across volumes, offering robust accuracy 

in modeling transport phenomena. The use of this technique in simulating cracks is anticipated to 

improve the representation of the environment surrounding the crack's tip and allow for the 

utilization of sophisticated global failure criteria that are designed specifically for engineering 

challenges, such as fracture behavior modeling [7]. The objective of this study is to investigate the utilization 

of the extended finite element method (XFEM) in modeling fracture behavior, with a specific emphasis on 

bare-bones concrete modeled using the COMSOL Multiphysics 5.6 software. The XFEM technique integrates 

various factors, such as stress ratios, lateral strains caused by axial loads, concrete density, and the rate of 

crack propagation, to simulate the crack growth mechanism [12], which extends the initial attachment as the 

crack size expands [13][14].  

The accelerated expansion of the crack is linked to the stress intensity factor at the crack tip, which 

rises as the crack size increases, causing faster growth until it reaches a critical magnitude and breaks [15], 

[16]. The test reveals that the failure took place when the stress intensity surpassed the critical value, which 

is demonstrated by the comparison of the stress period and crack size. The growth rate of a crack is accelerated 

by the expansion of its size, which has a direct correlation, primarily influenced by the stress level factor at 

the tip of the crack [17][18][19]. 

This study aims to address this gap by analyzing the fracture behavior of concrete partially substituted 

with 25% clamshell ash using XFEM within COMSOL Multiphysics 5.6. The research evaluates crack 

propagation parameters such as stress ratio, lateral strain, and crack growth rate under axial loading. By 

integrating a sustainable material with advanced numerical simulation, this work not only contributes to 

fracture mechanics literature but also promotes environmental sustainability through waste utilization. The 

findings are expected to support future innovations in green construction materials and predictive modeling 

techniques. 

The novelty and main contributions of this study can be summarized as follows: 

1. This research investigates crack propagation behavior in concrete partially substituted with 25% 

clamshell ash—a type of marine biowaste—an area that has received very limited attention in 

fracture mechanics literature. 

2. The study applies the Extended Finite Element Method (XFEM) using COMSOL Multiphysics 

5.6, providing a mesh-independent simulation framework specifically tailored for eco-concrete, 

which is rarely implemented in prior works. 
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3. The integration of sustainability and computational fracture analysis presents a unique 

interdisciplinary contribution, addressing both environmental challenges and structural 

performance in construction materials. 

4. The study contributes to the growing need for predictive modeling in sustainable infrastructure 

development by offering a replicable XFEM framework for future studies involving green 

construction materials. 

The remainder of this paper is organized as follows: Section 2 presents the mathematical modeling and 

finite element formulation used in this study. Section 3 discusses the simulation results and their 

interpretation. Section 4 provides the conclusions drawn from the findings. 

2. RESEARCH METHOD 

2.1 Linear Triangle Elements 

Linear triangular elements are planar elements with three nodes whose size varies linearly in the 

Cartesian coordinates of the 𝑥 and 𝑦 axes. In a stress analysis, the resulting linear displacement region is in 

the constant strain region, so this element is also called a CST element or Constant Strain Triangular element. 

Figure 1 illustrates the basic configuration of a three-node linear triangular element, which is a fundamental 

component in the finite element method used in this study. This element type enables the approximation of 

displacement and stress distribution in a planar domain and is especially suitable for modeling irregular 

geometries such as those encountered in concrete fracture problems. In the finite element method for solving 

elliptic partial differential equations, the stiffness matrix denotes the linear system of equations that FEM 

needs to solve in order to approximate the solution to the differential equation. FEM is a numerical solution 

technique specifically made for solving engineering problems [20].  

 
 
 
 
 
 
 
 
 
 

Figure 1. Three-Point Linear Triangle Element. 

Figure 2 shows the application of linear triangular elements to represent a material domain under 

analysis. This visualization highlights how the geometry is discretized into small, manageable elements, 

forming the basis for applying XFEM techniques in simulating crack initiation and propagation. The 

arrangement also helps demonstrate how cracks can propagate through the mesh, independent of element 

boundaries. 

 
Figure 2. Triangular Linear Elements on a Material 

Before examining all elements of a three-node triangle (CST), we will first discuss the definitions of 

plane stress and plane strain. The relationship between the strain and displacement of the plate is as Equation 

(1) to Equation (2): 
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[𝜀] = [

𝜀𝑥

𝜀𝑦

𝛾𝑥𝑦 

] = [
𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
 ]

𝑇

(1) 

[𝜀] = [𝐵][𝑑] (2) 

𝜀𝑥 : strain in the 𝑥 direction 

𝜀𝑦 : strain in the y direction 

𝛾𝑥𝑦  : shear strain in the 𝑥𝑦 plane 

𝑢  : displacement in the 𝑥 direction 

𝑣  : displacement in the y direction 

𝜕

𝜕𝑥
,

𝜕

𝜕𝑦
  : partial derivatives in the direction of 𝑥 and 𝑦 indicating changes in the displacement field 

B  : strain matrix 

d  : displacement matrix 

𝜎𝑥  : tension in the 𝑥 direction 

𝜎𝑦  : tension in the y direction 

𝜎𝑥𝑦  : shear tension in the 𝑥𝑦 plane 

E  : Young’s modulus 

𝑣  : Poisson's ratio - the ratio of lateral strain to axial strain 

Equation (1) and Equation (2) represents the standard strain-displacement relation in plane stress 

conditions, commonly used in structural mechanics, where the relationship between stress and tension can 

be written as: 

[𝜎] = [E][𝜀] (3) 

Equation (3) is derived from Hooke’s Law in two dimensions assuming isotropic and homogeneous material 

properties where the stress components are expressed as Equation (4): 

[𝜎] = [

𝜎𝑥

𝜎𝑦

𝜏𝑥𝑦

] (4) 

In addition, the matrix [E] can calculate the plane stress area with Equation (5) and the plane strain area with 

Equation (6). 

[𝐸] =
𝐸

1 − 𝑣2 [

1 𝑣 0
𝑣 1 0

0 0
1 − 𝑣

2

] (5) 

[𝐸] =
𝐸

(1 − 𝑣2)(1 − 2𝑣)
[

1 − 𝑣 𝑣 0
𝑣 1 − 𝑣 0

0 0
1 − 2𝑣

2

] (6) 

Equation (3) can also be written in the form of the following equation by substituting Equation (2), 

[𝜎] = [𝐸][𝐵][𝑑] (7) 

2.2 General Equation of Linear Triangle Elements  

The general equation for the transition matrix of a three-node linear triangle element is shown as 
Equation (8): 
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[𝑑] = [

𝑑𝑖

𝑑𝑗

𝑑𝑚

] =

[
 
 
 
 
 
𝑢𝑖

𝑣𝑖

𝑢𝑗

𝑣𝑗

𝑢𝑘

𝑣𝑘]
 
 
 
 
 

(8) 

here the transformation function can be defined as a linear transformation as follows: 

𝑢(𝑥, 𝑦) = 𝑎1 + 𝑎2𝑥 + 𝑎3𝑦 (9) 

𝑢(𝑥, 𝑦) = 𝑎4 + 𝑎5𝑥 + 𝑎6𝑦 (10) 

According to the general transfer function [𝜓], Equation (9) and Equation (10) can be written as Equation 

(11): 

[𝜓] = [
𝑎1 𝑎2𝑥 𝑎3𝑦
𝑎4 𝑎5𝑥 𝑎6𝑦

] = [
1 𝑥 𝑦 0 0 0
0 0 0 1 𝑥 𝑦

]

[
 
 
 
 
 
𝑎1

𝑎2

𝑎3

𝑎4

𝑎5

𝑎6

 

]
 
 
 
 
 

(11) 

Then, to get the values of 𝑎1 to 𝑎6, first substitute the coordinates of the nodes into Equation (12): 

𝑢𝑖 = 𝑎1 + 𝑎2𝑥𝑖 + 𝑎3𝑦𝑖 

𝑢𝑗 = 𝑎1 + 𝑎2𝑥𝑗 + 𝑎3𝑦𝑗 

𝑢𝑘 = 𝑎1 + 𝑎2𝑥𝑘 + 𝑎3𝑦𝑘 (12) 

𝑣𝑖 = 𝑎4 + 𝑎5𝑥𝑖 + 𝑎6𝑦𝑖 

𝑣𝑗 = 𝑎4 + 𝑎5𝑥𝑗 + 𝑎6𝑦𝑗 

𝑣𝑘 = 𝑎4 + 𝑎5𝑥𝑘 + 𝑎6𝑦𝑘 

Where 𝑢𝑖 = 𝑢(𝑥𝑖 , 𝑦𝑖) and 𝑢𝑗 = (𝑥𝑗 , 𝑦𝑗) 

[

𝑢𝑖

𝑢𝑗

𝑢𝑘

 ] = [

1 𝑥𝑖 𝑦𝑖

1 𝑥𝑗 𝑦𝑗

1 𝑥𝑘 𝑦𝑘

] [

𝑎1

𝑎2

𝑎3

 ] 

[𝑎] = [𝑥]−1[𝑢] 

[𝑥]−1 = 
1

2𝐴
[

𝛼𝑖 𝛼𝑗 𝛼𝑘

𝛽𝑖 𝛽𝑗 𝛽𝑘

𝛾𝑖 𝛾𝑗 𝛾𝑘

] 

2𝐴 = [

1 𝑥𝑖 𝑦𝑖

1 𝑥𝑗 𝑦𝑗

1 𝑥𝑘 𝑦𝑘

] 

2𝐴 = 𝑥𝑖(𝑦𝑖 − 𝑦𝑘) + 𝑥𝑗(𝑦𝑘 − 𝑦𝑖) + 𝑥𝑘(𝑦𝑖 − 𝑦𝑗) (12) 

 From Equation (12) we obtain 𝐴 is the area of the triangle. 
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𝑎𝑖 = 𝑥𝑗𝑦𝑘 − 𝑦𝑗𝑥𝑘 

𝑎𝑗 = 𝑥𝑘𝑦𝑖 − 𝑦𝑘𝑥𝑖 

𝑎𝑘 = 𝑥𝑖𝑦𝑖 − 𝑦𝑖 

𝛽𝑖 = 𝑦𝑗 − 𝑦𝑘 

𝛽𝑗 = 𝑦𝑘 − 𝑦𝑗 (14) 

𝛽𝑘 = 𝑦𝑖 − 𝑦𝑗 
𝛾𝑖 = 𝑥𝑘 − 𝑥𝑗 

𝛾𝑗 = 𝑥𝑖 − 𝑥𝑘 

𝛾𝑘 = 𝑥𝑗 − 𝑥𝑖 

In this study, α, β, and γ represent the interpolation coefficients derived from nodal coordinates of triangular 

elements, used to construct the shape functions in the finite element formulation. Equation (14) represents 

the general form of the interpolation function for a three-node linear triangular element, which is essential in 

the finite element method for constructing shape functions. This equation is derived by substituting the nodal 

coordinates into the linear transformation functions, resulting in the interpolation coefficients α, β, and γ. 

These coefficients are used to relate the displacement within the element to the global coordinate system. 

The formulation plays a crucial role in generating the stiffness matrix and analyzing the mechanical response 

of the material under applied loading. 

2.3 The XFEM Algorithm 

The computational procedure for modeling crack propagation using the Extended Finite Element 

Method (XFEM) in COMSOL Multiphysics is outlined through the following algorithm: 

Algorithm: XFEM-based Crack Propagation Simulation 

1. Initialize the model by defining the geometry of the concrete specimen, including the initial crack 

location and dimensions. 

2. Assign material properties to the domain, such as Young’s modulus (E), Poisson’s ratio (ν), 

density, and fatigue parameters from Paris’ law (C and m). 

3. Generate the mesh using linear triangular elements/ Constant Strain Triangular (CST) element, 

ensuring adequate refinement around the crack tip region. 

4. Apply boundary conditions and define the axial load cycles, specifying maximum and minimum 

tensile and bending stresses. 

5. Activate XFEM settings in the solid mechanics module to allow discontinuity modeling 

independent of mesh topology. 

6. Implement Paris’ Law for fatigue crack growth to define the relationship between crack growth 

rate and Stress Intensity Factor (SIF). 

7. Run the simulation iteratively, updating the crack length and position based on computed SIF 

values at each cycle. 

8. Evaluate the failure condition: if the computed SIF reaches or exceeds the critical threshold 𝐾𝐼𝑐, 

terminate the simulation. 

9. Record the output results, including stress intensity values, crack length progression, 

deformation contours, and number of cycles to failure. 

This algorithm enables efficient tracking of crack evolution and material degradation under cyclic loading, 

providing insights into the fracture behavior of sustainable concrete materials. 

3. RESULTS AND DISCUSSION 

The numerical results presented in this section are obtained by solving the crack propagation model 

described in Section 2 using COMSOL Multiphysics 5.6. The simulation is grounded on the mathematical 

formulations derived from the linear triangular element method and the extended finite element framework, 
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including the strain-displacement relationship (Equation (1) to Equation (2)), stress-strain matrix (Equation 

(3) to Equation (6)), and interpolation functions for CST elements (Equation (8) to Equation (14)). These 

equations are embedded within the software's solver, which iteratively computes the stress intensity factor 

(SIF) and crack growth behavior in accordance with Paris’ law. 

Thus, although the software executes the numerical computations, the underlying process strictly 

follows the mathematical structure developed in the modeling stage, ensuring that the simulation results are 

a direct consequence of the equations previously formulated. 

The stress ratio (Young's modulus) of 2.75 × 104 Mpa, lateral strain due to axial loading (Poisson 

ratio) of 0.17, and Concrete Density (Density) of 2.4 g/cm3 are specified before performing the calculation. 

In the laboratory test, the material under investigation had a crack growth rate (Paris' law coefficient) of 

1.4 × 10−11 and was characterized by the dimensions of Length 100cm, Width 30cm, Thickness 25cm, and 

an initial crack of 1cm. The results indicate the upper limit of loading cycles endured before material failure 

occurs, as presented below:   

𝑁fail = 22568 cycles to failure 

An increase in crack size leads to a rise in the stress intensity factor at the crack tip. Failure is initiated 

once this value surpasses the critical intensity level of the material, denoted by 𝐾𝐼𝑐. The pressure intervals, as 

shown in Table 1, represent the loading history, which is cyclically applied until structural failure occurs. 

Table 1. Stress History 

Cycles Tensile Max Tensile Min Bending Max Bending Min 

100 137.9 Mpa 0.000 Mpa 68.85 Mpa 0.000 Mpa 

125 68.95 Mpa 34.47 Mpa 0.000 Mpa 0.000 Mpa 

The stress history involves 125 cycles. The total number of stress histories that can be repeated before 

the material fails is yet to be determined by: 

𝑋hist =
𝑁fail

𝑁hist
= 

 =
22568

125
= 180.54 ≈ 181 history repetitions to failure 

This indicates that the material underwent 181 distinct load cycles or propagation steps before reaching 

the critical stress intensity threshold, leading to structural failure. Each repetition in the 𝑋hist record 

corresponds to a computed stage in the crack growth history, which is essential for understanding the fatigue 

behavior of the material under repeated stress. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3. Deformation Crack in the Material Under Test. 

Figure 3 illustrates the deformation field in the tested concrete specimen, simulated under axial loading 

using COMSOL Multiphysics 5.6 software. The deformation is concentrated around the crack tip, forming a 

localized high-strain region aligned with the direction of applied load. This result corresponds to a stress 

cycle near 18,000, where fatigue effects become more pronounced. The gradual increase in displacement 

reflects the accumulation of internal damage, and the deformation zone expands as the crack progresses. 
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These observations confirm the predicted behavior based on the increasing stress intensity factor, which 

drives crack propagation towards failure.  

 
Figure 4. Crack Growth. 

Cracks grow when the change in energy is greater than or equal to the resistance change. When the 

energy change is less than the resistance change, cracking will not occur. In tension, the maximum tension 

value is employed. Failure is determined by comparing the maximum stress intensity factor to 𝐾𝐼𝑐. 

As can be seen from the crack growth process in Figure 4, the growth initially increases with the crack 

size. Finally, the growth (
𝑑𝑎

𝑑𝑁
) is faster. The crack grows more quickly because of the stress intensity factor 

(SIF) at the tip of the crack, which rises as the crack size increases. Until it reaches a critical size and 

ultimately fails, the crack will keep growing at an accelerated pace. 

According to the test results, failure was caused by surpassing the critical stress intensity. Figure 4 

also illustrates a comparison of load cycling as crack size increases. The reason for the acceleration in growth 

is that the growth rate relies on the stress intensity factor at the crack tip, which, in turn, is dependent on the 

crack size. 

 
 

Figure 5. Crack Growth Rate as a Function of Stress Intensity Factor (ΔK) Based on Paris’ Law 
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The graph in Figure 5 shows the relationship between crack growth rate (𝑑𝑎/𝑑𝑁) and the stress 

intensity factor (𝛥𝐾), illustrating the material’s fatigue behavior under cyclic loading. As 𝛥𝐾 increases due 

to the enlarging crack, the rate of crack growth accelerates until it reaches a critical threshold. This plot 

quantifies the dynamic response of the material to stress cycles and complements the crack length progression 

illustrated in Figure 4. 

The fracture toughness is linked to the thickness of the component. If the thickness rises, the fracture 

toughness declines to the stress level Fracture toughness 𝐾𝐼𝑐. Figure 4 also illustrates the crack's orientation 

and the fracture's form in the examined material. When the material breaks, the analysis is concluded. The 

data sampling from the simulation results was done for 22,568 cycles with a maximum stress intensity factor 

(𝐾𝑚𝑎𝑥) of 66.2 Mpa × m5×10−1
. Figure 6 displays the sampling of the crack growth outcomes. 

The stress intensity factor (SIF) distribution shown in Figure 6 demonstrates a progressive increase in 

stress concentration near the crack tip, which governs the rate of crack propagation. As the crack lengthens 

under cyclic loading, the SIF exceeds the material’s fracture toughness, leading to unstable crack growth. 

The simulation results indicate that the crack propagation follows the Paris law, where the growth rate is 

proportional to the applied stress intensity range. Additionally, the finite element analysis highlights the 

influence of mesh refinement on accurately capturing the stress singularity at the crack tip. The correlation 

between the numerical model and experimental data confirms the validity of the adopted fracture mechanics 

approach, emphasizing the role of stress distribution in predicting material failure. 

 
Figure 6. Stress Intensity 

Figure 7 showcases how finite element analysis can be applied to simulate crack propagation in 

geometrically complex materials. The loading condition is quasi-cyclic, approximating static behavior, and 

the direction of crack extension is guided by the stress intensity factor values observed during the simulation 

process. The initial geometry comprises 1875 tetrahedral meshes, and the crack gap is positioned at the exact 

center of the material where crack growth is anticipated. In the simulation, the Paris fatigue law is employed, 

assuming that the crack propagation angle is the maximum hoop stress, as the fracture equation. A constant 

𝛥𝑎 is taken into consideration for each iteration to determine the change in crack length. 
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Figure 7. The Contour of Displacement Distribution along the Crack Path 

Figure 7 also displays the displacement contour along the crack propagation path under quasi-static axial 

loading. The displacement field indicates that the deformation is highly localized at the crack tip, where the 

material experiences maximum displacement. This visualization confirms that the crack initiates and extends in 

the direction of the highest strain energy density, aligned with the applied load. The smooth gradient of the 

contour illustrates the gradual energy transfer through the material until the critical displacement threshold is 

reached. These results validate the use of XFEM in predicting displacement behavior in heterogeneous materials 

such as clamshell-ash-based concrete. 

4. CONCLUSION 

This study presents a numerical analysis of crack propagation in concrete incorporating 25% clamshell 

ash as a sustainable partial cement replacement, using the Extended Finite Element Method (XFEM) 

implemented in COMSOL Multiphysics 5.6. The following conclusions can be drawn: 

1. The integration of clamshell ash as a cement substitute enhances the mechanical performance of 

concrete. The maximum compressive strength achieved was 20.53 MPa, which satisfies the 

structural standard for concrete applications. 

2. Simulation results confirm that crack propagation behavior in the tested material is governed by 

Paris’ law, where the crack growth rate increases non-linearly with the stress intensity factor. The 

model showed a maximum stress intensity factor of 66.2 and a failure point after approximately 

22,568 loading cycles. 

3. The finite element simulation effectively captured the deformation patterns and stress intensity 

distributions around the crack tip. As the crack size increased, the corresponding stress intensity 

factor also rose, resulting in accelerated crack growth and eventual failure once the critical 

threshold was exceeded. 

4. A higher substitution ratio of clamshell ash and lime is associated with increased porosity, which 

may reduce both compressive and tensile strengths. This highlights the need for optimized mix 

design when utilizing waste-based materials in structural applications. 

5. The XFEM-based approach provided a mesh-independent and robust framework for predicting 

crack growth in eco-concrete. The findings underscore the potential of combining sustainable 

materials with advanced numerical modeling to improve structural reliability while supporting 

green construction initiatives. 

Future research may expand on this model by incorporating more complex loading scenarios, 

reinforced concrete behavior, or hybrid material compositions to further validate and generalize the proposed 

methodology. 
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