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ABSTRACT

Graph labeling is the assigning of labels represented by integers or symbols to graph
elements, edges and/or vertices (or both) of a graph. Consider a simple graph G with a
vertex-set VV(G) and an edge-set E(G). The order of graph G, denoted by [V (G)], is the
number of vertices on G. The prime labeling is a bijective function f:V(G) —»
{1,2, ..., |V (G)]}, such that the labels of any two adjacent vertices in G are relatively
prime or ged (f (w), f(v)) = 1, for every two adjacent vertices u and v in G. If a graph
can be labeled with prime labeling, then the graph can be said to be a prime graph. A
flower graph is a graph formed by helm graph H,, by connecting its pendant vertices
(the vertices have degree one) to the central vertex of H,, such a flower graph is denoted
as Fl(n). In this research, we employ constructive and analytical methods to investigate
prime labelings on specific graph classes. Definitions, lemmas, and theorems are
developed as the main results in this research. The amalgamation Amal(G;, vy;) is a
graph formed by taking all by taking all the G;’s and identifying their fixed vertices v;.
If G; = G; = G, then we write Amal(G;, vo;) with Amal(G),,. In previous research, it
has been shown that the flower graphs FI(n), for n > 3 are prime graphs. Continuing
the research, we prove that two classes of amalgamation of flower graphs Amal(FI(n),,)
are prime graphs.
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1. INTRODUCTION

According to Ralph Faudree and Spencer Joel (1988), graph theory is a branch of discrete mathematics
that examines mathematical structures representing interactions between entities called vertices and edges.
Graph theory is also an ever-evolving theory, as evidenced by discoveries regarding various graphs, labeling
techniques, and labeling methods. Graph labeling is a strategy to assign labels to the vertices or edges of a
graph with the aim of satisfying certain rules or explaining specific properties. Graph labeling is a significant
area of study in graph theory. According to a survey conducted by Gallian [1], the concept of graph labeling
emerged in the mid-1960s. Since then, more than 200 labeling techniques have been explored, published in
over 3000 research papers. Graph labeling [2] involves assigning numbers, typically positive or non-negative,
to specific components of a graph. These components are usually either vertices or edges. When the assigned
numbers correspond to vertices, the process is referred to as vertex labeling. There are many types of vertices
labeling that have been developed in previous research, such as prime labeling, vertex-magic total labeling,
total vertex irregularity strength, radio labeling, and L-labeling. Several articles have studied vertex labeling,
including radio labeling of banana graphs [3], the total vertex irregularity strength on a series parallel graph
sp(m,r,4) [4], anti-fuzzy graph magic labeling [5], and bipolar anti-fuzzy graph magic labeling [6] on path,
star, and cycle graphs.

One type of vertex labeling that continues to develop is prime labeling. The concept of prime labeling
stems from Entriger's conjecture in 1980, which proposed that every tree graph could possess a prime
labeling. The conjecture's progress was most recently advanced in 2011 by Haxell, et al. [7], who
demonstrated that all tree graphs with a sufficiently large number of vertices qualify as prime graphs. Building
on this conjecture, Tout et al. [8] formally introduced the notion of prime labeling in a paper published in
1982. Before defining prime labeling, the definition of greatest common divisor (gcd) is first given.
According to [9], the gcd of two integers a and b denoted as gcd(a, b) is the largest positive integer that can
exactly divide both a and b. Two integers a and b are called relatively prime if gcd(a, b) = 1. The Euclidean
algorithm is an efficient algorithm for finding the gcd of two integers. If a and b are two integers with
a > b, then the gcd(a, b) = gcd(a mod b, b). This process is repeated until one of the numbers becomes 0
[10]. This concept and algorithm will be used in prime labeling.

Prime labeling is a bijective function, let G be a simple graph with the vertex set V(G) and the edge
set E(G). A prime labeling on G is a labeling of the vertices on G with different integers in V(G) such that
the labels of any two adjacent vertices in G are relatively prime. This means that prime labeling is a bijective
function f:V(G) = {1,2, ..., |V(G)|} with |V (G)| being the number of vertices in G, such that for any two
distinct vertices u,v € V(G) with vertex uadjacent to vertex v in G, ged(f(uw), f(v)) =1, where
f), f(w) €{1,2,...,]V(G)|}. If agraph can be labeled with prime labeling, then the graph can be said to be
prime graph [11].

Let I € V(G) be a subset of vertices in graph G. An independent set I < V(G) is defined as a set of
vertices such that no two vertices in I are adjacent, meaning uv & E(G) for any u, v € I. The maximum size
of an independent set in G is known as the independence number of G and is denoted by S, (G). In [12], they

gave a necessary condition for any graph to be prime, it must satisfy the condition 8,(G) = ['V(Z—G)'J

Furthermore, as stated in [13], if n = 4 the complete graph K, is not a prime graph. One of the graphs
that has a prime labeling is the cycle graph C,,. According to [14], every cycle graph C,, is a prime graph for
n = 3. The cycle graph C,, can be labeled with prime labeling because in that graph, every pair of adjacent
vertices u and v in G, satisfies gcd(f (w), f(v)) = 1. Therefore, the cycle graph C,, is a prime graph. Several
experts have proven the concept of prime labeling among others, prime labeling on the semi-total vertices
graph of the broom graph R* B(n) [15], prime labeling for some helm-related graph [16], prime and coprime
labeling on the graphs P, K,, and B, P, [17], prime labeling on the crown graph C,; [18], prime labeling on
trees [19], prime labeling on web graphs without center [12].

The flower graph denoted as FI(n) is a graph formed by a helm graph H,, by connecting each pendant
vertex to the center vertex of H,. The flower graph Fl(n) has the vertex set V(FI(n)) = {v,v;,u; | i =
1,2,3,...,n} so that [V(FI(n))|]=2n+1 and the edge set E(Fl(n)) = {vu;, vv;, u;v;, viViy1 | i =
1,2,3,...,n} where v, ,; = v;. The flower graph FI(n) consists of three types of vertices, that is v as the
central vertex, vy, vy, ..., 1, as vertices of degree four, and u; , u,, ..., u, as vertices of degree two [20]. Let
{G;1i€{1,2,3,..,m}}form € Nand m > 2 be a collection of finite graphs and each G; has a fixed vertex,
say vg;. The following definition of an amalgamation of graph is referred from [21]. The amalgamation
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Amal(G;, vy;) is a graph formed by taking all by taking all the G;’s and identifying their fixed vertices vy;. If
G; = G; = G, then we write Amal(G; , vy;) With Amal(G),,,. In this paper, we consider the amalgamation

of flower graphs Fl(n). In particular, let G; = Fl(n;)= Fl(n), where v,; be a central vertex of FI(n). We
denote the amalgamation of m flower graphs Fl(n) by Amal(Fl(n),,) .

In [20], Ashokkumar and Maragathavalli gave prime labeling on the flower graph Fl(n). Based on the
results of the research, it is known that the flower graph Fl(n) with n > 3 is a prime graph. From this
research, we are interested to determine prime labeling on amalgamation of flower graphs Amal(Fl(n),,),
foranyn >3 and m > 2.

2. RESEARCH METHODS

This research uses a literature study aimed at reviewing and analyzing graph theory books and research
journals that study prime labeling. This research also employs constructive and analytical methods to
investigate prime labeling on some classes of graph amalgamations. Definitions, lemmas, and theorems are
developed to support the labeling construction and validity proofs. Here are the steps used:

1. Conducting a literature review on prime labeling in graphs.
2. Define amalgamation of flower graphs Amal(Fl(n),,), for positive integers m > 2 and n > 3.

3. Formulate theorems and prove mathematically that amalgamation of flower graphs
Amal(Fl(n),,) are prime graphs. To achieve this, several steps will be followed:

a. Based on the known properties and structural characteristics, formulate two new lemmas and
two new theorems.

b. Provide proofs for the formulated theorems and lemmas. The following properties from
earlier studies support the proof of theorems.

Theorem 1. [22] Let A and B be two finite sets and let f: A — B. If |A| = |B], then function
f is injective equivalent f is surjective equivalent f is bijective.

The function f is said to be bijective if satisfy injective and surjective. In this research to
prove function f is bijective by proving that f is injective, then prove that the cardinality of
the domain of f is equal to the cardinality of the codomain of f.

Corollary 1. [23] Two integers a and b are relatively prime integers if and only if there exist
integers ¢ and d such that ac + bd = 1. Since a and b are relatively prime, it follows that
gcd(a,b) = 1.

Theorem 2. [24] If a and b are two consecutive integers such thata =nand b = n+1,
where n is an integer, then a and b are relatively prime.

Theorem 3. [24] Let a, b, and c be integers. Then (b + ca, a) = (a, b).
Then, for c = —1, we have gcd(b — a,a) = gcd(a, b).
4. Validation of mathematical proof analytically.

5. Concluding the research findings and providing recommendations for open problems related to
the studied research topic.

3. RESULTS AND DISCUSSION

In this section, we will prove that the amalgamation of flower graphs Amal (FI(n),,) is a prime graph.
This section presents definitions, lemma, main theorem, and corollaries.

Lemma 1. [19] Let B, (G) denote the independence number of a graph G. If G is a prime graph, then

Bo(6) = [F2].
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Definition 1. [20] For any n > 3, the flower graph, denoted as Fl(n), is a graph formed by adding n new
edges to the helm graph H,, connecting the independent (pendant) vertex to the center vertex H,,.

As an illustration, a helm graph Hg and a flower graph FI(6) is given in Figure 1.
In [20], it was found that the flower graph Fl(n) with n > 3 is a prime graph.

Uge

AV,

(@) (b)
Figure 1. (a). The Helm Graph Hg, (b). The flower graph F1(6)

Now, we give the definition on amalgamation of m flower graphs, denoted by Amal(Fl(n),,). We depict
Amal(Fl(n),,) as in Figure 2.

Definition 2. The amalgamation of flower graphs Amal (Fl(n),,) is a graph that constructed from the graph
Fl(n) by duplicating it m times and then uniting their central vertices. Amal(Fl(n),,) has a vertex-set

V(Amal(Fl(n) )= {v,u),v] |1 <i<n, 1<j<m} and

and an edge-set.

E(Amal(Fl(n)m)={vu{,vvi],u{vi],v{v{+1|1Si£n,1SjSm, S o=v )

n+1

m
u
e

Figure 2. The Graph Amal(Fl(n),,)
Then, |V(Amal(Fl(n),,)| = 2mn + 1 and |E(Amal(Fl(n),,)| = 4mn.
Lemma 2. If G = Amal(Fl(n),,) then B (G) = mn, foranyn =3 andm > 2.

Proof. Let I(Amal(Fl(n),,) be an arbitrary independent set of the graph Amal(Fl(n),,. Consider the
triangles with common vertex v that are vu{v{, foreveryi=1,2,..,nandj = 1, 2, ..., m. Since each vertex
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v is adjacent to ul’ and vij , it is clear that the set I(Amal(Fl(n),,) contains at most n vertices from each set
v,ul,v}i=1,2,..,n}, (v, u?,v?i=1,2,..,n} e v, u™,v"i=1,2,..,n}k Thus,
Bo(Amal(Fl(n),,)) < nm.

On other hand,theset{u{,l <i<n, 1<j<m}where |{u{,1 <i<n, 1<j<m}| =mnisclearly
an independent set I (Amal(Fl(n),,) . Therefore, the lemma is proven. m
We present the following Lemma 3, which will be used in the proof of Theorem 3.
L.emma 3. For all positive integers m, i, j € Z™, the following holds:

ged2m(@i—-1)+j)+1,2(mi+j)+1)=1.
Proof. Let

a=2m@{E—-1D+j))+1=2mi—-2m+2j+1

b=2(mi+j)+1=2mi+2j+1
Compute the difference:
b—a=02mi+2j+1)—-Cmi—-2m+2j+1)=2m
By Theorem 3
gcd(a, b) = ged(a, b — a) = ged(a, 2m)

Now, observe that

a=2m{E-D+))+1=2m@{—-1)+2j+1

Let d = gcd(a, 2m). Since d|2m, d must be an even divisor. In addition, d|a = 2m(i — 1) + (2j + 1).
However, 2j + 1 is odd number and 2m is even number. Therefore, the only positive integer that divides
both an even and an odd number is 1. Thus,

gcd(a,2m) = ged(a,b) = gedm@E—1)+j)+1,2(mi+j)+1)=1. =

Next, we prove that amalgamation of flower graphs Amal(Fl(n),,), for any n >3 and m > 2 are
prime graphs. This proof will be divided into two cases, for odd m and even m as in the following Theorem
4,

Theorem 4. The graphs Amal(Fl(n),,) are prime graphs, for any n > 3 and even m > 2.

Proof. Let G = Amal(Fl(n),,), forany n = 3 and even m > 2. First, we will prove that the vertex labeling
f:V(G) - {1,2,3,...,2mn + 1} is a bijective function.

Define f: V(G) = {1,2,3,...,2mn + 1} as

fw)=1
fvi) = 2j, for1<j<m

f(u{)=2j+1’ for1<j<m
fw))=20mi-1)+)+1, for 2<i<nl<j<m,
f!)=20m@-1+)), for 2<i<n1<j<m,
For1 <i < n, we obtain

fw)y=1

fw)1<j<m}= {246,..,2m}

f)1<j<m}= {357, ..,2m+1}
fw2<isni<j<m}= 2m+3,2m+52m+7,..,2mn+ 1}
f@)2<isni<j<m}= {2m+2,2m+4,2m+6,..,2mn}

It can be seen that 1 < f(v), f(u}), f(v]) < 2mn + 1 for every v,v/,u! € V() and the labels of
all vertices are different. Thus, it is clear that f:G — {1,2,3,...,2mn + 1} is an injective function. Since
V(G)| =2mn+1=|{1,2,3,..,2mn+ 1}| and it is shown that f is injective, then using the Theorem 1 we
have f is bijective function. Now, we will prove that for any two adjacent vertices in G are relatively prime.
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Let x and y be adjacent vertices in G. Then
1. If x = vand y isany vertex adjacent to x (By Definition 2, x = u{ or x = vij)
Since f(v) = 1, itis clear that ged(f (x), f()) = 1
2. Ifx= u{ andy = vl]
Since f(u/) and £(v]) are two consecutive integers then by Theorem 2, ged(f (x), f () = 1.
3. Ifx= vij andy = vij+1.
Since f(vij) =2m@i-1+j)+1 and f(vl.jﬂ) =2(mi+j)+1, by Lemma 3,
ged(f (), f(») = 1.

Hence, it has been shown that for any two distinct vertices u, v € V(G) with vertex u adjacent to vertex v in
G, gcd(f (u), f(v)) = 1. Therefore, Amal(Fl(n),,) are prime, foranyn > 3 andevenm > 2. m

To clarify Theorem 4, prime labeling of graph Amal(FI1(5),) is given in Figure 3.

120

21/

12,

Figure 3. Prime Labeling of Amal(Fi(5),)

We conjecture that the graphs Amal(Fl(n),,) are prime, for any n > 3 and odd m > 3 also have a
prime labeling. However, proving that the graphs have prime labeling requires more complex proof steps.
Therefore, for the case when m is odd, we focus on proving that the graphs Amal(Fl(n)3) have prime
labeling.

We depict the graph Amal(Fl(n)3) asin Figure 4.

Figure 4. The Graph Amal(Fl(n)3)

Theorem 5. Graphs Amal(Fl(n)3), for any n = 3 are prime graphs.
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Proof. To simplify the labelling process, specific notations for the vertices and edges of the graphs
Amal(Fl(n)5 are introduced. Let G = Amal(Fl(n)3) with a set of vertices

V(Amal(Fl(n)s3))= {u;, vi, wi, x;, yi, zili = 1,2,3, ..., n},
and a set of edges
E(Amal(Fl(n)3) = {vu;, vv;, vw;, vx;, VY;, VZi, UiV;, WiXi, YiZi, ViVie1, WiWis1, ZiZizq | 1= 1,2, ...,n

where v;pq = vy, Wipq =Wy, Zjpq = Z1}
Then, |V(Amal(Fl(n)3)| = 6n+ 1and |E(Fl,,(n))| = 12n.

First, we will prove that the vertex labeling f: V(G) — {1,2,3, ...,6n + 1} is a bijective function.
Define f: V(Amal(Fl(n)3) — {1,2,3,...,6n + 1} as

fw)=1 ; )
{5 ori=1
fluw) = {6i, for2<i<n
_ 6, fori =1
f(vi)_{6i+1, for2<i<n
4, fori=1
f(w;) ={6i—3, forodd i > 3
615— 1, for even i
_ ) fori=1
f(xl)_{6i—2, for2<i<n
_ 3, fori=1
f(yi)_{6i—4, for2<i<n
2, fori=1
f(z;) =160 —1, forodd i > 3
60 — 3, for even i
Clearly for every 1 < i < n, we have
flw)y=1
fu)) =7
f(v)) =6
fwy) =4
f(x1) =5
f(nr) =3
f(z1) =2

(f(u)|2 <i<n}= {12,18,24,...,6n}

(f(v)|2 <i<n}= {13,19,25,...,6n + 1}
{fw))|2<i<n,foroddi}= {15,27,39,...,6n — 3}
{fw)|2<i<n,foreveni}= {11,23,35,...,6n — 1}
(F(x)|2 <i<n}= {10,16,22, ....6n — 2}

(Fy)|2 <i<n}= {14,20,26,....6n + 2}
{f(z)|2<i<nforoddi}= {17,29,41,..,6n— 1}
{f(z)|2<i<n, foreveni}= {9,21,33,..,6n— 3}

It can be seen that 1< f(w), f(u), fw), fw), f(x), f), f(z;)) <6n+1 for every
u,v,w,x,y,z € V(G) and the labels of all vertices are different. Since |V(G)| = 6n+1 =|{1,2,3,...,.6n +
1}] and it is shown that f is injective, then using the Theorem 1 we have f is bijective function. Now, we
will prove that for any two adjacent vertices in G are relatively prime. Let x and y be adjacent vertices in G.
Using the Corollary 1, we determine integers ¢ and d such that f(x)c + f(y)d = 1. Without loss of
generality, let f(x) = a and f(y) = b. The integers c and d are presented in Table 1.
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Table 1. The Integers c and d such that f(x)c + f(y)d = 1

Description Condition a b c d
f(v)is i=1 fw)=1 fu) =7 —6 1
adjacent to
fu) 2<i<n fu) = 6i 6i+1 -1
f(v)is i=1 fw)=1 fw)=6 -5 1
adjacent to
f(w) 2<i<n f(v) =6i+1 —6i 1
f(w)is i=1 fw)y=1 fw) =4 -3 1
adjacent to
fwi) For odd F(w,) = 6i — 3 6i—2 ~1

i>3

For even i fw)=6i—-1 6i -1
f(w)is i=1 fw)y=1 f(x)=5 —4 1
adjacent to
fx) 2<i<n Flx) = 6i—2 6i—1 -1
f)is i=1 fw)=1 fi)=3 =2 1
adjacent to
yen 2<i<n Fr) =6i—4 6i—3 -1
f(v)is i=1 fw) =1 f(z)=2 -1 1
adjacent to
f(z) For odd F(z) = 6i— 1 6i 1

i>3

For even i f(z,) =6i—3 6i—2 -1
f(vi)is i=1 fw) =6 fw)=7 -1 1
adjacent to
f(w) 2<i<n fw)=6i+1 f(u;) = 6i 1 -1
fwy)is i=1 fw) =6 f(Wiy) =13 —2 1
adjacent to
f(Wi11) 2<i<n fw)=6i+1 f(viq)=6i+7 i+1 —i
fw)is i=1 fw)=6 fy) =6n+1 -n 1
adjacent to
f(vn)
fwy) is i=1 flw) = 4 fa) =5 -1 1
adjacent to
f ) Forodd  f(w) =6i—3  f(x)=6i—2 1 1

i>3

For even i fw)=6i—-1 1 -1
f(wy)is =1 fw) =4 fwi) =11 3 -1
adjacent to
f (Wit For odd i f(w) =6i—3 f(wis) There exists There exists

=6(+1)—1
=6i+5

Sinceb—a=6i+5—(6i—3) =
8 and its know that gcd(a, b) =
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Description Condition a b c d
ged(b — a,a) = gcd(8, a). Since a
is odd integer then by Theorem 3,
gcd(8,a) = 1. Therefore, there exist
cand d such that ac + bd = 1

For even i fw) =6i=1 f(wyy)=60+3 —3i—-2 3
2 2
Flw,) is i=1 fw)=4  f(w,)=6n-3 3n—1 -1
adjacent to and 2
fwy) For odd n
i=1 f(wy) =6n-1 3n -1
and 2
For evenn
f(z)is i=1 fz)=2 fQ) =3 -1 1
adjacent to
en For odd Fz)=6i—1  f(y) =6i—4 2i—1 —2i
i>3
For even i f(z;)) =6i-3 1 -1

From Table 1, we find that there exist ¢ and d such that f(x)c + f(y)d = 1, for every two adjacent
vertices x and y in G . Therefore, the graphs Amal(Fl(n)3) are prime graphs. m

To facilitate a better understanding of Theorem 5, prime labeling of the graph Amal(FI(5)3) is given
in Figure 5.

Figure 5. Prime Labeling of Amal(F1(5));

4. CONCLUSION

Previous research [20] has explored the prime labeling of flower graphs Fl(n). Based on the results of
the research, it is known that the flower graph FI(n) with n > 3 is a prime graph. In this research, we are
interested to determine prime labeling on amalgamation of flower graphs. We define amalgamation of m
flower graphs, denoted by Amal(Fl(n),,) as a graph that constructed from the flower graph Fl(n) by
duplicating it m times and then uniting their central vertices. We proved that the graphs Amal(FIl(n),,,)) are
prime graphs for any n > 3 and even m > 3. In Particular, for the case when m is odd, we focus on proving
that the graphs Amal(FIl(n)3) have prime labeling. We conjecture that the graphs Amal(Fl(n),,,) are prime,
for any odd m > 3 also have a prime labeling. However, proving that the graphs have prime labeling requires
more complex proof steps. Consequently, we recommend further research to study that the graphs
Amal(Fl(n),,) are prime, for any odd m > 3. This opens the possibility of developing new methods or
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approaches to prove the conjecture for higher values of m. Exploring the structural properties of
Amal(Fl(n),,) may also shed light on its prime labelling properties.
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