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ABSTRACT
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1. INTRODUCTION

The fuzzy set theory was first introduced by Zadeh in 1965 through the concept of membership
functions to address uncertainty in systems [1]. In 1978, Zadeh proposed the possibility measure to evaluate
events in a fuzzy manner, which later became the foundation for the development of fuzzy measure theory
[2]. Since then, the possibility theory has attracted the attention of many researchers, including Nahmias [3],
Zimmermann [4], and Liu [5]. However, the possibility measure has a limitation in that it lacks self-duality,
a property that is essential both theoretically and practically. To address this limitation, Liu introduced the
credibility measure as an alternative. The credibility measure has more specific axioms compared to ordinary
measures [6]. Subsequently, provide sufficient and necessary conditions for the credibility measure [7].

Credibility theory was formulated by Liu as a branch of mathematics aimed at studying fuzzy
phenomena [8]. This theory is based on five axioms that define the credibility measure and serve as the
foundation for key concepts, such as fuzzy variables, membership functions, credibility distributions,
expected values, variances, critical values, entropy, distance, and fundamental theorems [9]. Some of the
main theorems in this theory include the subadditivity theorem of credibility, the credibility extension
theorem, the semicontinuity law of credibility, the credibility multiplication theorem, and the credibility
inversion theorem. In Liu’s study [10], the focus was on introducing credibility theory using an axiomatic
approach to study fuzzy phenomena. The study also covered credibility measures and credibility spaces,
including the subadditivity theorem, the extension theorem, the semicontinuity law, and the multiplication
theorem. Furthermore, fuzzy variables were defined as functions within credibility spaces, with discussions
on membership functions, sufficient and necessary conditions, the credibility inversion theorem, and the
primary concepts and theorems in credibility theory. As an extension of credibility theory, Liu introduced
fuzzy random theory and random fuzzy theory. In general, a fuzzy random variable is a function from a
probability space to the set of fuzzy variables, while a random fuzzy variable is a function from a credibility
space to the set of random variables. Both are special cases of hybrid variables, defined as functions from a
probability space to the set of real numbers. The expected value of fuzzy variables was first described by Liu
[11] in 2002 using possibility and necessity measures. In 2005, Liu [12] further developed the concept of
expected value, particularly for fuzzy random variables within credibility spaces. Subsequently, the theory of
fuzzy variables in the credibility space was further developed by Xue Feng in 2008. In that article, the focus
was on the continuous membership functions of fuzzy variables [13]. Liu’s 2009 research revealed that the
linearity of fuzzy expected values simplifies the analysis of models and optimization problems, as well as the
property of linearity for the expected value of random fuzzy variables [14].

In fuzzy problems, fuzzy numbers are commonly applied by utilizing their membership functions [15],
[16], or utilizing their alpha cut values on fuzzy integral to solve inventory problems [17]. In addition, fuzzy
problems can be solved with fuzzy cognitive maps [18] and Choquet integral to solve decision problems or
defuzzified [19], such as [20]. However, Li Xiang’s study demonstrated that credibility measures can also be
applied to optimization problems [21]. Based on this, this article focuses on the analytical solution of the
expected value of fuzzy variables defined in credibility spaces with membership functions derived from
credibility measures. Fuzzy variables can be analyzed using the expected value approach, where the expected
value is obtained through the integration of credibility measures. To simplify the solution process, the novelty
of this article lies in demonstrating that the linearity property of fuzzy random variables also holds for fuzzy
variables solved through the integration of their credibility measures. Consequently, a theorem on the linearity
of fuzzy variables will be proven.

2. RESEARCH METHOD

2.1 Credibility Measure and Credibility Space

Given © a nonempty set, P(0) is the power set of @ with each element on P(0) is called an event.
To define credibility, for each A € P(0) a measure Cr{A} is expressed as the credibility of the event A will
occur. To ensure that the measure of Cr{A} has properties in accordance with credibility, then the following
axioms are given:

1. (Normality) Cr{0} = 1.
2. (Monotonicity) Cr{A} < Cr{B} for A c B, with A,B € P (0).
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3. (Self-Duality) Cr{A} + Cr{A°} = 1 for every event A.
4. (Maximality)

sup; Cr{4;} ,sup Cr{4;} < 0.5,
(sup;Cr{A;}) A0.5,sup Cr{4;} = 0.5.

There are definitions of credibility measures.

CT{Ui Al} A0S = {

Definition 1. The set function Cr is said to be a credibility measure if it satisfies the axioms of normality,
monotonicity, self-duality, and maximality.

Definition 2. Given f a nonnegative function on @ = R such that supgegyf(x) = 1.

The function set is defined

1
Crid} =5 (Sup{xeA}f () + 1 = supireacsf (x)) )

is a credibility measure on 6.

Based on the axioms of credibility measure, we can conclude that:

1. Considering Equation (1), we find Cr{@} = 1 then it satisfies normality.

2. Foreachset A, B € P(0) with A c B then Cr{A} < Cr{B} in other words, Monotonicity is satisfied.
3. Foreach A € P(0), Cr{A} + Cr{A°} = 1 then Cr satisfies self-duality.

4. Foreach {A4;} € P(O), the maximality

sup; Cr{A;},sup Cr{4;} < 0.5
(sup; Cr{4;}) A0.5,sup Cr{A;} = 0.5.

Remark: If the supremum of a function f(x) is not equal to 1. The function can be normalized using the
following equation

CT{Ui Al} A0S = {

Frormal () = (=) F ).

sup f (x)
Example 1. For example, given a sigmoid function f(x) on R
1
f(x)={m'xe“R @
0, others.

such that supg,cgyf (x) = 1. The graph of the function f is shown in Figure 1.
Y

L

»
L

3

v

Figure 1. Graph of the Sigmoid Function f(x) on R

Credibility of A c R can be defined using Equation (1).
The following is a definition of credibility space.

Definition 3. Given a nonempty set ©, P power set of @, and Cr is a credibility measure then (0, P, Cr) is
defined as a credibility space.

Theorem 1. Given the sigmoid function in Equation (2), the credibility space can be formed as (R, P(R), Cr)
with R the real set numbers, P(R) power set of R, and Cr the credibility function defined on R with
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Cr{d} = %(sup{xeA}f(x) +1 - sup{xEAC}f(x)) ,V A € P(R).
Proof. It will be shown that the function Cr is a credibility measure on R.
1. Considering Equation (1), it will be shown that Cr{R} = 1 such that,

Cr(R) = 5 (sUpiresyf () + 1 supgeemy f() = (1 +1-0) = 1.
We find Cr{R} = 1 then it satisfies normality.
2. Foreachset A, B € P(R) with A c B. It will be shown Cr{A} < Cr{B}.
Note that A c B then supgepyf (x) < supgere}f (x). If A € B then B¢ c A so,
supgeactf (x) 2 supxepeif (X) = —supgeacf (x) < —supgxeperf (%).
Based on Equation (1), then

1
Cr{A} = 3 (Sup{xEA}f (x) + 1 — supearsf (x))

1
=3 (Sup{xeB}f (x) + 1 — supgyepe}f (x))
< Cr{B}.
For A c B then Cr{A} < Cr{B} in other words, monotonicity is satisfied.

3. Foreach A € P(R). It will be shown Cr{A} + Cr{A‘} = 1.

Based on Equation (1), we obtain:

1
Cr{A} = > (Supeayf (x) + 1 = supgreacyf (%))
and

1

Cr{A‘} = E(Sup{xeAc}f () + 1 — supeeaf (x))

1
=3 (Supgxeacyf (x) + 1 — supgreaf (%))
such that Cr{A} + Cr{A°} is

1 1
=3 (Supgreayt(x) + 1 — supixeacy f (%)) + 5 (Supgreacyf (x) + 1 — supreayf (%))

= %{(sup{xe,q}f(x) - sup{xeA}f(x)) +(1+1)+ (sup{XEAC}f(x) + (_Sup{xEAC}f(x))>}

1

=52

=1
Since Cr{A} + Cr{A} = 1 then Cr satisfies self-duality.

4. It will be shown that the maximality condition is satisfied.

Crv Al 05 = {0 roup crim) = 05
For each {4;} € P(R).
a. Firstcase: for Cr{u; 4;} < 0.5.
Based on Equation (1), we obtain
Cr{u; A;3 A0.5 =Cr{u; A;}

1
=3 (supxeuapf () + 1 = supeeu,apaf (%))

1
= sup; (5 (Sup{xEAi}f (x) + 1 = suppeaeif (x))>
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= sup; Cr{4;}.

b. Second Case: for Cr{u; 4;} = 0.5.
There is Cr{u; A;} = 0.5 such that

1
sup; Cr{A} = sup; 5 (supeayf () + 1 = supeeaqf (1))

= %(sup{xEUiAi}f(x) +1- Sup{xe(uiAi)“}f(x))
= Cr{u; A;}

=0.5

= Cr{u; A;} A0.5.

2625

Based on the evidence of the first and second cases, it is proven that the maximality of the credibility

measure is
sup; Cr{A;},sup Cr{4;} < 0.5
(sup; Cr{4;}) A0.5,sup Cr{A;} = 0.5.

Based on the four pieces of evidence, Cr is a measure of credibility in R. m

CT{Ui Al} A0S = {

In this section, we present the credibility measure of the union and intersection of intervals that are

subsets of the power set. Note that, e™ >0 = 1+e™*
f(x) on R is 1. However, there is no x € R for which f(x) = 1.

Let A = [a4,a,] and B = [by, b,], Where a4, a,, b1, b, € R. Based on Equation (1), the credibility measures

of their union and intersection are as follows:

Credibility Measure of the Union of A and B.
Case 1: when a, < by < b, < a,, thena, € AU B such that : sup f(x) = f(ay) =

{xeAu
Thus, the credibility measure is
Cri{AUB} = ————.
rAVBY = 0o
Case 2: when a; < by < a, < by, thenb, € AU B suchthat: sup f(x) = f(by) =
{xeAuB
Thus, the credibility measure is
Cri{AUB} = —————.
rAV B = g e
Case 3: when a; < a; < b; < by, thenb, € AU B suchthat: sup f(x)= f(by) =
{x€eAUB}
Thus, the credibility measure is
Cri{AUB} = ————.
rAV B = g e

2. Credibility Measure of the Intersection of A and B.

Case 1: when a, < by < b, < a,, then b, € A N B such that : sup f(x) = f(by) =
{xeAu

Thus, the credibility measure is

CT{A V) B} = m

Case 2: when a; < b; < a, < by, thena, € An B suchthat: sup f(x) = f(ay) =
{x€AUB

Thus, the credibility measure is

Cr{AUB} = m.

1+e‘a2'

1+e-b2'

1+e-b2'

1+e‘b2'

1+e-a2'
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Case 3: whena; < a; < b; < by,since® € AnBsuchthat: sup f(x) = 0.

{x€eAuUB}
Thus, the credibility measure is
Cr{AUB} = 0.
Note that the function f(x) maps R to the interval (0, 1), and
(x) = ! <1
f) = 1+e* '

Therefore, for all A € P(R), Cr{A} < 0.5.

Now, consider a sequence of closed intervals {4;} € R, where i = { 1,2, ... }. The credibility measures of
their union and intersection are as follows:

1. Credibility Measure of U; 4;. Based on Equation (1),

1
Cr(UA;) A 0.5 = Cr(UA;) = sup; (sup{xe 43 m)

2. Credibility Measure of N; A;. There are two cases:
a. Casel:If NA; # 0, then

1
CT(nAL) = infi (sup{xeAi}m).

b. Case 2: If N4; = @, then f(x) = 0, then
cr(NA;) = 0.
Therefore, the maximum credibility measure of the union is:

),Cr(Al-) <0.5

1
Cr(UA;) = sup;Cr(4;) = sup; (Sup{xeAi}m

and the credibility measure of the intersection is:

, 1
CT(ﬂAi) _ lnfi (sup{xe,qi} m), ﬂAl. += @

0, nAl = (Z)
2.2 Membership Function of Fuzzy Variable

Fuzzy variables are functions defined in the credibility space and are characterized by membership
functions. The following is the definition of fuzzy variables and their membership functions.

Definition 4. A fuzzy variable is defined as a (measurable) function from the credibility space (@, P(0), Cr)
to the set of real numbers.

Definition 5. Given & fuzzy variables defined on the credibility space (6, P(0),Cr). The membership
function of the fuzzy variables is derived from the credibility space as follows

u(x) = Qer{p () = x}) A1, x € R.

The following example provides an illustration of how to determine the membership function of a
fuzzy variable based on credibility space.

Example 2. Given credibility space (R, P(R), Cr).
Cr{A} = 3 (suprenf () + 1= suppeaif()), ¥ A € P(R),
with f(x) is a sigmoid function.
Furthermore, for singleton A = {x} then
Cr{A} = 3(F(@) + 1= subray (¥ fO)) = 5 oz + 1= SWPGeaf () = 5755

The fuzzy variable & is defined in the credibility space (R, P(R), Cr) to R. The membership function
of & will be sought. Based on Definition 5, the membership function is obtained.
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p(x) = Qcr{ip (@) =xPH A1
=@ Ccr{Ah a1l
= (2 (%(1 +e)))A1
1

= min{———}1
mm{l_l_e_x}}

T1tex

3. RESULTS AND DISCUSSION

3.1 Expected Value of Fuzzy Variable

The fuzzy variables are defined in credibility space and have membership functions. As with regular
random variables, the expected value can be defined. The expected value has a role in optimization with
random parameters. The following is the definition of the expected value of fuzzy variables.

Definition 6. Given & a fuzzy variable, then the expected value of £ is defined as

0

E[§] = f;wCr{u‘l(a) > x}dx —f Cr{p Y(a) < x}dx

with one or two of these integrals are finite.

Example 3. Given function f(x) on R,

fe) = 1+ex

Define variable fuzzy & on credibility space (R, P(R), Cr) to R and the membership function of £ as
1

1+e™™

Next, we will look for the expected value of the fuzzy variable £.

p(x) =

1. Forx < 0then

_ 1 1
Crip(a) <x}= E(Supny f)+1 — SUPy>x f(Y)) = E(O +1-1)=0.

2. For x > 0then

_ 1 1
Cr{u™(@) 2 x} = 3 (supyar fO) + 1 = supy<s f0)) =51 +1-0) = 1.

Based on Definition 6, the expected value of € is

ele) = |

Example 4. Given function f(x) on Rwitha < b < c,

+ 00

0 +o0 0
Cr{iu(a) = x}dx —f Criu ™t (a) <x}dx = f 1dx —f 0dx = +oo.
—»o 0 -0

(x_a,an<b

b—a
—Jc—x
f& bh<x<c
c—b
0, x others.

such that sup,.cg f(x) = 1. Define a triangular fuzzy variable £ on credibility space (R, P(R), Cr) to R, and
the membership function of £ as
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x—a
( ,a<x<b
b—a
—Jc—x
K bh<x<c
c—>b
0, x others.

Next, we will look for the expected value of the fuzzy variable &. If a < 0 < b < c then obtain

1. Forx < athen
Criut(a) < x} =5 (supyey fO) + 1= supyse f()) =50 +1—-1) =0,

2. Fora < x < 0then

1 1

Criu™ (@) < x} = 3 (supyex FO) + 1= supyoy fFO)) =3 (F2+1-1) = 75

3. For0 < x < bthen

1
Cr{u (@) 2 x} = 5 (supyax fO) + 1 = supyer f))
_1x-a Ay __Z 1
T2 (b—a +1 b—a) T 2(b-a) + 2"

4. Forb < x < cthen

Cr{u (@) 2 x} = 3 (supyay fO) + 1 = supyer fO)) = 3 (541 -1) = 55

5. For x > c then

Crip () = 2} = 3 (supyax FO) + 1 = supye f(3)) =30 +1-1) =0.

Based on Definition 6, the expected value of € is

- [

b x 1 C c—x 0 x—a
=j0 G —a +E)dx+fb2(c—b) dx__LZ(b—a) dx
3 b? c+b a? 2a?
ib—a) "2 Tip-a 20-0

0
CriuY(a) = x}dx — f Cr{ip™! (a) < x}dx

)

b

2

b2—a%? b
B 4
C

4

For example, given &€ = (0,60,100) then the expected value is

. _a+2b+c_0+2(60)+100 220

(€] 2 2 el 55.

3.2 The Linearity of Fuzzy Expected Value

The expected value of a fuzzy variable satisfies the linearity condition. In this section, we will provide
a proof of the theorem of the linearity of fuzzy expected values.

Theorem 2. A Fuzzy variable & with a finite expected value, then for any number a and b, we have
E[a& + b] = aE[&] + b.

Proof. For each b € R, it will be shown that E[a¢ + b] = aE[£] + b.
1. Inthe first step, it will be shown that E[ + b] = E[£] + b.
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a. Casel:for b = 0, then

E[5+b]=f

o 0
Crip™t (a) +b = x}dx —f Crip ™ (a) + b < x}dx
0 —00

o0 0
= f Cr{iu™t (@) =x— b} dx — f Criu'(a) <x—b}dx
0 —00

b
- f Criu=(a) = x — b}dx + f Criu=(a) = x — b}dx
0 b

0 b
—f Criu~! (a) < x — b}dx —f Cr{ip~(a) < x—b}dx
b o)

[s) b
= f Cr{ip~*(a) = x — b}dx — f Crip~(a) < x — b}dx
% o
+ f Cr{u(a) = x — b)dx — f Cr{u—1(@) < x — b}dx
0 b

b b

= E[§] + f Cr{ip (a) = x — b}dx + fo Crip~(a) < x — b} dx

0

b
E[§] + j Cr{ip (@) =x—b}+ Cr{ut(a) < x — b}) dx
0
= E[¢] +b.
b. Case 2: for b < 0, then

0o 0

E[§ +b] = f Cr{iu(a)+ b = x}dx — f Cr{uY(a) + b < x}dx

0 -

0o 0
= f Cr{& > u(a) — b}dx — f Criu='(a) < x — b}dx
0 9]

o)

- JO Crli(@) = x — b)dx + fb Criu1(@) = x — b}dx

- L e @) < v — by dx— f_ booCr{y‘l(a’) < x — b)dx

- L " eru (@) = x — b}dx — f_booCr{u‘l(a) < x — b}dx

+ JO Cru (@) = x — bydx - L Crue (@) < x — by

— F[¢] - fb (@) = ¥ — b} dx— fb et (@) < x - bydx

=E[§] — be(Cr{,u‘l (@)= x—b}+ Cr{g (a) < x—b}) dx

= E[{] + b.
2. In the second step, it will be shown that E[aé] = aE[£].

a. Case 1: fora > 0, then

o]

E[aé] =J Criaut(a) = x}dx — j_o Criau1(a) < x} dx

0
o0 0
[ evt @z - [ cpt@sga

= f Corui@ = 5 aly - j Dot @ < 5 al
0 T a a o T a a

(o) 0
=a jo Criw (@) = 3 dC) ~ a f_m Crin @) < 3 d()
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= aE[f].

b. Case 2: fora < 0, then

oo

0
E[aé] = f Criaut(a) = x} dx —f_ Criau(a) < x} dx

0

= IWCT{#_l (o) < f} dx — fo Crip™(a) = f} dx
0 Ta Ta

— 00

[etr@sTa - D ot @ = 5 4
0 # Ta a o # Ta a

fmc (@) = 3 d- foc (@) < 3 d(-
) (@) 2 3 d () a) ru™ (@) = 3d()
= aE[¢]
Based on the evidence in the first and second steps, for E[a& + b] occur E[a + b] = aE[€] + b, such
that Theorem 2 is proven. m

The linearity of fuzzy expected values is important in fuzzy optimization. This will simplify solving
optimization problems with fuzzy variables using the expected value approach.

Based on Theorem 2, the following example is given.
Example 5. Given a triangular fuzzy variable & = (0,60,100). From Example 4, E[] = 55. Then
E[3¢ +2] =3E[¢] +2

= 3(55)+2
= 167.

4. CONCLUSION

The membership function of a fuzzy variable can be formed from its credibility measure. However, the
definition of its membership function is not unique. The expected value of a fuzzy variable can be obtained
by integrating its credibility measure. The nature of the fuzzy expected value is to meet the linearity condition,
where this condition can facilitate the solution of problems related to fuzzy variables. Suggestions for further
research are other methods to determine the expected value other than its credibility measure, for example,
with its possibility or necessity.
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