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ABSTRACT

Tuberculosis (TB) remains one of the most significant public health challenges in
Indonesia, particularly in North Sumatra Province, which records a relatively high
prevalence rate. e—Exposed—Infectious—Recovered) A framework to analyze TB's
transmission dynamics and evaluate vaccination's effectiveness as an intervention strategy.
The primary objective of this research is to estimate the minimum vaccination coverage
required to eliminate TB from the population. The model was built by incorporating
vaccination rate parameters into the SEIR mathematical model and applied using regional
epidemiological data obtained from the North Sumatra Central Bureau of Statistics. A
deterministic approach is employed to simulate the system and derive the basic
reproduction number (Rq), which serves as an indicator of disease persistence across
various levels of vaccination coverage. The results of numerical simulations performed
using 4th-Order Runge Kutta indicate the existence of a critical vaccination threshold
required to reduce Ro below the one-condition that theoretically represents the possibility
of disease elimination from the population. These findings provide a quantitative basis for
formulating more targeted, data-driven vaccination policies. Calculations based on real-
world data reveal that the current Ro value in North Sumatra remains above one (Ry >
1), suggesting that TB continues to pose a risk of remaining endemic. Simulations were
also conducted by varying the vaccination coverage while assuming a constant
transmission rate, indicating that a minimum of 87.5% vaccination coverage is required to
suppress Ro below the critical threshold. This study underscores the importance of
employing mathematical modeling as a decision-support tool in public health policy. The
findings deepen the understanding of TB transmission dynamics and offer a robust
quantitative foundation for setting vaccination targets for disease elimination in endemic
areas such as North Sumatra.
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1. INTRODUCTION

Tuberculosis (TB) is a serious threat to global public health. Tuberculosis (TB) is a prolonged bacterial
infectious disease caused by Mycobacterium tuberculosis that is a significant health, social, and economic
burden worldwide, especially in low- and middle-income countries [1], [2], [3]. Recognized as the world’s
deadliest infectious disease, it claims more than 4,000 lives every day. The long-term effects of TB on the
lungs can increase an individual’s risk of developing active TB. Conversely, individuals who have had TB
are more vulnerable to reinfection. Despite advancements in prevention and treatment, TB remains
widespread in many countries, including Indonesia, where it continues to threaten public health and place a
substantial burden on the healthcare system. Furthermore, the bacterium that causes TB, Mycobacterium
tuberculosis, can also affect other organs such as the liver, lungs, and heart [4].

According to the Global Tuberculosis Report released by the World Health Organization (WHO) in
2023, Indonesia ranks as the country with the second-highest number of tuberculosis (TB) cases globally,
following India. The report recorded an estimated 1,060,000 TB cases in Indonesia, with a mortality rate
reaching 134,000 deaths. These findings indicate a significantly high disease burden, with an average of
approximately 15 people dying from TB every hour in the country. This alarming fact underscores that
tuberculosis remains an urgent public health concern in Indonesia, requiring sustained and comprehensive
interventions in prevention, early detection, and treatment [5]. Similar patterns of endemic transmission have
also been observed in other countries, such as Iran, where the effective reproduction rate of TB remained
close to or above 1 in some provinces during 2011-2021, indicating a continued risk of transmission [6].
According to experts, around half of these cases represent newly infected individuals yearly, meaning about
450,000 new TB cases emerge annually. Data from the Ministry of Health of the Republic of Indonesia
indicate that around 75% of TB patients are within the most economically productive age group, ranging
from 15 to 50. This highlights the significant socio-economic impact of the disease on the nation’s workforce.

Regarding regional distribution, North Sumatra ranks second in the highest TB cases, following West
Java. In 2022, North Sumatra recorded approximately 83,969 TB cases; however, only 30% of these cases,
equivalent to 31,068, were successfully treated. These cases are spread across all regencies and cities within
the province.

One of the key efforts in preventing the transmission of tuberculosis (TB) is vaccination, particularly
through the administration of the Bacillus Calmette-Guérin (BCG) vaccine, which is recommended for
children over two months of age |7]. Although the BCG vaccine offers protection against TB, its effectiveness
is limited and tends to decline with age. It is generally more effective during childhood and does not confer
lifelong immunity. Consequently, the incidence of TB remains high every year, especially in countries with
a high TB burden.

Various strategies have been implemented to control the spread of TB, including early diagnosis, long-
term treatment, public health education, and vaccination programs. Among these strategies, vaccination
remains one of the most crucial preventive approaches to reducing transmission rates. However, a critical
scientific question arises: what minimum vaccination coverage is required to eliminate TB from a population?
Answering this question requires a systematic and quantitative approach. Mathematical modeling is a
powerful tool for understanding infectious disease transmission dynamics in this context. Based on previous
studies, increased treatment and vaccination coverage reduced the number of TB patients [8]. These models
illustrate how humans interact with infectious agents such as bacteria or viruses that can infect healthy
individuals and cause disease [9].

Mathematical modeling simplifies complex phenomena into more comprehensible frameworks,
offering a solid foundation for analysis and prediction. By applying mathematical concepts, principles, and
equations, such models can assess the effectiveness of various disease control strategies, including
vaccination. In the context of infectious diseases, mathematical models are especially valuable for estimating
optimal vaccination coverage, identifying high-risk groups, and evaluating the long-term impacts of public
health interventions [10], [11]. Numerous studies have focused on developing mathematical models to
understand better the general spread of infectious diseases [12], [13], [14], [15].

Several researchers have conducted specific research on mathematical modeling of disease
transmission. The SEIRS model was used to capture the possibility of re-infection after recovery, applying
to Makassar City data [16]. Then the SIR model was used to analyze TB disease by adding therapy
parameters, showing that effective treatment can increase the cure rate [17]. In 2019, the TB model was
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developed by considering re-infection and analyzing the stability and bifurcation of the system to understand
the transition between disease-free and endemic conditions [18].

The TB model was further developed by adding the prevention variable through vaccination, which
emphasized the importance of fair and rapid vaccine distribution and attention to vulnerable groups [19]. On
the other hand, a non-biological approach has been taken to assess the spread of TB. These approaches show
that socioeconomic conditions and population density significantly affect TB transmission [20]. For
comparison, this TB model is also identical to the mathematical model of the spread of COVID-19. One of
the models used is the SEAQIR model with quarantine intervention, which is relevant for demonstrating the
role of intervention strategies in infectious disease control [21].

In this article, the model is developed by modifying the SIR model proposed by |17]. By incorporating
an exposed subpopulation (E), the SIR model is extended into a SEIR model. The addition of subpopulation
E is because in reality, there are populations that are infected but do not show symptoms of the disease. The
constructed model considers a vaccination scenario for susceptible individuals and includes treatment for
infected individuals as part of efforts to reduce the transmission rate of TB. The model is formulated as a
system of differential equations and analyzed using algebraic methods. To obtain optimal results, the effect
of vaccination is evaluated through the basic reproduction number (R;). The basic reproduction number (Ry)
is analyzed in the model because this study is about the spread of disease. In contrast to population dynamics
models of animals, plants, etc. that do not require the calculation of Ry [22], [23]. Additionally, a geometric
interpretation of the model is presented through graphical simulations using the 4™ Order Runge Kutta
numerical method.

2. RESEARCH METHODS

This research employs a combination of a literature review and a case study. The literature review
involves collecting various references relevant to the research topic, such as scientific journals, articles,
books, and other credible sources. Meanwhile, the case study focuses on the spread of Tuberculosis (TB) in
the province of North Sumatra.

The data used in this study consists of actual data related to the transmission of TB. This includes
information such as the number of TB cases in each district or city within North Sumatra Province, the total
population, birth rates, natural death rates, and deaths caused by TB. These data are utilized to determine key
parameters required for the simulation process. Data used, sourced from the Central Bureau of Statistics
Health Office of North Sumatra Province in 2024.

The literature review in this study was conducted through an in-depth examination of scholarly sources
to develop a comprehensive understanding of Tuberculosis (TB), its demographic characteristics, and the
mathematical frameworks employed to model its transmission. The reviewed literature covers compartmental
models of infectious disease spread, the SEIR epidemic model, systems of differential equations, equilibrium
analysis, eigenvalues and eigenvectors, the basic reproduction number (R,), and Matlab software simulation
techniques.

The methodology employed in addressing the research problem involved the following stages:

1. Conducting a theoretical review of Tuberculosis and relevant studies on the SIR model and its
applications;

2. Constructing a compartmental diagram to represent the transmission dynamics of TB incorporating
vaccination interventions;

Developing a mathematical model to simulate the spread of TB under vaccination strategies;
4. Identifying the equilibrium points of the system obtained when the "zero growth rate" occurs;

5. Calculating and interpreting the basic reproduction number (Ry) using the linearity rule method to
assess the potential for disease transmission; and

6. Performing simulations to evaluate the dynamics of TB spread and determine the minimum
vaccination threshold required to effectively suppress the disease.
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3. RESULTS AND DISCUSSION

The SEIR (Susceptible-Exposed—Infected—Recovered) epidemic model is a compartmental model
used to describe the transmission dynamics of infectious diseases. It divides the population into four
subpopulations: susceptible individuals (S), exposed individuals who have been infected but are not yet
symptomatic (E), infected individuals who are capable of transmitting the disease (I), and recovered
individuals who have gained immunity (R).

3.1 Compartment Diagram SEIR Model

In the Susceptible (S) compartment, the number of individuals increases through births at a rate denoted
by m and also includes individuals who fail to acquire immunity after vaccination. On the other hand, the
number of susceptible individuals may decrease due to natural deaths, occurring at a rate y, and due to
transitions to the Exposed (E) group resulting from contact with infected individuals, which occurs at a
transmission rate 3.

The Exposed (E) compartment increases as a result of interactions between susceptible and infected
individuals, leading previously susceptible individuals into a latent (incubation) period. The rate of exposure
is modeled as SIS/N, where I is the number of infected individuals, S is the number of susceptibles, and N
is the total population. Individuals in the Exposed group may transition to the Infected (I) group at a rate 6,
recover directly and move to the Recovered (R) group at a rate y, or die of natural causes at a rate p.

This model assumes a constant total population (i.e., no net growth or decline) and that individuals
infected and recovered do not return to the susceptible class (i.e., reinfection does not occur). Based on these
assumptions, the following is a compartmental diagram illustrating the transmission dynamics of
Tuberculosis (TB) using the SEIR model:
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Figure 1. Compartment Diagram of the Distribution of Tuberculosis (TB) Disease with the SEIR Model

3.2 Mathematical Model and Analysis

Figure 1 illustrates the Tuberculosis (TB) transmission mechanism through a flow diagram that depicts
the movement of individuals between subpopulations. This diagram systematically represents the dynamics
of disease spread and serves as the foundation for formulating a system of differential equations. The
mathematical framework employed is a system of dynamic differential equations comprising four main
variables, based on the SEIR (Susceptible, Exposed, Infected, Recovered) model. This system captures the
rate of change in the number of individuals within each compartment over time.

The following presents the system of differential equations that models the spread of Tuberculosis
(TB) using the SEIR approach:
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The variables and parameters used are presented in Table 1. Parameter values are obtained from the
original data by assuming that the data is uniformly distributed. For example, the data shows that the age of
death ranges from 63 to 64 years, so the natural mortality rate is 1/63.5.

Table 1. Variable and Parameter Value and Source

Symbol Definition Type Condition I\I,:::la; Unit Source
N Total “umb;rogfﬂ‘:t‘ilxduals in the Variable N >0 10 Individuals  BPS
S Susceptible individuals Variable S>0 0.91805 Individuals Data*
E Exposed individuals Variable E>0 0.05546  Individuals Data*
1 Infected individuals Variable I>0 0.02585  Individuals Data*
R Recovered individuals Variable R=0 0.00064  Individuals Data*
T Birth rate Parameter 7w >0 0.01569 Per time Data**
f  Transmission rate of TB leading to infection Parameter >0 0.27000 Per time Data**
6 Rate of latent TB progressing to active TB Parameter 6 >0 0.25000 Per time Data**
v Vaccine rate Parameter v >0 0.70000 Per time Data**
0 Natural recovery rate Parameter >0 0.00001 Per time Assumed

Ur Infection death rate Parameter ur >0 0.02490 Per time Data**
u Natural death rate Parameter p>0 0.01569 Per time Data**
y Rate of latent TB to recovery Parameter y >0 0.12500 Per time [24]

Source: *Health Office of North Sumatra Province
** Central Bureau of Statistics of North Sumatra Province

3.3. Mathematic Analysis

The next step is to perform non-dimensionalization of Equation (1) in order to reduce the components
E,i=i,alndr=5
N N N
with s+ e +i+r = 1. Then it can be seen that the domain of the function D = {(s,i,t*,r):e = 0,i >
0,r = 0,e + i+ r < 1} is invariant for Equation (1). Then, Equation (1) can be written as:

s . . . . S
within the system. Suppose that s, e, i, and r is a proportion with the values s = »e=

ds 1 )
7= A-vm—(Bi+ws

de

E=,Bis—(9+y+u)e

di 2)
E:Be—(é‘+yT+u)i

dr 5i

dt—vn+ye+ [ —ur

In analyzing the spread of Tuberculosis (TB) using the SEIR model with vaccination, the first step is
to determine the equilibrium points. A system is said to be in equilibrium when it no longer changes over
time under certain conditions. To identify the equilibrium points of Equation (2), the rate of change of the

. ds de di dr . .
system is set to zero: — = 0; o 0; Frie 0 and i 0, so Equation (2):
A-v)r—(PBi+ws=0

dt
Bis—(O@+y+we=0
Be—(6+ur+wi=0
vm+ye+d8i—ur=20

€)
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3.3.1. Disease-Free Equilibrium Point (E)

The first equilibrium point is the disease-free equilibrium, where the infected subpopulation is absent
(i = 0). From the differential equation system above, under the disease-free condition (i = 0), the
equilibrium point is obtained as follows [25]:

1. For & _ 0, we obtained:

dt
A-v)r—-PBi+ws = 0
A-vr—()s = 0
us = (A —-v)m
s = (1-v)n
— “4)
u
2. For % we obtained:
dt
Bis—(O@+y+we = 0
@+y+we = PBis
e = 0 (5)
di
3. ForE—O.
be—(6+ur+wi = 0
S +ur+wi = 0Be
i = 0 (6)
4. F0r£=0:
dt
vi+ye+d8i—ur = 0
vm+ye+68i = urur
r o= vm
u
So, we obtained:
_(Amm o o vE
EO_( u 10'0:”) (7)

3.3.2. Endemic Equilibrium Point (E;)

The endemic equilibrium point refers to a situation in which there are individuals infected with TB
within a given population, or in other words, the value of i # 0 . This equilibrium point can be determined
by solving the system of differential equations under the condition 7 # 0 specifically by finding the solutions

to$=0; %=0; %=0and%=0. By assuming x =(1—-v)m; y=0+6é+puandz =46+ ur +
i, Equation (3) becomes:

x—(PBi+mws=0 (8)

Pis—ye=0 )

Oe—zi=0 (10)

vm+ye+6i—ur=0 (1D
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For Equation (10) with: i # 0 :

Oe—zi=0
o=z & i=% (12)
Substitution Equation (12) to Equation (9):
Oe —0
B ~ s—ye=
be - _yez yz (13)
Bs=ve ~ Boe  Bo
Substitution Equation (13) to Equation (8):
0x — xyz
_ Pox —xyz (14)
Boyz
Substitution Equation (14) to Equation (12):
0x — xyz
[B y ] (15)
Byz
Substitution Equation (14) and Equation (15) to Equation (11),
vi+ye+d8i—ur=20
) ve  y (f0x —xyz 1 180x — xyz
vt+ye+Si=ur & r=—+= (—————>+6—-—————] 16
ko u\ poyz pzl  Byz (16)
In this way, an endemic equilibrium point is produced, namely:
z BOx —xyz 1[B0x —xyz] vn Ox — xyz 1 [BOx —xyz
B = (L2 B0x —rn L(B0x o oy (0x o) g L [B0X ) an
po PBbyz "zl Pyz poopu\ Boyz pzl  Byz

3.3.3. Basic Reproduction Number (R()

The basic reproduction number is a measure that indicates the expected number of new infections per
unit of time in a fully susceptible population, caused by a single infected individual. This value R is
calculated using the method introduced by [26], by constructing a matrix that includes only the
subpopulations involved in the transmission of the infection. This matrix is known as the next generation
matrix. The basic reproduction number, denoted as, is defined as the largest non-negative eigenvalue of the
matrix. The next generation matrix consists of two main components, namely F and V=1 , which are defined
as follows:

F; = fsi

Fy =0
Vi=(0+y+pe
Vy=—0e+ (6 +u+ur)

The matrix F and V are obtained by finding the Jacobian matrix of the functions F; := (Fy, F,) and
V = (V1, V). Then the disease-free equilibrium solution (E,) is substituted into the matrices F dan V.

p [0 Bs]_ [ ﬁ(l-v)n]
“lo o H
0
_[6+y+u 0
V_[ 6+u+#J

The NGM matrix is the product of matrices F - V™1,
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1
B(l—v)m —_— 0
_ 1|0 —— 0+y+u
NGM =F.V™ ' = [ U
o) 7] _—
0 0 [(+u+uﬂ(+y+m 6+M
po(1-v)m B(1-v)1
= [u(5+u+ur)(9+y+u) u(5+u+ur)]
0 0

Since the number is the spectral radius (dominant eigenvalue) of the NGM matrix, we obtain
pO(1—v)m
= 1
@ +pu+ur)@+y+up (1%

0

Based on Equation (18), we can find that the smaller the value of v, the larger Ry will be. So, it can be
obtained that the vaccination rate can reduce the number of patients because R, goes to 0 if the vaccination
rate goes to 1. Then, by substituting the initial parameter values from Table 1 into Equation (18), the basic
reproduction number was found to be Ry=2.22229, indicating that Ry >1. This result suggests that, at the time
the study was conducted, the transmission dynamics of Tuberculosis in North Sumatra still had the potential
to become endemic [27], [28]. A reproduction number greater than one implies that, on average, each infected
individual can transmit the disease to more than one susceptible person, allowing the infection to persist and
spread within the population unless effective control measures are implemented.

3.4 Simulation

The SEIR model simulation for Tuberculosis (TB) cases in North Sumatra was conducted using
MATLAB 2022b. MATLAB was utilized to calculate the proportions of each initial variable value, generate
random values for selected parameters, and visualize the disease transmission dynamics numerically. This
numerical simulation supports the analytical findings that will be discussed further in the subsequent section.

In this case, the basic reproduction number R, obtained indicates that each infected individual can
transmit the disease to an average of 2.22229 other individuals in a fully susceptible population. A value of
Ry > 1 suggests the potential for the disease to become endemic, as the infection can spread exponentially
and persist over time.

The simulation results demonstrate that a high R, leads to a rapid increase in the proportion of the
population in the Infected (I) and Exposed (E) compartments during the early stages of transmission.
However, with the implementation of vaccination, the spread of TB is eventually brought under control, as
indicated by the stabilization of each compartment's proportion by the end of the simulation period.

The simulation results illustrating the dynamics of TB transmission in North Sumatra are presented in
Figure 2.

1
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Figure 2. Graph of TB Spread in North Sumatra

The parameter values used in this simulation were obtained from the 2023 data provided by the Health
Office of Medan. The parameters applied are as follows: = =0.01569, f =0.47, vy =0.125, 5 = 0.00001, p =
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0.01569, and ur = 0.0249. By applying these parameters, the endemic equilibrium point (non-disease-free
equilibrium) was determined as E;= (s, e, i, r), with a basic reproduction number of Ry=2.33815. This
Rgvalue indicates that each infected individual is expected to transmit the disease to approximately 2.33815
other individuals in a fully susceptible population. Since Ry>1, the disease has the potential to persist within
the population for an extended period, suggesting the likelihood of an endemic state. A higher reproduction
number also leads to a rapid initial increase in the proportion of individuals in the Infected (I) and Exposed
(E) compartments.

To assess the impact of vaccination on the transmission of Tuberculosis among active individuals, a
variation in the vaccination rate parameter v was conducted. The results showed that the basic reproduction
number (Ry) could be reduced to below 1, with the minimum threshold achieved at v = 0.87 (referring to
Table 2, it can be obtained that the value of Ry < 1 when v = 0.87). When R(<1, the disease will naturally
die out from the population, as each infected individual transmits the disease to fewer than one susceptible
individual on average [27], |28]. In this scenario, the parameter w remains essential in accelerating the
recovery process and minimizing the number of infections before the disease is completely eradicated.
Variations in vaccine values with other parameters constant are presented in Table 2.

Tabel 2. Variation in Vaccine Values v and Value Of R,

v Ry

0 7.407634
0.05 7.037253
0.1 6.666871
0.5 3.703817
0.7 2.222290
0.87 0.962992

To determine the minimum effective vaccination rate, simulations were conducted using various values
of the vaccination parameter v, as presented in Table 2. The simulation was applied to each subpopulation,
namely the susceptible, exposed, infected, and recovered groups. The results illustrate the dynamic behavior
of Tuberculosis (TB) transmission under different vaccination scenarios. These simulations provide valuable
insights into how varying vaccination coverage levels influence the spread of TB within the population.

1 T
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—uv =0.05
v=0.1
0.8 - v=0.5 ]
v=0.7
---v=0.87
[}
e 0.6 N
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©
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2]
A 04 :
0.2 b
0 o | |
200 250 300

Figure 3. Susceptible Dynamics Graph with Vaccine Value Variations

Figure 3 illustrates the dynamics of the susceptible population proportion over time about Tuberculosis
(TB), based on variations in the vaccination parameter value v. The graph demonstrates how increased
vaccination coverage influences the reduction of individuals susceptible to TB infection. A sharp decline is
observed in the proportion of the susceptible population across all curves, indicating a rise in initial infections
or transitions to other compartments (exposed or infected). As the value of v increases, population resistance
to infection improves significantly, as evidenced by the stable proportion of uninfected individuals toward
the end of the simulation. This suggests that higher vaccination rates are crucial in limiting TB transmission
and maintaining long-term disease control.
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Figure 4. Exposed Dynamics Graph with Vaccine Value Variations

Figure 4 illustrates the dynamics of the Exposed subpopulation over time under various levels of
vaccination coverage (v). All curves exhibit an initial peak, reflecting a rise in individuals who have been
recently exposed to TB. Following this peak, the proportion of Exposed individuals decreases and eventually
stabilizes. As the vaccination rate v increases, the peak and the steady-state values of the Exposed population
decrease significantly. This indicates that higher vaccination coverage effectively reduces the number of
individuals transitioning to the Exposed class, limiting the potential progression to active infection (Infected).
The higher the proportion of vaccination administered, the lower the number of individuals susceptible to TB
infection. Notably, when v = 0.87, the Exposed subpopulation decreases drastically, approaching zero at a
certain time point. This finding highlights the significant impact of vaccination in reducing the transmission

rate of Tuberculosis within the population.
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Figure 5. Infected Dynamics Graph with Vaccine Value Variations
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Figure 6. Recovered Dynamics Graph with Vaccine Value Variations
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Figure 5 illustrates the dynamics of the Infected subpopulation over time under various levels of
vaccination coverage (v). All curves show the relationship between vaccines and individual infection rates.
The higher the proportion of vaccines to the population, the lower the infection rate. Finally, as shown in
proportion v = 0.87, the total infected population was at zero, meaning that TB disease could disappear
from the North Sumatra region. This also interprets Ry < 1. It can be concluded that increasing the number
of vaccines has a positive impact on suppressing the rate of spread of TB. Through simulation illustrations,
it can be shown that at least 87% of 87% of the population will disappear or become extinct from the region.
Figure 6 illustrates the relationship between recovered and vaccination. The graph concludes that the higher
the proportion of vaccination in the population, the faster the recovery rate.

4. CONCLUSION

The dynamics of tuberculosis (TB) transmission in North Sumatra indicate that vaccination
interventions have significant potential to reduce the number of infected individuals. Results from
mathematical modeling simulations show that expanding vaccination coverage can effectively suppress
disease transmission, even when vaccine efficacy does not reach 100%. Increasing vaccination coverage
plays a critical role in slowing the rate of transmission and reducing the long-term prevalence of infection.
Empirical data analysis yields a basic reproduction number (Ry) of 2.22229 (Ry> 1), indicating that TB still
has the potential to spread actively within the region. Furthermore, increasing the vaccination coverage
parameter (v) has been shown to have a significant impact on reducing the number of TB cases. This study
also identifies the vaccination threshold required to bring the R, value below 1, which is a necessary condition
to transition from an endemic to a non-endemic state. Simulation results suggest that a high level of
vaccination coverage is required to halt endemic TB transmission. With a transmission rate of 0.47, the
minimum proportion of the population that needs to be vaccinated is estimated at 87.5% to achieve the
threshold necessary to eliminate TB transmission in North Sumatra. Further exploration can be done by
estimating parameters to predict TB patients.
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