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1. INTRODUCTION 

The fixed point theorem (briefly FP) is a fundamental result in mathematical analysis, with extensive 

applications across various fields. This broad utility has inspired significant research into extending and 

generalizing the theorem. The Banach Contraction Principle (briefly BCP), introduced by S. Banach in 1922, 

serves as the foundation of FP theory, and modern studies have explored more complex mappings and spaces. 

Researchers have investigated FP theorems in generalized structures such as 𝑏-metric spaces (briefly 𝑏𝑀𝑆), 

as seen in [1]-[3]. In 𝑏MS, the classical triangle inequality from metric spaces (briefly MS) is relaxed by 

incorporating a constant ᵴ ≥ 1, leading to a generalized inequality that still preserves the essential properties 

of distance.  

Another generalization of MS in which FP theorems have been studied is the modular metric space 

(briefly MMS), introduced in [4]-[5]. As defined in [6], a modular is a functional on vector spaces. The 

concept of MMS generalizes both MS and modular spaces by extending the theory of MS, and a FP theorem 

for contractions in the framework of MMS was obtained in [7] as the basis of their structure. Further 

developments of this theorem in the same framework were presented in [8]-[12]. Moreover, various studies 

on FP theorems in generalized MMS have been conducted in [13]-[21]. In [22], the notion of complex valued 

MMS was introduced, and a generalization of The BCP was established. Building on this, [23] extended the 

framework by proving Meir-Keeler’s FP theorem.  

In [24], a space more general than both 𝑏MS and MS, known as a modular 𝑏-metric space (briefly 

M𝑏MS), was introduced. Similar to the concept of MMS, this space extends the theory of 𝑏MS by 

incorporating a modular. In the same work, some FP theorems for ordinary contraction mappings were 

established, along with their applications to systems of linear equations. Subsequently, some common FP 

theorems for two self-mappings, as well as results for a self-mapping in the framework of M𝑏MSs were 

established in [25]. Furthermore, there are developments related to FP theorems in extended M𝑏MSs [26]. In 

addition, studies have also explored Generalized Ƒ-Contraction mappings, both in the context of MS [27] and 

M𝑏MSs [28]. On the other hand, [29] introduced the concept of M𝑏MSs also with a different formulation of 

the triangle inequality axiom compared to [24]. In the same work, FP theorems for mappings satisfying a 

contractive type condition were also established. Building on this space, [30] proposed the notion of modular 

𝑏-gauge spaces, which are more general than M𝑏MSs, and obtained several FP theorems to set-valued 

mappings. Subsequently, [31] presented some common FP theorems for set-valued mappings in modular 𝑏-

gauge spaces, thereby generalizing the result in [30]. 

Along with the emergence of various generalizations of MS, the development of more general types 

of mappings than contraction mappings has also influenced the advancement of FP theory. Notable examples 

include non-expansive mappings discussed in [32] and pointwise contraction mappings presented in [33]. 

Another important generalization is the concept of multivalued contraction mappings, introduced in [34], 

where some FP theorems for such mappings in MS were also established. Building on this, in [35], 

generalized multivalued non-expansive mappings are presented along with the corresponding FP theorems. 

In the framework of 𝑏MS, a generalization of set-valued contraction mappings with their FP theorems was 

established in [36], while a generalized common FP for such mappings was provided in [37]. Moreover, 

multivalued mappings satisfying a nonlinear quasi-contractive condition in 𝑏MS were investigated in [38], 

where a corresponding FP theorem was also established. These advancements aim to adapt the theory to 

increasingly complex mathematical and real-world problems, demonstrating its enduring significance and 

versatility. 

Despite various advancements in the study of multivalued mappings, research on FP theorems for such 

mappings within M𝑏MSs remain limited. For instance, [30] and [31] established FP and common FP 

theorems for set-valued mappings in modular b-gauge spaces, which generalize the M𝑏MSs introduced in 

[29]. However, no prior work has investigated FP theorems for multivalued mappings using the Hausdorff 

distance within the specific framework of M𝑏MSs introduced in [24]. Previous studies have predominantly 

focused on multivalued mappings in other frameworks, such as MS in [39], 𝑏MS in [40]-[42], and MMS in 

[43]-[45]. In this paper, we extend FP theorems for multivalued mappings previously established in 𝑏MS 

[42] and MMS [44] to the more general framework of M𝑏MSs [24]. The paper aims to develop and prove 

new FP theorems for multivalued contraction mappings within this context. To support and illustrate the 

applicability of our results, we also provide a concrete example and an illustrative application. 
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2. RESEARCH METHODS 

This research utilizes a literature study method, starting with an examination of articles on FP theorems 

for multivalued mappings in 𝑏MS. Subsequently, we explore the concepts of MMS and M𝑏MSs as a 

foundation for developing FP theorems for multivalued mappings in M𝑏MSs. 

We outline the preliminary concepts and definitions necessary for establishing the main results of this 

paper. We begin with the definition of M𝑏MSs, as introduced in [24], which extends the classical notion of 

𝑏MS by incorporating modular structures. This generalization provides a flexible framework for analyzing a 

broader class of mappings and FP theorems. 

Definition 1. [24] Let Ӽ denote an arbitrary nonempty set, and let ᵴ ∈ ℝ with ᵴ ≥ 1. A function 

𝜛: (0, ∞) × Ӽ × Ӽ → [0, ∞] is called a modular 𝑏-metric (briefly M𝑏M) on Ӽ if the following three axioms 

hold: 

(B1) 𝜛𝜆(ӽ, ƴ) = 0 for all ӽ, ƴ ∈ Ӽ and 𝜆 > 0 if and only if ӽ = ƴ; 

(B2) 𝜛𝜆(ӽ, ƴ) = 𝜛𝜆(ƴ, ӽ) for all ӽ, ƴ ∈ Ӽ and 𝜆 > 0; 

(B3) 𝜛𝜆+𝜇(ӽ, ƴ) ≤ ᵴ[𝜛𝜆(ӽ, ƶ) + 𝜛𝜇(ƴ, ƶ)] for all ӽ, ƴ, ƶ ∈ Ӽ and 𝜆, 𝜇 > 0. 

Later, the pair (Ӽ, 𝜛, ᵴ) is called a M𝑏MS. Furthermore, if condition (B1) is replaced by  

(B1') 𝜛𝜆(ӽ, ӽ) = 0 for all 𝜆 > 0 and ӽ ∈ Ӽ,  

then 𝜛 is called a pseudomodular 𝑏-metric on Ӽ.  

It is clear that every M𝑏M 𝜛 is also a pseudomodular 𝑏-metric. Further, if 𝜛 is a pseudomodular 𝑏-

metric on Ӽ  and 0 < 𝜇 < 𝜆, then based on Axioms (B1'), (B2), and (B3), it follows that for all ӽ, ƴ ∈ Ӽ, 

𝜛𝜆(ӽ, ƴ) ≤ ᵴ[𝜛𝜆−𝜇(ӽ, ӽ) + 𝜛𝜇(ƴ, ӽ)] = ᵴ 𝜛𝜇(ƴ, ӽ) = ᵴ 𝜛𝜇(ӽ, ƴ), (1) 

which shows that 𝑤 is increasing with respect to ᵴ, as described in Eq. (1). 

To illustrate the concept of a M𝑏MS, consider the following example. 

Example 1. Let Ӽ = [0,1] and 𝜛: (0, ∞) × Ӽ × Ӽ → [0, ∞] be a function defined by 

𝜛𝜆(ӽ, ƴ) =
|ӽ − ƴ|2

𝜆
 

for all ӽ, ƴ ∈ Ӽ and 𝜆 > 0. Then, (Ӽ, 𝜛, 2) is a M𝑏MS. 

Next, let (Ӽ, 𝜛, ᵴ) be a M𝑏MS and ӽ0 ∈ Ӽ. The modular set in [24] is defined as 

Ӽ𝜛(ӽ0) = Ӽ𝜛 = {ӽ ∈ Ӽ: lim
𝜆→∞

𝜛𝜆(ӽ, ӽ0) = 0}. 

The pair (Ӽ𝜛, 𝜛, ᵴ) is also a M𝑏MS. For convenience, instead of writing (Ӽ𝜛, 𝜛, ᵴ), we denote the 

space simply as Ӽ𝜛. In the following discussion, we focus on M𝑏MSs of the form Ӽ𝜛. We now present the 

relevant definitions within the framework of Ӽ𝜛. The notions of convergence, Cauchy sequences, and 

complete spaces are established based on [46], which are more general than those in [24], thereby enabling 

the framework to support broader theoretical development and applications. Moreover, the definition of 

closed sets is constructed following the framework presented in [46], while the definition of bounded sets is 

developed based on [47]. 

Definition 2. Let Ӽ𝜛 be an arbitrary M𝑏MS. 

1. A sequence {ӽ𝑛} ⊆ Ӽ𝜛 is said to be 𝜛-convergent to ӽ ∈ Ӽ𝜛 if there exists 𝜆 > 0 such that 

𝜛𝜆(ӽ𝑛, ӽ) → 0 as 𝑛 → ∞. In this case, ӽ is called the 𝜛-limit of {ӽ𝑛}. 

2. A sequence {ӽ𝑛} ⊆ Ӽ𝜛 is called a 𝜛-Cauchy (briefly 𝜛-C) sequence if there exists 𝜆 > 0 such 

that 𝜛𝜆(ӽ𝑛, ӽ𝑚) → 0 as 𝑛, 𝑚 → ∞. 

3. A M𝑏MS is said to be 𝜛-complete if every 𝜛-C sequence in Ӽ𝜛 is 𝜛-convergent, and its 𝜛-limit 

belongs to Ӽ𝜛. Specifically, for some 𝜆 > 0, if 𝜛𝜆(ӽ𝑛, ӽ𝑚) → 0 as 𝑛, 𝑚 → ∞, then there exists 

ӽ ∈ Ӽ𝜛 such that 𝜛𝜆(ӽ𝑛, ӽ) → 0 as 𝑛 → ∞. 

4. A set 𝐶 ⊆ Ӽ𝜛 is called 𝜛-closed if 𝐶 contains all 𝜛-limits of 𝜛-convergent sequences in 𝐶. 

5. A set 𝐶 ⊆ Ӽ𝜛 is said to be 𝜛-bounded if  
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𝛿𝜛(𝐶) = sup{ 𝜛𝜆(ӽ, ƴ): ӽ, ƴ ∈ 𝐶} < ∞. 

Now, let us recall the concept of a multivalued mapping. Let Ӽ be an arbitrary nonempty set. A mapping 

Ʈ: Ӽ → 2Ӽ is called a multivalued mapping if each element in Ӽ is mapped to a subset of Ӽ rather than a single 

point. From [48] and [49], the FP for such a mapping is defined as follows.  

Definition 3. Let Ӽ denote an arbitrary nonempty set, and let 2Ӽ the collection of all subsets of Ӽ. A mapping 

Ʈ: Ӽ → 2Ӽ is said to have a FP if there exists ӽ ∈ Ӽ such that ӽ ∈ Ʈ(ӽ). In this case, 𝑥 is called a FP of Ʈ. 

3. RESULTS AND DISCUSSION 

Let Ӽ𝜛 be an arbitrary M𝑏MS, and let Ɱ ⊆ Ӽ𝜛. The following notations represent specific collections 

of subsets of Ӽ: 

𝑃(Ɱ) = {Ƴ ⊆ Ɱ: Ƴ ≠ ∅}, 

𝑃𝑏(Ɱ) = {Ƴ ∈ 𝑃(Ɱ)  ∶ Ƴ is 𝜛-bounded}, 

𝑃𝑐𝑙(Ɱ) = {Ƴ ∈ 𝑃(Ɱ)  ∶ Ƴ is 𝜛-closed}, 

𝐶𝐵(Ɱ) = 𝑃𝑏(Ɱ) ∩ 𝑃𝑐𝑙(Ɱ). 

The following definitions extend several well-known concepts from 𝑏MS, particularly those related to 

the Hausdorff distance, into the framework of M𝑏MSs, based on the formulations presented in [42] and [50]. 

These extensions adapt the notions of proximity and separation between subsets in the context of M𝑏MSs. 

Definition 4. Let Ӽ𝜛 be a M𝑏MS and Ɱ ⊆ Ӽ𝜛.  

1. The mapping 𝐷: (0, ∞) × 𝐶𝐵(Ɱ) × 𝐶𝐵(Ɱ) → [0, ∞) is defined by 

𝐷𝜆(Ⱥ, Ƀ) = inf{𝜛𝜆(ӽ, ƴ): ӽ ∈ Ⱥ, ƴ ∈ Ƀ}, 

for all Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0. Furthermore, if ӽ0 ∈ 𝑋𝜛, we denote 𝐷𝜆({ӽ0}, Ƀ) by 𝜛𝜆(ӽ0, Ƀ). 

2. The mapping 𝜌: (0, ∞) × 𝐶𝐵(Ɱ) × 𝐶𝐵(Ɱ) → [0, ∞) is defined by 

𝜌𝜆(Ⱥ, Ƀ) = sup{𝜛𝜆(ӽ, Ƀ): ӽ ∈ Ⱥ}, 

for all Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0.  

3. The mapping Ħ: (0, ∞) × 𝐶𝐵(Ɱ) × 𝐶𝐵(Ɱ) → [0, ∞) is defined by 

Ħ𝜆(Ⱥ, Ƀ) = max{𝜌𝜆(Ⱥ, Ƀ), 𝜌𝜆(Ƀ, Ⱥ)}, 

for all Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0. 

The mappings established in Definition 4 yield the following properties. First, for all Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) 

and 𝜆 > 0, we have  

𝐷𝜆(Ⱥ, Ƀ) ≤ 𝜌𝜆(Ⱥ, Ƀ) ≤ Ħ𝜆(Ⱥ, Ƀ). (2) 

This further implies the inequality  

𝜛𝜆(𝑥, Ƀ) ≤ 𝜌𝜆(Ⱥ, Ƀ) ≤ Ħ𝜆(Ⱥ, Ƀ), (3) 

for all ӽ ∈ Ⱥ and 𝜆 > 0. Next, when Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0, we have  

𝜛𝜆(ӽ, Ƀ) = inf{𝜛𝜆(ӽ, ƴ): ƴ ∈ Ƀ} ≤ 𝜛𝜆(ӽ, ƴ), (4) 

for all ӽ ∈ Ӽ𝜛. Lastly, we find the symmetry property of Ħ, that is  

Ħ𝜆(Ⱥ, Ƀ) = Ħ𝜆(Ƀ, Ⱥ), (5) 

for all Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0. 

Based on [42], [44], and [51], these results establish fundamental relationships among the distance functions 

𝐷, 𝜌, and Ħ in M𝑏MSs, which will be useful in proving the following results.  

Lemma 1. Let Ӽ𝜛 be an arbitrary M𝑏MS and Ɱ ⊆ Ӽ. Then 
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1. for all ӽ, ƴ ∈ Ӽ𝜛, 𝜆, 𝜇 > 0, and Ⱥ ∈ 𝐶𝐵(Ɱ),  

𝜛𝜆+𝜇(ӽ, Ⱥ) ≤ ᵴ[𝜛𝜆(ӽ, ƴ) + 𝜛𝜇(ƴ, Ⱥ)], (6) 

2. for all ӽ ∈ Ӽ𝜛, 𝜆, 𝜇 > 0, and Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ), 

𝜛𝜆+𝜇(ӽ, Ⱥ) ≤ ᵴ[𝜛𝜆(ӽ, Ƀ) + Ħ𝜇(Ƀ, Ⱥ)]. (7) 

Proof.  

1. Let ӽ, ƴ ∈ Ӽ𝜛, 𝜆, 𝜇 > 0, and Ⱥ ∈ 𝐶𝐵(Ɱ). Based on Axiom (B3) in Definition 1, it follows that 

𝜛𝜆+𝜇(ӽ, ⱥ) ≤ ᵴ[𝜛𝜆(ӽ, ƴ) + 𝜛𝜇(ƴ, ⱥ)] 

for all ⱥ ∈ Ⱥ. As a result, we have 

inf{𝜛𝜆+𝜇(ӽ, ⱥ): ⱥ ∈ Ⱥ} ≤ inf{ᵴ [𝜛𝜆(ӽ, ƴ) + 𝜛𝜇(ƴ, ⱥ)]: ⱥ ∈ Ⱥ}, 

⇔ inf{𝜛𝜆+𝜇(ӽ, ⱥ) ∶ ⱥ ∈ Ⱥ} ≤ ᵴ 𝜛𝜆(ӽ, ƴ) + ᵴ inf{𝜛𝜇(ƴ, ⱥ): ⱥ ∈ Ⱥ} , 

⇔ 𝜛𝜆+𝜇(ӽ, Ⱥ) ≤ ᵴ [𝜛𝜆(ӽ, ƴ) + 𝜛𝜇(ƴ, Ⱥ)]. 

2. Let ӽ ∈ Ӽ𝜛, 𝜆, 𝜇 > 0, and Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ). From point (1), we have 

𝜛𝜆+𝜇(ӽ, Ⱥ) ≤ ᵴ[𝜛𝜆(ӽ, ƴ) + 𝜛𝜇(ƴ, Ⱥ)], 

for all ƴ ∈ Ƀ. Thus, based on Eq. (3), it follows that 

𝜛𝜆+𝜇(ӽ, Ⱥ) ≤ ᵴ[𝜛𝜆(ӽ, ƴ) + Ħ𝜇(Ƀ, Ⱥ)]. 

As a result, we have 

𝜛𝜆+𝜇(ӽ, Ⱥ) = inf{𝜛𝜆+𝜇(ӽ, ƴ, Ⱥ): ƴ ∈ Ƀ} 

≤ inf{ᵴ [𝜛𝜆(ӽ, ƴ) + Ħ𝜇(Ƀ, Ⱥ)]: ƴ ∈ Ƀ} 

= ᵴ[𝜛𝜆(ӽ, Ƀ) + Ħ𝜇(Ƀ, Ⱥ)]. ∎ 

Lemma 2. Let Ӽ𝜛 be an arbitrary M𝑏MS, 𝜆 > 0, and Ɱ ⊆ Ӽ𝜛. If Ⱥ ∈ 𝐶𝐵(Ɱ) and ӽ ∈ Ӽ, then 

𝜛𝜆(ӽ, Ⱥ) = 0 ⇔ ӽ ∈ Ⱥ. 

Proof. If ӽ ∈ Ⱥ, then 𝜛𝜆(ӽ, Ⱥ) ≤ 𝜛𝜆(ӽ, ӽ) = 0, so 𝜛𝜆(ӽ, Ⱥ) = 0. Conversely, if 𝜛𝜆(ӽ, Ⱥ) = 0, then for all 

𝑛 ∈ ℕ, there exists ⱥ𝑛 ∈ Ⱥ such that 𝜛𝜆(ӽ, ⱥ𝑛) <
1

𝑛
. Thus, 𝜛𝜆(ӽ, ⱥ𝑛) → 0 as 𝑛 → ∞. In other words, {ⱥ𝑛} is 

𝜛-convergent to ӽ. Since Ⱥ is 𝜛-closed, we conclude that ӽ ∈ Ⱥ. ∎ 

The following lemmas provide some properties of the function Ħ. The lemmas show that Ħ satisfies 

the conditions required to be a M𝑏M. 

Lemma 3. Let Ӽ𝜛 be an arbitrary M𝑏MS and Ɱ ⊆ Ӽ𝜛. Then for all Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0, we have 

Ħ𝜆(Ⱥ, Ƀ) = 0 ⇔ Ⱥ = Ƀ. 

Proof. Let Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ) and 𝜆 > 0. If Ⱥ = Ƀ, then by Lemma 2, we have 𝜛𝜆(ӽ, Ƀ) = 0 and 𝜛𝜆(ӽ, Ⱥ) = 0 

for all ӽ ∈ Ⱥ = Ƀ. As a result, we have 𝜌𝜆(Ⱥ, Ƀ) = 0 and 𝜌𝜆(Ƀ, Ⱥ) = 0, so that  

Ħ𝜆(Ⱥ, Ƀ) = 0. 

Conversely, if Ħ𝜆(Ⱥ, Ƀ) = 0, then 𝜌𝜆(Ⱥ, Ƀ) = 𝜌𝜆(Ƀ, Ⱥ) = 0. We consider the following two cases 

1. Case 1. Let ӽ ∈ Ⱥ. Since 𝜌𝜆(Ⱥ, Ƀ) = 0, it follows that 𝜛𝜆(ӽ, Ƀ) = 0. By Lemma 2, we have ӽ ∈
Ƀ, so Ⱥ ⊆ Ƀ. 

2. Case 2. Let ӽ ∈ Ƀ. Since 𝜌𝜆(Ƀ, Ⱥ) = 0, it follows that 𝜛𝜆(ӽ, Ⱥ) = 0. By Lemma 2, we have ӽ ∈
Ⱥ, so Ƀ ⊆ Ⱥ. 

Therefore, we conclude that Ⱥ = Ƀ. ∎ 

Lemma 4. Let Ӽ𝜛 be an arbitrary M𝑏MS and Ɱ ⊆ Ӽ𝜛. Then  

Ħ𝜆+𝜇(Ⱥ, Ȼ) ≤ ᵴ[Ħ𝜆(Ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)], (8) 
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for all Ⱥ, Ƀ, Ȼ ∈ 𝐶𝐵(Ɱ) and 𝜆, 𝜇 > 0. 

Proof. Let 𝐴, 𝐵, 𝐶 ∈ 𝐶𝐵(𝑀) and 𝜆, 𝜇 > 0. Based on Lemma 1, we have 

𝜛𝜆+𝜇(ⱥ, Ȼ) ≤ ᵴ[𝜛𝜆(ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)] (9) 

for all ⱥ ∈ Ⱥ and 

𝜛𝜆+𝜇(ȼ, Ⱥ) ≤ ᵴ[𝜛𝜆(ȼ, Ƀ) + Ħ𝜇(Ƀ, Ⱥ)] (10) 

for all ȼ ∈ Ȼ. As a consequence of Eqs. (3) and (9), we obtain 

𝜌𝜆+𝜇(Ⱥ, Ȼ) = inf{𝜛𝜆+𝜇(ⱥ, Ȼ): ⱥ ∈ Ⱥ} 

≤ inf{ᵴ[𝜛𝜆(ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)]: ⱥ ∈ Ⱥ} 

= ᵴ inf{𝜛𝜆(ⱥ, Ƀ): ⱥ ∈ Ⱥ} + ᵴ Ħ𝜇(Ƀ, Ȼ) 

= ᵴ[𝜌𝜆(Ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)] 

≤ ᵴ[Ħ𝜆(Ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)]. 

Similarly, using Eqs. (3), (5), and (10), we derive 

𝜌𝜆+𝜇(Ȼ, Ⱥ) = inf{𝜛𝜆+𝜇(ȼ, Ⱥ): ȼ ∈ Ȼ} 

= inf{𝜛𝜇+𝜆(ȼ, Ⱥ): ȼ ∈ Ȼ} 

≤ inf{ᵴ[𝜛𝜇(ȼ, Ƀ) + Ħ𝜆(Ƀ, Ⱥ)]: ȼ ∈ Ȼ} 

= ᵴ [𝜌𝜇(Ȼ, Ƀ) + Ħ𝜆(Ƀ, Ⱥ)] 

≤ ᵴ[Ħ𝜇(Ȼ, Ƀ) + Ħ𝜆(Ƀ, Ⱥ)] 

= ᵴ[Ħ𝜆(Ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)]. 

Thus, we have 

Ħ𝜆+𝜇(Ⱥ, Ȼ) = max{𝜌𝜆+𝜇(Ⱥ, Ȼ), 𝜌𝜆+𝜇(Ȼ, Ⱥ)} ≤ ᵴ[Ħ𝜆(Ⱥ, Ƀ) + Ħ𝜇(Ƀ, Ȼ)]. ∎ 

Lemma 5. If Ӽ𝜛 is a M𝑏MS, Ɱ ⊆ Ӽ𝜛, 𝜆 > 0, and Ⱥ, Ƀ ∈ 𝐶𝐵(Ɱ), then for all 𝜀 > 0 and ƴ ∈ Ƀ, there exists 

ⱥ ∈ Ⱥ such that 

𝜛𝜆(ⱥ, ƴ) ≤ Ħ𝜆(Ⱥ, Ƀ) + 𝜀. (11) 

Proof. Let 𝜀 > 0 and ƴ ∈ Ƀ. Using the infimum property, there exists ⱥ ∈ Ⱥ such that 

𝜛𝜆(ⱥ, ƴ) = 𝜛𝜆(ƴ, ⱥ) ≤ 𝜛𝜆(ƴ, Ⱥ) + 𝜀. 

Based on Eq. (3), we have 

𝜛𝜆(ⱥ, ƴ) ≤ Ħ𝜆(Ⱥ, Ƀ) + 𝜀. ∎ 

Therefore, based on Lemma 3 satisfies condition (B1), Eq. (5) satisfies condition (B2), and Lemma 4 

satisfies condition (B3), we have the following theorem. 

Theorem 1. If Ӽ𝜛 is a M𝑏MS and Ɱ ⊆ Ӽ𝜛, then (𝐶𝐵(Ɱ), Ħ, ᵴ) is also a M𝑏MS. 

Note that if a sequence is 𝜛-convergent for some 𝜆 > 0, it does not necessarily converge for all 𝜆 > 0. 

Therefore, the following definition is introduced, based on [47]. 

Definition 5. A M𝑏M 𝜛 on a M𝑏MS Ӽ𝜛 is said to satisfy the Δ2-condition if  

lim
𝑛→∞

𝜛𝜆(ӽ𝑛, ӽ) = 0, 

for some 𝜆 > 0 implies  

lim
𝑛→∞

𝜛𝜆(ӽ𝑛, ӽ) = 0 

for all 𝜆 > 0. 
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Example 2. Let (Ӽ, 𝜛, 2) be the modular 𝑏-metric space given in Example 1. It can be shown that 𝜛 satisfies 

the Δ2-condition. 

The following discussion focuses on contraction-type multivalued mappings in M𝑏MSs and their 

corresponding FP theorems. We begin by defining multivalued mappings in this space, based on [42], [44], 

and [45]. 

Definition 6. Let Ӽ𝜛 be an arbitrary M𝑏MS, Ɱ ⊆ Ӽ𝜛, and Ħ be the mapping defined in Definition 4. A 

mapping Ʈ: Ɱ → 𝐶𝐵(Ɱ) is called a 𝜛-contraction mapping if there exist 𝜆 > 0 and 𝜅 ∈ [0,
1

ᵴ
) such that for 

all ӽ, ƴ ∈ Ɱ, the following inequality holds: 

Ħ𝜆(Ʈ(ӽ), Ʈ(ƴ)) ≤ 𝜅 𝜛𝜆(ӽ, ƴ). (12) 

To illustrate this concept, we provide an example demonstrating a 𝜛-contraction mapping in a M𝑏MS. 

Example 3. Let (Ӽ, 𝜛, 2) be a M𝑏MS given in Example 1. Let Ʈ: Ӽ → 𝐶𝐵(Ӽ) be a mapping defined by 

Ʈ(ӽ) = [
ӽ

2
,
ӽ + 1

2
] 

for all ӽ ∈ Ӽ. Note that 

Ħ𝜆(Ʈ(ӽ), Ʈ(ƴ)) = max {𝜛𝜆 (
ӽ

2
,
ƴ

2
) , 𝜛𝜆 (

ӽ + 1

2
,
ƴ + 1

2
)} =

1

4

|ӽ − ƴ|2

𝜆
. 

Thus, by taking 𝜅 =
1

4
, we have 𝜅 ∈ [0,

1

ᵴ
) and 

Ħ𝜆(Ʈ(ӽ), Ʈ(ƴ)) ≤ 𝜅 𝜛𝜆(ӽ, ƴ). 

Hence, Ʈ is a 𝜛-contraction mapping. 

Based on [42], [44], and [45], we extend the following theorem. The theorem is the main result 

concerning multivalued mappings in the context of M𝑏MSs. It establishes a FP theorem for 𝜛-contraction 

mappings defined on nonempty subsets of 𝑋𝜛. 

Theorem 2. Let Ӽ𝜛 be a M𝑏MS such that 𝜛 satisfies the 𝛥2-condition, Ӽ𝜛 is 𝜛-complete, and Ɱ ⊆ Ӽ𝜛 is a 

𝜛-closed nonempty set. If Ʈ: Ɱ → 𝐶𝐵(Ɱ) is a 𝜛-contraction mapping and there exists ӽ0 ∈ Ɱ such that 

 𝜛𝜆(ӽ0, ƴ) < ∞, for all ƴ ∈ Ʈ(𝑥0) and 𝜆 > 0, (13) 

then Ʈ has a fixed point. 

Proof. Since Ʈ: Ɱ → 𝐶𝐵(Ɱ) is a 𝜛-contraction mapping, there exist 𝜆 > 0 and 𝜅 ∈ [0,
1

ᵴ
) such that 

Ħ𝜆(Ʈ(ӽ), Ʈ(ƴ)) ≤ 𝜅 𝜛𝜆(ӽ, ƴ) 

for all ӽ, ƴ ∈ Ɱ. Note that 0 < 𝜅 <
1

ᵴ
; it follows that 1 <

1

𝜅ᵴ
. Consequently, there exists ԛ ∈ ℝ such that  

1 < ԛ <
1

𝜅ᵴ
. 

Let ӽ0 ∈ Ɱ be a point satisfying Eq. (13). Since Ʈ(ӽ0) ⊆ 𝐶𝐵(Ɱ) ⊆ 𝑃(Ɱ), it follows that Ʈ(ӽ0) ≠ ∅. 

Thus, there exists ӽ1 ∈ Ʈ(ӽ0). If Ʈ(ӽ0) = Ʈ(ӽ1), then ӽ1 ∈ Ʈ(ӽ1) and we are done. Suppose that Ʈ(ӽ0) ≠

Ʈ(ӽ1). By applying Lemma 3, we obtain Ħ𝜆(Ʈ(ӽ0), Ʈ(ӽ1)) > 0. Since (ԛ − 1)Ħ𝜆(Ʈ(ӽ0), Ʈ(ӽ1)) > 0, 

Lemma 5 guarantees the existence of ӽ2 ∈ Ʈ(ӽ1) such that 

𝜛𝜆(ӽ1, ӽ2) ≤  Ħ𝜆(Ʈ(ӽ0), Ʈ(ӽ1)) + (ԛ − 1)Ħ𝜆(Ʈ(ӽ0), Ʈ(ӽ1)) = ԛ Ħ𝜆(Ʈ(ӽ0), Ʈ(ӽ1)). 

Similarly, suppose that Ʈ(ӽ1) ≠ Ʈ(ӽ2). Following the same reasoning as before, there exists ӽ3 ∈ Ʈ(ӽ2) such 

that 

𝜛𝜆(ӽ2, ӽ3) ≤ ԛ Ħ𝜆(Ʈ(ӽ1), Ʈ(ӽ2)). 

By continuing this process, we construct a sequence {ӽ𝑛} such that ӽ𝑛+1 ∈ Ʈ(ӽ𝑛) and 

𝜛𝜆(ӽ𝑛+1, ӽ𝑛) ≤ ԛ Ħ𝜆(Ʈ(ӽ𝑛), Ʈ(ӽ𝑛−1)) 
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for all 𝑛 ∈ ℕ. Since 𝑇 satisfies Eq. (12), it follows that 

𝜛𝜆(ӽ𝑛+1, ӽ𝑛) ≤ ԛ𝜅 𝜛𝜆(ӽ𝑛, ӽ𝑛−1) 

for all 𝑛 ∈ ℕ. By iterating this process, we obtain 

𝜛𝜆(ӽ𝑛+1, ӽ𝑛) ≤ ԛ𝜅 𝜛𝜆(ӽ𝑛, ӽ𝑛−1) 

≤ (ԛ𝜅)2 𝜛𝜆(ӽ𝑛−1, ӽ𝑛−2) 

≤ (ԛ𝜅)3 𝜛𝜆(ӽ𝑛−2, ӽ𝑛−3) 

⋮ 

≤ (ԛ𝜅)𝑛𝜛𝜆(ӽ1, ӽ0) (14) 

for all 𝑛 ∈ ℕ. Next, we will show that {ӽ𝑛} is a 𝜛-C sequence. By applying Axiom (B3) and Eq. (1), we 

obtain the following inequality for all 𝑛, 𝑖 ∈ ℕ: 

𝜛𝜆(ӽ𝑛 , ӽ𝑛+𝑖) ≤ ᵴ 𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + ᵴ2 𝜛 𝜆
22

(ӽ𝑛+1, ӽ𝑛+2) + ᵴ3 𝜛 𝜆
23

(ӽ𝑛+2, ӽ𝑛+3) + ⋯ 

+ᵴ𝑖 𝜛 𝜆

2𝑖 
(ӽ𝑛+𝑖−1, ӽ𝑛+𝑖) (15) 

We illustrate the validity of this inequality by considering the first few cases explicitly. 

For 𝑖 = 1, we have 

𝜛𝜆(ӽ𝑛, ӽ𝑛+1) ≤ ᵴ [𝜛𝜆
2

(ӽ𝑛, ӽ𝑛) + 𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1)] = ᵴ𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1). 

For 𝑖 = 2, we obtain 

𝜛𝜆(ӽ𝑛, ӽ𝑛+2) ≤ ᵴ [𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + 𝜛𝜆
2

(ӽ𝑛+1, ӽ𝑛+2)] 

≤ ᵴ 𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + ᵴ2𝜛𝜆
4

(ӽ𝑛+1, ӽ𝑛+2) 

= ᵴ 𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + ᵴ2𝜛 𝜆
22

(ӽ𝑛+1, ӽ𝑛+2). 

For 𝑖 = 3, it follows that 

𝜛𝜆(ӽ𝑛, ӽ𝑛+3) ≤ ᵴ [𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + 𝜛𝜆
2

(ӽ𝑛+1, ӽ𝑛+3)] 

≤ ᵴ𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + ᵴ2 [𝜛𝜆
4

(ӽ𝑛+1, ӽ𝑛+2) + 𝜛𝜆
4

(ӽ𝑛+2, ӽ𝑛+3)] 

≤ ᵴ𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + ᵴ2𝜛𝜆
4

(ӽ𝑛+1, ӽ𝑛+2) + ᵴ3𝜛𝜆
8

(ӽ𝑛+2, ӽ𝑛+3) 

= ᵴ𝜛𝜆
2

(ӽ𝑛, ӽ𝑛+1) + ᵴ2𝜛 𝜆
22

(ӽ𝑛+1, ӽ𝑛+2) + ᵴ3𝜛 𝜆
23

(ӽ𝑛+2, ӽ𝑛+3). 

By continuing this iterative process, Eq. (15) is established for all 𝑛, 𝑖 ∈ ℕ. 

Since for all 𝑖 ∈ ℕ, we have 

𝜆

2𝑖+1
<

𝜆

2𝑖
<. . . <

𝜆

4
<

𝜆

2
 

using this fact along with Eqs. (1) and (15), we further obtain 

𝜛𝜆(ӽ𝑛, ӽ𝑛+𝑖) ≤ ᵴ2 𝜛 𝜆

2𝑖+1

(ӽ𝑛, ӽ𝑛+1) + ᵴ3𝜛 𝜆

2𝑖+1

(ӽ𝑛+1, ӽ𝑛+2) + ᵴ4 𝜛 𝜆

2𝑖+1

(ӽ𝑛+2, ӽ𝑛+3) + ⋯ 

+ᵴ𝑖+1𝜛 𝜆

2𝑖+1

(ӽ𝑛+𝑖−1, ӽ𝑛+𝑖) (16) 

for all 𝑛, 𝑖 ∈ ℕ. By utilizing Eqs. (14) and (16), it follows that 
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𝜛𝜆(ӽ𝑛, ӽ𝑛+𝑖) ≤ ᵴ2(ԛ𝜅)𝑛𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1) + ᵴ3(ԛ𝜅)𝑛+1𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1) + ᵴ4(ԛ𝜅)𝑛+2𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1) 

+ ⋯ + ᵴ𝑖+1(ԛ𝜅){𝑛+𝑖−1}𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1) 

= ᵴ2(ԛ𝜅)𝑛𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1)[1 + ᵴԛ𝜅 + (ᵴԛ𝜅)2 + ⋯ + (ᵴԛ𝜅)𝑖−1] 

≤ ᵴ2(ԛ𝜅)𝑛𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1)[1 + ᵴԛ𝜅 + (ᵴԛ𝜅)2 + ⋯ ] 

for all 𝑛, 𝑖 ∈ ℕ. Since 1 < ԛ <
1

𝜅ᵴ
, we have that 0 < ᵴԛ𝜅 < 1. Therefore, for all 𝑛, 𝑖 ∈ ℕ, we obtain 

𝜛𝜆(ӽ𝑛, ӽ𝑛+𝑖) ≤
ᵴ2(ԛ𝜅)𝑛

1 − ᵴԛ𝜅
 𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1). 

Now, observe that 0 < ԛ𝜅 <
1

ᵴ
≤ 1, so that (ԛ𝜅)𝑛 → 0 as 𝑛 → ∞. Moreover, since ӽ0 ∈ Ɱ satisfies Eq. (13) 

and ӽ1 ∈ Ʈ(𝑥0), we have 

𝜛 𝜆

2𝑖+1

(ӽ0, ӽ1) < ∞. 

Hence, we conclude that  

𝜛𝜆(ӽ𝑛, ӽ𝑛+𝑖) → 0 

as 𝑛, 𝑖 → ∞. Thus, {𝑥𝑛} is a {ӽ𝑛} is a 𝜛-C sequence. By the completeness of Ӽ𝜛, there exists ӽ ∈ Ӽ𝜛 such 

that  

𝜛𝜆(ӽ𝑛, ӽ) → 0 

as 𝑛 → ∞. Since Ɱ is 𝜛-closed, we have ӽ ∈ Ɱ. Then, applying Lemma 1, we obtain 

𝜛𝜆(ӽ, Ʈ(ӽ)) = lim
𝑛→∞

𝜛𝜆(ӽ, Ʈ(ӽ)) ≤ lim
𝑛→∞

ᵴ [𝜛𝜆

2

(ӽ, Ʈ(ӽ𝑛)) + Ħ𝜆

2

(Ʈ(ӽ𝑛), Ʈ(ӽ))]. (17) 

Since ӽ𝑛+1 ∈ Ʈ(ӽ𝑛) for all 𝑛 ∈ ℕ, it follows that 

𝜛𝜆

2

(ӽ, Ʈ(ӽ𝑛)) = inf
ƴ∈𝑇(ӽ𝑛)

𝜛𝜆

2

(ӽ, ƴ) ≤ 𝜛𝜆

2

(ӽ, ӽ𝑛+1). (18) 

for all 𝑛 ∈ ℕ. Using Eqs. (12), (17), and (18), we derive 

𝜛𝜆(ӽ, Ʈ(ӽ)) ≤ lim
𝑛→∞

ᵴ [𝜛𝜆
2

(ӽ, ӽ𝑛+1) + 𝑘 𝜛𝜆
2

(ӽ𝑛, ӽ)]. 

Since 𝜛 satisfies the Δ2-condition and 𝜛𝜆(ӽ𝑛, ӽ) → 0 as 𝑛 → ∞, it follows that  

𝜛𝜆
2

(ӽ𝑛, ӽ) → 0 

as 𝑛 → ∞. As a result, we obtain 

𝜛𝜆(ӽ, Ʈ(ӽ)) ≤ lim
𝑛→∞

ᵴ [𝜛𝜆
2

(ӽ, ӽ𝑛+1) + 𝑘 𝜛𝜆
2

(ӽ𝑛, ӽ)] = 0. 

Since 𝜛𝜆(ӽ, Ʈ(ӽ)) = 0, applying Lemma 2, we conclude that ӽ ∈ Ʈ(ӽ).∎ 

Example 4. Let (Ӽ, 𝜛, 2) be a M𝑏MS as defined in Example 1. From Example 2, we have that 𝜛 satisfies 

the Δ2-condition. Based on the definition of Ӽ𝜛, consider ӽ0 = 0 ∈ Ӽ. Then, we have 

Ӽ𝜛 = {ӽ ∈ Ӽ:
|ӽ|2

𝜆
→ 0 as 𝜆 → ∞}. 

It is clear that Ӽ𝜛 = Ӽ, which implies that Ӽ is 𝜛-complete and 𝜛-closed. Moreover, by taking ӽ0 = 0 ∈ Ӽ𝜛, 

we obtain 

Ʈ(ӽ0) = Ʈ(0) = [0,
1

2
], 
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and for all ƴ ∈ Ʈ(ӽ0) and 𝜆 > 0, 

𝜛𝜆(ӽ0, ƴ) =
|ӽ0 − ƴ|2

𝜆
=

ƴ2

𝜆
< ∞. 

This shows that ӽ0 = 0 satisfies Eq. (13). Now, let Ʈ be the 𝜛-contractive mapping given in Example 3. Since  

𝑇(0) = [0,
1

2
]  and 𝑇(1) = [

1

2
, 1], 

where 0 ∈ Ʈ(0) and 1 ∈ Ʈ(1), it follows that 0 and 1 are both FPs of Ʈ. 

If Ʈ: Ӽ𝜛 → Ӽ𝜛 is a single-valued mapping on a M𝑏MS Ӽ𝜛, the following corollary directly follows as 

a consequence of Theorem 2. 

Corollary 1. Let Ӽ𝜛 be a M𝑏MS, where 𝜛 satisfies the 𝛥2-condition. Suppose that Ӽ𝜛 is 𝜛-complete, Ɱ ⊆
Ӽ𝜛 is a 𝜛-closed nonempty set, and there exists ӽ0 ∈ Ɱ that satisfies (13). Consider a mapping Ʈ: Ɱ → Ɱ 

for which there exists a constant 𝑘 ∈ [0,
1

ᵴ
) such that 

𝜛𝜆(𝑇(ӽ), 𝑇(ƴ)) ≤ 𝜅 𝜛𝜆(ӽ, ƴ), 

for all ӽ, ƴ ∈ Ɱ. Then, there exists ӽ ∈ Ɱ such that ӽ ∈ Ʈ(ӽ). 

Application to Integral Equation 

In the section, inspired by [52] and [53], we give a typical application of FP methods to the study of existence 

of solutions to integral equations. Briefly, we provide the background a notation. Let Ӽ = 𝐶([0, ⱥ], ℝ) be the 

set of all real-valued continuous functions defined on [0, ⱥ], where ⱥ > 0, and define ȡ: Ӽ × Ӽ → [0, ∞) by 

ȡ(ӽ, ƴ) = ‖|ӽ − ƴ|2‖∞ = sup
𝑡∈[0,𝕒]

|ӽ(𝑡) − ƴ(𝑡)|2 

for all ӽ, ƴ ∈ Ӽ. Then (Ӽ, ɗ, 2) is a complete 𝑏MS. Next, let 𝜛: (0, ∞) × Ӽ × Ӽ → [0, ∞] given by 

𝜛𝜆(ӽ, ƴ) =
ȡ(ӽ, ƴ)

𝜆
 

for all ӽ, ƴ ∈ Ӽ. Then (Ӽ, 𝜛, 2) is a 𝜛-complete M𝑏MS and 𝜛 satisfies the Δ2-condition. We consider the 

following integral equation 

ӽ(𝑡) = 𝑝(𝑡) + ∫ 𝑆(𝑡, ư) 𝑓(ư, ӽ(ư)) 𝑑𝑢
ⱥ

0

 

where 𝑓: [0, ⱥ] × ℝ → ℝ and 𝑝: [0, ⱥ] → ℝ are two continuous functions. Moreover, 𝑆: [0, ⱥ] × [0, ⱥ] →
[0, ∞) is a function satisfying 𝑆(𝑡, . ) ∈ 𝐿1([0, ⱥ]) for all 𝑡 ∈ [0, ⱥ], i.e., 

∫ |𝑆(𝑡, ư)| 𝑑ư
ⱥ

0

< ∞ 

for all 𝑡 ∈ [0, ⱥ]. 

Defined the operator 𝑇: Ӽ → Ӽ by 

Ʈ(ӽ)(𝑡) = 𝑝(𝑡) + ∫ 𝑆(𝑡, ư)𝑓(ư, ӽ(ư)) 𝑑ư
ⱥ

0

. 

Then we prove the following existence result. 

Theorem 3. Let Ӽ = 𝐶([0, ⱥ], ℝ). Suppose that there exists ӽ0 ∈ Ӽ satisfying Eq. (13) and a constant 𝜅 ∈

[0,
1

𝑠
) such that the following inequalities are satisfied: 

(i) |𝑓(ư, ӽ(ư)) − 𝑓(ư, ƴ(ư))| ≤ √𝜅4 |ӽ(ư) − ƴ(ư)|  for all ӽ, ƴ ∈ Ӽ and ư ∈ [0, ⱥ] 

(ii) ‖∫ 𝑆(𝑡, ư) 𝑑ư
ⱥ

0
‖

∞
< √𝜅. 

Then the integral equation has a solution in Ӽ. 
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Proof. For all ӽ, ƴ ∈ Ӽ and 𝑡 ∈ [0, ⱥ], we have  

|Ʈ(ӽ)(𝑡) − Ʈ(ƴ)(𝑡)|2 = [|∫ 𝑆(𝑡, ư)[𝑓(ư, ӽ(ư)) − 𝑓(ư, ƴ(ư))] 𝑑ư
ⱥ

0

|]

2

 

≤ [∫ 𝑆(𝑡, ư) |𝑓(ư, ӽ(ư)) − 𝑓(ư, ƴ(ư))| 𝑑ư
ⱥ

0

]

2

 

≤ [∫ 𝑆(𝑡, ư) √𝜅
4

 |ӽ(ư) − ƴ(ư)| 𝑑ư
ⱥ

0

]

2

 

= √𝜅 [∫ 𝑆(𝑡, ư) √|ӽ(ư) − ƴ(ư)|2 𝑑ư
ⱥ

0

]

2

 

≤ √𝜅 [∫ 𝑆(𝑡, ư) √‖|ӽ − ƴ|2‖∞ 𝑑ư
ⱥ

0

]

2

 

= √𝜅‖|ӽ − ƴ|2‖∞  [∫ 𝑆(𝑡, ư) 𝑑ư
ⱥ

0

]

2

. 

Then, we obtain 

‖|Ʈ(ӽ) − Ʈ(ƴ)|2‖∞ ≤ √𝜅‖|ӽ − ƴ|2‖∞ ‖∫ 𝑆(𝑡, ư) 𝑑ư
ⱥ

0

‖
∞

  

≤ 𝜅‖|ӽ − ƴ|2‖∞. 

As a result, it follows that 

𝜛𝜆(Ʈ(ӽ), Ʈ(ƴ)) ≤ 𝜅 𝜛𝜆(ӽ, ƴ). 

By Corollary 1, Ʈ has a FP. ∎ 

4. CONCLUSION 

This study introduces multivalued mappings in M𝑏MSs, focusing on contraction-type mappings. By 

establishing the concept of Hausdorff distance in this framework, the study proves FP theorems for 

contraction-type multivalued mappings. These findings confirm that the existence of a FP is guaranteed under 

the following fundamental conditions: completeness of the space, closedness of the considered subset, and 

satisfaction of the Δ₂-condition of the M𝑏M. Furthermore, the corollary of the main result is applied to 

guarantee the existence of solutions to an integral equation. These results open new possibilities for further 

developments in FP theory and its applications in various fields of applied mathematics. 

Author Contibutions 

Hartono: Conceptualization, Methodology, Writing-Original Draft, Validation. Lusi Harini: Data Curation, Resources, 

Draft Preparation, Investigation. Afifah Hayati: Formal Analysis, Investigation, Validation, Writing-Original Draft. 

Syamsudin Mas’ud: Formal Analysis, Investigation, Validation. Thesa Adi Saputra Yusri: Funding Acquisition, Project 

Administration, Writing-Review and Editing. Karyati: Supervision, Validation. Fitriana Yuli Saptaningtyas: 

Methodology, Writing-Review and Editing. All authors discussed the results and contributed to the final manuscript. 

Funding Statement 

This research was funded by the Ministry of Education, Culture, Research, and Technology, Indonesia under contract 

number T/105.1.10 /UN34.9/PT.01.03/2024. 



952 Hartono et al.     FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS IN MODULAR …  

 

Acknowledgment 

The authors gratefully acknowledge the support of Assistant Professor Made Tantrawan, Department of Mathematics, 

Universitas Gadjah Mada, for his valuable assistance in writing and proofreading this article. The authors also 

acknowledge the editor and the anonymous reviewers for their insightful comments and suggestions that contributed to 

improving the quality of this paper. 

Declarations 

The authors declare no competing interest. 

Declaration of Generative AI and AI-assisted Technologies 

AI tools were used solely for language refinement (grammar, spelling, and clarity), while the scientific content, analysis, 

interpretation, and conclusions were entirely developed by the authors. All final text has been reviewed and approved 

by us. 

REFERENCES 

[1] S. Czerwik, “CONTRACTION MAPPINGS IN B-METRIC SPACES,” ACTA MATHEMATICA ET INFORMATICA 

UNIVERSITATIS OSTRAVIENSIS, vol. 1, no. 1, pp. 5–11, 1993. 

[2] T. Kamran, M. Samreen, and Q. U. L. Ain, “A GENERALIZATION OF B-METRIC SPACE AND SOME FIXED POINT 

THEOREMS,” Mathematics, vol. 5, no. 2, June 2017. doi: https://doi.org/10.3390/math5020019 

[3] F. Develi and M. Özavşar, “ALMOST CONTRACTION MAPPINGS IN CONE B-METRIC SPACES OVER BANACH 

ALGEBRAS,” Hacettepe Journal of Mathematics and Statistics, vol. 49, no. 6, pp. 1965–1973, 2020. doi: 

https://doi.org/10.15672/hujms.486939 

[4] V. V. Chistyakov, “METRIC MODULARS AND THEIR APPLICATION,” Doklady Mathematics, vol. 73, no. 1, pp. 32–

35, 2006. doi: https://doi.org/10.1134/S106456240601008X 

[5] V. V. Chistyakov, “MODULAR METRIC SPACES, I: BASIC CONCEPTS,” Nonlinear Anal Theory Methods Appl, vol. 

72, no. 1, pp. 1–14, January 2010. doi: https://doi.org/10.1016/j.na.2009.04.057 

[6] J. Musielak and W. R. Orlicz, “ON MODULAR SPACES,” Studia Mathematica, vol. XVIII, pp. 49–65, 1959. doi: 

https://doi.org/10.4064/sm-18-1-49-65 

[7] V. V. Chistyakov, “A FIXED POINT THEOREM FOR CONTRACTIONS IN MODULAR METRIC SPACES,” December 

2011. doi: https://doi.org/10.1186/1687-1812-2011-72 

[8] A. A. N. Abdou, “FIXED POINTS OF KANNAN MAPS IN MODULAR METRIC SPACES,” AIMS Mathematics, vol. 5, 

no. 6, pp. 6395–6403, August 2020. doi: https://doi.org/10.3934/math.2020411 

[9] F. S. Alshammari, K. P. Reshma, R. Rajagopalan, and R. George, “GENERALISED PRESIC TYPE OPERATORS IN 

MODULAR METRIC SPACE AND AN APPLICATION TO INTEGRAL EQUATIONS OF CARATHEODORY TYPE 

FUNCTIONS,” Journal of Mathematics, vol. 2021, 2021. doi: https://doi.org/10.1155/2021/7915448 

[10] E. Karapınar, A. Fulga, and S. S. Yeşilkaya, “INTERPOLATIVE MEIR–KEELER MAPPINGS IN MODULAR METRIC 

SPACES,” Mathematics, vol. 10, August 2022. doi: https://doi.org/10.3390/math10162986 

[11] A. G. Sanatee, L. Rathour, V. N. Mishra, and V. Dewangan, “SOME FIXED POINT THEOREMS IN REGULAR 

MODULAR METRIC SPACES AND APPLICATION TO CARATHEODORY’S TYPE ANTI-PERIODIC BOUNDARY 

VALUE PROBLEM,” The Journal of Analysis, July 2022. doi: https://doi.org/10.1007/s41478-022-00469-z 

[12] Y. Sharma and S. Jain, “COUPLED FIXED POINT THEOREMS IN MODULAR METRIC SPACES ENDOWED WITH 

A GRAPH,” Kyungpook Mathematical Journal, vol. 61, pp. 441–453, 2021. 

[13] N. Hussain, H. H. Al-Sulami, and G. Ali, “BEST PROXIMITY POINT RESULTS FOR THETA-CONTRACTION IN 

MODULAR METRIC AND FUZZY METRIC SPACES,” Bulletin of Mathematical Analysis and Applications, vol. 12, no. 

4, pp. 1–14, 2020. 

[14] A. Alihajimohammad and R. Saadati, “GENERALIZED MODULAR FRACTAL SPACES AND FIXED POINT 

THEOREMS,” Adv Differ Equ, vol. 2021, 2021. doi: https://doi.org/10.1186/s13662-021-03538-y 

[15] N. Manav, “FIXED-POINT THEOREMS IN GENERALIZED MODULAR METRIC SPACES,” Metric Fixed Point 

Theory: Applications in Science, Engineering and Behavioural Sciences, Singapore: Springer Nature Singapore, 2021, pp. 

89–111. doi: https://doi.org/10.1007/978-981-16-4896-0_5 

[16] Y. Sharma and S. Jain, “FIXED POINT RESULTS OF ΒY -GERAGHTY TYPE CONTRACTIVE MAPPING IN 

MODULAR METRIC-LIKE SPACES,” Journal of Analysis, vol. 30, pp. 1305–1321, 2022. doi: 

https://doi.org/10.1007/s41478-022-00394-1 

[17] O. O. Otafudu and K. Sebogodi, “ON W-ISBELL-CONVEXITY,” Applied General Topology, vol. 23, no. 1, pp. 91–105, 

2022. doi: https://doi.org/10.4995/agt.2022.15739 

[18] S. Narzary, D. Das, Y. M. Singh, M. S. Khan, and S. Sessa, “C*-ALGEBRA-VALUED PARTIAL MODULAR METRIC 

SPACES AND SOME FIXED POINT RESULTS,” Symmetry (Basel), vol. 15, no. 6, May 2023. doi: 
https://doi.org/10.3390/sym15061135 

[19] G. Ali, N. Hussain, and A. Moussaoui, “BEST PROXIMITY POINT RESULTS VIA SIMULATION FUNCTION WITH 

APPLICATION TO FUZZY FRACTIONAL DIFFERENTIAL EQUATIONS,” Symmetry (Basel), vol. 16, May 2024. doi: 

https://doi.org/10.3390/sym16050627 

[20] E. Kaplan, N. Taş, S. Haque, and N. Mlaiki, “MULTIPLICATIVE MODULAR METRIC SPACES AND SOME FIXED 

POINT RESULTS,” J Inequal Appl, vol. 2025, 2025. doi: https://doi.org/10.1186/s13660-025-03303-9 

https://doi.org/10.3390/math5020019
https://doi.org/10.15672/hujms.486939
https://doi.org/10.1134/S106456240601008X
https://doi.org/10.1016/j.na.2009.04.057
https://doi.org/10.4064/sm-18-1-49-65
https://doi.org/10.1186/1687-1812-2011-72
https://doi.org/10.3934/math.2020411
https://doi.org/10.1155/2021/7915448
https://doi.org/10.3390/math10162986
https://doi.org/10.1007/s41478-022-00469-z
https://doi.org/10.1186/s13662-021-03538-y
https://doi.org/10.1007/978-981-16-4896-0_5
https://doi.org/10.1007/s41478-022-00394-1
https://doi.org/10.4995/agt.2022.15739
https://doi.org/10.3390/sym15061135
https://doi.org/10.3390/sym16050627
https://doi.org/10.1186/s13660-025-03303-9


BAREKENG: J. Math. & App., vol. 20(2), pp. 0941-0954, Jun, 2026.     953 

 

 

[21] S. Saejung, “ON MULTIPLICATIVE MODULAR METRIC SPACES OF KAPLAN ET AL.: CORRECTIONS AND 

CLARIFICATIONS,” Fixed Point Theory and Algorithms for Sciences and Engineering, vol. 2025, 2025. doi: 
https://doi.org/10.1186/s13663-025-00797-2 

[22] K. Özkan, U. Gürdal, and A. Mutlu, “SOME FIXED POINT THEOREMS ON COMPLEX VALUED MODULAR 

METRIC SPACES WITH AN APPLICATION,” Communications Faculty of Sciences University of Ankara Series A1 

Mathematics and Statistics, vol. 70, no. 2, pp. 690–701, 2021. doi: https://doi.org/10.31801/cfsuasmas.727771 

[23] M. Kiftiah and Y. Yudhi, “MEIR KEELER’S FIXED-POINT THEOREM IN COMPLEX-VALUED MODULAR METRIC 

SPACE,” Euler : Jurnal Ilmiah Matematika, Sains dan Teknologi, vol. 12, no. 1, pp. 32–36, June 2024. doi: 

https://doi.org/10.37905/euler.v12i1.25126 

[24] M. E. Ege and C. Alaca, “SOME RESULTS FOR MODULAR B-METRIC SPACES AND AN APPLICATION TO 

SYSTEM OF LINEAR EQUATIONS,” Azerbaijan Journal of Mathematics, vol. 8, no. 1, pp. 3–14, 2018. 

[25] M. Öztürk and A. Büyükkaya, “SOME FIXED POINT RESULTS FOR SUZUKI W-CONTRACTIONS INVOLVING 

QUADRATIC TERMS IN MODULAR B-METRIC SPACES,” Fixed Point Theory and Fractional Calculus: Recent 

Advances and Applications, Singapore: Springer Nature Singapore, 2022, pp. 63–92. doi: https://doi.org/10.1007/978-981-

19-0668-8_4 

[26] G. A. Okeke, D. Francis, and A. Gibali, “ON FIXED POINT THEOREMS FOR A CLASS OF Α-V ̂-MEIR–KEELER-

TYPE CONTRACTION MAPPING IN MODULAR EXTENDED B-METRIC SPACES,” The Journal of Analysis, vol. 30, 

no. 3, pp. 1257–1282, 2022. doi: https://doi.org/10.1007/s41478-022-00403-3 

[27] I. G. Pasangka, “TEOREMA TITIK TETAP BERKAITAN DENGAN PEMETAAN KONTRAKSI-F DAN JARAK-Ω 

PADA RUANG METRIK LENGKAP,” BAREKENG: Jurnal Ilmu Matematika dan Terapan, vol. 15, no. 2, pp. 355–360, 

June 2021. doi: https://doi.org/10.30598/barekengvol15iss2pp355-360 

[28] V. Parvaneh, N. Hussain, M. Khorshidi, N. Mlaiki, and H. Aydi, “FIXED POINT RESULTS FOR GENERALIZED F-

CONTRACTIONS IN MODULAR B-METRIC SPACES WITH APPLICATIONS,” Mathematics, vol. 7, no. 10, 

September 2019. doi: https://doi.org/10.3390/math7100887 

[29] M. U. Ali, “FIXED POINT THEOREM FOR MAPPING SATISFYING CONTRACTIVE TYPE CONDITION ON 

MODULAR B-METRIC SPACE,” Journal of Advanced Mathematical Studies, vol. 10, no. 3, pp. 360–366, 2017. 

[30] M. U. Ali, S. Dinu, and L. Petrescu, “EXISTENCE OF FIXED POINTS OF SET-VALUED MAPS ON MODULAR b-

GAUGE SPACES,” U.P.B. Sci. Bull., Series A, vol. 82, no. 4, 2020. 

[31] H. Kerim, W. Shatanawi, and A. Tallafha, “COMMON FIXED POINT THEOREMS FOR SET-VALUED MAPS ON 

MODULAR B-GAUGE SPACES,” Palestine Journal of Mathematics, vol. 11, no. 3, pp. 626–635, 2022. 

[32] S. Temir and Z. Bayram, “APPROXIMATING COMMON FIXED POINT OF THREE C-Α NONEXPANSIVE 

MAPPINGS,” Konuralp Journal of Mathematics, vol. 11, no. 2, pp. 184–194, 2023. 

[33] A. A. N. Abdou and M. A. Khamsi, “ON MONOTONE POINTWISE CONTRACTIONS IN BANACH AND METRIC 

SPACES,” Fixed Point Theory and Applications, vol. 2015, August 2015. doi: https://doi.org/10.1186/s13663-015-0381-7 

[34] S. B. Nadler, “MULTI-VALUED CONTRACTION MAPPINGS,” Pac J Math, vol. 30, no. 2, October 1969. doi: 

https://doi.org/10.2140/pjm.1969.30.475 

[35] M. Kaplan, “A NEW ITERATIVE SCHEME FOR APPROXIMATING FIXED POINTS OF SUZUKI GENERALIZED 

MULTIVALUED NONEXPANSIVE MAPPINGS,” Journal of Engineering Technology and Applied Sciences, vol. 7, no. 

2, pp. 69–77, August 2022. doi: https://doi.org/10.30931/jetas.1003445 

[36] R. Miculescu and A. Mihail, “NEW FIXED POINT THEOREMS FOR SET-VALUED CONTRACTIONS IN B-METRIC 

SPACES,” Journal of Fixed Point Theory and Applications, vol. 19, no. 3, pp. 2153–2163, September 2017. doi: 

https://doi.org/10.1007/s11784-016-0400-2 

[37] N. Makran, A. El Haddouchi, and B. Marzouki, “A GENERALIZED COMMON FIXED POINT OF MULTI-VALUED 

MAPS IN B-METRIC SPACE,” Boletim da Sociedade Paranaense de Matematica, vol. 41, pp. 1–9, 2023. doi: 

https://doi.org/10.5269/bspm.51655 

[38] M. Berzig, I. Kédim, and A. Mannai, “MULTIVALUED FIXED POINT THEOREM IN B-METRIC SPACES AND ITS 

APPLICATION TO DIFFERENTIAL INCLUSIONS,” Filomat, vol. 32, no. 8, pp. 2963–2976, 2018. doi: 

https://doi.org/10.2298/FIL1808963B 

[39] L. Wangwe and S. Kumar, “FIXED POINT THEOREMS FOR MULTI-VALUED Α-F-CONTRACTIONS IN PARTIAL 

METRIC SPACES WITH SOME APPLICATION,” Results in Nonlinear Analysis, vol. 4, no. 3, pp. 130–148, July 2021. 

[40] T. Hamaizia and S. Merdaci, “NEW FIXED POINT RESULTS OF MULTIVALUED CONTRACTION MAPPINGS IN B-

METRIC SPACES,” Recent Developments in Fixed-Point Theory: Theoretical Foundations and Real-World Applications, 

Singapore: Springer Nature Singapore, 2024, pp. 213–223. doi: https://doi.org/10.1007/978-981-99-9546-2_8 

[41] A. Aliouche and T. Hamaizia, “COMMON FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS IN B-

METRIC SPACES WITH AN APPLICATION TO INTEGRAL INCLUSIONS,” The Journal of Analysis, vol. 30, no. 1, 

pp. 43–62, May 2022. doi: https://doi.org/10.1007/s41478-021-00330-9 

[42] S. Mas’ud and Yusuf, “TEOREMA TITIK TETAP UNTUK PEMETAAN BERNILAI HIMPUNAN PADA SUBSET DARI 

RUANG B-METRIK,” JOMTA Journal of Mathematics: Theory and Applications, vol. 4, no. 2, 2022. doi: 

https://doi.org/10.31605/jomta.v4i2.2019 

[43] E. Tamrakar and H. K. Pathak, “FIXED POINT RESULTS FOR MULTIVALUED CONTRACTION MAPPINGS IN 

MODULAR AND NON-ARCHIMEDEAN MODULAR METRIC SPACES,” The Journal of Analysis, vol. 32, no. 1, pp. 

103–123, June 2024. doi: https://doi.org/10.1007/s41478-023-00608-0 

[44] P. Chaipunya, C. Mongkolkeha, W. Sintunavarat, and P. Kumam, “FIXED-POINT THEOREMS FOR MULTIVALUED 

MAPPINGS IN MODULAR METRIC SPACES,” Abstract and Applied Analysis, vol. 2012, 2012. doi: 

https://doi.org/10.1155/2012/503504 

[45] P. Chaipunya, C. Mongkolkeha, W. Sintunavarat, and P. Kumam, “ERRATUM: FIXED-POINT THEOREMS FOR 

MULTIVALUED MAPPINGS IN MODULAR METRIC SPACES,” Abstract and Applied Analysis, vol. 2012, 2012. doi: 

https://doi.org/10.1155/2012/241919 

[46] V. V. Chistyakov, METRIC MODULAR SPACES: THEORY AND APPLICATIONS. Springer International Publishing 

Switzerland, 2015. doi: https://doi.org/10.1007/978-3-319-25283-4_2 

https://doi.org/10.1186/s13663-025-00797-2
https://doi.org/10.31801/cfsuasmas.727771
https://doi.org/10.37905/euler.v12i1.25126
https://doi.org/10.1007/978-981-19-0668-8_4
https://doi.org/10.1007/978-981-19-0668-8_4
https://doi.org/10.1007/s41478-022-00403-3
https://doi.org/10.30598/barekengvol15iss2pp355-360
https://doi.org/10.3390/math7100887
https://doi.org/10.1186/s13663-015-0381-7
https://doi.org/10.2140/pjm.1969.30.475
https://doi.org/10.30931/jetas.1003445
https://doi.org/10.1007/s11784-016-0400-2
https://doi.org/10.5269/bspm.51655
https://doi.org/10.2298/FIL1808963B
https://doi.org/10.1007/978-981-99-9546-2_8
https://doi.org/10.1007/s41478-021-00330-9
https://doi.org/10.31605/jomta.v4i2.2019
https://doi.org/10.1007/s41478-023-00608-0
https://doi.org/10.1155/2012/503504
https://doi.org/10.1155/2012/241919
https://doi.org/10.1007/978-3-319-25283-4_2


954 Hartono et al.     FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS IN MODULAR …  

 

[47] A. A. N. Abdou and M. A. Khamsi, “FIXED POINT RESULTS OF POINTWISE CONTRACTIONS IN MODULAR 

METRIC SPACES,” Fixed Point Theory and Applications, vol. 2013, June 2013. doi: https://doi.org/10.1186/1687-1812-

2013-163 

[48] S. F. Aldosary and M. Farid, “INERTIAL ITERATIVE METHOD FOR SOLVING GENERALIZED EQUILIBRIUM, 

VARIATIONAL INEQUALITY, AND FIXED POINT PROBLEMS OF MULTIVALUED MAPPINGS IN BANACH 

SPACE,” J Inequal Appl, vol. 2024, July 2024. doi: https://doi.org/10.1186/s13660-024-03166-6 

[49] N. A. Majid, A. Al Jumaili, Z. C. Ng, and S. K. Lee, “SOME APPLICATIONS OF FIXED POINT RESULTS FOR 

MONOTONE MULTIVALUED AND INTEGRAL TYPE CONTRACTIVE MAPPINGS,” Fixed Point Theory and 

Algorithms for Sciences and Engineering, vol. 2023, July 2023. doi: https://doi.org/10.1186/s13663-023-00748-9 

[50] S. Czerwik, “NONLINEAR SET-VALUED CONTRACTION MAPPINGS IN B-METRIC SPACES,” Atti del Seminario 

Matematico e Fisico dell’Universita di Modena e Reggio Emilia, vol. 46, pp. 263–276, 1998. 

[51] H. Aydi, M. F. Bota, E. Karapinar, and S. Mitrović, “A FIXED POINT THEOREM FOR SET-VALUED QUASI-

CONTRACTIONS IN B-METRIC SPACES,” Fixed Point Theory and Applications, vol. 2012, 2012. doi: 

https://doi.org/10.1186/1687-1812-2012-88 

[52] M. Cosentino, P. Salimi, and P. Vetro, “FIXED POINT RESULTS ON METRIC-TYPE SPACES,” Acta Mathematica 

Scientia, vol. 34, no. 4, pp. 1237–1253, July 2014. doi: https://doi.org/10.1016/S0252-9602(14)60082-5 

[53] M. Jleli, B. Samet, C. Vetro, and F. Vetro, “FIXED POINTS FOR MULTIVALUED MAPPINGS IN B -METRIC 

SPACES,” Abstract and Applied Analysis, vol. 2015, March 2015. doi: https://doi.org/10.1186/s13663-015-0293-6 

  

https://doi.org/10.1186/1687-1812-2013-163
https://doi.org/10.1186/1687-1812-2013-163
https://doi.org/10.1186/s13660-024-03166-6
https://doi.org/10.1186/s13663-023-00748-9
https://doi.org/10.1186/1687-1812-2012-88
https://doi.org/10.1016/S0252-9602(14)60082-5
https://doi.org/10.1186/s13663-015-0293-6

	FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS IN MODULAR B-METRIC SPACES
	1. INTRODUCTION
	2. RESEARCH METHODS
	3. RESULTS AND DISCUSSION
	4. CONCLUSION
	Author Contibutions
	Funding Statement
	Acknowledgment
	Declarations
	Declaration of Generative AI and AI-assisted Technologies
	REFERENCES

