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1. INTRODUCTION

The Nigerian pension system, before 2004, was fundamentally marred by disputes and dissatisfaction
among members due to its poor administrative structure. Before then, every SM of the scheme was under the
defined benefit (DB) pension scheme, where eligible SM of the scheme had a guaranteed income for life after
retirement. In this scheme, employers mostly set aside a certain retirement benefit amount for each participant
based on factors that include SM’s age, number of years in service, SM’s salary history, retirement level, and
so on. Although the majority of the SMs initially appreciated and applauded the scheme since the employers
carry the financial burden alone, it has, for some years, created dissatisfaction among SMs due to untimely
and non-payment of their retirement benefits and gratuity by the scheme [1]. This has led to an alternative
scheme known as the DC pension scheme, which is known to be both employer- and employee-dependent;
in this scheme, employees and employers contribute 8% and 10% of the employee’s income, respectively, to
the member’s personal retirement savings account (RSA). These funds are managed by the Pension Fund
Administrator (PFA) of their choice [2]. Unlike the DB scheme, members of the DC scheme are fully involved
in the contributions and investment process [3]- [7]. As good and attractive as this scheme may look, it
requires SMs and PFAs to have a good investment plan in the financial market for optimal returns,
considering the volatile nature of the risky assets such as stocks, bonds, loans, and so on. This has led to the
study of IOP [8]-[15].

It is noteworthy that the most common and interesting aspect of pension schemes in Nigeria is the
payment of retirement benefits to its SMs. However, after the pension reform act in 2014, there are other
aspects of the reform that the Nigerian Pension Commission has adopted. One such is the Residential
Mortgage Scheme, as can be seen in Section 89 (2) of the PRA 2014, which provides that: “A PFA may,
subject to guidelines issued by the Commission, apply for 25% of the pension assets in the retirement savings
account towards payment of equity contribution for payment of residential mortgage by a holder of RSA”.
Pension is borne out of social security. Access to housing is also borne out of social security, and shelter is a
basic human need. Owning a home is a big deal anywhere in the world, but having the means to fulfill the
desire is often a challenge, particularly in countries where lenders tend to focus on only high-net-worth
individuals [16]. One of the ways employees can access funds for a housing scheme is through a pension
scheme, as stated in Section 89 (2) of the PRA 2014 by the Nigerian Pension Commission. As this may sound
like good news to the RSA holders, it brings about a new investment challenge for PFAs after returning 25%
equity contribution for residential mortgages. Giving out such funds during the accumulation phase and how
the PFAs will be able to manage the investments and returns of retirement benefits to their SMs forms the
basis of this research. Hence, our aim is to develop an investment plan for a PFA with a return of contribution
clause for the purpose of a mortgage housing scheme. By this clause, SMs can request for 25% of their
contributions to acquire a residential mortgage. The implication of this study is that PFAs cannot use
the investment strategy when the return clause is with mortality rate for investment when the return
clause is for mortgage housing. The reason is that under the mortality rate, everything is returned to
the next of kin, whereas under a mortgage, only 25% is returned, and the member is still part of the
scheme.

Before now, some authors have studied 10OP with a return of contribution clause based on the number
of dead members during the accumulation phase; they include, but are not limited to [17], who studied the
IOP with return of premium when the risky asset follows geometric Brownian motion. They considered one
risk-free and one risky asset. [18], [19] studied the same problem in [11] but the risky asset followed the
Heston volatility model under different assumptions. [12] considered investment in three assets where the
two risky assets followed the constant elasticity of variance model and geometric Brownian motion. [20]
solved the same problem similar to [11], but their risky asset followed the jump diffusion model. [21], studied
a time-consistent investment model in the presence of inflation and a return of premium clause; in their work,
they introduced an inflation index bond into their model and determined explicit solutions for both pre-
commitment strategy and time-consistent strategy. In [22], pre-commitment and equilibrium investment plan
with return of premium was considered; they achieved this by using a discrete time model instead of a
continuous time model. Other authors, including [23]- [27], studied the IOP with a return clause under
different assumptions. [28], [29], obtained the IOP using the Weibull force function. Other authors, such as
[30] and [31], obtained the OIP with a return clause when the returned contribution is with predetermined
interest. The research is therefore structured as follows: in section 1, the Nigerian pension scheme and its
policies with respect to the mortgage housing scheme are discussed; section 2 will discuss the model
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formulations and methodology; section 3 discusses the optimization problem, I0P, efficient frontier, and
numerical results; section 4 concludes the research.

2. RESEARCH METHODS

2.1 SM’s Portfolio with Managerial Charges

Let us consider a market that is open continuously for a period of time t € [0, T] such that T > 0, is
the expiration date of the investment. Furthermore, we shall consider a portfolio which comprise of a fixed
deposit and two risky assets (stocks). Let {J; (¢), 3, (t),t = 0} be two standard BM defined on a complete
probability space (Q, B, P) where Q is a real space and [P is a probability measure and 8B is the filtration
representing information generated by 3, (t) and 5, (t).

Suppose H2(t) is the price process of the fixed deposit at time ¢t > 0 and #~ > 0, the predetermined
interest. From the work of [4], [8], [11], [32], the price dynamics are given thus

dH(t) _
o 6
}[to(t) =0,

where 7~ (t) is the predetermined interest such that »~ > 0.

Also, we assume the price process of the two risky assets to be #2(t) and H2(t) modelled by the
GBM model, and the dynamics of the price processes are given similarly to those in [33], [34] by the
stochastic differential equations at t = 0 as follows

dHA(t) - -

W = nldt + mlld\jl + mlzd\sz, (2)
H{(0) =1,

dHE(t) - N

d}[tz(t) = nzdt + led'\Sl + msz,\Sz, (3)

HEO0)=1.

Where n, and n, are instantaneous expected rate of return and 1,4, #1145, 7,4, 1, are the instantaneous
volatilities for the two risky assets. The volatilities form a 2 x 2 positive definite matrix m = {my;,}ox2.
[33], [34].

Let $ be the PFA’s managerial charges, which is determined based on the value of the stock by the
PFAs [23]. Corresponding to the investor’s optimal plan, x = (KO, KLKZ), where ko = 1 — k; — K, and the
accumulation phase period [t, t+ %] the stochastic differential equation for the wealth function G(t) similar
to [11], [12], [33], is given as:

Hot Hio o Mo
(1 —K1(t) — Ky (t)) Ot +Z4(8) —1t + 1, (1) zt
G(® T T s
1 0
Glt+=)= t+% . 4
( t) \ (1 - 0I25t&®%,00+t) (1 - Kl(t) - KZ(t))}[—to /
1 1
—9HG(¢t) P 0'25”&(3%,&0“ + t/&z

Simplifying Eq. (4), we have
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(1 —14(8) — k2 (D)) (1 - 0. 25t/c(251

1
_ z
1 6o (2 0. 251%@1%
Q<t+z)—9(t) = H;l_j{g 2o || (5)
1 t
+11 (¢) BECEE + Kz (8) NZ©

1 1
~9G(©) 5~ 0250A0y ,  +th

From [11], we have

e _Hf ar? HoaHe art Hy 1= HEW® dHE(D)
g t t t t t .
5 = $Hdt, t/z, - thdt, R - 7 D - T (6)

2.2 Abraham De Moivre Force Function

In this section, we discuss a pension fund system with a return clause of premium based on a mortgage
housing scheme, where the rate of SM involvement is modelled using Abraham De Moivre’s force function.
Suppose £ is the SM monthly contribution at time t, & the entry age of SM during the accumulation period,
T the accumulation phase period, such that &, + T is the retirement age of the SM, Q)%, [,Wis the fraction of

members interested in the mortgage housing scheme for time ¢ to ¢t + % t# is the accumulated contributions
attime t, 0.25t£01 byt is the returned contributions paid toward the mortgage housing scheme.
=

From the work of [11], [12], [33], we have

( Q%,zvoﬂt
T = (/&’0 + t)dt,
T bt 7)
wlw = D(b, + t)dt,

where @(t) is the force function and e is the maximal age of the life table. From [11], [27], the Abraham De
Moivre force function formula is given as

@(t)=(&_t)0§t<1&. 8
This implies that
1
Dby +1t) = m 9)

Substituting Egs. (6) and (7) into (5), we have

d:l-[t1+ dFA(t) St
T ATV ()

G(t) (1—-0.250(6¢ + t)dt

_ _ 0
\+(1 Ky = K3) +dj{7'ig (2 — 0.250(6, + t)dt) /

+thdt — 0.25tA0 (b, + t)dt
Substituting Egs. (1), (2), (3), and (9) into (10) and simplifying it, we have

dg(t) = (10)
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( N 0.25 1) 4 ( 4 0.25 1)
® A P — A L —
’ + (2 025 ) dt
/r" — —————————————
ag() = b —by—t (11)

\ sree(i-525) J

+g(t)((K1’m11 + kymyy)dF, + (kymyy + szzz)dSZ)

3. RESULTS AND DISCUSSION

3.1 SM’s Optimization Problem and Value Function

Next, we consider the fact that surviving SMs are usually interested in portfolio distribution with the
aim of maximizing the fund size while minimizing the volatility of the wealth accumulated over a period of
time. It therefore becomes necessary for the PFAs to develop an optimal problem under the mean-variance
condition as follows:

K (t,9). = sup{Erg|G*(T) — Var, .6 (D]} (12)

Where k is the control variable representing the optimal control. Next, we observed that the mean
variance control problem in Eq. (12) is similar to the following Markovian time-inconsistent stochastic
optimal control problem value function K (t, g¢).

L(t,9,1) = Beg (D] = 3 Var g [G8(D]

£(6,9,1) = Eegl§" (D] = £ (Eeg[G¥ ()] = (BeglGHMID?)), (13)
K(t, g).= supL(t, g, k),
y is a constant representing the risk aversion coefficient of the SMs.
Following the procedure in [11] and [35] the investor’s optimal plan k* satisfies:
K(t,g).= sup, L(t, g, K). (14)
Let 4 (t,g) = Er g6 (D], 3"(t, @) = E¢ [G*(T)?] then

K(t,g). =supc(t, g,y (t a) 3%t g)),
K
where

(b 4.2) =4 =L@ =42 (15)

Since we are interested in maximizing the members’ utility in Eq. (12) subject to their wealth in Eq.
(11), from [11], [12], [33], [35], we establish our optimization problem, i.e., the extended HJB, using a game
theoretic approach by applying Ito’s lemma. This is given by the verification theorem below

Theorem 1. (Verification Theorem) If there exist three real functions C,D,&:[0,T] X R - R
satisfying the following EHJB equations:

i n2+

|
0.25
ol ) oo )

+g(2r - 22 ) - s+ th(1- o)

b—bo— b—bo—
sup 3 o=t o=t~ (16)

g* (C% ~-U)

Cr—cp + (C’g —cg)

l\SK% + LK1k,
+2
+ = K2
2
\ C(T: g’) = C(T' [ 2% g’z) %
where U = ¢,y + 20,41y + 204,423y + C1522 = YY2,
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( 0.25 0.25 \
D4 Klg’(nlUr—fro—t_1>+K2g"<“2+zv—zvo—t_1>
t 9 N (2 0.25 ) b (1 0.25 )
I\ = —t) ™ d o —
3 1 r =0,
ESK% +£K1K2
2
+ 1 9 Dyy
+EﬁK%
D(T,g) =g
( N 0.25 1)+ ( N 0.25 1) +'\
e K1\ o — K29 |2 o —
th*g (2 0.25 ) +t/¢<1 0.25 )
I\ =) d o —
{ 1 =0,
ESK:LZ +8K1K2
2
+ 1 9°Eyy
+§ﬁk%
E(T,g) = g*

K(t,g) =C(t,g), 4 =D(tg), 2 = E(t,¢) for the investor’s optimal plan x*.
Proof: The proof is similar to one in [17], [36], [37]

Y
Cy=1+yy,cyy=-v,¢c; = 5105 = Cg = Cq = Cgy = Cgp = Cpp = 0
Where m%l + mgz = S, m%l + m%z = ﬁ, m11m21 + mlzmzz = Q
Differentiating with respect to x; and x,, we obtain the first order optimizing problem as follows
0.25 0.25
.- [Q(TIZ +m— 1) —R(nl +W0_t— 1)]64
1= o~
(3% - 22)g(Cyy —¥DZ)
0.25 ~ 0.25
R e e R G = e
(Sﬁ - Qz)g’(cgg - VD;)
Substituting Eqgs. (20) and (21) into Egs. (16) and (17).

K2:

) 0.25
1 cz g“( T - )
Ct — _(AI_AZ_AB)—gz bt Ce =0,
2 C,,—vD 0.25
99" V% |_g1th (1 - —)
b— by —t
(2 0.25 ) S+ th (1 0.25 )
ool cz 0 G A— &=t
etgMmhe A e CMmAAy) 2
(Cg9 —¥D3)
h _ ZR(n1+1&—OZOS—t 1)("2%-05054 1) _ Q(n1+{y_OZ;_t—1)2 _ (“ZW-OZ;-t‘l)Z

where Ay = IR—22 A2= IR—92 3T IR—92

Suppose we conjecture a solution to C(t, ¢) and D(t, ¢) according to [11], [31], [33] as

{C(t. g) = g%, (t) + T, (1),
(M) =1, T,(T) =0,

{D(t, g) = gv1(t) + v, (),
vi(T) =1, v,(T)=0.

a7

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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Differentiating C(t, ¢) and D(t, ¢) with respect to g and t, we have
{Ct (t' g’) = gzlt(t) + EI:Zt,“(t) , Cg (t' g’) = SI1 (t)' ng(t' g’) = Or
T, (M =1, I,(T) =0,
{Dt(tJ g‘) = g"vlt(t) + VZt(t) 'Dg (t' g’) =" (t)'Dgg(tr g") = O'
vi(T) =1, v,(T) =0.
Substituting Egs. (26) and (27) into Egs. (22) and (23) we have

2
gT1e(t) + Tpe(0) +5 (A1 Ao—ho) %
)/Vl =0
4 0.25 ’
s -2 oo 2 o
L T,(T) =1, I,(T) =0,
] ) o
([ 0010 #2200 + 5 A= rgmrg) oy 4 OO TATA)
0 25 i oyzvs1 =0,
+oluo (25— =)+ [ e (1- g5 ) In o |
vi(T)=1, v,(T)=0.
Simplifying Eqgs. (28) and (29), we have
0.25
{Ilt(t) + (24’" - m) itl (t) =0,
(M =1,
Te(®) + -5+t (1 L)] T, (0) + = (Al Ap— A3)—2 o,
b — &, V2
(M) =0,
0.25
{vlt + (21" - Tﬁ) Vl(t) =0,
v =1,

0.25 T
{Vzt + [—55 + t/c(l —W()_t)]vl(t) %( 1= A2—A3) =0,

1
Vz(T) = 0
Solving Egs. (30), (31), (32), and (33), we have

b — by — T\
0= (G5 =)
0
b — by —T\%°
v1(t) = (—1& — 1;:) — t) e2r(T=t),

Since T, (t) = v, (t)

0.25 b — by — T\ L1
zzt(t) + [_.6 + t/k (1 - )] ( ) ezr(T t) + Z (Al_AZ_AS) = 0,

b—by—t)\6—8,—1¢

Solving Eq. (36), we have

1427

(26)

27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)
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1
2y (A =A=A3)(T — 1)
T 025 \b—by—T\"* .
() = _/‘f T(l_{r % r></f 1& ‘L') ret ). (7
t — Yo —vo—
T 4 m 025
o[ (15 ) )
- t — Yo — Vo™ 4
Also,
0.25 b=t —T\"* iy, ] _
Vae [_5+tk<1_£«—£«o—t)]<&—&o—t) ¢ Ty Mih =) =0, (38)
Vz(T) = 0
Solving Eq. (38), we have
1
;(Al_AZ_AS)(T —t)
T 0.25 b — by —T\*%
v2(D) = _&f T(l F—¢ r) (1& 7 r) w0, (39
t — Yo —vo
T 0.25 b — by —T\*®
“5] (1 -6 r> (1& 7 r) re? e
- t —vYo — Yo E
Substituting Eqgs. (34) and (37) into Eq. (24) and Egs. (35) and (39) into Eq. (25), we have
_ 0.25
g (& — b0 — T) e2r(T=1t)
b—by—t
1
2y (A =A=A3)(T — 1)
c(tl g‘) = T 0 25 /&, _ /&0 _ T 0.25 ) (40)
_ _ . 2r(T—-71)
+ /‘ft T(l 1&—1&0—T>(lr—1}0—r> te dr
T 0.25 b — by —T\°*°
_ 2r(T-T1)
_+5ft (1 1&—1&0—1>(1&—1&0—1) te ar |
0.25
g (1} — o — T) e2r(T—1)
b — by —t
1
;(A1—A2—A3)(T —t)
b(t.g) = T 025 (& — b — T\O25 : (41)
_ 1— ) 2r(T-1)
+ /‘ft T( 19—1}0—1)(&—&0—1) te de
T 0.25 & — by —T\**°
1— 2r(T-71)
_+5ft ( fr—fro—r>({r—{r0—r> te ar |

3.2 Efficient Frontier and Investor’s Optimal Plan

Proposition 1. The Efficient frontier of the SM is given as

0.25 b—60-T\%25 _ orir—p)
1 T 6- {vo—‘r) ({r—{vo—r) Te” " Pdr (42)
+55f

( 0.25 ) (z«—fvo—r)o-% 1027 (T=D) gy
5’—/5’0—‘[ 5’—/5’0—‘[

g (S2)"™ 20 1 DarlGe (DN —Aa—Agl(T — D
B (g (1) =

Proof. Recall from Egs. (13) and (14),



BAREKENG: J. Math. & App., vol. 20(2), pp. 1421- 1436, Jun, 2026. 1429
* * * * 2
E (6 (1) = D(t.g) and Var[g¥' (1)) = E[g*' (D]~ [E (6% ()]

then
2

. . . 2
varlg® (] = E[g* (D] = [£ (¢ )] =2 (2t.9) - ct.9) - (43)
Substituting Egs. (40) and (41) into Eq. (43), we have

0.25
g (& — o — T) e 2r(T—t)
b —b,—t

1
; (A =A=A3)(T —t)

T 0.25 & — by — T\*?°
+ —/&f T(l )( 0 ) 1e27T-Dqr
t

b —by—T)\b—by—1
T 0.25 b — by —T\°*°
+$5f (1 — ) ( ) 7e27(T-1) g7
* 2 —_— —_— —_— —_—
Var[g" (T)] _“ i ¢ b —by—1/\b& 021:0 T 1
14 (& — by — T) 2
gl—— e
b — by —t
1
m A=Az =A3)(T = 1)
B T 0.25 b — by — T\
— 1-— 2r(T-1)
t kft T( &—&O—T)<ﬂ—ﬂ0—r) te de
T 0.25 & — by — T\
1-— 2r(T-1)
Hl _+5ft ( &—&O—T)(fr—fro—r) te ar ||}
21/1 1 271
= ]_/ (; - Z) (AM1=A2=A3)(T — t)] = ; [; (A=A =A3)(T — t)]
. 1
Var[g" (T)] = F A=A =A3](T — 1),
1 Var[G* (T)] (44)
Y JAM—A—Al(T—0)
Also,
E(G* (1) =Dt 9. (45)
Substituting Eq. (41) into Eq. (45), we have
r 0.25
g (ﬂ — o - T) e 2r(T—1)
b —by—t
1
—(AM—A=A3)(T — )
K* y
(G (M) = ; 025\ 16— by — N0 . (46)
_ 1— . 2r(T—-1)
+ /&ft T( fr—fro—r>({r—{r0—r) re dz
T 0.25 b — by — T\
1— 2r(T-71)
_+5ft ( fr—fro—r)<fr—fr0—r) te dr ||

Substituting Eq. (43) into Eq. (46) and simplifying it, we obtain Eq. (42), which completes the proof. m

Proposition 2. The 10P is given as

0.25 0.25
&_ﬂo_to.zs ) [B<n2+{r——{”ro—t_1)_R<n1+{r——ﬂo—t_1)]
K, = (—) 27(t-T)
17\ —6,-T (3% — 82)g ’

(47)
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0.25 N 0.25
o= (422 t)“s f2r-1) [o(m + 5= == 1) -3+ == )| 48)
2T\ — by T (3% —22)g '
Proof. Also, substituting Egs. (26) and (27) into Egs. (20) and (21), we have
0.25 0.25

e e e = =t I -

' (38— 29 TL®

0.25 ~ 0.25
. _[’3<“1+0——z«0—t‘1)‘6(“2%——&04‘1)]X 1 (50)
’ 3% - 22)g EAON

Now, substituting Eq. (34) into Egs. (49) and (50) and simplify it, we obtained Egs. (47) and (48), which
completes the proof. m

3.3 Numerical Simulations

In this section, some results of our work showing the relationship between the IOP and some sensitive
parameters will be presented and discussed using Eqgs. (44), (49) and (50). Also, data similar to those in [11]
and [32], this is accomplished, unless otherwise stated: n; = 1.6, n, = 0.05, » = 0.1, y = 0.01, g, = 1,
mq1 = 0.12, my, = 0.10, m,; = 1.12, m,, = 1.1, t = 0:0.0005: 20, & = 100, 6, = 20, T = 40.
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3.4 Summary of Results Discussion

In Fig.1, the graph of 10P for the two stocks and the fixed deposit is presented with respect to time. It
is observed that, as SMs get closer to the age of retirement, the proportion of their wealth invested in the two
risky assets grows with time and gets significantly higher, while that of fixed deposit gets progressively
smaller. This is significant because the initial fund size for investment in stock was used at the early stage of
investment, hence giving room for the investor to increase their investment in the risky asset as retirement
age gets closer. In Fig. 2, the graph of 10P was plotted against the RAC; it was observed that the 10P is a
decreasing function of the RAC. This means that the more dreadful the SM is to investment in the stock
market, the more likely that he will gradually switch to invest in a less risky asset. In Fig. 3, the graph of IOP
against predetermined interest is presented. We observed that the 1OP is a decreasing function of the
predetermined. This shows that SMs of the scheme will most likely want to invest less in fixed deposits
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because it is less risky if the interest rate is attractive. However, if the interest rate in the fixed deposit is
lucrative, the SM may decide to increase his investment in stock with the advice of the fund managers.

In Fig. 4, the graph of IOP against time was simulated with different instantaneous volatilities; it was
observed that IOP is also a decreasing function of the instantaneous volatilities of the stock. This implies that
the higher the instantaneous volatilities, the higher the risk in the investment, which leads to a decrease in
IOP of such an asset, especially for risk-averse SMs. Fig. 5 shows the graph of IOP against the appreciation
rate of the stock; the graph shows that the 10P is directly proportional to the appreciation rate of the stock.
This implies that any asset with a higher appreciation rate will be appealing to the investor; hence, the
willingness on the side of the investor to commit more funds into such an asset with the expectation of more
returns. However, the shift in the investment plan is that obvious, because the choice of investment plan may
be influenced by other sensitive parameters or factors such as the predetermined interest, RAC, and stock
market volatilities. In Fig. 6, the graph shows the effect of SM’s entry age on I10P. It is observed that the IOP
decreases as the entry age increases. This implies that SM with late entry into the pension scheme may
increase their wealth to be invested in stocks. This is so because the initial fund size of the SM is indirectly
proportional to the entry age of the SM. Also, from the available fund types under the pension scheme, we
can see that investment in risky assets decreases as SMs’ age increases.

Fig. 7 presents the graph of I0OP for stock against time with different SM’s wealth. It is observed that
the IOP is a decreasing function of the wealth function. This implies that the SM will invest more in the risky
assets if his/her wealth is small and vice versa. In Fig. 8, the relationship between the IOP and the managerial
charges is presented. It is observed that the IOP is a decreasing function of the managerial charges. The
implication in Fig. 8 is that SMs in the scheme are more likely to avoid investing a large amount of their
wealth in more risky assets if the cost of managing such asset relatively high. Fig. 9 presents a graph of
variance against the RAC; it was observed that the variance is a decreasing function of the RAC. The
implication of this is that SMs with lower RAC will avoid taking risks as much as they can, and vice versa.
This can also be confirmed from Fig. 3, where the IOP for the stock is a decreasing function of RAC.
However, from proposition 2, we observed that the SMs’ expectation is directly proportional to variance
(risk); this implies that more investment in risky assets may increase the chances of the SM increasing his or
her returns on investment. Furthermore, we can deduce that the mean-variance utility is best suited to
problems involving return of premium since there is truncation in the investment process.

4. CONCLUSION

In conclusion, the optimal portfolio with refund of contributions for the mortgage housing scheme,
managerial charges, a risk-free asset, and two risky assets was considered. Our major aim was to develop an
effective and efficient investment model for the PFAs when there is a return of contributions for the mortgage
housing scheme, which was obtained in Egs. (47) and (48). The IOP obtained in Eqs. (47) and (48) gave a
shift from the investment model used when the return clause is based on the mortality rate, which makes it
more effective in application than if the already existing model were used when the return clause was based
on mortgage housing. This is so because our model results handle investment when only 25% is withdrawn
during the accumulation phase, while the models in the literature are used when all the accumulations of a
deceased SM are returned to his or her next of kin. It was observed that for the PFAs to make an informed
investment decision, the following parameters must be taken into consideration as they strongly affect the
development of the I0P; these include RIR, initial fund size, instantaneous volatility, managerial charges,
RAC, and appreciation rate of the stock price. The impacts of these parameters were clearly discussed in the
discussion section. Also, the efficient frontier was obtained in Eq. (46). Finally, we observed that our
investment model under this assumption is different from the existing literature.
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