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Article Info ABSTRACT 

Article History: 
Despite the availability of vaccines, diphtheria continues to pose a public health risk in 

Indonesia due to uneven vaccination coverage across regions. Previous models have not 

distinguished between highly susceptible (unvaccinated) and susceptible (vaccinated) 

populations, nor have they been calibrated with actual Indonesian epidemiological data. 
To address this gap, this study develops a five-compartment diphtheria transmission model: 

Highly susceptible (unvaccinated)-Susceptible (vaccinated)-Exposed-Infectious-Recovered 

(S_1 S_2 EIR), which incorporates two levels of susceptibility based on vaccination status, 

using empirical diphtheria case data in Indonesia from 2012 to 2023. The analysis begins 
by proving the positivity, boundedness, and uniqueness of solutions, followed by the 

calculation of the basic reproduction number using the Next-Generation Matrix method. 

The analysis shows that the disease-free equilibrium (DFE) is locally and globally 

asymptotically stable when R₀<1, while the endemic equilibrium (EE) is globally stable 
when R₀>1. Simulations indicate that the interaction parameter for the unvaccinated group  

η₁, strongly accelerates epidemic growth, leading to a higher and earlier infection peak, 

whereas increased vaccination coverage and recovery rates effectively suppress 

transmission. This model can be used because the Mean Absolute Percentage Error 
(MAPE) between the data and the model solution for diphtheria cases in Indonesia is 

8.77%.  These results highlight the importance of interventions focused on highly 

susceptible groups to prevent more severe outbreaks. Therefore, this study is significant in 

strengthening the theoretical understanding of diphtheria transmission, while also 
providing data-driven insights as recommendations for policymakers to implement effective 

and efficient outbreak control measures. 
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1. INTRODUCTION 

Diphtheria is a bacterial infection caused by Corynebacterium diphtheriae, which can be prevented 

through vaccination  [1], [2]. Transmission occurs via respiratory droplets (e.g., sneezing or coughing), direct 

contact with infected skin, or contaminated objects [2]. Additionally, asymptomatic individuals may transmit 

the pathogen for up to four weeks post-exposure [3].  Clinical manifestations typically emerge within 2–5 

days post-exposure, ranging from mild to severe presentations, including breathing difficulties, trouble 

swallowing, and persistent coughing. In severe cases, complications like heart inflammation, nerve damage, 

and kidney failure may arise [4]. Even the case fatality rate among unvaccinated individuals without treatment 

may reach 50%, but timely treatment reduces it to approximately 10% [5].  

Vaccination has been demonstrated to be the most effective preventive intervention [6], with a three-

dose booster series recommended during childhood and adolescence. Therefore, public health initiatives 

prioritizing parental education regarding routine immunization may contribute to reduced transmission rates. 

[7]. In Indonesia, a total of 7,886 diphtheria cases and 339 deaths were recorded between 2012 and 2023, 

with the highest incidence reported in 2018 (1,386 cases) and the highest mortality observed in 2022 (46 

deaths). However, vaccination coverage remains uneven across regions, including Papua (29.6%) and Aceh 

(49.6%) [8]. Low vaccination rates in these areas indicate the presence of population groups with a 

substantially higher risk of infection compared to regions with better coverage. In addition to vaccination, 

natural immunity strengthened through good nutrition, healthy habits, and adequate sanitation also plays an 

important role in prevention, in line with the guidelines of the Indonesian Ministry of Health. To effectively 

address this persistent public health challenge, a deeper understanding of the disease's transmission dynamics 

is crucial. In this context, mathematical modeling provides a valuable framework for analyzing diphtheria 

spread and evaluating control strategies. 

Mathematical modeling represents real-world conditions into mathematical equations [9]. As 

epidemiological models described by [10], it simulates disease transmission to identify transmission patterns 

and predict outbreaks, as well as assisting in the optimization of interventions. In addition, the transmission 

of infectious diseases can be mathematically modeled using the Susceptible-Infected-Recovered (SIR) 

framework, which was first introduced by Kermack and McKendrick [11]. The SIR model was later 

developed by Hethcote [12], who maintained the fundamental assumption of a closed population. Diphtheria 

transmission models also apply this approach by structuring disease dynamics within a mathematical 

framework. 

Various compartmental models have been used to study diphtheria transmission, and they consistently 

show that vaccination and quarantine reduce transmission. For example, Susceptible-Infected-Recovered- 

Quarantined (SIQR) analyses indicate that a vaccination rate above 0.884 and a cure rate greater than 0.04 

are required to suppress outbreaks  [13], while vaccine impact studies, including historical data from the 

former Soviet Union in 1990 [14] and analyses of Thai data [15] - [18], report reductions in infections due to 

vaccination. Similarly, study [21], which examined a Susceptible-Infectious-Recovered-Deceased (SIRD) 

model incorporating vaccination, shows that high vaccination coverage significantly reduces diphtheria 

transmission. Furthermore, studies using the Susceptible-Exposed-Infectious-Quarantined-Recovered 

(SEIQR) model demonstrate that quarantining exposed individuals can suppress transmission through natural 

immunity [19] - [20]. However, the Susceptible–Exposed–Infectious–Recovered (SEIR) model used in [22] 

allows reinfection even when quarantine interventions are applied. The results of that model also show the 

presence of an endemic steady state in diphtheria transmission dynamics. A recent study by [23], which 

examined the effect of migration on the spread of diphtheria infection in Mandau District, shows that the 

resulting mathematical model is stable and simulations indicate that the spread of infection can be halted by 

2030. 

Based on the explanation above, no previous studies have distinguished two susceptibility classes 

based on vaccination status. In addition, most studies have not used actual Indonesian epidemiological data, 

making them unable to capture the variation in risk arising from uneven vaccination coverage across regions. 

To address these limitations, this study develops a five-compartment: Highly susceptible (unvaccinated)-

Susceptible (vaccinated)-Exposed-Infectious-Recovered (𝑆1𝑆2𝐸𝐼𝑅) model as a modification of the SEIR 

model by dividing the susceptible class into 𝑆1  (highly susceptible (unvaccinated)) and 𝑆2 (susceptible 

(vaccinated)), incorporating vaccination-dependent transmission parameters, and calibrating the model using 

empirical diphtheria case data from Indonesia from 2012 to 2023. This formulation represents a novel 

contribution by capturing population heterogeneity more realistically and providing a data-driven framework 
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for analyzing diphtheria transmission dynamics under Indonesia’s epidemiological conditions.  To evaluate 

the proposed model, the analysis first verifies solution feasibility, uniqueness, and positivity. The disease-

free equilibrium is shown to be locally and globally asymptotically stable. Using Lyapunov functions, the 

global asymptotic stability of the endemic equilibrium is established. Parameters are estimated via least-

squares regression, followed by numerical simulations to visualize transmission trends. Consequently, this 

study not only strengthens the theoretical understanding of diphtheria transmission but also offers evidence-

based insights that can support policymakers in designing effective and efficient outbreak control strategies.  

2. RESEARCH METHODS 

The research method for analyzing the stability of a mathematical model for diphtheria transmission in 

Indonesia is given as follows 

2.1 Mathematical Model of Diphtheria Disease Spread 

This study develops a deterministic compartmental model to analyze the transmission dynamics of 

diphtheria in Indonesia. The total population is stratified into five distinct epidemiological compartments: 

𝑆₁ : Highly susceptible individuals (unvaccinated) 

𝑆₂ : Susceptible individuals (vaccinated) 

𝐸 : Exposed individuals (infected but not yet infectious) 

𝐼 : Infectious individuals 

𝑅 : Recovered individuals with immunity 

The model assumes a closed population with a constant recruitment (birth) rate 𝜇 and natural death 

rate 𝛿 . Individuals are vaccinated at birth with a proportion 𝑔 , leading to (1 − 𝑔)  representing the 

unvaccinated. The interaction between infectious individuals and susceptible populations leads to new 

exposures, with different interaction rates 𝜂₁  and 𝜂₂  for unvaccinated and vaccinated susceptibles, 

respectively. Exposed individuals progress to the infectious stage at rate 𝛽, while infectious individuals either 

recover at rate 𝛾 or die from disease at rate 𝜃. 

2.2 Model Assumptions 

The model assumptions in determining the spread of diphtheria in this study are: 

1. The model assumes a closed population with a constant recruitment (birth) rate 𝜇 and natural death 

rate 𝛿. 

2. Natural mortality rate is assumed to be the same for each subpopulation. 

3. Mortality rate is divided into two categories: natural mortality and mortality due to diphtheria. 

4. The rate of increase of the subpopulation into the diphtheria disease dynamics system comes from 

individuals of all ages. 

5. The model explains the dynamics of diphtheria spread by distinguishing susceptible groups into 

two categories: highly susceptible (individuals who have not been vaccinated) and susceptible 

(individuals who have been vaccinated). 

6. The vaccinated susceptible subpopulation and the highly susceptible (unvaccinated) 

subpopulation can become infected with diphtheria due to interaction with the infected 

subpopulation, thus entering the Exposed (E) subpopulation with different interaction rates. 

7. The recovered subpopulation with immunity is assumed to be unable to be reinfected. 

2.3 Proposed Mathematical Model 

In this model of diphtheria transmission, at the initial stage, the population grows in accordance with 

the birth rate (𝜇). The parameter 𝑔 represents the proportion of the population that has received vaccination, 

implying that (1 − 𝑔) corresponds to the unvaccinated segment. The rates at which highly susceptible and 

susceptible individuals come into contact with infected individuals are denoted by 𝜂1 and 𝜂2, so that Exposed 

individuals (𝐸) can increase with the interaction between susceptible and infection individual by (𝜂1 𝑆1 +
𝜂2 𝑆2)𝐼. 
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Exposed individuals (𝐸) can change their status to infected (𝐼) by 𝛽𝐸, where 𝛽 is the infection rate. 

Infected individuals (𝐼) can increase by 𝛽𝐸 and can decrease due to death caused by diphtheria by 𝜃𝐼, where 

𝜃 is the death rate due to diphtheria. On the other hand, individual (𝐼) can also decrease due to recovery from 

the disease by 𝛾𝐼, where 𝛾 is the rate of individuals recovering. The number of recovered individuals 𝑅 can 

increase by 𝛾𝐼. Each individual can decrease due to natural death by a rate of 𝛿. The detailed definition of 

each parameter notation is explained in Table 1. Furthermore, the compartment diagram of the diphtheria 

spread model in this study is presented in Fig. 1. 

Table 1. Definition of Model Parameters 
Notation Description 

𝑔 Proportion of vaccinated individuals in the population 

𝜇 Natural increase rate 

𝛿 Natural death rate 

𝜂1 Interaction rate between highly susceptible subpopulations and infected 

subpopulations 

𝜂2 Interaction rate between susceptible subpopulations and infected subpopulations 

𝛽 Infection/transmission rate 

𝛾 Recovery rate 

𝜃 Death rate due to diphtheria 

Based on the description above, a non-linear differential equation system is formed for the diphtheria disease 

spread model as follows: 

𝑑𝑆1(𝑡)

𝑑𝑡
= (1 − 𝑔)𝜇 − (𝛿 + 𝜂1𝐼)𝑆1,     

𝑑𝑆2(𝑡)

𝑑𝑡
= 𝑔𝜇 − (𝛿 + 𝜂2𝐼)𝑆2,  

𝑑𝐸(𝑡)

𝑑𝑡
= (𝜂1𝑆1 + 𝜂2𝑆2)𝐼 − (𝛽 + 𝛿)𝐸,                                                               (1)                                                     

𝑑𝐼(𝑡)

𝑑𝑡
= 𝛽𝐸 − (𝛾 + 𝛿 + 𝜃)𝐼, 

𝑑𝑅(𝑡)

𝑑𝑡
= 𝛾𝐼 − 𝛿𝑅.                         

 

 

 

 

 

 

 

 

 

Figure 1. Compartment Diagram of Diphtheria Epidemic Model 

with 

 : Reducing the population of origin and increasing the population of goals 

 

2.4 Equilibrium Point and Stability Analysis 

Two equilibrium states are analyzed: 

1. Disease-Free Equilibrium (DFE): All individuals are susceptible, and there is no infection. 

𝛾𝐼 

𝛿𝐸 

𝑔𝜇 
 

𝛿𝑆2 

 

𝑆2(𝑡) 
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𝐼(𝑡) 𝑆1(𝑡) 

(1 − 𝑔)𝜇 

𝛿𝑆1 

𝛿𝑅 

𝑅(𝑡) 

𝜂2𝑆2𝐼 
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2. Endemic Equilibrium (EE): Infection persists in the population, and all compartments reach a 

steady state. 

The basic reproduction number ℛ₀ is derived using the Next Generation Matrix method. It quantifies 

the average number of secondary cases generated by one infected individual in a completely susceptible 

population. The system exhibits: 

1. Local stability of the DFE when ℛ₀ < 1, confirmed using Jacobian eigenvalues and the Routh-

Hurwitz criteria. 

2. Global stability of the DFE using Lyapunov functions and LaSalle’s Invariance Principle 

3. Global stability of the endemic equilibrium when ℛ₀ > 1, also proven using a carefully constructed 

Lyapunov function. 

2.5 Data Sources and Parameter Estimation 

Empirical data on diphtheria cases in Indonesia (2012–2023) were used for parameter fitting. 

Demographic parameters (𝜇, 𝑔, 𝛿) were derived from national statistics including birth rates, life expectancy, 

and vaccination coverage among children aged 0–9. The remaining parameters (𝜂₁, 𝜂₂, 𝛽, 𝛾, 𝜃) were estimated 

using the least squares method. This involved minimizing the squared error between model predictions and 

reported cumulative diphtheria cases. The initial conditions and parameter values were adjusted iteratively to 

obtain the best fit. 

2.6 Numerical Simulations and Sensitivity Analysis 

Numerical simulations were conducted to: 

1. Compare model predictions with actual data. 

2. Analyze the effects of varying parameters ( 𝜂₁, 𝜂₂, 𝜇, 𝛾, 𝜃 ) on the dynamics of the infected 

population. 

3. Evaluate sensitivity of each parameter to the basic reproduction number ℛ₀. 

This section outlines the development process of a mathematical model aimed at understanding the 

transmission patterns of diphtheria. The analysis proceeds by identifying the disease-free equilibrium and the 

conditions under which the disease becomes endemic. It also involves calculating the basic reproduction 

number ℛ₀, analyzing local stability in both disease-free and endemic scenarios, performing numerical 

simulations, and interpreting the resulting graphical outputs. 

3. RESULTS AND DISCUSSION 

This section presents the main findings of this study. We begin with a discussion of positivity, 

boundedness, and uniqueness of solutions, parameter estimation, equilibrium point, stability of disease-free 

equilibrium point, endemic equilibrium, endemic global stability, and numerical simulation. The following 

is a detailed explanation of each subtopic: 

3.1 Positivity, Boundedness and Uniqueness of Solutions 

Theorem 1. Assume that 𝑆1(0), 𝑆2(0), 𝐸(0), 𝐼(0), and 𝑅(0)  are the initial condition system of Eq. (1). If 

𝑆1(0), 𝑆2(0), 𝐸(0), 𝐼(0), and 𝑅(0) ≥ 0, then the solution remains non-negative for all 𝑡 ≥ 0. 

Proof. Carry out the first equation of the system Eq. (1) becomes: 

𝑑𝑆1(𝑡)

𝑑𝑡
− (−(𝛿 + 𝜂1𝐼))𝑆1 = (1 − 𝑔)𝜇.                                                                                                           (2) 

We obtain,  

𝑑𝑆1(𝑡)

𝑑𝑡
≥ −(𝛿 + 𝜂1𝐼)𝑆1, 

    ⟺ 𝑆1(𝑡) ≥ 𝑆1(0)𝑒
∫−(𝛿+𝜂1𝐼)𝑑𝑡. (3) 
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Hence, 𝑆1(0) and 𝑒∫−(𝛿+𝜂1𝐼)𝑑𝑡 are non-negative for 𝑡 ≥ 0, then 𝑆1(𝑡) ≥ 0. In the same way, it can be shown 

that  𝑆2(0), 𝐸(0), 𝐼(0), and 𝑅(0) ≥ 0. ∎ 

Next, it will be proven that 𝛺 is bounded, add up all the equations in system of Eq. (1), we get 

𝑑𝑁

𝑑𝑡
− (𝜇 − 𝑁𝛿) = −𝜃𝐼,                                                                  (4) 

which implies 

 𝑁 ≤
𝜇

𝛿
+
(𝛿𝑁0 − 𝜇)𝑒

−𝛿 𝑡

𝛿
,                                                                      (5) 

for 𝑡 → ∞, so 𝑁(𝑡) =
𝜇

𝛿
. We can conclude that the solution set of Eq. (1) Ω is bounded. To demonstrate the 

uniqueness of the solution to Eq. (1), we prove an inequality involving ‖ 𝐹(𝑇) −  𝐹(𝑇̅)‖ ≤ 𝐿‖𝑇 − 𝑇̅‖ with 

𝑇̅ = (𝑆1̅, 𝑆2̅̅̅, 𝐸̅, 𝐼,̅ 𝑅̅), 𝐹(𝑇) = (𝐹1(𝑇),… , 𝐹5(𝑇)),  and 𝐿  are respectively the solution set of Eq. (1) when the 

equilibrium condition is reached, the mapping function or interaction between sub-populations, and a positive 

constant [24], where 

                                           𝐹1(𝑇) = (1 − 𝑔)𝜇 − (𝛿 + 𝜂1𝐼)𝑆1, 

                                                𝐹2(𝑇) = 𝑔𝜇 − (𝛿 + 𝜂2𝐼)𝑆2, 

                                                𝐹3(𝑇) = (𝜂1𝑆1 + 𝜂2𝑆2)𝐼 − (𝛽 + 𝛿)𝐸,                                                                        (6) 

                                        𝐹4(𝑇) = 𝛽𝐸 − (𝛾 + 𝛿 + 𝜃)𝐼,                  

                                    𝐹5(𝑇) = 𝛾𝐼 − 𝛿𝑅. 

Based on triangle inequality, one has 

‖ 𝐹(𝑇) −  𝐹(𝑇̅)‖ ≤ 𝐿1|(𝑆1̅ − 𝑆1)| + 𝐿2|(𝑆2̅̅̅ − 𝑆2)| + 𝐿3|(𝐸̅ − 𝐸)| + 𝐿4|(𝐼 ̅ − 𝐼)| + 

𝐿5|(𝑄̅ − 𝑄)| + 𝛿|(𝑅̅ − 𝑅)|  ≤ 𝐿‖𝑇 − 𝑇̅‖,                                                                                                                (7) 

where 

𝐿1 = 2𝜂1 + 𝛿, 𝐿2 = 2𝜂2 + 𝛿, 𝐿3  = 2𝛽 + 𝛿, 𝐿4 = 2𝜂1 + 2𝜂2 + 2𝛾 + 𝛿 + 𝜃, and 𝐿 = 𝑚𝑎𝑥{𝐿1, 𝐿2, 𝐿3, 𝐿4, 𝛿 }. 

3.2 Parameter Estimation 

In this subsection, we estimate several parameters in Eq. (1) using the least squares method [25], [26], 

[27]. The estimation is based on diphtheria case data in Indonesia from 2012 to 2023 [8]. Fig. 2 presents a 

comparison between the simulation results from Eq. (1) and the actual reported diphtheria cases over the 

same period. Eq. (1) involves eight parameters, including three demographic parameters μ (birth rate), 

𝑔(proportion of vaccinated individuals), and δ (natural death rate), which we estimate based on demographic 

data in Indonesia from 2012 to 2023. The remaining five parameters, namely 𝜂1, 𝜂2, 𝛽, 𝛾, and θ, are obtained 

through a model fitting process, based on diphtheria case data, as summarized in Table 2 [28]. 

In 2023, the estimated number of individuals in Indonesia aged 0 to 9 years (𝑁) was 44,511,900 people 

with an average life expectancy of 72.18 years. The total number of births (𝑢) of 4,030,995 people, and the 

number of vaccinated individuals within 0 to 9 age (𝑝) of 26,337,314 people. Using these data, we calculated 

the parameter values 𝜇, 𝑔 and 𝛿, resulting in 𝜇 =
𝑢

𝑁
= 0.1, 𝑔 =

𝑝

𝑁
≈ 0.6 and 𝛿 =

1

72.18
 per year. 
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Figure 2. Fitting Model of Diphtheria Cases in Indonesia 

Based on the estimation results shown in Table 2, the Mean Absolute Percentage Error (MAPE) 

between the data and the model solution for diphtheria cases in Indonesia is 8.77%.  The initial conditions of 

the population in the simulation are assumed to be as follows (𝑆1(0) = 12.7, 𝑆2(0) = 30, 𝐸(0) = 15.5, 

𝐼(0) = 1.19, dan 𝑅(0) = 0). The other five parameters are estimated using the Least Squares method on 

cumulative data. The parameters (𝜇, 𝑔, 𝛿) were estimated because the data was available at [28]-[30] and 

could be measured. These parameters, particularly the natural birth and death rates (not due to diphtheria), 

could not be controlled through disease control efforts. Meanwhile, the parameters (𝜂₁, 𝜂₂, 𝛽, 𝛾, 𝜃)  are 

obtained through a fitting process against diphtheria case data, as these parameters are dynamic and 

influenced by control measures such as isolation, contact restrictions, and vaccination coverage. All estimated 

parameter values are shown in Table 2.  

Tabel 2. Fitted and Estimated Values of the Parameters 

 

 

 

 

 

 

3.3 Equilibrium Point 

An equilibrium point represents a condition in which the population of each compartment remains 

constant over time, meaning their rates of change are zero. Based on this definition, the diphtheria 

transmission model satisfies the condition for a disease-free equilibrium (DFE), denoted by 𝜀0 . This 

equilibrium occurs when the disease is absent from the population, implying that the number of infected 

individuals is zero, or 𝐼 = 0. The system of Eq. (1) has the following disease-free equilibrium point 𝜀0 given 

as 

                                   𝜀0 = (𝑆1
0, 𝑆2

0, 𝐸0, 𝐼0, 𝑅0) = (
(1 − 𝑔)𝜇

𝛿
,
𝑔𝜇

𝛿
, 0,0,0).                                                             (8) 

The basic reproduction number ℛ₀ represents the average number of secondary infections caused by a 

single infected individual in a fully susceptible population. If ℛ₀ <  1, each infected person transmits the 

disease to fewer than one individual on average, preventing the spread of the infection and leading to its 

eventual elimination from the population. Conversely, if ℛ₀ >  1, each infected person infects more than one 

individual on average, allowing the disease to persist and become endemic. The value of ℛ₀ is calculated by 

Parameters Value Source 

μ 0.1 Estimated [28], [29], [30] 

𝑔 0.6 Estimated [28], [29], [30] 

δ 0.01 Estimated [28], [29], [30] 

𝜂1 0.0368 Fitted 

𝜂2 0.0317 Fitted 

β 0.4530 Fitted 

γ 0.1281 Fitted 

θ 0.1281 Fitted 
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determining the dominant eigenvalue of the Next Generation Matrix [31]. Through linearization around the 

disease-free equilibrium point 𝜀0, we obtain: 

𝐽 = (
0 (𝜂1𝑆1 + 𝜂2𝑆2)
0 0

) − (
(𝑤𝛽 + 𝛿) 0

−𝛽 (𝛾 + 𝜃 + 𝛿)
) , 

= 𝐹 − 𝑉.                                                           (9) 

Here, 𝐹 denotes the transmission matrix representing new infections, while 𝑉 represents the transition 

matrix describing the movement of individuals between compartments. Consequently, the basic reproduction 

number ℛ₀ is defined as the spectral radius of the matrix product 𝐹𝑉⁻¹, i.e., its dominant eigenvalue. Thus, 

the basic reproduction number for system of Eq. (1) is given by: 

                                                        ℛ₀ =
(𝜂1(1 − 𝑔) + 𝜂2𝑔)𝛽𝜇

𝛿(𝛽 + 𝛿)(𝛾 + 𝜃 + 𝛿)
.                                                                             (10) 

3.4 Stability of Disease-Free Equilibrium Point 

This subsection presents the local stability analysis of the equilibrium point under disease-free 

conditions. In such conditions, the equilibrium is considered stable if all eigenvalues of the system are 

negative [32]. The Jacobian matrix of Eq. (1), evaluated at the disease-free equilibrium point 𝜀0 is expressed 

as  

𝐽(𝜀0) =

(

 
 
 
 
 
 

−𝛿 0 0 −
𝜂1(1−𝑔)𝜇

𝛿
0

0 −𝛿 0 −
𝜂2𝑔𝜇

𝛿
0

0 0 −𝑎1
(𝜂1(1−𝑔)+𝜂2𝑔)𝜇

𝛿
0

0 0 𝛽 −𝑎2 0

𝛾 −𝛿

)

 
 
 
 
 
 

,                                        (11) 

where 𝑎1 = 𝛽 + 𝛿 and 𝑎2 = 𝛾 + 𝛿 + 𝜃. The characteristic equation can be determined by |𝐽(𝜀0) − 𝜆𝐼| = 0, 

then we obtain 

(𝜆 + 𝛿)3(𝜆2 + (𝑎1 + 𝑎2)𝜆 + 𝑎1𝑎2(1 − ℛ₀)) = 0.                                                    (12) 

Eigenvalues of Eq. (12) are 𝜆1 = 𝜆2 = 𝜆3 = −𝛿, the two eigenvalues are determined by the roots of the 

following equation: 

𝜆2 +𝑚1𝜆 +𝑚2 = 0,                                                                           (13)   

where 𝑚1 = 𝑎1 + 𝑎2 and 𝑚2 = 𝑎1𝑎2(1− ℛ₀). 

By using Routh-Hurwitz criteria [33], the Eq. (13) has negative real roots, if and only if 𝑚1, 𝑚2 > 0. 

Clear that 𝑚1 > 0 and 𝑚2 > 0 because 𝑎1 and 𝑎2 are positive for ℛ₀ < 1. So, the Eq. (13) has two negative 

real roots. As a result, the disease-free equilibrium points 𝜀0 in Eq. (1) is locally asymptotically stable for 

ℛ₀ < 1 and unstable for ℛ₀ ≥ 1. 

3.5 Global Stability of Disease-Free Equilibrium Point 

In analyzing the dynamics of epidemic models, establishing the global stability of 𝑆1𝑆2𝐸𝐼𝑅 is essential 

for understanding disease transmission and evaluating the impact of control strategies. One theoretical 

method used to ensure global stability involves constructing Lyapunov functions, which provide a means to 

demonstrate the global convergence of solutions toward either the disease-free or endemic equilibrium. The 

proposed Lyapunov function candidates are defined as follows [34], [35]: 
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𝑉(𝑡) = (𝑆1 − 𝑆1

0
− 𝑆

1

0
ln(

𝑆1

𝑆
1

0
)) + (𝑆2 − 𝑆2

0
− 𝑆

2

0
ln(

𝑆2

𝑆
2

0
)) +

𝛽𝐸

𝛽 + 𝛿
+ 𝐸 + 𝐼 + (𝑅 − 𝑅0 − 𝑅0 ln (

𝑅

𝑅0
)).   (14) 

Based on LaSalle’s invariance principle in [36] and 𝐼 =
𝛽𝐸

(𝛾+𝛿+𝜃)
, 𝑅∗  =

𝛾𝐼

𝛿
, ℛ₀ =

𝛽𝜇(𝜂1(1−𝑔)+𝜂2𝑔)

𝛿(𝛽+𝛿)(𝛾+𝜃+𝛿)
, which 

implies that 

𝐷∗
𝛼𝑉(𝑡) ≤ −𝛿

(

 
(𝑆1 − 𝑆1

0
)

2

𝑆1

)

 − 𝛿

(

 
(𝑆2 − 𝑆2

0
)

2

𝑆2

)

 + (𝛾 + 𝛿 + 𝜃)(𝑅0 − 1)𝐼 + (𝛽 + 𝛿)(𝑅0 − 1)𝐸.                  (15) 

Clear that 𝐷∗
𝛼𝑉(𝑡) < 0  if ℛ₀ < 1 . So, the disease-free equilibrium point in Eq. (1) is globally 

asymptotically stable. The discussion above can be summarized in the following theorem: 

Theorem 2. If ℛ₀ < 1, the disease-free equilibrium point 𝜀0  in Eq. (1) is globally asymptotically stable. 

3.6 Endemic Equilibrium 

In this sub-chapter, the endemic equilibrium point 𝜀1  of Eq. (1) occurs when the infected sub-

population 𝐼∗ does not have a value of zero. By substituting 𝐼∗ into Eq. (1), one can get 

𝜀1 = ( 𝑆1
∗,  𝑆

2
∗, 𝐸∗, 𝐼∗, 𝑅∗) =

(

 
 
 
 
(1− 𝑔)𝜇

(𝛿 + 𝜂1𝐼
∗)
,

𝑔𝜇

(𝛿 + 𝜂2𝐼
∗)
,

𝜇𝐼∗ (
𝜂1(1− 𝑔)

(𝛿 + 𝜂1𝐼
∗)
+

𝜂2𝑔

(𝛿 + 𝜂2𝐼
∗)
)

(𝛽 + 𝛿)
, 𝐼∗,

𝛾𝐼∗

𝛿

)

 
 
 
 

,        (16) 

with 𝐼∗ is the solution to the following equation: 

𝐴𝐼∗2 + 𝐵𝐼∗ + 𝐶 = 0,                                                                     (17) 

where 𝐴 = 𝜂1𝜂2,B = 𝛿 ((𝜂1 + 𝜂2) −
ℛ₀

𝜂1(1−𝑔)+𝜂2𝑔
) 𝜂1𝜂2,  and C = 𝛿2(1 −ℛ₀) . Clear that, 𝐴 > 0 

and 𝐶 < 0 for 𝑅0 > 1. Based on Vieta’s theorem, the solution of Eq. (17) can be obtained. We divide three 

cases for the value of 𝐵:  

1. Case 𝐵 = 0, the solution to Eq. (17) can be obtained as follows:  

𝐼∗ = √
𝛿2(ℛ₀ −  1)

𝜂1𝜂2

.                                                             (18) 

If 𝑅0 > 1, then the value of 𝐼∗ will be a real positive, it’s meaning the spread of the disease is 

still occurs in the population. 

2. Case 𝐵 > 0, the solution to Eq. (17) is 

𝐼∗ =
−𝐵 + √𝐷

2𝜂1𝜂2

.                                                                    (19) 

where 

𝐵 = 𝛿 ((𝜂1 + 𝜂2) −
ℛ₀

𝜂1(1−𝑔)+𝜂2𝑔
) 𝜂1𝜂2 dan 𝐷 = 𝐵2 + 4𝜂1𝜂2𝛿

2(ℛ₀ −  1). 

3. Case 𝐵 < 0, the solution to Eq. (17) is 

𝐼∗ =
𝐵+√𝐷

2𝜂1𝜂2

,                                                                          (20) 
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where 

𝐵 = 𝛿 ((𝜂1 + 𝜂2) −
ℛ₀

𝜂1(1−𝑔)+𝜂2𝑔
) 𝜂1𝜂2 dan 𝐷 = 𝐵2 + 4𝜂1𝜂2𝛿

2(ℛ₀ −  1). 

If 𝑅0 = 1, as a result C = 0, the solution to Eq. (17) is 𝐼∗ = −𝛿 (𝜂1 + 𝜂2) +
𝛽𝜇

ℛ₀(𝛽+𝛿)(𝛾+𝜃+𝛿)
. The 

value of 𝐼∗ will be a real negative if 𝛿 (𝜂1 + 𝜂2) >
𝛽𝜇

ℛ₀(𝛽+𝛿)(𝛾+𝜃+𝛿)
. 

3.7 Endemic Global Stability 

The global stability of endemic Eq. (1) is also discussed in this study. The Lyapunov function is defined 

𝑉: Ω\Ω0 → ℝ as follows [34], [35]: 

𝑉(𝑡) = 𝜎1(𝑆1(𝑡)) + 𝜎2(𝑆2(𝑡)) + 𝜎3(𝐸(𝑡)) + 𝜎4(𝐼(𝑡)) + 𝜎5(𝑅(𝑡))                                 (21) 

where  

𝜎1(𝑆1(𝑡)) = 𝑆1 − 𝑆1
∗ − 𝑆1

∗ ln (
𝑆1
𝑆1
∗) , 𝜎2(𝑆2(𝑡)) = 𝑆2 − 𝑆2

∗ − 𝑆2
∗ ln (

𝑆2
𝑆2
∗), 

𝜎3(𝐸(𝑡)) = 𝐸 − 𝐸
∗ − 𝐸∗ ln (

𝐸

𝐸∗
) , 𝜎4(𝐼(𝑡)) = 𝐼 − 𝐼∗ − 𝐼∗ ln (

𝐼

𝐼∗
), and 𝜎5(𝑅(𝑡)) =  𝑅 − 𝑅

∗ − 𝑅∗ ln (
𝑅

𝑅∗
). 

The endemic equilibrium point of the Eq. (1) is globally asymptotically stable if  𝐷∗
𝛼𝑉(𝑡) < 0. By LaSalle’s 

invariance principle in [36], one can derive: 

𝐷∗
𝛼𝑉(𝑡) ≤ 𝜌1 + 𝜌2 + 𝜌3 + 𝜌4 + 𝜌5                                                            (22) 

where 

𝜌1 = (1 −
𝑆1
∗

𝑆1
) ((1 − 𝑔)𝜇 − (𝛿 + 𝜂1𝐼)𝑆1), 𝜌2 = (1 −

𝑆2
∗

𝑆2
) (𝑔𝜇 − (𝛿 + 𝜂2𝐼)𝑆2), 

𝜌3 = (1 −
𝐸∗

𝐸
) ((𝜂1𝑆1 + 𝜂2𝑆2)𝐼 − (𝛽 + 𝛿)𝐸), 𝜌4 = (1 −

𝐼∗

𝐼
) (𝛽𝐸 − (𝛾 + 𝛿 + 𝜃)𝐼),  and 

𝜌5 = (1 −
𝑅∗

𝑅
) (𝛾𝐼 − 𝛿𝑅). 

By assuming 𝑆1 = 𝑆1 − 𝑆1
∗, 𝑆2 = 𝑆2 − 𝑆2

∗, 𝐸 = 𝐸 − 𝐸∗, 𝐼 = 𝐼 − 𝐼∗, and 𝑅 = 𝑅 − 𝑅∗, we obtain 

𝐷∗
𝛼𝑉(𝑡) ≤ 𝜇 + 𝜇

𝑆1
∗

𝑆1
+ 𝑔𝜇

𝑆1
∗

𝑆1
+ 𝑔𝜇

𝑆2
∗

𝑆2
+ 𝛿 (

(𝑆1 − 𝑆1
∗)2

𝑆1
) + 𝛿 (

(𝑆2 − 𝑆2
∗)2

𝑆2
) + 𝜂1𝐼 (

(𝑆1 − 𝑆1
∗)2

𝑆1
)

+ 𝜂1𝐼
∗ (
(𝑆1 − 𝑆1

∗)2

𝑆1
) + 𝜂2𝐼 (

(𝑆2 − 𝑆2
∗)2

𝑆2
) + 𝜂2𝐼

∗ (
(𝑆2 − 𝑆2

∗)2

𝑆2
) + 𝜂1𝑆1𝐼 + 𝜂1𝑆1

∗𝐼

+ 𝜂1𝑆1𝐼
∗ + 𝜂1𝑆1

∗𝐼∗ + 𝜂1
𝐸∗

𝐸
𝑆1𝐼 + 𝜂1

𝐸∗

𝐸
𝑆1
∗𝐼 + 𝜂1

𝐸∗

𝐸
𝑆1𝐼

∗ + 𝜂1
𝐸∗

𝐸
𝑆1
∗𝐼∗ + 𝜂2𝑆2𝐼 + 𝜂2𝑆2

∗𝐼

+ 𝜂2𝑆2𝐼
∗ + 𝜂2𝑆2

∗𝐼∗ + 𝜂2
𝐸∗

𝐸
𝑆2𝐼 + 𝜂2

𝐸∗

𝐸
𝑆2
∗𝐼 + 𝜂2

𝐸∗

𝐸
𝑆2𝐼

∗ + 𝜂2
𝐸∗

𝐸
𝑆2
∗𝐼∗

+ 𝑎1 (
(𝐸 − 𝐸∗)2

𝐸
) + 𝛽𝐸 + 𝛽𝐸∗ + 𝛽𝐸

𝐼∗

𝐼
+ 𝛽𝐸∗

𝐼∗

𝐼
+ 𝑎2 (

(𝐼 − 𝐼∗)2

𝐼
) + 𝛾𝐼 + 𝛾𝐼∗ + 𝛾𝐼

𝑅∗

𝑅

+ 𝛾𝐼∗
𝑅∗

𝑅
+ 𝛿 (

(𝑅 − 𝑅∗)2

𝑅
). 

Making simplification of this calculation, one has 

𝐷∗
𝛼𝑉(𝑡) ≤ ℋ1 −ℋ2,                                                                          (23) 
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where 

ℋ1 = 𝜇 + 𝜂1 (𝑆1𝐼 + 𝑆1
∗𝐼∗ +

𝐸∗

𝐸
𝑆1
∗𝐼 +

𝐸∗

𝐸
𝑆1𝐼

∗ +
(𝑆1 − 𝑆1

∗)2

𝑆1
𝐼∗)

+ 𝜂2 (𝑆2𝐼 + 𝑆2
∗𝐼∗ +

𝐸∗

𝐸
𝑆2
∗𝐼 +

𝐸∗

𝐸
𝑆2𝐼

∗ +
(𝑆2 − 𝑆2

∗)2

𝑆2
𝐼∗) + 𝛾 (𝐼 + 𝐼∗

𝑅∗

𝑅
) + 𝛽 (𝐸 + 𝐸∗

𝐼∗

𝐼
), 

and 

ℋ2 = 𝜇 (
𝑆1
∗

𝑆1
+ 𝑔

𝑆1
∗

𝑆1
− 𝑔

𝑆2
∗

𝑆2
) + 𝜂1 (𝑆1𝐼

∗ + 𝑆1
∗𝐼 +

𝐸∗

𝐸
𝑆1𝐼 +

𝐸∗

𝐸
𝑆1
∗𝐼∗ + 𝐼

(𝑆1 − 𝑆1
∗)2

𝑆1
)

+ 𝜂2 (𝑆2
∗𝐼 + 𝑆2𝐼

∗ +
𝐸∗

𝐸
𝑆2𝐼 +

𝐸∗

𝐸
𝑆2
∗𝐼∗ + 𝐼

(𝑆2 − 𝑆2
∗)2

𝑆2
)

+ 𝛿 (
(𝑆1 − 𝑆1

∗)2

𝑆1
+
(𝑆2 − 𝑆2

∗)2

𝑆2
+
(𝑅 − 𝑅∗)2

𝑅
) + 𝑎1 (

(𝐸 − 𝐸∗)2

𝐸
) + 𝑎2 (

(𝐼 − 𝐼∗)2

𝐼
)

+ 𝛾 (𝐼
𝑅∗

𝑅
+ 𝐼∗) + 𝛽 (𝐸

𝐼∗

𝐼
+ 𝐸∗), 

we obtain 𝐷∗
𝛼𝑉 < 0 when ℋ1 −ℋ2 < 0.   

Moreover, if 𝑆1 = 𝑆1
∗, 𝑆2 = 𝑆2

∗, 𝐸 =  𝐸∗, 𝐼 = 𝐼∗, and 𝑅 = 𝑅∗ , then ℋ1 −ℋ2 = 0 , which implies that 

𝐷∗
𝛼𝑉(𝑡) = 0. Since the condition 𝐼 =  𝐼∗ at the endemic equilibrium point can only be achieved when ℛ₀ >

 1, the existence of a positive 𝐼∗ value inherently implies that the fundamental condition ℛ₀ > 1 is satisfied. 

Consequently, the global stability analysis through this Lyapunov function operates within the domain where 

ℛ₀ > 1. The invariant set {( 𝑆1
∗,  𝑆2

∗, 𝐸∗, 𝐼∗, 𝑅∗) ∈ ℝ+
5 : 𝐷∗

𝛼𝑉(𝑡) = 0} at 𝜀1 is endemic equilibrium point and 

based on LaSalle’s invariance principle, 𝜀1 is globally asymptotically stable in Ω\Ω0 if ℋ1 −ℋ2 < 0.  

3.8 Numerical Simulation 

This subsection presents a sensitivity analysis aimed at evaluating the effects of parameter uncertainty 

and the responsiveness of numerical outcomes to variations in each model parameter. The analysis assumes 

that all model parameters follow a uniform distribution. Fig. 3 illustrates the parameters influencing the basic 

reproduction number ℛ₀ in Eq. (1). The figure displays a vertical bar chart representing the sensitivity of each 

parameter with respect to ℛ₀. Through this analysis, we identify which parameters most significantly affect 

ℛ₀, thereby enabling the formulation of more focused and effective control strategies. In Fig. 3, the horizontal 

axis represents the various model parameters, such as β and γ, while the vertical axis shows the relative 

change in ℛ₀ resulting from 1% increase in each parameter value. Blue bars on the graph indicate both the 

direction and magnitude of each parameter’s effect. Bars above the horizontal axis imply a positive influence 

on ℛ₀, meaning an increase in the parameter leads to a rise in ℛ₀. Conversely, bars below the axis indicate a 

negative influence, suggesting that increasing the parameter reduces the value of R₀. Table 2 presents the 

sensitivity index for each parameter with respect to ℛ₀. Based on the parameter values 𝜇 = 0.1, 𝑔 = 0.6, 𝛿 =

0.01 , 𝜂1 =0.0368, 𝜂2 =0.0317, 𝛽 = 0.453 , 𝛾 = 0.1281 , and 𝜃 = 0.1281 , the value of ℛ₀ = 1.2401  is 

obtained. 
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Figure 3. Sensitivity Analysis for ℛ₀ as the Response Function 

  Table 3. Sensitivity Index of Parameters 

Parameters Sensitivity index 

𝛍 1 

𝒈 -0.09 

𝛅 -1.05 

𝜼𝟏 0.44 

𝜼𝟐 0.56 

𝛃 0.02 

𝛄 -0.48 

𝛉 -0.48 

Fig. 4 shows that the parameter 𝜇 has a large and positive influence on ℛ₀, meaning that an increase in 

the value of 𝜇 will also increase the value of ℛ₀ significantly. Parameters 𝜂1 and 𝜂2 also have a positive 

influence, although on a smaller scale. Conversely, parameters 𝛿, 𝛾, 𝜃 show a negative influence, meaning 

that these values will decrease ℛ₀. Among the three parameters, 𝛿 has the largest negative influence, making 

it a parameter that can control transmission. Other parameters such as 𝛽 and 𝑔 show a very small influence 

on ℛ₀, both positive and negative, so they are not very significant in influencing the dynamics of disease 

spread in this model. 

 

Figure 4. 𝑆1𝑆2𝐸𝐼𝑅 Model and Their Effects on Population Growth Over Time 
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Furthermore, this study also conducted a numerical simulation of Eq. (1) using the initial conditions 

used for the model adjustment process and the model parameter values obtained from the adjustment process 

as presented in Table 2. Fig. 4 shows the results of the numerical simulation of the SEIR model modified into 

the 𝑆1𝑆2𝐸𝐼𝑅 model. This graph illustrates the population changes in each compartment from time 𝑡 =  0 to 

𝑡 =  30. At the beginning of the simulation (𝑡 approaching 0), the population 𝐼 increased sharply from a 

value close to zero to a peak of almost 25 at around 𝑡 =  7. This increase reflects the very rapid spread of 

infection at the beginning of the epidemic. However, after the peak was reached, the population 𝐼 decreases 

but does not converge to zero starting from time 𝑡 =  10. Instead, it approaches a small positive value, 

consistent with the analytical result that, for ℛ0 = 1.24 > 1 , the endemic equilibrium is globally 

asymptotically stable. This means that the number of active infections implying the disease will remain in the 

population case. 

The population 𝑅  also experiences a rapid increase as 𝐼  increases, as individuals recovering from 

infection move to compartment 𝑅. The maximum value of 𝑅 is reached around 𝑡 =  18 with a number of 

around 23, then slowly decreases and finally stabilizes near 20 at 𝑡 >  30. This decrease indicates that no 

more individuals move from 𝐼 to 𝑅 because the infection has stopped spreading. Meanwhile, the populations 

𝑆₁  and 𝑆₂ , which represent susceptible individuals without and with vaccination respectively, show an 

increasing trend after 𝐼 approaches 0. The population 𝑆₁  and S₂ stabilizes at around t > 30. This indicates 

that part of the population remains susceptible but is not infected because disease transmission has been 

stopped. The population 𝐸, which is individuals who have been exposed but have not transmitted the disease, 

shows a pattern similar to 𝐼. The population 𝐸 increases initially, then decreases and finally approaches zero 

around 𝑡 =  15, indicating that there is no more active transmission.  

The parameter variations are carried out over a period of 11 years (2012 to 2023) when diphtheria was 

reported in Indonesia. This helps predict the dynamics of the disease in the country in the next years that are 

not recorded by the data. Simulations of parameter variations 𝜂₁, 𝜂₂, 𝜇, 𝛾 and 𝜃 are shown in Fig. 5. Fig. 5 (a) 

illustrates the impact of parameter η₁ (interaction rate between unvaccinated and infected individuals) on 

infection dynamics (𝐼). From the graph it can be seen that the greater the value of 𝜂₁, the higher the peak 

number of infected population and is achieved in a faster time, demonstrating the critical role of unvaccinated 

population interactions with infected individuals in accelerating disease transmission. The curve with 𝜂₁ =

 0.05 shows the highest peak compared to 𝜂₁ =  0.03 and 𝜂₁ =  0.01, which shows that the higher the 

interaction of vulnerable groups, the greater the potential for an outbreak. However, at a certain time t = 11, 

𝜂₁ =  0.01 shows an increase compared to others. This can occur due to an adaptation mechanism, where a 

large portion of the population becomes immune to a disease after many people have been vaccinated or 

infected. 

 

  

(a) (b) 
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(e) 

Figure 5. The Effect of Parameter to Population 𝐼  

(a) The Effect of Parameter 𝜂1 to Population 𝐼, (b) The Effect of Parameter 𝜂2 to 𝐼, (c) The Effect of Parameter μ to 

Population 𝐼, (d) The Effect of Parameter γ to Population 𝐼, (e) The Effect of Parameter θ to Population 𝐼 
 

Fig. 5 (b) shows the effect of variation in 𝜂₂, which is the rate of interaction between vaccinated 

individuals and infected individuals. In general, the graph shows that an increase in the value of 𝜂₂ also causes 

an increase in the number of infected populations, although not as large as the impact of 𝜂₁. This indicates 

that although vaccinated individuals are still potentially infected, protection from vaccination is still able to 

reduce the rate of spread. Compared to 𝜂₁, variation in 𝜂₂ results in a slower increase in infections and with 

a lower peak, emphasizing the importance of vaccination coverage in slowing the spread of infection. Fig. 5 

(c) demonstrates the effect of the birth rate μ on the number of infected individuals. Higher 𝜇 values lead to 

higher infection peaks due to the increased influx of susceptible individuals, which increases transmission 

opportunities. Although the time to reach the peak of infection is relatively unchanged, the height of the peak 

of infection shows that the increase in the susceptible population increases the burden of infection in society. 

Fig. 5 (d) shows the effect of variation of parameter 𝛾, namely the recovery rate on the dynamics of 

the infected population. The graph in Fig. 5 (d) shows that the lower the value of 𝛾, the lower the peak number 

of infected individuals and the time to reach the peak becomes faster. This makes sense because an increase 

in the recovery rate means that infected individuals move to the recovered group more quickly, thereby 

reducing the number of individuals in the active infection group. In other words, increasing 𝛾 can accelerate 

the population recovery process and reduce pressure on the health system. Fig. 5 (e) shows the variation of 

the parameter 𝜃, which is the death rate due to diphtheria. Higher 𝜃 values reduce the infection peak because 

infected individuals die more quickly, resulting in a shorter infectious period. Although technically this 

reduces the number of active infections, of course increasing the value of 𝜃 is not a medically desirable 

solution. However, from the perspective of model dynamics, 𝜃 remains an important parameter that must be 

considered in designing strategies for controlling and mitigating the impact of the disease. 
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Thus, Fig. 5 comprehensively show that changes in the parameters have a significant impact on the 

pattern of diphtheria spread. The greatest impact on the peak of infection is shown by an increase in the 

transmission rate (𝛽) and a decrease in the cure rate (𝛾), while effective interventions can be focused on 

increasing vaccination (reducing 𝜂) and increasing the speed of medical treatment (increasing 𝛾). 

 

Figure 6. Phase Portrait of the Diphtheria Epidemic Model 

Furthermore, this study also analyzes the phase portrait of the diphtheria epidemic model by 

representing the complex dynamics between the exposed (𝐸) and infected (𝐼) populations through a series of 

trajectories that describe the evolution of the system over time. The horizontal axis represents the value of 𝐸 

(the number of exposed populations), while the vertical axis represents the value of 𝐼 (the number of infected 

populations). The curves of the phase portraits are shown in Fig. 6. Fig. 6 explains the various initial 

conditions and represents the solution trajectories of the nonlinear differential system over time. Each curve 

shows the direction of change of the pair (𝐸, 𝐼) as the system evolves, and provides an understanding of how 

the exposed and infected populations change together. Fig. 6 also shows that most trajectories start from low 

𝐸 values and low 𝐼 values. These trajectories then move up, indicating that an increase in the number of 

exposed individuals (𝐸) causes a spike in the number of infected individuals (𝐼). This is in accordance with 

the natural dynamics of disease spread, namely the more exposed, the greater the likelihood of increasing 

infection. However, after a certain point, when the 𝐸 value begins to decrease, the 𝐼 value remains high for a 

moment before finally decreasing. This suggests a delay between the peak number of exposed individuals 

and the peak of active infections (a common phenomenon in infectious diseases that have an incubation 

period). 

Some trajectories display a rounded or semi-spiral pattern, indicating a tendency for the system to move 

towards equilibrium. This means that in the long run, the system will reach a stable state where the number 

of individuals in 𝐸 and 𝐼 no longer changes significantly. This phenomenon indicates that the disease can 

persist as an endemic disease, depending on the values of parameters such as infection rate, recovery, and 

mortality. The thinner trajectories show variations in dynamics due to differences in initial conditions, while 

the one thick black trajectories represent the main dynamics of the system, based on initial conditions. This 

trajectories pass through maximum values in both 𝐸 and 𝐼 before decreasing and curving closer to a flat line, 

indicating the transition from the acute epidemic phase to stability.  

4. CONCLUSION 

This study successfully developed and analyzed a mathematical model of diphtheria transmission that 

incorporates different susceptibility levels within the Indonesian population. The model demonstrates that 

high vaccination coverage significantly reduces disease transmission, with the basic reproduction number 

ℛ0 = 1.2401 indicating endemic potential under current conditions. Numerical simulations revealed that the 
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interaction rate among unvaccinated individuals (𝜂1) serves as a critical outbreak driver, with elevated values 

correlating with infection peaks 2-3 times higher than baseline scenarios. The analytical framework 

established that global stability at the disease-free equilibrium point 𝜀0  is achieved when ℛ₀ <  1 . 

Conversely, the system tends toward the endemic equilibrium 𝜀1  when ℛ₀ >  1, and based on LaSalle's 

invariance principle, ε₁ is globally asymptotically stable in Ω\Ω0  if ℋ1 −ℋ2 < 0. Parameter estimation 

through least-squares fitting results presented in Fig. 2 yielded strong alignment between model predictions 

and empirical data from 2012-2023, validating the model's accuracy in capturing diphtheria dynamics in 

Indonesia. 

From a policy perspective, these findings underscore the importance of targeted vaccination programs 

in regions with high interaction rates among unvaccinated populations, coupled with social distancing 

measures during outbreaks and enhanced surveillance in low-coverage areas. However, this study 

acknowledges certain limitations, including the assumption of a closed population without migration effects, 

the deterministic nature of the model that does not account for stochastic variations in disease transmission, 

and the homogeneous mixing assumption that may not fully capture complex social interaction patterns. 

Future research directions should incorporate spatio-temporal analysis to address geographical spread 

patterns, develop stochastic frameworks to better capture parameter uncertainty, and Integration of real-world 

diphtheria case data from Indonesia. These advancements would further strengthen the mathematical 

foundation for developing precise, efficient, and sustainable diphtheria control measures in Indonesia and 

similar settings. 
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