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Article Info ABSTRACT 

Article History: 
Mixed effects model combines fixed effects and random effects, allowing for the analysis of 

data with both fixed and random variations. This modeling approach is widely utilized 

across various fields. In R, the lme4 package is commonly employed to estimate mixed 
effects models using Restricted Maximum Likelihood (REML). There are several methods 

for estimating model parameters, including Bayesian inference, which has gained 

prominence with ongoing research advancements. Bayesian inference using Markov Chain 

Monte Carlo (MCMC) is among the most widely used Bayesian methods. Bayesian 
inference leverages probabilistic distributions to estimate parameters.to understand the 

general overview of life expectancy, serving as an indicator of survival time across different 

continents in the Gapminder dataset, it's essential to identify relevant variables after 

computing mixed effects predictions using Maximum Likelihood and REML estimation. This 
involves predicting life expectancy by integrating both random and fixed effects, 

determining relevant variables after estimating the Mixed Effects Model using REML 

Bootstrap estimation, and identifying influential variables after estimating the Mixed 

Effects Model using Bayesian MCMC inference. The methods employed include REML, 
Bootstrapped-REML, and Bayesian MCMC. The results indicate that all inference methods 

can be utilized to estimate parameters, with all predictor variables influencing life 

expectancy, except for the population variable. Further research is recommended to utilize 

data with more complex predictor variables. 
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1. INTRODUCTION 

Dataset on the dependent variable is defined at multiple periods in time for each unit of analysis are 

referred to as longitudinal data.  One kind of data set that can be utilized to develop mixed-effect models is 

longitudinal data.  We acknowledge the presence of levels in the dataset using the mixed effect model.  The 

notion of data levels is derived from concepts found in the literature on hierarchical linear modeling (HLM) 

[1] Each dataset appropriate in mixed-effect model contains at least of two data levels. Depending on the 

number of data levels, we classify the example data sets we study as either two-level or three-level data sets.  

Level 1, Level 2, and Level 3 are the designations for the maximum of three layers of data that we recognize.  

We present observations at the most in-depth level of the data in Level 1.  The repeated measures conducted 

on the same unit of analysis are represented by Level 1 in the longitudinal data set.  The hierarchy is 

represented by Level 2, which we express for the following level. The following level of the hierarchy is 

represented by Level 3.  We estimate the fixed-effect parameters in the mixed-effect model.  Restricted 

maximum likelihood (REML) is a method for estimating mixed-effect models.  When there are random 

effects and their relative variance (variance components), REML estimation is used.  

Several studies have used REML to estimate mixed-effect models in various fields such as Economy 

and Finance [2], [3], [4], Medicine and Biology [5], [6] Science Psychology [7], [8] Agriculture and Animal 

Science [9], [10], [11]. Further inference on mixed models can be used bootstrap in semiparametric 

likelihood. The bootstrap method presents a theory that applies to the construction of intervals and a 

corresponding testing procedure. Analysis of the method shows that the method is asymptotically consistent 

under general regularity conditions without any assumption of normal distribution on the stochastic 

components in the model. In addition to frequentist inference used in mixed-effect models, Bayesian 

inference can be used for estimation of mixed-effect models. We introduce the reader to further explore the 

literature on Bayesian methods using a complete probability model that accounts for not just our uncertainty 

in the value of an outcome variable is what Bayesian inference is all about y conditional on some unknown 

parameters θ, but also our a priori uncertainty about the parameters  θ themselves. When it comes to regression 

models, besides the outcome variable y, we also have predictor variables, denoted x. The final is to update 

our beliefs about the parameters θ based on our model and data. Some studies that are interested in using 

mixed effect models with Bayesian inference are [12], [13].  

In conducting parameter estimation with frequentist and Bayesian inference, there is a fundamental 

difference between the Bayesian framework and the frequentist framework, namely which quantity is 

assumed to be fixed. The frequentist paradigm is related to the probability of observed data with fixed 

parameters, meaning it does not have a probability distribution and frequentist inference is related to the order 

of the observed hypothesis data set (vector y). In contrast to Bayesian inference which is related to a certain 

N observation set and Bayesian inference is interested in the probability distribution of parameters. Several 

research have been widely using frequentist and Bayesian likes  [14], [15].  

Based on the above explanation, it is known that the objective of this study is to understand the general 

description of life expectancy that indicator of survival periods in several continents in Gapminder data, to 

create a model of life expectancy include random effects and fixed effects using Mixed-Effect Model,  to 

estimate Mixed-Effect Model using maximum likelihood and Restricted Maximum Likelihood (REML) 

estimation and identify the influential variables, to estimate the Mixed-Effect Model using Bootstrapped 

REML estimation and to identify the influential variables and to estimate Mixed-Effect Model using Bayesian 

MCMC inference and then to identify the influential variables. 

2. RESEARCH METHODS 

2.1 Mixed-Effects Model 

In the context of LMMs, it is crucial to distinguish between fixed and random components and the 

influence they have on a dependent variable.  For these subjects, we define distinct subsections.  In the context 

of a typical ANOVA or ANCOVA model, the idea of a fixed factor is most frequently employed.  The term 

"fixed factor" refers to a category or classification variable for which the researcher has included all levels 

(or conditions) that are relevant to the research. A classification variable having levels that are essentially 

randomly selected from the population of levels under study is called a random factor.  In order to examine 

variation in the dependent variable across levels of the random factors and to generalize the data analysis 
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results to a larger population of levels of the random factor, random factors are taken into consideration in an 

analysis.  Mixed-effect models are statistical models for continuous outcome variables in which the residuals 

are normally distributed but may not be independent or have constant variance [16]. Studies with clustered 

data, like students in classrooms, or experimental designs with random blocks, like batches of raw materials 

for an industrial process, can produce data sets that can be suitably examined using this model. studies that 

use longitudinal or repeated measures, where participants are measured frequently throughout time or under 

various circumstances. Mixed-Effect models is defined as the following [17] [18].  

 𝒀𝒊 = 𝑿𝒊𝜷 + 𝒁𝒊𝒖𝒊 + 𝜺𝒊, 
𝒖𝒊~ 𝑵(𝟎,𝑫), 
𝜺𝒊~ 𝑵(𝟎,𝑹𝒊), 

(1) 

 

𝑌𝑖 = (

𝑌1𝑖
𝑌2𝑖
⋮
𝑌𝑛𝑖

) , 𝛽 =  (

𝛽1
𝛽2
⋮
𝛽𝑝

) , 𝑢𝑖 = (

𝑢1𝑖
𝑢2𝑖
⋮
𝑢𝑞𝑖

) , 𝑍 =  

(

 
 

𝑍1𝑖
(1)

𝑍2𝑖
(1) 

⋮

𝑍𝑛𝑖𝑖
(1)

 

 𝑍1𝑖
(2)   

𝑍2𝑖
(2)
 

⋮

𝑍𝑛𝑖𝑖
(2) 

…
…
⋱…

     𝑍1𝑖
(𝑞)

   𝑍2𝑖
(𝑞)

⋮

  𝑍𝑛𝑖𝑖
(𝑞)
)

 
 

, 𝜀𝑖 = (

𝜀1𝑖
𝜀2𝑖
⋮
𝜀𝑞𝑖

). 

 

In Eq. (1),  𝒀𝒊 represents the i-th subject's vector of continuous replies.  We display the,  𝒀𝒊 vector's 

components as follows, using the notation for a single observation. The first column would simply be equal 

to 1 for every observation in a model with an intercept term.  It should be noted that every element in a column 

of the 𝑿𝒊 matrix will be identical to a time-invariant (or subject-specific) covariate.  We assume that the 𝑿𝒊 
matrices are full rank for presentational purposes, meaning that no column (or row) is a linear combination 

of the others.  The fixed effects contained in the vector may have aliasing (or parameter identifiability) issues 

as a result of 𝑿𝒊 matrices generally not being full rank β [19], [20];  

𝐷 = 𝑉𝑎𝑟(𝑢𝑖) = (

𝑉𝑎𝑟(𝑢1𝑖)

𝑐𝑜𝑣(𝑢1𝑖, 𝑢2𝑖) 
⋮

𝑐𝑜𝑣(𝑢1𝑖, 𝑢𝑞𝑖) 

 

𝑐𝑜𝑣(𝑢1𝑖, 𝑢2𝑖)

𝑉𝑎𝑟(𝑢2𝑖) 
⋮

𝑐𝑜𝑣(𝑢2𝑖, 𝑢𝑞𝑖)

…
…
⋱…

𝑐𝑜𝑣(𝑢1𝑖, 𝑢2𝑖)
𝑐𝑜𝑣(𝑢2𝑖, 𝑢𝑞𝑖)

⋮
  𝑉𝑎𝑟(𝑢𝑞𝑖)

), 

𝑅𝑖 = 𝑉𝑎𝑟(𝜀𝑖) = (

𝑉𝑎𝑟(𝜀1𝑖)
𝑐𝑜𝑣(ε1𝑖, ε2𝑖) 

⋮
𝑐𝑜𝑣(ε1𝑖 , ε𝑛𝑖𝑖) 

 

𝑐𝑜𝑣(ε1𝑖, ε2𝑖)
𝑉𝑎𝑟(ε2𝑖) 

⋮
𝑐𝑜𝑣(ε2𝑖 , ε𝑛𝑖𝑖)

…
…
⋱…

𝑐𝑜𝑣(ε1𝑖 , ε2𝑖)

𝑐𝑜𝑣(ε2𝑖 , ε𝑞𝑖)

⋮
  𝑉𝑎𝑟(ε𝑛𝑖𝑖)

). 

 

The β in Eq. (1) is a vector of p unknown fixed-effect parameters or regression coefficients connected 

to the p variables that were used to build the 𝑿𝒊 matrix. The 𝑛𝑖 × 𝑞 matrix 𝑍𝑖 in Eq. (1) a design matrix that 

represents the known values of the 𝑞 covariates, 𝑍(1), … , 𝑍(𝑞) ,  for the i-th subject. This matrix is very much 

like the 𝑿𝒊 matrix in that it represents the observed values of covariates; however, it is usually has fewer 

columns that the 𝑿𝒊 matrix. The 𝒖𝒊 vector for the i-th subject in Eq. (1) represents a vector of  q random 

effects associated with the 𝑞 covariates in the 𝑍𝑖 matrix. [21] 

2.2 Restricted Maximum Likelihood (REML) and Boot-Strapped REML 

The basic concept of realizing that the variance estimator provided by Maximum Likelihood (ML) is 

biased leads to the creation of Restricted Maximum Likelihood (REML).  If one wishes to summarize the 

statistical observations, two parameters must be estimated: μ (mean) and 𝜎2(variance), assuming that the 

observations follow a normal distribution.  It turns out that the Maximum Likelihood (ML) model's variance 

estimator is biased; that is, the number it produces either overestimates or underestimates the true variance. 

In practice, we rarely consider the bias in the variance estimator when we use machine learning to solve linear 

regression models because we are typically more interested in the linear model's coefficients, such as the 

mean, and frequently aren't even aware that we are also estimating another fitting parameter, the variance, in 

parallel.  Consider a straightforward one-dimensional scenario with a variable to show that ML does, in fact, 

provide a biased variance estimator 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑁) following e.g. the Normal distribution.  
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𝐿(𝑦̂, 𝜎̂2 ) =  ∏
1

√2𝜋𝜎̂2
𝑒
−
(𝑦𝑖− 𝑦̂)

2

2𝜎̂2 ,

𝑁

𝑖=1

 

(2) 

 

𝑦̂ =  
1

𝑁
∑𝑦𝑖

𝑁

𝑖=1

; 𝜎̂2 = 
1

𝑁
∑(𝑦𝑖 − 𝑦̂)

2

𝑁

𝑖=1

. 

 

In practice, we rarely consider the bias in the variance estimator when we use machine learning to 

solve linear regression models because we are typically more interested in the linear model's coefficients, 

such as the mean, and frequently aren't even aware that we are also estimating another fitting parameter, the 

variance, in parallel. Consider a straightforward one-dimensional scenario with a variable to show that ML 

does, in fact, provide a biased variance estimator. 

 
log 𝐿(𝑦̂, 𝜎̂2 ) = − 

1

2
log(2𝜋𝜎2) −  

(𝑦1 −  𝜇)
2

2𝜎2
− 
1

2
log(2𝜋𝜎2) − 

(𝑦2 − 𝜇)
2

2𝜎2
−⋯

−
1

2
 log(2𝜋𝜎2) −

(𝑦𝑛 − 𝜇)
2

2𝜎2
 . 

(3) 

 

Thus, the Eq. (1)5) can be written 

 
log 𝐿(𝑦̂, 𝜎̂2 ) = −

𝑛

2
log(2𝜋) −

𝑛

2
log(𝜎2) − ∑

(𝑦𝑖 −  𝜇)
2

2𝜎2

𝑛

𝑖=1

. 
(4) 

 

Maximize the log-likelihood function of the first derivative of the function log 𝐿(𝜇, 𝜎2) on 𝜇 stated as follows. 

𝜕

𝜕𝜇
(−

𝑛

2
log(2𝜋) −

𝑛

2
log(𝜎2) − ∑

(𝑦𝑖 −  𝜇)
2

2𝜎2

𝑛

𝑖=1

)

=   
𝜕

𝜕𝜇
(−
𝑛

2
log(2𝜋)) − 

𝜕

𝜕𝜇
(
𝑛

2
log(𝜎2) −

𝜕

𝜕𝜇
(∑

(𝑦𝑖 − 𝜇)
2

2𝜎2

𝑛

𝑖=1

)). 

In Eq. (5) is equal to zero with the following. 

 ∑
(𝑦𝑖 − 𝜇)

2

2𝜎2

𝑛

𝑖=1

= 0 ;  ∑𝑦𝑖 −∑𝜇̂ = 0; ∑𝑦𝑖 − 𝑛𝜇̂ = 0

𝑛

𝑖=1

.

𝑛

𝑖=1

𝑛

𝑖=1

  

Thus, it can be defined as 

 𝜇̂ =  𝑦̅,  

The log-likelihood function's derivative to 𝜎2 

 𝜕

𝜕𝜎2
(−

𝑛

2
log(2𝜋) −

𝑛

2
log(𝜎2) − ∑

(𝑦𝑖 −  𝜇)
2

2𝜎2

𝑛

𝑖=1

)

=  
𝜕

𝜕𝜎2
(−
𝑛

2
log (2𝜋)) −

𝜕

𝜕𝜎2
(
𝑛

2
𝑙𝑜𝑔(𝜎2))

−  
𝜕

𝜕𝜎2
∑
(𝑦𝑖 − 𝜇)

2

2𝜎2

𝑛

𝑖=1

. 

 

 

(5) 

 

 

  

 

 

(6) 

 

 

 

(7) 

 

  

(8) 

The equation above is equated to zero, then it will 2𝜎̂2, substitute 𝜇 with the estimator 𝑦̅, so 

 

−
𝑛

2𝜎̂2
+ ∑

(𝑦𝑖 − 𝜇̂)
2

2𝜎̂4
= 0

𝑛

𝑖=1

, 
(9) 

 

Thus, we obtain 

 
𝜎̂2 =  

∑ (𝑦𝑖 − 𝑦̅)
2𝑛

𝑖=1

𝜎̂2
. 

(10) 
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Thus, Maximum likelihood estimators for the population mean μ unbiased and population variance are 

the maximum likelihood estimators for the normal distribution 𝜎2 biased, therefore the log likelihood 

function does not need to be broken down into two parts. Restricted maximum likelihood is one way to 

develop likelihood.  Variance parameters can be estimated using residual likelihood 𝜎2. This solution is 

known as the REML estimator for 𝜎2. For the normal distribution to develop this idea depends on the fact 

that 

 
∑(𝑦𝑖 −  𝜇)

2 = ∑[(𝑦𝑖 − 𝑦̅) + (𝑦̅ −  𝜇)]
2 = ∑(𝑦𝑖 − 𝑦̅)

2 +  𝑛(𝑦̅ −  𝜇)2
𝑛

𝑖=1

𝑛

𝑖=1

𝑛

𝑖=1

. 
(11) 

 

Look again at the log likelihood function in the equation, then rewrite the log likelihood function for the 

normal distribution. 

 
log 𝐿(𝑦̂, 𝜎̂2 ) = −

𝑛

2
log(2𝜋) −

𝑛

2
log(𝜎2) − ∑

(𝑦𝑖 −  𝜇)
2

2𝜎2

𝑛

𝑖=1

. 
(12) 

 

In the equation above, the likelihood function can be written as 

 
log 𝐿(𝑦̂, 𝜎̂2 ) = −

𝑛

2
log(2𝜋) −

𝑛

2
log(𝜎2) − ∑

(𝑦𝑖 − 𝑦̅)
2

2𝜎2

𝑛

𝑖=1

− 
𝑛(𝑦̅ − 𝜇)2 

2𝜎2
. 

(13) 

 

In order to ensure robustness against model misspecification, including asymmetry and long tails in 

the distribution of errors and random effects, bootstrap-based inference for mixed effects is developed and 

simultaneous intervals are included.  The following observations are used to generate bootstrap: 

 𝑦∗ = 𝑋𝛽̂ + 𝑍𝑢∗ + 𝑒∗, 
(14) 

 

Where 𝑒∗ and 𝑢∗ are bootstrapped replica of random components in the model. The generation of 𝑒∗ 

and 𝑢∗ relies on the bootstrap framework, which will be covered in more detail. Define 𝛿∗ = 𝛿,̂ 𝑉∗ = 𝑉,̂ 
𝐺∗ = 𝐺,̂ the following definitons are used so Bootstrapped-REML are defined as  

 
𝜃𝑗
∗ = 𝑘𝑗

𝑇𝛽̂ + 𝑙𝑗
𝑇𝑢𝑗

∗,         𝜃𝑗
∗̂ = 𝜃𝑗(𝛿̂

∗) =  𝑘𝑗
𝑇𝛽̂∗ + 𝑙𝑗

𝑇𝑢̂𝑗
∗. 

(15) 

 

2.3 Bayesian Markov Chain Monte Carlo Inference (MCMC)  

When using a Bayesian method, a probability distribution 𝜋(𝑦|𝜃),known as likelihood, is given for the 

data that has been observed. 𝑦 = (𝑦1, … , 𝑦2) given an unknown parameter vector 𝜃. rior distribution 𝜋(𝜃|𝜂) 
is assigned to 𝜃 where 𝜂 denotes vector of hyperparameters. The prior distribution for 𝜃 denotes the 

information about  𝜃 previous in determine of the data 𝑦. If 𝜂 is not known, a fully Bayesian approach would 

specify a hyperprior distribution for 𝜂 is used as if 𝜂 were known. Defined that 𝜂 is known, inference 

concerning 𝜃 is based on the posterior distribution of 𝜃 which the Bayes' Theorem defines as. 

 
𝜋(𝜃|𝑦) =  

𝜋(𝑦, 𝜃) 

𝜋(𝑦)
=  

𝜋(𝑦|𝜃)𝜋(𝜃 )

∫𝜋(𝑦|𝜃) 𝜋(𝜃 )dθ
. 

(16) 

 

Function of r 𝜋(𝑦) =  ∫𝜋(𝑦, 𝜃) 𝜋(𝜃 )dθ indicates the data's marginal likelihood 𝑦. This is devoid of 

𝜃 and may be set to a scaling constant which does not impact the shape of the posterior distribution [22], [23] 

[24]. Consequently, the posterior distribution is frequently written as 

 
𝜋(𝜃|𝑦) 𝛼 𝜋(𝑦|𝜃)𝜋(𝜃).  

(17) 

 

Bayesian methods [25], [26] allow for the incorporation of preexisting ideas into the model and offer 

a means of formalizing the process of updating the previous information by learning from the data.  Bayesian 

approaches, as opposed to frequentist ones, offer believable intervals on parameters and probability values 

on hypotheses that make sense.  Furthermore, complex models that are challenging to fit using traditional 

techniques, such repeated measures, missing data, and multivariate data, may be handled by Bayesian 

methods.  One major challenge when using Bayesian techniques to calculate the posterior 𝜋(𝜃|𝑦) the process 
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typically entails high-dimensional integration, which is typically unmanageable in closed form.  As a result, 

the posterior distribution might not have closed-form expressions even while the likelihood and the previous 

distribution do.  Markov Chain Monte Carlo (MCMC) generates a sample of values. {𝜃(𝑔), 𝑔 = 1,… , 𝐺} from 

a convergent Markov chain summaries of the 𝜃(𝑔) values may be used to summarize the posterior distribution 

of the parameters of interest. For example, we might use the sample mean to estimate the posterior mean. 

 

𝐸(𝜃𝐼̂|𝑦) =  
1

𝐺
 ∑𝜃𝑖

(𝑔)
,

𝐺

𝑖=1

 

 

 

(18) 

 

and the sample variance to estimate the variance.  

𝑉𝑎𝑟(𝜃𝐼̂|𝑦) =  
1

𝐺 − 1
 ∑(𝜃𝑖

(𝑔)
−  𝐸(𝜃𝐼̂|𝑦))

2
𝐺

𝑖=1

. 

 

(19) 

 

to determine whether the sample chains have reached the stationary distribution, or the posterior distribution, 

MCMC methods necessitate the use of diagnostics.  Examining the trace plot, which is a plot of the parameter 

value at each iteration versus the number of iterations, is a simple method to determine whether the chain has 

converged. It shows how well the chain is mixing or moving about the parameter space.  

3. RESULTS AND DISCUSSION 

3.1 Gapminder Data 

This study uses secondary data, namely Gapminder raw data. This data can be obtained through the 

link https://www.gapminder.org/data/. The Swedish nonprofit Gapminder is independent and unaffiliated 

with any political, religious, or commercial groups.  Gapminder dispels harmful myths and advances an 

understandable, fact-based worldview. The unit of analysis of this study is life expectancy in the population 

in each continent. The response variable used in this study is life expectancy at birth, in years. While the 

independent variables used in this study are countries consisting of 142, continents consisting of 5, year, 

population, and GDP per capita (US$, inflation-adjusted). The study's independent and dependent variables 

are displayed in Table 1.  

Table 1. Description of Variables 

 

 

 

 

 

 

 
 

Data source: https://www.gapminder.org/data/ 

3.2 Analysis Method 

Method analysis used descriptive analysis and inference. The inference method used is restricted 

maximum likelihood (REML), Furthermore, there is a development of the REML method with a machine 

learning approach, namely Boot-Strapping REML. This study not only uses a frequentist approach but this 

study also uses a Bayesian approach. The Bayesian inference used is Bayesian MCMC. The software used in 

this study is RStudio. The package used for the REML estimation method is lme4 with the lmer function with 

its default configuration.  The bootMer function for parametric bootstrapping with 2000 simulations and the 

lme4 package are utilized for the Boot-Strapping REML estimate approach. To use four CPUs to simulate 

spherical random effects, set the u option to TRUE. The package for Bayesian MCMC inference is STAN 

v2.32.2 with the rstanarm function. 

The steps taken in this research are as follows. 

Variable Description Type Effects 

𝑌 life expectancy at birth, in years Numeric Fixed Effects 

𝑋1 Country Factor Fixed Effects 

𝑋2 Continent Factor Fixed Effects 

𝑋3 Year Integer Random Effects 

𝑋4 Population Integer Fixed Effects 

𝑋5 GDP per capita (US$, inflation-adjusted) Numeric Fixed Effects 

https://www.gapminder.org/data/
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1. Collect data from the Gapminder website to obtain life expectancy data in various countries and 

continents. 

2. Determine the response variables and predictor variables using the data in Table 1. The predictor 

variables used in this study consist of fixed and random effects variables presented in Table 1. 

3. The model used in this study is the Mixed-Effect Model with frequentist and Bayesian estimation. 

4. Conduct descriptive analysis of Gapminder data with Histogram and Boxplot. 

5. Conducting life expectancy data modeling with a Mixed-Effect Model to determine the predictor 

variables that have a significant effect on life expectancy. The significance level used in this study 

is 5%. The steps in building the model as follows 

a. Conducting error normality test using Kolmogorov-Smirnov test. error normality hypothesis 

test is the null hypothesis (𝐻0) claims that the alternative hypothesis and the error data are 

regularly distributed.(𝐻1) is the error data does not normally distributed. 

b. Conduct a partial test using the t-test statistic to determine which variables have a significant 

influence on life expectancy. The test examines the null hypothesis that a specific regression 

coefficient equals zero. 

𝐻0: 𝛽𝑗 = 0, 

𝐻1: 𝛽𝑗 ≠ 0. 

6. After modeling the life expectancy data, parameter estimation was carried out using Restricted 

Maximum Likelihood (REML), BootStrapped REML, and Bayesian MCMC. 

3.3 Overview of Life Expectancy in Different Continents  

Based on the data in Gapminder Data obtained in Table 1, each country was surveyed 12 times every 

5 years and in the data the way the numbers are distributed of surveys for each country was the same. The 

distribution of the number of countries on each continent can be done with a bar graph presented in Fig. 1 

below. It can be seen in Fig. 1 that the distribution of the number of countries surveyed or recorded is not 

balanced on each continent where the African continent has more than 50 countries surveyed, then the Asian 

continent is in second place with more than 30 countries, then followed by the Americas Continent, the 

European Continent, and the Oceania Continent. Based on Fig. 1, it can be seen that the Boxplot above 

displays the distribution of life expectancy by continent. Each boxplot provides information about the 

distribution of data such as median, quartile and outlier values. The African continent has the lowest median 

life expectancy among all continents. The distribution of data is quite wide, which shows large variations 

between countries. 

 

 

 

 

 

 
(a) (b) 

Figure 1. (a) Bar chart of the Number of Continent, (b) Boxplot of Life Expectancy by Continent 

It can be seen in the African continent some low outliers, namely countries with very low life 

expectancies around 30 and above. Life expectancy generally ranges from 40 to 55 years. The Americas 

continent has a higher median life expectancy than the African and Asian continents. The Americas 

continent has a narrower distribution than Africa which indicates less variability between countries. There 

is one low outlier around 38 years. Most countries in the Americas continent have life expectancies between 

60 and 75 years. The Asian continent has a lower median life expectancy than the European and Oceanian 
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continents, but higher than the African continent. The variation in the data in the Asian continent is large 

with some low outliers. The life expectancy in the Asian continent is widespread around 40 to 80 years.  

The European continent has a high median life expectancy with a value close to the life expectancy 

of the Oceanian continent. Small variations in the European continent indicate that countries in Europe have 

relatively uniform life expectancies. Some low outliers such as countries with life expectancy values lower 

than the European average, this is likely from Eastern Europe. The European continent is generally in the 

range of 70 to 80 years. The Oceanian continent has the highest median life expectancy among all 

continents. It can be seen that there are almost no outliers and the boxplot is very narrow because it only 

consists of two countries, namely Australia and New Zealand. The life expectancy of the Oceanian continent 

is very stable at over 75 years. Thus, the Oceanian continent and the European continent have the highest 

and most stable life expectancy levels. The African continent has the lowest life expectancy with high 

variation and many lagging countries. The Americas and Asia are in the middle, with the Americas slightly 

ahead of Asia in median and stability values European continent has a high median life expectancy with a 

value close to the life expectancy of  

Figure 2. GDP Per Capita based on Life Expectancy using Rstudio Software  

Based on Fig. 2 above, the scatter plot illustrates the relationship between GDP per capita and life 

expectancy. It can be observed that across all years, there is a positive trend, indicating that countries with 

higher GDP per capita tend to have higher life expectancy. The large black bubbles represent population size 

— the larger the bubble, the larger the population of the country. For example, China and India have large 

bubbles, suggesting that changes in these countries have a global impact. Colors represent the distribution of 

countries across continents. It is evident that Europe and Oceania have many countries with high GDP and 

high life expectancy. Asia and the Americas have a moderate range, including both wealthy and developing 

countries. African countries are mostly represented in the bottom-left area, reflecting low income and low 

life expectancy. Looking at the panel year by year, we can see that the cluster of bubbles on the right has 

grown from 1952 to 2007. Africa has shown gradual progress but remains significantly behind other 

continents. Asia has shifted upward and to the right. When GDP per capita reaches around 10,000 to 20,000, 

the increase in life expectancy begins to slow down. Thus, while GDP per capita and life expectancy are 

strongly correlated, their relationship is not linear. Over time, many countries have moved toward the upper-

right quadrant, indicating an overall improvement in social and economic indicators. Therefore, economic 

and demographic factors significantly influence life expectancy. 
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3.4 Mixed-Effects Models with Restricted Maximum Likelihood 

In Mixed Effects model, normality test on the error terms is necessary to determine whether they follow 

a normal distribution. The normalcy test's findings are presented in Table 2 below. The normality test was 

conducted using the Shapiro-Wilk test, which shows that the Mixed Effects model with both Maximum 

Likelihood (ML) and Restricted Maximum Likelihood (REML) estimation methods follows a normal 

distribution. Furthermore, parameter estimation in Mixed Effects Models can be carried out using Maximum 

Likelihood (ML) or Restricted Maximum Likelihood (REML). The parameter estimation results for this 

model, obtained using RStudio software, are presented in Table 2. The random effect used in this model is 

the year, indicating that there is variation across years that affects life expectancy in each continent. As we 

can see Table 2, that the variables significantly influencing life expectancy in each country under both ML 

and REML estimation methods are GDP per Capita, and the continents of Americas, Asia, Europe, and 

Oceania. However, the population variable does not significantly affect life expectancy in each country. 

Countries in the Oceania continent have the highest estimated life expectancy compared to the Americas, 

Asia, and Europe. This indicates that people in Oceania tend to live longer than those in other continents. 

Table 2. Estimation Parameter of Mixed-Effect Model with ML and REML 

 Maximum Likelihood (ML) Restricted Maximum Likelihood (REML) 

Fixed Effects:  

Variables Coefficient 

(Std. Error) 

t-value Coefficient 

(Std. Error) 

t-value 

(Intercept) 48.18204 32.74637* 48.18246 31.44212* 

 (1.4713703)  (1.5324175)  

GDP Per Capita 0.00030 15.22125* 0.00030 15.21650* 

 (0.0000199)  (0.0000199)  

Population  0.00000 1.18191 0.00000 1.17896 

 (0.0000000)  (0.0000000)  

Continent Americas 14.26886 29.05797* 14.26977 29.06798* 

 (0.4910482)  (0.4909103)  

Continent Asia 9.34234 19.94057* 9.34365 19.94893* 

 (0.4685091)  (0.4683787 )  

Continent Europe 19.30730 37.51885* 19.30940 37.53319* 

 (0.5146027)  (0.5144621)  

Continent Oceania 20.48845 14.04627* 20.49120 14.05211* 

 (1.4586392)  (1.4582297)  

Random Effects: 

Groups Standard Deviation Standard Deviation 

Area 4.995075 5.220602 

Residual  6.820087 6.832206 

Normality Test: p-value p-value 

Shapiro-Wilk 4.518e-07 4.636e-07 
*) Significant at α = 5% 

The parameter estimation results using 1.000 simulations with bootstrapped REML are presented in 

Table 3 below. In Table 3, each row shows the estimated fixed effects along with the 95% confidence intervals 

from 1,000 bootstrap samples. It can be seen that the intercept lies within a confidence interval between 47.63 

and 48.71. This means that the average life expectancy is within this range when all predictors are set to zero. 

The GDP per Capita variable shows a significant positive effect, as its confidence interval does not cross 

zero. This suggests that life expectancy is generally positively correlated with GDP per capita. For the 

population variable, the confidence interval crosses zero, suggesting that it does not have a significant effect 

on life expectancy. The Americas show higher life expectancy compared to Asia based on the confidence 

interval in Table 3. Europe has a significantly higher life expectancy than both the Americas and Asia. 

Oceania shows the highest life expectancy compared to the Americas, Asia, and Europe. Thus, it can be 

concluded that all continents—except for Africa—exhibit significantly higher life expectancy. 

Table 3. Estimation Parameter of Mixed-Effect Model with bootstrapped REML  
Variable 2.5% 97.5% 

Intercept 47.627 48.714 

GDP Per Capita 0.000 0.000 

Population -0.000 0.000 
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Variable 2.5% 97.5% 

Continent Americas 13.331 15.270 

Continent Asia 8.405 1.021 

Continent Europe 18.268 20.028 

Continent Oceania 17.655 23.346 

3.5 Mixed-Effects Models with Bayesian Inference 

Mixed Effects Model using the Bayesian inference can be implemented through Bayesian MCMC. In 

the Bayesian framework, we use the rstanarm package in RStudio. In the mixed-effects model, we nested 

GDP per Capita, Population, and Country. The Bayesian-adjusted mixed-effects model is used to predict life 

expectancy based on the year. The first step in Bayesian modeling is specifying the likelihood and prior 

distributions. Before performing mixed-effects modeling using the Bayesian approach, we need to check for 

convergence across several model chains. Convergence can be assessed in two ways: numerically and 

visually. Based on Table 4, it can be concluded that the MCSE values for all parameters are close to zero 

(average ≈ 0.0), indicating that the uncertainty due to the Monte Carlo simulation is very low.  

 
Figure 3. Plot Posterior Predictive Check the Observed Distribution 

Based on Fig. 3, it can be shown that the results of the posterior predictive distribution (thin light blue 

line) and the observed data (thick dark blue line) do not have similar distributions. However, the replication 

model is generally quite good with most of the simulation lines (y_rep) following the original distribution 

pattern (y), indicating that the model is quite successful in replicating the general shape of the distribution. 

There are similar shapes and peaks in the lifeExp range of around 55-75. In Fig. 3 it can be seen the trace 

plots also exhibit good mixing, as indicated by random fluctuations without signs of high autocorrelation, 

which results in a large effective sample size (n_eff) and efficient parameter estimates. Moreover, no stuck 

chains or extreme values deviating substantially from the posterior mean were observed, indicating that the 

sampling process proceeded stably without numerical issues. Overall, the trace plots provide visual validation 

of sampling quality and support the conclusion that the posterior estimates can be used with high confidence 

for subsequent inference and prediction. 

 
(a) (b) (c) 
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Figure 4. Trace Plots for Monitoring Model Parameter Convergence 

(a) Continent Americas, (b) Continent Asia, (c) Continent Europe, (d) Continent Oceania,  

(e) GDP Per Capita, (f) Population (pop) 

This is important because it suggests that the posterior estimates are stable across simulation 

replications and are not substantially influenced by random sampling noise. All parameters exhibit an  
𝑅̂ value of 1.0, indicating that the Markov chains have reached convergence. In this context, an 𝑅̂ value close 

to 1 implies that the between-chain variance is nearly equal to the within-chain variance, supporting the 

reliability of the posterior estimates. The effective sample size (n_eff) for all parameters ranges from 542 to 

6,121, which is considered high and indicates that the posterior distribution is adequately sampled to produce 

precise estimates. MCMC diagnostic evaluation was conducted to assess the quality of the posterior estimates 

for the parameters in the Bayesian logistic regression model. The trace plot for each predictor variable is 

presented in the following Figure 4. 

Table 4. Posterior Distributions of Model Parameters and MCMC Diagnostic for Posterior Quality Assesment 

Variable Mean SD 10% 50% 90% MCSE 𝑹̂ n_eff 

(Intercept) 48.1 1.2 46.7 48.1 49.6 0.1 1.0 542 

GDP Per Capita 0.0 0.0 0.0 0.0 0.0 0.0 1.0 5453 

Population 0.0 0.0 0.0 0.0 0.0 0.0 1.0 6121 

Continent Americas 14.1 0.7 13.3 14.1 15.0 0.0 1.0 2397 

Continent Asia 9.2 0.8 8.2 9.2 10.2 0.0 1.0 1670 

Continent Europe 18.9 0.8 17.9 19.0 20.0 0.0 1.0 1011 

Continent Oceania 20.0 1.5 18.0 20.0 22.0 0.0 1.0 5244 

Mean_PPD 59.5 0.2 59.2 59.5 59.8 0.0 1.0 3959 

Log_posterior  0.2 1.0 1225 

Three key diagnostic indicators were examined: Monte Carlo Standard Error (MCSE), Gelman–Rubin 

convergence diagnostic (𝑅̂), and Effective Sample Size (n_eff). The results are presented in Table 4. Before 

assessing the results of the estimation, we assess sampling quality. Mixed-Effect model uses rstanarm default 

settings for MCMC and runs without warnings. For numerical checks of sampling quality, we describe the 

summary function. The parameter estimation results using the Bayesian approach are presented in Table 4 

above. The log-posterior parameter has an MCSE of 0.2, and 𝑅 ̂of 1.0, and an effective sample size (n_eff) 

of 1,225, indicating that the posterior target function has also achieved stable estimation. Overall, these results 

suggest that the constructed Bayesian model satisfies key convergence diagnostics, thereby supporting its 

interpretability and further use for decision-making purposes. The continent variable has a significant effect 

on life expectancy.  

4. CONCLUSION 

Mixed-Effect Model in this study uses several inferences. Frequentist inference is done using 

Restricted Maximum Likelihood and Bootstrapped REML, and Bayesian Inference. Although these three 

methods use different stages, the estimation results of this method are the same. Based on the results of the 

REML estimation, it can be concluded that the population does not have a significant effect on the number 

bootstrapped REML life expectancy. estimation results semiparametric of likelihood which uses a certain 

confidence interval. From the results of the REML bootstrapped estimation, it can be concluded that the 

population also has no effect on life expectancy. Furthermore, Bayesian inference with the MCMC approach 
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can be concluded that all predictor variables have converged as seen in the Trace plot. The results of the 

Bayesian MCMC estimation show that the variables that have a significant effect on life expectancy are GDP 

Per Capita and continents. Therefore, all of these models it can be concluded that life expectancy captures 

random effects as years are influenced by GDP Per Capita, Country, and Continent. However, this model still 

uses simple predictor variables so that for further research it is recommended to use more complex predictor 

variables.  
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