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1. INTRODUCTION

Lie group theory is a significant area of mathematics that intersects algebra and geometry, providing a
framework for understanding the structure and geometric properties of various mathematical objects [ 1], [2],
[3]. This theory has profound implications in both pure and applied mathematics, as well as in theoretical
physics. Lie groups are essential in understanding the fundamental structures of algebra and topology,
including classical linear groups, topological groups, and analytic manifolds [4], [5], [6], [7]. In mathematics,
Lie group theory plays a crucial role in understanding the structure and geometric properties of various other
mathematical objects [8], [9]. This role includes, among other things, Lie symmetry and solutions to reaction-
diffusion systems that arise in biomathematics [ 10] and Lie theory in several economic and financial problems
[11]. Of course, to understand these applications, it is necessary to further comprehend the basic concepts of
Lie groups. One of these concepts is matrix Lie groups and their properties.

Matrix Lie groups are defined as closed subgroups of the set of all invertible matrices, making them
an essential object of study within both algebra and geometry. These groups can be represented as sets of
matrices that respect certain group properties, such as closure under matrix multiplication and inversion,
while also forming smooth manifolds, thereby connecting algebraic group theory with differential geometry
[12], [13]. Some of the most well-known examples of matrix Lie groups include the Heisenberg Lie group
H,,, which plays a significant role in quantum mechanics and harmonic analysis; the orthogonal matrix Lie
group O (n), which consists of matrices preserving the Euclidean inner product, and is widely used in physics
and computer science; and the special orthogonal matrix Lie group SO(n), which is a subgroup of O(n) that
further restricts matrices to those with determinant 1, representing rotations in n-dimensional space [&]. The
concept of matrix Lie groups is not only crucial for understanding the geometry and structure of matrix
representations, but it also provides a framework for studying their actions on associated algebraic structures,
particularly Lie algebras and dual Lie algebras. Each matrix Lie group is associated with a Lie algebra, which
captures the local, infinitesimal structure of the group, and the dual Lie algebra, which provides a
corresponding space of linear functionals. The interaction between a matrix Lie group and its Lie algebra
offers profound insights into both the algebraic and geometric properties of the group.

The study of the actions of matrix Lie groups on their Lie algebras and dual Lie algebras leads to the
development of Lie group representation theory, a field that bridges the gap between abstract algebra and
geometry. Representation theory aims to express abstract Lie groups as concrete groups of matrices, making
their structure more accessible and understandable. The action of matrix Lie groups on Lie algebras is
intricately linked to the theory of adjoint orbits, which describe how the group acts on its own Lie algebra via
conjugation. Similarly, the action of matrix Lie groups on the dual space of the Lie algebra gives rise to the
theory of coadjoint orbits, which plays a central role in both symplectic geometry and the orbit method in
representation theory. This connection between group actions and orbits is foundational to understanding the
broader implications of Lie group theory in both mathematics and theoretical physics.

Research on the theory of coadjoint orbits of Lie groups has been extensively conducted by numerous
scholars over the years, contributing to a deep understanding of their structure and significance in various
branches of mathematics and physics [ 14], [15], [ 16]. These studies have provided a foundation for exploring
the relationship between Lie groups and their coadjoint orbits, with significant implications for representation
theory, symplectic geometry, and quantum mechanics. The exploration of coadjoint orbits has also led to
important advancements in understanding how Lie groups act on their duals, offering insights into the nature
of these actions and their representations [17], [ 18], [19], [20], [22]. On the other hand, Corwin and Greenleaf
[8] represents a pivotal development in the field, as they introduced a systematic approach to parameterizing
coadjoint orbits of matrix Lie groups. Their method has become a cornerstone in the study of specific Lie
groups, particularly matrix Lie groups, where they provided a detailed framework for the parameterization of
orbits, including those of the Heisenberg Lie group, as well as other matrix Lie groups. The significance of
their contributions lies in the ability to concretely describe and compute the structure of these coadjoint orbits,
which is crucial for understanding their geometric and algebraic properties. Motivated by these foundational
studies, this article seeks to further explore the concept of coadjoint orbits and delve into the specific process
of parameterizing them, with a particular focus on the Heisenberg Lie group [17]. The objective of this article
is to derive explicit formulas for the coadjoint orbits associated with the Heisenberg Lie group and to present
a detailed parameterization of these orbits. By doing so, this work aims to enhance the understanding of the
underlying symplectic geometry of the Heisenberg group and contribute to the broader theory of coadjoint
orbits in the context of nilpotent Lie groups.
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Since this research prioritizes concrete computations to obtain the explicit formulas of coadjoint orbits
of the Heisenberg Lie groups, we only focus on the calculation for the case of n = 1, 2, 3 which corresponds
Lie algebras of dimension 3, 5, and 7 so that the formula obtained is easier to understand for those who are
interested in studying the representation theory of Lie groups by the orbit method. We thank Corwin and
Greenleaf [21] and Kirillov [17] motivation and the general formula of the coadjoint orbit and its
parametrization. In addition, we also give interpretations the obtained coadjoint orbit formulas for the case
ofn = 1, 2,3 including their parameterizations.

2. RESEARCH METHODS

The research method used in this study is descriptive research by analyzing articles related to
Heisenberg Lie groups, especially about their coadjoint orbits and their parametrizations. In particular, this
reseach focuses on the works of Corwin and Greenleaf [21] and Kirillov [17]. We compute explicitly their
results for coadjoint orbit formulas for cases n = 1,2,3. At this stage, the authors studied the literature on
these works, particularly those related to the parameterization of the coadjoint orbits of a Lie group. This
research follows a systematic approach divided into several key stages.

1. The first step in this research methodology is to identify the research problem, which focuses on
how to parameterize the coadjoint orbits of the Heisenberg Lie group. This stage involves a
thorough review of existing literature and highlights the significance of studying coadjoint orbits
in the context of Lie group representation theory and symplectic geometry.

2. The second step is identified, the next step is to conduct a comprehensive review of the literature,
specifically focusing on previous studies related to coadjoint orbits and their parameterization,
particularly within the Heisenberg Lie group and other matrix Lie groups. This review serves to
establish a solid theoretical foundation for the study. Based on the literature review, the next phase
involves the development of the theoretical framework. At this stage, the foundational concepts
of Lie groups, Lie algebras, and coadjoint orbits are systematically organized, including Kirillov's
method, which forms the theoretical basis for the representation of Lie groups through coadjoint
orbits.

3. The third step is parameterized the obtained coadjoint orbits. In this step, we give explicit formulas
of coadjoint orbit parametrizations.

The detail of our approach can be illustrated in the Fig. 1.

/ Heisenberg Lie Group /

| Finding the Adjoin Representation |

| Finding the Coadjoint Orbit |

l

| Determining the parametrization of the orbit |

v

Conclusion

End

Figure 1. Research Flow Chart
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2.1 Preliminaries

In this sub-section, we shall briefly review some basic notions of the Heisenberg Lie group, adjoint
representations, coadjoint orbits, and their parametrizations.

Definition 1. [21] The Heisenberg Lie algebra b,, of dimension 2n + 1 is the vector space whose basis is
B = {(X)g;l, MNi=1, Z} and whose Lie brackets are given by [Xy, Y] = Z and other zeroes for 1 < k < n.

Furthermore, an element Y}_;(xx Xy + YY) +pZ of b, corresponds to the matrix of dimension
(n + 2) X (n + 2) as realized in the following form:

0 4 .. x, p

L /0 o 0y
k=1 ./
0O o .. 0 O

Example 1. An element of 3 dimensional Heisenberg Lie algebra whose basis is S = {X;,Y;,Z} can be
represented as 3 X 3 matrix as follows:

0 x4 p
Xy +yii+pZ=10 0 y), (2)
0O 0 O

Indeed, the matrices X1, X,, and Z are given in the following forms:

01 0 0 0 O 0 0 1
X; = (O 0 0),X,=10 0 1),Z=(0 0 0).
0 0 O 0 0 O 0 0 O

We denote Y.i—; (e Xy + yiYe) +pZ by (X, ¥,p) with X = (xq, %2, ., %), ¥ = V1, Y2, -, Yn) € R™ and
p € R. Letx.y = ).}~ X; Vi be the usual dot product on R™. Then we have the following:

Definition 2. [21] The Heisenberg Lie group H,, is the matrix Lie group whose element can be represented
as the exponential coordinates of the element in Eq. (1). Namely we have:

1
X1 .. Xp D+ > x.y
_ 0 1 0 Y1
= . 3
expLy.P) =4 o4 - 5 ®3)
R S Y
0 0 .. O 1
Example 2. An element of 5 dimensional Heisenberg Lie algebra with the matrix representative
01 2 5
|10 0 0 3
4=l0 0 0 4/
0 0 0O
can be realized as the exponential matrix
1 1 2 16
[0 1 0 3
xpW=1g o 1 3
0 0 0 1

Definition 3. [17] Let G be a Lie group whose Lie algebra is given by g. For g € G, let C4 be the conjugation
map given by

Cy:G3x - Cy(x) = gxg™? (4)

and the derivative of Cj is denoted by (C g)*. Then, the adjoint representation of G is the mapping

Ad(g) = (Cg)*: g3 X~ Ad(g)X € g. (5
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Furthermore, in the case of G is a matrix Lie group then Eq. (5) is given by simpler formula as conjugation.
Namely, we have Ad(g)X = gXg~! forevery g € G and X € g.

Definition 4. [17]. Let G be a Lie group whose Lie algebra is g. Let g* be a dual vector space of g . The
coadjoint representation of G on the space g* is defined by

Ad*(g):g¢* 21~ Ad*(g)l € g". (6)
Let I € g*, the coadjoint orbit of G is the set given by:
Ad"(6)l ={Ad"(g)llge G} S g". (7)

Let G be a matrix Lie group whose Lie algebra is g and its dual vector space is g*. Let X be an element
of g and let [ be an element of g* then:

(W) =(LW) = tr(IW). (8)
Furthermore, Eq. (6) can be given by Ad*(g) : = (Ad(g_l))* and by following Eq. (8) then we have:

(Ad* ()L W) = ((Ad(g™1)) L W) = (L Ad(g~ )W) 9)
withg € G,W € g,andl € g* [17].

3. RESULTS AND DISCUSSION

In this section, we present the key findings of the study, followed by an in-depth discussion of their
implications within the context of the Heisenberg Lie group and its coadjoint orbits. The results include
explicit parametrizations of the coadjoint orbits, along with their mathematical properties. We also explore
how these findings compare with existing literature and discuss the broader significance of these results in
the framework of symplectic geometry and representation theory. Our main results are stated in two following
propositions.

3.1 Coadjoint Orbits of the 3, 5, and 7-Dimensional Heisenberg Lie Group

The general formula of coadjoint orbits of the Heisenberg group and its parametrization can be found
in [21], but we confirm for the special cases of Heisenberg Lie group of dimensions n = 3,5,7. These
dimensions were chosen because they can still be calculated concretely, whereas higher dimensions (= 9)
are very difficult to calculate in real terms. This is important since it can attract young researchers to
understand a representation theory of Lie groups. We believe that our results can give more concrete
computations to understand the coadjoint orbits and parametrization of the Heisenberg Lie group. The first
result is the explicit formulas of the coadjoint orbits of the Heisenberg Lie groups corresponding to the
Heisenberg Lie algebras of dimension 3, 5, and 7.

Proposition 1. Let Hy, H,, and H3 be Heisenberg Lie groups of dimensions 3, 5, and 7 respectively
corresponding to their Lie algebras H1,0,, and b3. Let 1,05, and b5 be their dual vector spaces of 1,52,
and b3 respectively. Then the coadjoint orbits of Hy at a point lo g, € b1 have two formulas as follows:

1. (Ad"Hy)lgp, = {lar’ﬁr‘y1|a’,[)”,y’ € ]R}, y#0,d =a+yy,B ' =B—vyx, andy' =y.
2. (Ad"H)lgpy = {lapo|a B € R},

0 0 O
where lq g, = (a 0 0) =aX* "+ BY* +yZ* €D].
y B 0O

In similar way, the coadjoint orbits of H, at a point kq g, € b5 can be written in the following
forms:

3. The coadjoint orbits of Hy consists of: (Ad*Hp)kz 5, = {ka’,ﬁ’,]—/’lc_f,J B €R%y €R}, fory #
0,a =a+yy, ¥=01,y) ERL,B =f—yx,x = (x1,x)R?,  y' =y, and the last
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coadjoint orbits of H, is of the (Ad*Hz)ka,l—;J,:{k&,,—;,O

df,ﬁ_ € ]Rz}, where k-5

apy ~
0O 0 0 O
a 0 0 O . _
e, 0 0 0)€Yh2@=(@@)ERLF=(BLB)ERLYER
Yy B B2 O
Finally, we also have the coadjoint orbits of Hs at a point Mgz, € b% can be written in the
following forms:

4. The coadjoint orbits of Hz consists of: (Ad"H3z)mzz,, = {mﬁr’grﬁ,lﬁ’, {'€eR3,5€R} for§ #0
’ ﬁ’ = ﬁ + 66—1' (j = (ql' qz, CI3); {_, = {__ 625!5 = (le b2, p3) 6, = 6) and the last coadjoint

orbits  of Hz is of the (Ad"H3)mgzzs = {mﬁ,Z,olﬁ'(_ € ]R3}, where Mgz s =
0 0 0 0 O
nn 0 0 0 O
M2 0 0 0 0fe b;; 77 = (771: N2, 773) € R3'( = ((1'(2'(3) € ]R315 ER
73 0 0 0 O
§ &G & ¢ 0
1 x z
Proof. Firstly, we shall prove for case n = 1. We apply Eqs. (6) and (9). Letg = (0 1 y> be an element
0 0 1
0 a ¢
of Hy and W = (0 0 b) = aX + bY + cZ be an element of the Lie algebra §); with B = {X,Y,Z} is a
0 0 O
0 0 O
basis standard basis for b;. Furthermore, for any element [l g, = (a 0 0) =aX*"+BY " +yZ"of a
y B0

dual vector space b3, then we shall compute its coadjoint orbits directly as follows:
(Ad"(@lapy W) = ((Ad(g_l))*la.ﬂ,w W) = (lapy, Ad(g™ W)
= la,ﬁ,y (Ad(g_l)W) = la,ﬁ,y (g_lwg)

1 —x xy—2z\/0 a c\/1 x z
=lapy (0 1 -y ) (0 0 b) (0 1 y)
0 0 1 0 0 0/\N0 0 1
0 a ay—bx+c 0 0 0N/0 a bx—ay+c
=lapy (0 0 b ) = trace {(a 0 O) <0 0 b )}
0 0 0 y B 0/\0 0 0

0 0 0N /0 a c
=aa+ﬁb+yc+ayy—byx=trace{<0(+]/y 0 0)(0 0 b)}

14 B—yx 0/\0 0 0
= (la',ﬁ',}/" W),V W € bl'

Recalling that (la’,,B',y'| W) = lg' g,/ (W). Therefore, Ad*(g)lap, = ly' 5, Where @' =a+yy, B’ =
B —yx,andy' =y.

If we fix y # 0, then we have 2-dimensional coadjoint orbits in the plane of the form (Ad*Hy)lgp, =
{larﬁr’yr|a’,[>”,y’ € R}, with ' =a+yy,B' = —yx, and y’' =y as required. Furthermore, if we fix

¥ = 0, then we have points in the plane in the form (Ad*Hy)lyp, = {la,ﬁ,o a,fB e ]R}.

Secondly, we shall prove for case n =2. We also apply the equations (6) and (9). Let h =

1 x4 x5 z 0 a4 a, ¢
0 1 0 0 0 0 »b
0 o0 1 2 be an element of H, and U = 0 0 o b; =a; X1 +a, Xy + b Yy + b)Y, +cZ

0 0 0 1 0 0 0 O
be an element of the Lie algebra b, with B’ = {X;, X,, Y1, Y5, Z} is a standard basis for b,. Let us fix an element
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0 0 0 O

a O 0 0 * * * * * * = %)
kﬁ,l_f,)/ = a: 0 0 0 = 0£1X1 + a2X2 +ﬁ1Y1 + ﬁYz + yZ € bz,a = (al, 0_’2) € RZ,B =

Y B B2 O

(B, B2) € R%,y € R. of a dual vector space b3, then following for case of coadjoint orbits of H; then we
have:

(Ad"(Wkg,,U) = (Ad(A™)) kg3, U) = (kg z,, Ad(A™)U)

= kg5, (Ad(h™ Ho) = kaﬁy(h‘th)
1 % x z\ /0 a4 a, c 1 x4 x, z
— ke 01 0 »m 0 0 0 bh|{O 1T 0 y
“Brilo o0 1 y, 0 0 0 byJ\0 0 1 y,
0 0 0 1 0 0 0 O 0O 0 0 1
0 a; a, c+ayy;+ayy; —bixy —byx,
— k- 0 0 O b,
@Brvilo 0 o b,
0 0 O 0
0 0 0 O\ /0 a; a, c+ayy;+ayy, —bix; —byx,
= trace{ | 1 0 0 03fo 0 0 by
az 0 0 O0flo 0 0O b,
\\y B B2 0/ N0 0 0O 0
= a0y + a1yy1 + @20z + azyyz + b1y — biyxy + baff; — byyxz + cy
0 0 0 0 0 a ap c
_ ay +ayys 0 0 0lfo 0o 0 b
=T @y + vy, 0 o oJ]lo o o b
14 Br—biyx1 —byyx; B 0/ \0 0 0 0

= (kg 5351, U) = kg g57(U), VU € b,.
Therefore, Ad* (h)kaﬁy kg g1 € By where @ =a+yy, y=u,y,) ER,B =B —yx,x=
(x1,%2) €RZ, ¥/ =y, @ = (a1, ), B = (B, B2)-

If we fix y # 0, then we have 4-dimensional coadjoint orbits in the space of the form (Ad*H,)k; By =

{k &' B’y’la ,B € R?%y' € R} as required. Furthermore, if we fix y = 0, then we have points of the form
(Ad*Hp)kg 5, = {kap, R?}.

Thirdly, we shall compute all coadjoint orbits of Hs. To do that, let w and w™! be elements of H3 with the
following matrices realizations:

1 pr
w = (0 1 q), where p = (pq, P2, P3) and § = (q4, G2, q3) are elements of R3. Indeed, w is the 5 X 5

0 0 1
0O 0 0 O O
0 a c M 0 0 0 0
matrix. Moreover, let V = (0 0 E) be an element of b3 and let myz 5 = | 72 0 0 O O|be
0 0 O n 0 0 0 O
§ ¢ & {3 0

any element of b3 with 7 = (71,12, 13) € R®,{ = ({1,02,{3) ER®, 6 ER.

Then by direct computations, we also have:
(Ad*(W)myz 5,V) = ((Ad(w™ 1)) myz 5 V) = (myz 5, Ad(w™1)V)
= myzs(AdW™DV) = mgz s(w™'Vw)
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-1

1 p r 0 a c\/1 p r
=mgzs (0 1 q) (0 0 E) <0 1 q)
0 0 1 0 0 0/\0 O 1
(0 P1 P2 P3 C+aiqy+axq, +asqs —bips — bap, — b3CI3\
00 0 0 a0
=mzzs| 10 0 0 O q2
00 0 0 qs /
0o 0 0 O 0
(/0 0 0 0 O\ /0 p; p; ps c+a1q;+axq;+aszqs —bipy — bapy — b3qs\)
nn 0 0 0 O0}fo 0o 0 O 1
=trace{|n, 0 0 0 O 0O 0 0 O q2
s 00 0 ollo 0o o o a3
\\6 {1 & 3 0/ \0o 0 0 O 0
=110y + 416Gy + 120, + a26q; + N3a3 + a36qs + by — b16py + b{y — b8P, + b3{s — b3bps + ¢b
( 0 0 0 0 0 ‘
(Yh +8qq 0 0 0 0\ 0 a c
= trace{ | 12 +6q, 0 0 0 0 <0 0 13)
N3 +6q; 0 0 0 0/ 0 0 O
\ 5 ¢1—96p1 §—90py, {3—6ps O

= (mﬁlzl_,g, , V) = mﬁlzl_(g,(V), VvV EDbs.

Therefore, Ad*(W)mgzs = mgiz15, € b3 where 7' =17+8q, §=(q1,92,93) € R3,{'=(—-6p,p=
(P1,p2,p3) ER?, 8" = 68,7 = (1,12,13),{ = ({1, G2, {3).-

If we fix § # 0, then we have 6-dimensional coadjoint orbits in the space of the form (Ad*H3)m,—,zr5 =
{mﬁz’s 7,{ € R3} as required. Furthermore, if we fix 6§ =0, then we have points of the form

(Ad*H3)m;z 5 = {mﬁ,3_0|r7,c' €ER%}. m

3.2 Parametrization Coadjoint Orbits of the 3, 5, and 7-Dimensional Heisenberg Lie Groups

In this sub-section, we state the second result of parametrizations of coadjoint orbits of the Heisenberg
Lie groups corresponding to the Heisenberg Lie algebras of dimension 3,5, and 7. The general formula of
coadjoint orbits of Heisenberg Lie group is obtained in [21], however we bring down it to earth by direct
computations for low dimensions.

Proposition 2. Let Hy, H,, and H; be Heisenberg Lie groups of dimensions 3, 5, and 7 whose their Lie
agebras are §)1,9,, and b3 corresponding to their dual vector spaces 91,95, and b3. Let S and T be disjoint
sets of indices satisfying S U T = {1,2,3}. Then parametrizing variables of coadjoint orbits of H, in U = {f €
b1 ;{f.Z) = f(Z) # 0 }aregiven by u; = —yx and u, = yy. Moreover, if B = {X,Y,Z} is a basis for b,
it is also obtained that

T (UNV)XVsd(Z5 ) »yZ" +u Y +u,X €U,
with Vs = span {X*,Y*} € b] and V; = span {Z*}.
Furthermore, parametrizing variables of coadjoint orbits of Hy in U' = {Yp € b5 ;(,Z"y=yY(Z") #0 }
are given by v, = —yx1,V, = =YX, and V3 = YY1, Vs = YY,. Moreover, if B' = {X1,X3,Y1,Ys, Z'} is a basis
for b4, it is also obtained that

U NV XV, (yZ50) » yZ™ +viYy + v,V + 03Xy + v, X, €U,
with Vg, = span {X1,X5,Y{, Y;} € b3, Vi, =span{Z"}, and S'UT' = {1,2,3,4,5}.

The last one, let B'" = {Py, P,, P3,Q4, Q2, Q3, R} be a basis for bz and let S U T" = {1,2,3, ...,7} be the union
of setindeces S and T"'. Then , parametrizing variables of coadjoint orbits of Hy in U" = {¢p € b3 ;{(p,R) =
@©(R) =0 } are given by e; = —6pq, e, = —6py,e3 = —06p3 and e, = §qq,e5 = 6q,, and eg = 6qs.
Moreover, the map €:(U" N Vr,) X Vg, = U" is given by
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3 6
e(6R*,(") = 6R* + Z e;Q; + 2 e; P
i=1 =4

with V's,, = span {P1, P;, P3,Q1,Q2,Q3} € b3, V), = span {R"}.

Proof. Firstly, we shall prove for case n = 1. We observe the coadjoint orbits of H; as proved Proposition

1 x z
I. Let Hy act on ] by the coadjoint action Ad*H;. Namely, for g = (0 1 y) =~ (x,y,z) € Hy and
0 0 1

0 0 O
lapy = (a 0 0) =aX* + BY* +yZ* of adual vector space hj, then we obtained in Proposition | that
y B0

Ad*(Plgpy = A (Y, 2)lapy, =vZ + (@ +yy)X* + (B —yx)Y™.

We recall for y # 0, then we have 2-dimensional coadjoint orbits in the plane of the form
(Ad"H))lgp, = {larjﬁr_yr|a’,[3”,y’ € ]R}, with a' =a+yy,B ' = —yx, and y' =y as required.
Furthermore, since the dimension of h] equal to 3, then S = {2,3}. This implies U = {f € b7 ;(f,Z) =
f(Z) # 0 with Vs = span {X*,Y*} € b] and Vr = span {Z*}. Now, let ly,, be element of UNVy =
{yvZ* ;y # 0}. Then

Ad*(Plooy =vZ" + (yy)X* + (—yx)Y™.

The projection of Ad*(g)lo, to Vs yields the parametrization variables of coadjoint orbits of H; in
U={f€eb] ;{(f.Z)=f(Z)#0 }asof forms u; = —yx and u, = yy as required. As consequences, we
get the map

T:(UNV)xXVed (yZ50) »yZ* +u Y +u,X € U.

Secondly, we shall prove for case n = 2. Let H, acting on §, by coadjoint action Ad*H,. Let
{X1,X,,Y1,Y,,Z} be the standard basis for b, and let {X7, X5, Y{",Y,', Z*} be the standard basis for b3. Let us
denote eXp(le=1(xiX i+ yiY) +zZ ) with (x,y,z) € R®. From Proposition 1, we obtained that:

2
Ad*(x;}’; Z) (Z(ale* + BLYL*) + ]/Z*> = la+yy,ﬁ—x%y'

i=1

Since each nontrivial orbit (y # 0) has dimension 4 and H35 has dimension 5, the exceptional basis
indices mustbe S = {1,2,3,4}. Thus U’ = {l g, € b3|lap, (Z) # 0}, Vs = span{X;, X3, Y, Y5}, and V'y, =
span{Z*}. For lyo, € U' N V'y, = {yZ*|y # 0}, the value of the coadjoint action is given by

2
Ad*(x,y,2)lo0, = Z(yiVXf —xyYy) +vZ".

i=1

By projecting X2, (y;¥X; — x;yY;") + yZ* to Vs, it can be seen that the parametrizing variable for
orbits in U' are v; =y vy, v, = y,¥, V3 = —x1y, and v, = —x,y. Furthermore, if y # 0, then map
x:(U'nVp) xV, - U'is given by

x: U NVE) xV, 3 (yZ" V) »yZ" +v1Yy + v,V + 03Xy + v, X, €U’
as required.

Thirdly, the last one for case n = 3. We observe the coadjoint orbits of Hj as proved in Proposition 1. Let

1 pr
H; act on hz by the coadjoint action Ad*H;. Namely, for = (0 1 (7), where p = (pq,p2,p3) and g =
0 0 1
0 0 0 0 O
/771 0 0 0 O
(91,92, 93) are elements of R*® and myz 5 = kﬂz 0 0 O 0) be any element of b} with 7 =
nz 0 0 0 O
§ & & G5 0

M112,13) ER3,{ = ({1,{2,(3) € R3,6 € R. , then we obtained in Proposition | that:
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Ad* (W)mﬁz’(g = Ad* (p_, q, T)m,—’Z,S
=O6R"+ (N1 +6q)P{ + (2 + 8q2)P; + (N3 + 8q3)P3 + ({1 —yp1)Q1 + ({2 — vp2)Q3
+ ({3 —vp3)Qs.

By Proposition 1, for y # 0, then we have 6-dimensional coadjoint orbits in space of the form
Ad*(W)myz 5 = My 21 5, € b where 7' =1+ 67, 7= (q1,42,93) € R%,{' == 65,0 = (p1,p2,P3) €
R3, &8 =6,7= 11,1213),{ = ({1,{2 {3). Furthermore, since the dimension of b3 equal to 7, then S
{2,3,4,5,6,7}. This implies U'={pebl;(p,R)=¢(R)#0 } with '
span {P{,P;,P3,Q1,Q5,Q3} € b3, Vp, = span{R*}. By letting let mgyqos be element U" N V5 =
{6R* ;8 # 0}. Then

Ad*(W)mgos = 6R™ + (8q1)P; + (6q2)P; + (6q3)P; + (—yp1)Q1 + (—¥p2)Q; + (—yp3) Q3.

In matrix realization, we have:

0 0 0 0 0
/ 5¢; O 0 0 0
0 0 0

Ad*(W)mo,Qla = 5512 0]€ b;
5¢s 0 0 0 0
§ —=b6p1 —d6p, —6ps O

The projection of Ad*(W)my o 5 to V', yields the parametrization variables of coadjoint orbits of Hz in U" =
{p €b3 ;(@R)=¢(R)#0 } as of e; = —0p;, e, = —6py,e3 = —8p; and e, = §qy,e5 = §q,, and
g = 6CI3

Moreover, the map &: (U" N Vy,,) X V§;, = U" is given by
e(6R*,\") = 6R* + X}, €,Q; + X5_,¢;P. m

4. CONCLUSION

This section summarizes the key findings of the research, highlighting the significance of the derived
parametrizations of coadjoint orbits for the Heisenberg Lie group. The conclusions drawn from this study
reflect both the theoretical contributions to Lie group representation theory and the practical implications for
future research in symplectic geometry and related fields. Based on the results and discussion, it can be
concluded that:

1. The explicit form of the coadjoint orbit of the 3, 5, and 7-dimensional Heisenberg Lie group is the
set of matrices that are subsets of the dual Heisenberg Lie algebra, expressed as (Ad*Hn)la,ﬁ,y =
{lor grr|a’, B € R™y" € R} for y # 0 and (Ad*Hy)ly g0 = {lap0|a B € R} for y = 0 with
n=1,2,and 3.

2. The explicit form of parametrization of the coadjoint orbit of the 3, 5, and 7-dimensional
Heisenberg Lie group is the mapping : (UNVy) X Vs 3 (yZ" *,u) » Y(yZ" *,u) € U,
expressed as Y(yZ*,u) = 1 (Wi X; + upy; V) +vZ* withy #0andn = 1, 2, and 3.

3. For future research, the orbit methods can be applied to construct a unitary irreducible
representation (UIR) of Lie groups including how to find a UIR of Heisenberg Lie group of
dimensions 2n + 1.
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