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1. INTRODUCTION

Research on the integration of set-valued functions has evolved through several foundational methods.
One of the first such contributions came from the economist Aumann | | |, who constructed an integral for set-
valued functions based on measure theory concepts. This was followed by an alternative definition in [2],
also based on measure theory. Both methods rely on measure-theory and have had a lasting impact on
subsequent research within the field. Wibowo and Muslikh [3] then studied the Henstock-Kurzweil integral
for set-valued functions, only more recently. The Henstock-Kurzweil integral is constructed based on § —
fine parts, providing a freer framework than the standard Riemann or Lebesgue integral. Building on this
idea, Racca and Cabral [4] introduced Upper and Lower N-integrals in 2019. This work discovers the
properties of the N-Integral for set-valued functions within a framework of a similar nature, demonstrating
that it fulfills critical properties including boundedness, linearity, and characterizes its relationship with the
Henstock-Kurzweil integral.

The N-integral represents an innovative category of integral applicable to set-valued functions, situated
within the continuum between Riemann integrable functions and Henstock-Kurzweil integrable functions [5].
It possesses the capability to integrate all improper Riemann integrable functions, irrespective of their
Lebesgue integrability status [6]. In the case of a Henstock-Kurzweil integrable function, the criterion for N-
integrability is characterized by the existence of a null set S such that for any sufficiently fine partial division
D, the aggregate of the discrepancies between function values and the lengths of the intervals remains less
than epsilon [7]. The N-integral also constitutes a novel integral for real-valued functions defined over a
closed and bounded interval, positioned between Riemann integrable functions and Henstock-Kurzweil
integrable functions. It can integrate improper Riemann integrable functions that do not conform to Lebesgue
integrability. A function is deemed N-integrable if and only if it satisfies the conditions of Henstock-Kurzweil
integrability and exhibits continuity almost everywhere [6].

This paper presents a significant scholarly contribution by meticulously examining the attributes of the
N-integral concerning set-valued functions within the framework of real Banach spaces, which is an area that
has not been comprehensively explored in existing academic discourse. While preceding studies, such as [&],
have introduced an innovative set-valued integral for scalar-valued functions in relation to set-valued
measures, along with an investigation of its convergence theorems and its interrelations with contractive
mappings in n-normed spaces, these inquiries did not extend to the conceptualization or the characteristics of
the N-integral for multifunction. The distinguishing feature of the current research is that it goes beyond the
mere application of the N-integral paradigm in a general context, it is specifically dedicated to demonstrating
essential structural properties, such as boundedness, linearity, and the equivalence to Henstock-Kurzweil
integrability, for set-valued functions. Although [4] acknowledged the N-integral as a novel instrument
capable of integrating all improper Riemann integrable functions, including those that do not fall under the
category of Lebesgue integrable functions, those conclusions were predominantly confined to scalar instances.
Moreover, earlier investigations [7], [9] have examined the conditions under which N-integrability
corresponds with Henstock-Kurzweil integrability, with a particular focus on scalar continuity almost
everywhere. Nevertheless, this manuscript broadens that equivalence into the realm of set-valued contexts,
an area where such connections had not been previously substantiated. This paper continues the properties
previously established in [10] by developing a foundational theoretical framework for optimizing
approximate integration of multifunctions, utilizing both fixed and free points within the domain, a direction
hinted at but not formally developed in earlier studies.

2. RESEARCH METHODS

Let Y as a real Banach space and Y* as the dual space of Y; see [11] for details. We write ck(Y) to
denote the family of all nonempty compact convex subsets of Y. We use
By-={y"eY5ll Iyl <13,

to represent the closed unit ball of Y*, where |y *| denotes the absolute value (modulus) of the linear functional
y*, defined by

ly*|() = ly* ). vy €Y.

Consequently, the norm || [y*| || is given by
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[yl = sup y <11y @I,
which coincides with the usual operator norm of y* in Y*.
Family of ck(Y) is equipped with Hausdorff metric, which is defined as
hd(P;, P,) = max{d(P;, P,),d(P,, P;)}, P, P, € ck(Y),

with d(Py, P,) = SUpp,ep, infp,ep,llp1 — p2Il and d(Py, Py) = SuszePZinfplepln p2—pill . We have
(ck(Y), hd) to be a complete metric space |12].

Definition 1. Forevery T € ck(Y), denote s(:,T) to represent the support functions of T, it defined on Y™ as
s(y*,T) =sup{(y*,y); yET},Vy €Y™
Here, (y*, y) denotes the canonical duality pairing between Y* and Y, that is, (y*, y) = y*(y).

Moreover, for any P,Q € ck(Y), the Hausdorff distance can be characterized in terms of support functions
as,

hd(P' Q) = Supy*EB;ls(y*' P) - S(y*r Q)l

Example 1. Let P = conv{(0,0), (1,0)} be a line segment from (0,0) to (1,0) on the x-axis, and Q =
conv{(0,0), (0,1)} be a line segment from (0,0) to (0,1) on the y-axis. These are both compact convex
subsets of R?, so P, Q € ck(R?).

For any y* € R?, the support functions of a set T < R? is:
s(y*,T) = sup{(y", y);y € T}.

Let y* = (a,b) € R?. Then:
For P, since all points in P lie on the x-axis between (0,0) and (1,0), we get:

s((a, b),P) =sup{fa-x+b-0;x €[0,1]} = sup{ax;x € [0,1]} = max{0, a}.
For Q, since all points in Q lie on the y-axis between (0,0) and (0,1), we get:

s((a,b),Q) =sup{a-0+b-y;y €[0,1]} = sup{by;y € [0,1]} = max{0, b}.
The Hausdorff metric is defined as:

hd(P, Q) = supyep,.s(y", P) — s(y", Q)

where By~ is the unit ball in the dual space Y* = R?, i.e., all y* = (a, b) such that VaZ + b2 < 1.
As a few sample directions:

Ify* = (1,0):s(y*,P) = 1,s(y*, Q) = 0, difference=1.
Ify*=(0,1):s(y*,P) =0,s(y*, Q) = 1, difference=1.
Ify* = (%,%) :s(y*,P) = %,s(y*, Q)= %, difference=0.
So
hd(P,Q) = supy-ep,.Is(v", P) — s(y", Q)] = 1.

In this example, P and Q are orthogonal line segments. Their support functions differ maximally in directions
aligned with their respective axes. The Hausdorff distance between them is 1.

Remark 1. On [ 13], for each P, Q € ck(Y) and y* € By, note that

i. s(y*,6P)=86s(y*, P)foreveryf =0,

ii. s@5P+Q)=sk*P)+s"Q).
Lemma 1. Let Y be a Banach space, p,q€Y and P,Q € ck(Y). We define hd(P,Q) =
max {d(P, Q),d(Q, P)} such that:

i hd({p}.{g}) =llp—qll,
ii. hd(AP,AQ) = |Alhd(P,Q), for every A € R.
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Definition 2. Let Y be a Banach Space and P c Y, we define a convex hull of P by
chl(P) =Npcx X,
where X is convex set.

Lemma 2. Let Y be a Banach space, P,Q c Y, we use chl(P) to denote convex hull of P, then:

i. chl(P+ Q) = chl(P) + chl(Q),
ii. hd(chl(P),chl(Q)) < hd(P,Q).

Theorem 1. (Shapley-Folkman-Starr). Let n €N, P; € ck(Y) fori = 1,2,...,n, we have

n n
Vn .
hd zPi,Echl(Pi) STmaxi:Lz ..... ndiam(P;),
=1 i=1

with n is dimension of Y and diam(P;) = supy qep,llp — qll-

Next, we introduced some terms that were used for discussing about definition N-integrals based on
[6]. These terms are fundamental to developing a precise and organized picture of what can be meant by an
integral of set-valued functions. Precise use of terminology not only helps describe the structure of the N-
integral mathematically but also provides readers with a systematic way to follow the development of the
theory.

LetD, = {(ti, [Zj, Zj+1]); t; € [zj,2j+1]} partial division on [m, n], describe I(D,) as
1(Dy) = {[2}, zj+1); (tu[2),241]) € Dy}
Let S be a null set on [m, n] and D,, is partial division on [m, n], define D, as
Dys = {(ti |2, zj41]); ti € S}
and D, as
D; = {(t7, [, 2141]): ¢ € S).

Definition 3. [6]. Let a real valued function f on [m, n] is said to be Riemann integrable to C if for every
€ >0 there exists a gauge & on [m,n], such that for any &§ — fine division of [m,n], D,. =

vs
{(ts, [zj,zj+1]); t; € S}, and Dy = {(¢;, [zj,zj+1]); t; & S}on [m,n] obtain
|ODEf Dz — ) —C| <e,
f is said to be N-integrable.
We then say C to be the N-integral of f over [m, n] and write

nf=C.

m

Henstock-Kurzweil integration on set-valued function first introduced by Muslikh [3]. There also a
comparison between Henstock-Kurzweil, Aumann and Debreu integration.

Definition 4 [3]. Set-valued function F: [m,n] - ck(Y) said to be Henstock-Kurzweil integrable on [m, n]
if there exists H € ck(Y) that satisfying for each € > 0 exists a gauge p on [m, n] such that

hd| (D)) F(t) (g — 2, H | < e
i=1

for each partial division § — fine {(t;, (¢, z1]), ..., (tn, [Zn-1,25])} on [m, n] or we can write as

n
H=det.
m
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3. RESULTS AND DISCUSSION

This section introduces the concept of the N-integral of set-valued functions with a particular emphasis
on investigating the characteristics of the N-integral, notably its linearity and boundedness. In this context,
we further analyze the interrelation between the N-integral of set-valued functions and the Henstock-
Kurzweil integral for set-valued functions. These comparisons highlight how the N-integral extends classical
integration concepts to multifunction, while preserving key analytical properties. The results presented aim
to deepen understanding of generalized integration in the context of multifunction and their measurable
selections. Fundamental concepts associated with set-valued functions can be referenced in [ 13], whereas the
foundational theorems pertinent to the N-integral of set-valued functions are delineated in [10].

The N-integral, situated within a more extensive classification of set-valued integrals that encompasses
Aumann integrals, preserves linearity which are a fundamental characteristic essential for the integration of
multifunction in scenarios such as fuzzy measures and stochastic processes and establishes a comprehensive
framework for set-valued integration; however, its efficacy is contingent upon certain conditions, including
measurability and the characteristics of the underlying measure, which may exhibit variability across different
applications [14], [15], [16], [17], [18], [19], [20], [21], [22]. Throughout this paper, we adopt the notation p
in place of § — fine for simplicity.

Definition 5. Let Y be a Banach space, set-valued G: [m, n] — ck(Y) is N-integrable on [m, n] if there exists
a null set S on [m,n] and a set-valued A € ck(Y) satisfying for every € > 0 there exist p division D,, =

{(t{‘, [Zj,Zj+1])}; t; € S}on[m,n] and any D; = {(t{‘, [Zj,Zj+1D}; t; & S} such that

n
hd( (D9 6@z —7).4 | <e,
i=1
where A is integral value, we can write as

A= (N)fnG dt,

with (N) f; represent N-integral.

Example 2. Let Y = R (a Banach space with norm | - |), on [0,1]. If G(t) = [0, t] € R we define a set-valued
function G:[0,1] » ck(R) by

Gt)=[0t] ={x€eR;0 <x <t}
for every t € [0,1]. Let S be a null set.

Take a tagged division D, = {(t], [t;, ti+1])}i=; of [0,1], where t] € [t;, t;11]. The mesh is fine enough
depending on a gauge p.

For each subinterval [t;, t;,], compute:
G(t7) - iz —t) = [0, 8] (41 — ) = {x(ti41 — t)Ix € [0, 871} = [0, £/ (ti41 — ED].
Then the sum over all intervals:
n
2 G(t;) - (ti+1 — t;) = Minkowski sum of interval [0, t; (t;+1 — t;)].
i=1

This gives a set-valued sum:

[O'Zn: t; (Liv1 — ti)]-

i=1

a=lof ead =[o3]

Let

We now check:
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hd G(t]) " (Ligr — ti),A) <E,
PXOES

as the partition gets finer, the upper bound of the sum approaches %, and using Definition 1, the Hausdorff

distance between the approximating interval and A = [0, %], become arbitrarily small.

Thus, G(t) = [0, t] is N-integrable on [0,1] and

L 1
A= (N)f G(o)dt = [o,—].
0 2
Theorem 2. Let G: [m,n] = ck(Y) is set-valued function on [m, n].
i. IfG:[m,n] - ck(Y) N-integrable on [m,n], then chl(G) N-integrable on [m,n] with
n n
j chl(G)dt = chl ( j (G)dt).
m m
ii. IfG:[m,n] - ck(Y) bounded and satisfy (i), then G N-integrable on [m,n] with
n n
f chl(G)dt = f G dt.
m m

Proof.

i. For any € > 0, there is gauge p on [m,n] which is satisfy N integrable on Definition 5 and
Lemma 2 (1), we have

(03) ) chl(6(0) (711 = 77) = ekl | (D) ) 671~ 7) |
i=1 i=1

With Lemma 2 (ii), we have

hd ((D,’;)Z chl(G(t))(zj41 — 2;), chl (fnc dt)) = hd| chl <(D;) Z G(t)(zj41 — z,-)) ,chl < "G dt)
i=1 m i=1 m
<hd <(D,’;)Z G(t)(zj41 — zj),f G dt)
i=1 m

<E.

ii. For any € > 0, there is gauge p = p(% t;) on [m,n] that satisfy chl(G) N-integrable on
Definition 5. Choose p > ﬁ where G(t) c B,(0) forany t € [m,n], with Theorem |, we have

k n
hd ((D,’;) Z 6t (z41 — 2), f chl((;)dt>
- k k
< hd ((D:;) D 671~ ), 0 Y chl (6 (2541 - z,-)))

k n
+ hd ((D;;) Z chl (c(ti)(zj+1 - zj)) + f chl(G)dt)

Since G(t)  B,(0), then diam(G(t;)) < diam(B,(0)) = 27, so
k n c
hd (D{;)z G(tl-)(zj+1 - Zj),f chl(G)dt | <vn.rp + 3 <e
i m

=1
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Corollary 1. Let S is null set on [m, n]. If G: [m, n] = ck(Y) N-integrable on [m, n], then N-integral value
of G and chl(G) coincide, both are element of ck(Y).

Theorem 3. If set-valued Gy: [m,n] — ck(Y)and G,: [m,n] - ck(Y) N-integrable on [m, n], then:

i

ii.

Proof.

G1 + G, N-integrable on [m,n] and
n n n
m m m

y G, N-integrable on [m,n], fory € R and

n n
m m

Let € > 0. For G; and G, set-valued, there exist an integral value A, A4, € ck(Y) and gauge
p'e,p" ¢ on [m,n] such that

n
€
hd | (D9 61D (ze1 - 7). 41 | <5 (1)
i=1
for every division pg, Dy, = {(t;, [}, Zj+1D|i = 1,2, ...,n} on [m,n] and
n
i €
hd| (D9 62(t) (711 — 7)1 | <5 @
i=1

for every division pg, D, = {(t;, [2j, zj+1D|i = 1,2, ...,n} on [m,n].

If division p D, = {(t;, [2j, Z+1])|i = 1,2, ..., n} from [m,n], then p’c D, = {(t;, [z, zj+1])} and
p"e Dy = {(t; [, z+1])} from [m, n], so

hd | (D) ) (616D + 6o (t0) (z141 — %), (Ar + 42)
i=1

= hd| (Dy) z G1(t)(zj+1 — z;) + (D) Z G2(t)(zj4+1 — 7)), (A1 + A3)
i=1 =1

= SUDPx*epy.

s (x*. (D;) Z G1(t) (241 — 7)) + (D}) Z Go(t) (241 = Zj))
i=1 i=1

—s(x*, A1+ 4,)

< Supyees,.

s (x*, (D3) ) 61t (2501 — 7)) - s(x*,A1)>

=1

s (x*. CHPRAICREEAIETCS A2>>
i=1

+ SUpy-es,.

n n
< hd| (D;) z G1(t)(zj4+1 — 2), Ay | + hd | (D) Z G2(t)(zj41 — 27), A,
i=1 i=1

<eE€.
It shows that G; + G, N-integrable on [m, n] and

n n n
f (G + Gy)dt =f G,dt + f G,dt.
m m m
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ii. Forany e > 0, there exist gauge p on [m, n] such that
€

n
hd (D,’;)Z 6z —2)A | < 7o
i=1

for every division p D = {(t], [Zj,zj+1]); t; € S}. With Lemma 1 we have

n n
hd| (D}) Z YG1(t) (2741 — 2;),vA | = lylhd | (D) Z G1(t)(241 — 7). A
i=1 i=1

€

=

E.

It shows that yG; N-integrable on [m, n], with

n n
m m

Definition 6. [3]. Set-valued function G: [m,n] = ck(Y) said to be Henstock-Kurzweil integrable on [m, n]
if there exist H € ck(Y) that satisfying for each € > 0 exists a gauge p on [m,n] such that

n
hd ((Dv) Z G(ti)(Zj+1 - Zj), H) <e€
i=1
for each partial division p {(t;, [Zo, Z1]), ..., (tn, [Zn—1,2])} on [m, n] or we can write as

n
H=JGdt.
m

Theorem 4. If F:[m,n] — ck(Y) is N-integrable on [m,n] then it is Henstock-Kurzweil integrable on
[m, n].

Proof. Let F: [m,n] — ck(Y) is N-integrable on [m, n] with A is integral value and S is null set on [m, n].
For any € > 0, there exists gauge p; such that for any division p; D,, = {(ti, [Zj, Zj+1])} from [m, n] we have

hd ((D:;) Z G(t) (241 — zj),A> < %
i=1

Since S zero measure, there exist gauge p, such that for any division p, Dg from [m, n], we have

hd ((Dvs) Z G(ti)(Zj+1 - Zj), 0> < %
i=1

Then use p(t) = min {p;(t), p2(t)}. So, for any division p D,, from [m, n] we have
n
hd | (Dy) Z G(t) (241 — 2), H
i=1
n n
< hd (D;) Z G(ti)(Zj+1 - Zj),A + hd (DU.S‘) z G(ti)(Zj+1 - Zj), 0 <e.
i=1 i=1

It showed that F is set-valued function that Henstock-Kurzweil integrable.

4. CONCLUSION

The N-integral of set-valued functions possesses key mathematical properties, including linearity, and
boundedness. These features make the integral behave as expected under processes like scaling as well as
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additivity. In addition, it is proved that a set-valued function F: [m,n] — ck(Y) is N-integrable on the interval
[m,n] if it is integrable according to the Henstock-Kurzweil integral. This correspondence indicates the
general utility and the stability of the N-integral, locating it on the hierarchy of theories of integration as well
as confirming its compatibility with established theories of integration.
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