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Article Info ABSTRACT 

Article History: 
Economic inequality remains one of the most persistent challenges faced by Indonesia as a 

developing country. Previous studies have predominantly employed conventional models 

such as Ordinary Least Squares (OLS) or Panel Least Squares. However, these models are 

often inappropriate, as they fail to account for the bounded nature of inequality indices 
such as the Gini ratio, which ranges between 0 and 1. Beta regression offers a more 

appropriate alternative. In the context of panel data, Generalized Linear Mixed Models 

(GLMM) and Generalized Estimating Equations (GEE) are commonly used to handle 

correlated data; however, their integration with nonlinear models for longitudinal Beta-
distributed responses remains limited. This study proposes a novel GLMM-GEE-Tree 

modeling approach for Beta-distributed response data. The proposed model combines 

GLMM (to capture individual random effects), GEE (to handle temporal correlation and 

provide robust marginal estimates), and Regression Trees (to address nonlinear 
relationships and complex interactions). The aim is to simultaneously tackle the challenges 

of proportional responses, panel structure, random effects, correlation, and nonlinearity. 

Empirical validation uses Gini ratio data from 34 Indonesian provinces spanning 2018 to 

2024. The findings reveal that in this empirical data, the GLMM-GEE-Tree model 
outperforms alternative models, achieving an R² of 0.472 and a QIC of 13.435 and yielding 

the lowest AIC and BIC values. 
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1. INTRODUCTION 

The Gini Ratio (Gini) is a commonly used measure of income inequality within a population. It ranges 

from 0 to 1, where a value of 0 represents perfect equality (everyone has the same income), and a value of 1 

represents maximum inequality (one individual or household has all the income while others have none). As 

measured by the Gini, income inequality in Indonesia has exhibited a fluctuating trend, with an upward 

movement observed in September 2024 following previous periods of decline. In September 2024, the 

national Gini reached 0.381, an increase from 0.379 recorded in March 2024. This figure indicates that 

income inequality remains moderate and shows signs of widening after a temporary improvement earlier in 

the year [1]. Considering the various factors influencing inequality, the government has undertaken multiple 

efforts to reduce its level. Since policy formulation is often grounded in academic studies, modelling 

inequality within academic research warrants careful and thorough attention. 

Modeling the determinants of inequality is essential for formulating effective and equitable policies. 

By identifying the underlying causes of inequality through empirical approaches and appropriate econometric 

models, the government can design more targeted interventions to reduce inequality in Indonesia [2], [3]. To 

date, the modeling inequality determinants have predominantly relied on conventional Gaussian-based 

estimation methods, such as Ordinary Least Squares (OLS), Panel Regression (including Fixed Effects and 

Random Effects Models), and the Generalized Method of Moments (GMM) [4], [5], [6], [7], [8], [9]. 

Unfortunately, using Gaussian-based estimation methods is often challenged by violations of classical 

assumptions. Such violations can lead to biased estimates and invalid inferences, thereby compromising the 

reliability of the model's outcomes [10]. This challenge becomes particularly relevant when dealing with 

response variables inherently bounded between zero and one, such as ratios, proportions, or percentages, such 

as the Gini Ratio or the Village Development Index [11], [12]. In cases involving such data, the assumptions 

of normality and homoscedasticity are challenging to satisfy. As a result, Gaussian-based regression models 

become inefficient and inappropriate for analysis [13]. 

To address these limitations, Beta Regression has emerged as a statistically more appropriate 

alternative for modeling continuous response variables that are bounded within an open interval (0,1) [14], 

[15]. This model accommodates non-normal data distributions and the heteroskedasticity inherent in 

proportional data by modeling the Beta distribution's mean and precision parameters[16]. Nevertheless, large-

sample inference in Beta Regression relies on first-order asymptotics, which tend to be inefficient when 

applied to small sample sizes [15] [14]. In addition, outliers can significantly affect the Maximum Likelihood 

Estimation (MLE) in Beta Regression models, although robust Bayesian solutions have been developed to 

mitigate this influence [14]. Research on Beta Regression modeling has grown consistently over the past 

decade, both in volume and scope. The increasing number of publications and the expansion of thematic 

applications reflect the model's growing relevance across various academic disciplines [9]. Therefore, the 

application of Beta Regression in modeling the determinants of economic inequality deserves further 

attention and exploration. 

On the other hand, the development and application of panel data analysis, which combines cross-

sectional and time series data, has progressed rapidly across various fields such as health, economics, and the 

social sciences [17], [18], [19]. In the context of panel data, Generalized Linear Mixed Models (GLMM) and 

Generalized Estimating Equations (GEE) are two popular paradigms used to extend classical regression 

models [20], [21]. GLMM enables the estimation of subject-specific or conditional parameters, making it 

well-suited for capturing individual-level heterogeneity and understanding mechanisms at the individual level 

[19], [20], [22]. However, the likelihood function in GLMM often involves high-dimensional integration, 

which makes it computationally challenging to maximize and prone to convergence issues, particularly in 

complex models or large datasets [20], [21]. In contrast, GEE focuses on modeling the population-averaged 

marginal mean and is well known for its robustness to misspecification of the working correlation structure, 

providing consistent estimates even when the assumed correlation structure is mis-specified [20], [21], [23]. 

Although GEE is analytically simpler than GLMM [22], its robustness to correlation misspecification may 

come at the cost of estimation efficiency [24]. Simulation studies have shown that GEE can consistently 

estimate correlation parameters, whereas GLMM often produces biased estimates of these parameters[25]. 

Although GLMM and GEE have been extensively applied in the analysis of longitudinal data, their 

utilization in modeling response variables following a Beta distribution remains limited in the existing 

literature [25], [26]. Several studies have attempted to compare the performance of GLMM and GEE in the 

context of longitudinal binary or count data, such as [18], [21], [22], [23], [27], [28]. However, direct 
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comparisons between estimates from marginal models (GEE) and conditional models (GLMM) warrant 

further scrutiny, as the parameters are not directly comparable due to their differing interpretations [18]. In 

addition, the development of modeling approaches that simultaneously integrate GLMM and GEE methods 

remains largely underexplored in the current literatures [24]. Existing studies, such as those employing 

bivariate Beta models, remain limited to cases involving only two repeated measurements [29]. 

Further developments are not confined to modeling linear relationships between independent and 

dependent variables. Adopting machine learning approaches, such as regression trees, can overcome these 

limitations by capturing nonlinear relationships and complex interactions among predictors [30], [31]. 

Although previous studies have applied regression trees within the framework of generalized linear mixed 

models, such as GLMM trees for binary or binomial data [30], [31], their application to data with Beta-

distributed responses remains a relatively underexplored area.  

Based on the identified research background, this study proposes developing a novel method entitled 

"Development of the GLMM-GEE-Tree Modeling Framework for Beta-Distributed Response Data." This 

approach seeks to integrate the strengths of three distinct methodologies: Generalized Linear Mixed Models 

(GLMM) to account for random effects and individual-level heterogeneity, Generalized Estimating Equations 

(GEE) to incorporate the working correlation structure in time-series data, and Regression Trees to model 

nonlinear relationships. The novelty of this analysis lies in integrating these three components into a unified 

modeling framework designed explicitly for Beta-distributed. 

2. RESEARCH METHODS 

2.1 Beta Distribution 

The Beta distribution is appropriate for modelling response variables constrained within the open 

interval (0,1), such as proportions or ratios. The Probability Density Function (PDF) of the Beta distribution 

is defined by two positive shape parameters that govern the distribution's form, namely 𝛼0 and 𝛽0 

𝑓(𝑦 ∣ 𝛼0, 𝛽0) =
Γ(𝛼0+𝛽0)

Γ(𝛼0)Γ(𝛽0)
𝑦𝛼0−1(1 − 𝑦)𝛽0−1.             (1) 

In the context of regression, the Beta distribution is often reparametrized in terms of mean (𝝁) and 

precision (𝜙). Parameter 𝜇 = 𝐸[𝑌] =
𝛼0

𝛼0+𝛽0
 represents the expected value of the response variable, while 𝜙 =

𝛼0 + 𝛽0 controls variance's distribution; the larger 𝜙, the smaller its variance. This reparameterization enables 

separate modeling of the mean and precision of the response. The likelihood function for a single observation 

𝑦𝑖 that follows a Beta distribution with mean parameter mean 𝜇𝑖 and precision 𝜙𝑖 is:  

𝐿(𝑦𝑖 ∣ 𝜇𝑖 , 𝜙𝑖) =
Γ(𝜙𝑖)

Γ(𝜇𝑖𝜙𝑖)Γ((1−𝜇𝑖)𝜙𝑖)
𝑦𝑖

𝜇𝑖𝜙𝑖−1
(1 − 𝑦𝑖)

(1−𝜇𝑖)𝜙𝑖−1,                   (2) 

and its log likelihood function is 

log 𝐿(𝑦𝑖 ∣ 𝜇𝑖 , 𝜙𝑖) = log Γ(𝜙𝑖) − log Γ(𝜇𝑖𝜙𝑖) − log Γ((1 − 𝜇𝑖)𝜙𝑖) + (𝜇𝑖𝜙𝑖 − 1) log(𝑦𝑖) +

((1 − 𝜇𝑖)𝜙𝑖 − 1) log(1 − 𝑦𝑖).                               (3) 

For N independent observations, the total log-likelihood is the sum of individual log-likelihoods.  

2.2 Beta Regression 

Beta regression is an extension of the Generalized Linear Model (GLM) designed for response 

variables that follow a Beta distribution. This model allows both the mean parameter mean (𝜇𝑖𝑡) and the 

precision parameter (𝜙𝑖𝑡) to be modeled as functions of linear predictors.  

Model for mean 𝜇𝑖𝑡: 𝑔(𝜇𝑖𝑡) = 𝜂𝑖𝑡 = 𝑋𝑖𝑡𝛽,       (4) 

where 𝑔(⋅) is a link function (such as logit, probit, cloglog, log, or loglog) that links 𝜇𝑖𝑡 With linear predictors 

𝜂𝑖𝑡, and 𝑋𝑖𝑡𝛽 is a linear combination of predictors. The logit function is a common choice because it maps 

(0,1). Note: to all real numbers. 𝑖 denotes the observation index ( 𝑖 = 1 , 2 , … , 𝑛), and 𝑡 represents the year 

or time period. 

Model for precision 𝜙𝑖𝑡: ℎ(𝜙𝑖𝑡) = 𝜆𝑖𝑡 = 𝑊𝑖𝑡𝛾,                                                  (5) 
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where ℎ(⋅) is a link function (such as log, identity, or sqrt) which ensures 𝜙𝑖𝑡>0, and 𝑊𝑖𝑡𝛾 is a linear 

combination of predictors for precision. Log functions are often used to ensure positive precision values. 

Parameter estimation (β and γ) uses the Maximum Likelihood (ML) method through numerical optimization 

algorithms such as Newton-Raphson or Fisher Scoring. 

2.3 Generalized Linear Mixed Model (GLMM) 

GLMM extends the Generalized Linear Model (GLM) by incorporating random effects for correlated 

or hierarchical data structures, such as repeated observations within the same individual (panel data). These 

random effects enable the modelling of heterogeneity across observational units. 

GLMM model for response 𝑌𝑖𝑡 adding random effects 𝑢𝑖 to linear predictor: 

𝜂𝑖𝑡 = 𝑋𝑖𝑡𝛽 + 𝒁𝒊𝒕𝒖𝒊.                              (6) 

In where 𝒁𝒊𝒕 is a design matrix for random effects, and 𝑢𝑖 is a random effect vector for an individual 

𝑖, assumed to be normally distributed 𝑢𝑖 ∼ 𝑁(0, Σ𝑢). Parameter estimation in GLMM is based on the marginal 

likelihood, which often lacks a closed-form solution and requires numerical approximation methods such as 

the Laplace Approximation or Adaptive Gaussian Quadrature. 

2.4 Generalized Estimating Equations (GEE) 

Generalized Estimating Equations (GEE) is a semi-parametric method for analyzing correlated data, 

primarily focusing on estimating population-averaged effects. GEE is well known for its robustness in the 

misspecification of the working correlation structure. Parameter estimation in GEE is achieved by solving 

quasi-likelihood estimating equations. The GEE framework employs the same mean and precision structures 

as those used in Generalized Linear Models (as shown in Eqs. (4) and (5)). The key difference lies in how 

the correlation among within-individual observations is handled during the estimation process. The key to 

GEE is the specification of the working correlation matrix. (𝐑𝒊(𝜶)) for each 𝒊. This matrix illustrates the 

assumed correlation pattern between 𝑻𝒊 Observations of individuals 𝒊. Parameter 𝜶 in 𝐑𝒊(𝜶) It is a correlation 

parameter. 

For each 𝒊, the working Covariance Matrix ( 𝐕𝒊 ) is developed. The size of 𝐕𝒊 is  (𝑻𝒊 × 𝑻𝒊) and reflect 

both the marginal variance of the Beta response and the work correlation structure. 

𝐕𝒊(𝜷, 𝜸, 𝜶) = 𝐀𝒊
𝟏/𝟐

𝐑𝒊(𝜶)𝐀𝒊
𝟏/𝟐

,          (7) 

in where: 𝐀𝒊 = 𝐝𝐢𝐚𝐠 (𝐕𝐚𝐫(𝒀𝒊𝟏), … , 𝐕𝐚𝐫(𝒀𝒊𝑻𝒊
)) : A diagonal matrix containing the marginal variance of 

each observation 𝒀𝒊𝒕. For Beta distributions, 𝐕𝐚𝐫(𝒀𝒊𝒕) =
𝝁𝒊𝒕(𝟏−𝝁𝒊𝒕)

𝟏+𝝓𝒊𝒕
 

2.5 Tree-based Modelling 

Tree-based modelling approaches, such as regression trees, recursively partition the predictor space 

into smaller sub-regions, with each terminal node fitted with its localized regression model. This structure 

enables the model to capture nonlinear relationships and complex interactions among predictors. In the 

context of Beta regression, model-based recursive partitioning facilitates the identification of subpopulations 

in which the association between predictors and the response variable varies, thereby enhancing both the 

flexibility and interpretive capacity of the model. 

2.6 GLMM-GEE-Tree Model 

The proposed GLMM-GEE-Tree model represents a synthesis of the strengths of GLMM, GEE, and 

tree-based approaches to address the complex characteristics of Beta-distributed response data, particularly 

in panel or longitudinal settings. The integration concept involves combining the GLMM framework to 

account for individual-level heterogeneity through random effects. At the same time, GEE is employed to 

model intra-subject correlation (such as time-series dependence in panel data) and provide robust estimates 

of population-averaged effects. Additionally, regression trees are utilized to adaptively identify data 

subgroups, allowing fixed-effect coefficients to vary across these subgroups and thereby capturing nonlinear 

relationships and complex interactions among predictors. The GLMM-GEE-Tree Beta model simultaneously 

models both the mean and precision parameters of the Beta distribution. 
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2.6.1. Mean (𝝁𝒊𝒕):  

Linear predictors for mean 𝝁𝒊𝒕 combines fixed effects, which vary based on the tree partition, and random 

effects: 𝒈(𝝁𝒊𝒕) = 𝜼𝒊𝒕 = 𝑿𝒊𝒕𝜷𝒌(𝒑𝒊𝒕) + 𝒁𝒊𝒕𝒖𝒊  in which: 

𝒈(⋅) : Beta link function (such as, logit), 𝑿𝒊𝒕: Vector variable predictor for fixed effects. 

𝜷𝒌(𝒑𝒊𝒕) : Coefficient vector for fixed effects, specific to the terminal node k where the observation  

(i,t) is located. Tree partition rules are defined by the 𝒑𝒊𝒕. 

𝒁𝒊𝒕 : Design matrix for random effects  

𝒖𝒊 : Random effect vector for individuals 𝒊, assumed 𝒖𝒊 ∼ 𝑵(𝟎, 𝚺𝒖). 

2.6.2. Model Precision (𝝓𝒊𝒕) 

Parameter precision 𝝓𝒊𝒕 modelled as a function of predictors. For the initial purpose, we can assume a 

precision model without a tree effect or random effect, however, this can be extended: ℎ(𝜙𝑖𝑡) = 𝜆𝑖𝑡 = 𝑊𝑖𝑡𝛾 

in which ℎ(⋅) is a link function (e.g., log). 

2.6.3. GEE (Correlation of Work and Robustness) Aspects  

The integration of GEE into the model will be implemented through the working correlation structure. 

During the estimation process, various working correlation structures (e.g., exchangeable, AR(1), 

unstructured) will be considered to capture the dependence among observations within clusters (individuals). 

This structure will influence the covariance matrix used in the estimating equations. Even if the selection of 

matrix correlation is mis specified, the model will be still robust. A sandwich estimator will be employed to 

calculate the standard errors of the fixed effects coefficients, ensuring robustness against misspecification of 

the correlation structure. 

Parameter estimation in the GLMM-GEE-Tree model requires an iterative algorithm that integrates 

principles from model-based recursive partitioning with estimation procedures from both GEE and GLMM 

frameworks. The procedure consists of three steps, namely parameter estimation, theoretical evaluation, and 

practical evaluation. 

1. Parameter Estimation: The estimation algorithm will be iterative (similar to EM algorithms or 

alternating optimization that is used to estimate parameters of the GLMM component in the 

presence of latent variables or incomplete data): 

a. Initialization: Set the initial value for all parameters (fixed effects coefficient 𝜷𝒌, Precision 

Coefficient 𝜸, and random effect covariance matrix 𝜮𝒖). 

b. Iteration (Loop): Tree Partition Step: The data is partitioned using a customized Beta 

regression tree algorithm with the current random effect as an offset. This model will result 

in a tree structure and an initial estimate of βk for each terminal node. The goal is to minimize 

variance/impurity of Y and detect instability in GLM coefficients. 

c. GLMM-GEE Estimation Steps: Based on the new tree structure, GLMM parameters (𝜷𝒌, 𝜸, 

and 𝜮𝒖) are estimated using probability approximation methods (e.g., Laplace 

Approximation). In this step, the estimation equation will be modified to include information 

from the GEE working correlation structure. 

d. Correlation Parameter Update (if relevant): The working correlation structure parameters are 

updated based on the residual resulting from the GLMM-GEE estimate. 

e. Convergence Check: The iteration continues until the parameter changes between iterations 

are below the specified tolerance threshold. Challenges include stable convergence and 

computational efficiency, especially with complex data. 

2. Theoretical Evaluation Criteria 

a. Consistency: The estimator should converge to the actual parameter values as the sample size 

increases. 

b. Efficiency: The variance of the proposed model's estimator should be competitive with, or 

superior to, that of existing models. 

c. Robustness: The model should exhibit resilience to misspecification of key assumptions, 

particularly regarding the working correlation structure and random effects distribution. 

3. Practical Evaluation Metrics: 
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a. Prediction Accuracy: Assessed using metrics such as R-square and Root Mean Squared Error 

(RMSE) on the response scale. 

𝑅2 = 1 −
∑ (𝑦𝑖−𝑦̂𝑖)2𝑛

𝑖=1

∑ (𝑦𝑖−𝑦̅)2𝑛
𝑖=1

,                     (8) 

𝑅𝑀𝑆𝐸 = √
∑ (𝑦𝑖−𝑦̂𝑖)2𝑛

𝑖=1

𝑛
,                    (9) 

𝑦𝑖  = actual (observed) value, 

𝑦̂𝑖 = predicted value, 

n  = number of observations, 

𝑦̅  = mean of the actual values. 

RMSE measures the average magnitude of prediction errors, a smaller RMSE means the 

model is more accurate. RMSE reflects the average prediction error on the response scale; 

thus, lower RMSE values correspond to better predictive accuracy. R² measures the 

proportion of variance in the dependent variable explained by the model, with higher values 

indicating stronger explanatory power. 

b. Goodness-of-Fit: Evaluated using criteria such as Deviance, Akaike Information Criterion 

(AIC), Bayesian Information Criterion (BIC), or Quasi-likelihood under the Independence 

Model Criterion (QIC) for GEE-based models. 

AIC = 2k − 2 ln(L̂),         (10) 

BIC = k. ln (n) − 2 ln(L̂),        (11) 

QIC = −2Q(𝛽̂) + 2. trace(ΩI
−1Ω),       (12) 

k = number of estimated parameters in the model, 

n = number of observations, 

L̂ = maximum likelihood value, 

Q(𝛽̂) = quasi-likelihood evaluated at estimated parameters 𝛽̂, 

ΩI
−1= model-based covariance matrix under the independence working correlation 

assumption, 

Ω = robust (empirical) covariance matrix. 

AIC, BIC, and QIC are information criteria used to assess model fit while penalizing for 

complexity; lower values indicate a better trade-off between fit and parsimony. Taken 

together, these indicators offer a multidimensional view of model performance, capturing 

goodness-of-fit, generalizability, and predictive reliability. 

c. Interpretability: Measured by the ease of understanding the tree partitioning rules, the 

significance of coefficients within each terminal node, and the contribution of random effects 

to the overall model structure. 

2.7 Data and Variables 

The data used to apply the model are obtained from BPS-Statistics Indonesia, comprising observations 

from 34 provinces over 7 years (2018–2024). The study includes the following research variables: 

Table 1. Research Variables 

Dependent Variable Unit 

Gini ratio Point 

Human Development Index (HDI) Point 

Poverty Rate Percent 

Unemployment Rate Percent 

Economic Growth Percent 

As independent variables, the key socioeconomic indicators used in this study include the Human 

Development Index (HDI), poverty rate, unemployment rate, and economic growth. HDI, developed by the 

United Nations Development Program (UNDP), is a composite index measuring average achievement in 

three basic dimensions of human development: health (life expectancy at birth), education (mean years of 

schooling for adults and expected years of schooling for children), and standard of living (gross national 
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income per capita). The poverty rate is defined as the proportion of the population living below the national 

poverty line or international thresholds (e.g., $1.90/day) as reported by official statistics agencies or the World 

Bank. The unemployment rate represents the share of the labor force that is without work but actively seeking 

employment, following the International Labor Organization (ILO) guidelines. Economic growth is measured 

as the annual percentage change in gross domestic product (GDP), reflecting the overall expansion of the 

economy, consistent with World Bank and national statistical definitions. 

The relationship between the Gini Ratio and key socioeconomic indicators such as HDI, poverty rate, 

unemployment, and economic growth provide an ideal case to demonstrate the capabilities of the GLMM–

GEE–Tree model for Beta-distributed data. The Gini Ratio is naturally bounded between 0 and 1, making it 

suitable for Beta regression, which properly handles proportion data and accounts for heteroskedasticity and 

non-normality. At the same time, these socioeconomic indicators may exhibit nonlinear effects, interactions, 

and hierarchical structures across regions and over time, which can be effectively captured by the combined 

GLMM, GEE, and tree partitioning framework. 

3. RESULTS AND DISCUSSION 

The Gini ratio is one of the most widely used measures for assessing economic inequality within a 

region. In Indonesia, the Gini ratio is calculated based on household consumption expenditure, as recorded 

through the National Socio-Economic Survey. The following presents an overview of the Gini ratios across 

Indonesian provinces in the year 2024: 

 

Figure 1. Gini Ratio in Indonesia by Province, 2024 

(Source: Calculated from BPS-Statistics Indonesia by Bing Map-Excel) 

The Gini Ratio map for 2024 reveals significant regional disparities in income distribution across 

Indonesian provinces. Darker shades on the map indicate higher levels of income inequality, while lighter 

shades represent more equitable distributions. The most pronounced inequality is observed in West Java, 

which is depicted in the darkest color, suggesting that income is distributed most unevenly in this province 

relative to others. These spatial patterns suggest that income inequality is not confined to the more developed 

or urbanized regions. Instead, it is a complex phenomenon influenced by a range of structural and spatial 

factors. The findings underscore the need for geographically differentiated policy approaches that consider 

local development conditions and aim to promote more inclusive economic outcomes across the archipelago. 

Furthermore, Table 2 presents the descriptive statistics of the research variables. The descriptive 

statistics presented in this table summarize data across all observed years. Consequently, differences between 

regions reflect aggregated outcomes over the study period, capturing overall regional variation rather than 

year-specific values. This approach allows for a more robust comparison of socioeconomic and inequality 

indicators across regions.  
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The average Gini Index is 0.348, with a minimum value of 0.236 observed in Bangka Belitung Province 

in 2022 and a maximum value of 0.449 recorded in Yogyakarta Province in 2023. The average HDI stands 

at 71.72, ranging from 60.06 in Papua Province in 2018 to a maximum of 83.08 in Jakarta Province in 2024. 

The average poverty rate is 10.34 percent, with the lowest recorded at 3.47 percent in Jakarta Province in 

2019 and the highest at 27.74 percent in Papua Province in 2018. The average open unemployment rate is 

5.01 percent, with a minimum of 1.40 percent in Bali Province in 2018 and a maximum of 10.95 percent in 

Jakarta Province in 2020. The average economic growth rate is 4.29 percent, with the lowest value of -15.74 

percent in Papua Province in 2019 and the highest at 22.94 percent in North Maluku Province in 2022. 

These figures indicates that the disparity of the indicators across Indonesia are still high. As a 

consequence, the results underscore the importance of region-specific policy measures. While national-level 

strategies are important, our findings suggest that regions with varying levels of HDI, poverty, 

unemployment, and economic growth face distinct inequality dynamics. Therefore, policymakers should 

design geographically differentiated interventions that consider local development conditions, ensuring that 

policies are targeted, effective, and responsive to regional heterogeneity. 

Table 2. Descriptive Statistics 

Variable Gini HDI Poverty Unemployment Growth 

Mean 0.348 71.72 10.34 5.01 4.29 

Minimum 0.236 60.06 3.47 1.40 -15.74 

Maximum 0.449 83.08 27.74 10.95 22.94 

Std deviation 0.041 3.93 5.29 1.71 4.04 

Subsequently, a traditional regression model was estimated using the Ordinary Least Squares (OLS) 

estimator and diagnostic tests for classical assumptions.  Table 3 presents the results of classical assumption 

testing for the Ordinary Least Squares (OLS) regression model. The normality test yields a p-value of 0.033, 

indicating that the residuals are not normally distributed, thus violating one of the key assumptions of OLS. 

The homoscedasticity test, with a p-value of 0.060, suggests that the variance of the residuals is relatively 

constant across observations. The autocorrelation test shows a p-value of 0.000, implying the presence of 

autocorrelation in the residuals, which may compromise the efficiency of the estimators. Finally, the linearity 

test reports a p-value of 0.020, indicating that the relationship between the independent and dependent 

variables may not be adequately captured by a linear specification. Taken together, these diagnostic results 

suggest that the OLS model is likely mis specified and that alternative modeling approaches, particularly 

those that relax classical assumptions or accommodate nonlinearity and serial correlation, are more 

appropriate for the data at hand. 

Table 3. Classical Assumption Testing 

Test Prob. Value Conclusion 

Normality 0.033 Residuals are not normally distributed 

Homoscedasticity 0.060 Residual's variance is homogeneous 

Autocorrelation 0.000 Autocorrelation of error between times occurs 

Linearity 0.020 Non-linear models 

Subsequent modeling was conducted using several approaches, including GLM-Beta, GLMM-Beta, 

GEE-Beta, Beta Tree, GLMM-Tree-Beta, and the proposed GLMM-GEE-Tree-Beta model. Table 4 provides 

a comparative evaluation of several regression models using five key performance indicators: Akaike 

Information Criterion (AIC), Bayesian Information Criterion (BIC), Quasi-likelihood under the 

Independence model Criterion (QIC), coefficient of determination (R²), and Root Mean Squared Error 

(RMSE).  

Table 4. Model Evaluation 

Model AIC BIC QIC R2 RMSE 

OLS -889.211 -868.377 - 0.212 0.036 

GLM -888.649 -888.285 - 0.220 0.036 

Tree Beta -1013 -871 - - 0.027 

GLMM -1322.033 -1297.728 - 0.167 0.010 

GEE -177.536 -156.703 15.55 0.22 0.162 

GLMM Tree -1245 -1206 - - 0.0352 

GLMM-GEE-Tree -39.915 -29.489 13.435 0.472 0.0352 
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Among the evaluated models, the GLMM-GEE-Tree model demonstrates the strongest overall 

performance, as reflected by its highest R² value of 0.472 and a relatively low RMSE of 0.0352. This suggests 

that the model explains a substantially larger proportion of the variance in the data compared to other models, 

while maintaining strong predictive accuracy. Additionally, it records the lowest QIC value (13.435) among 

models where QIC is applicable, indicating superior model fit in the context of correlated data. Although AIC 

and BIC can be computed for GEE models, the QIC (Quasi-likelihood under the Independence model 

Criterion) is considered a more appropriate measure of model fit for GEE components, as it accounts for the 

quasi-likelihood estimation and the correlation structure. In addition, R² shows that the GLMM–GEE–Tree 

model effectively captures the contributions of independent variables, reflecting its explanatory power. By 

considering both explanatory power (R²) and predictive performance (RMSE/QIC), the GLMM–GEE–Tree 

model provides a balanced approach that combines accuracy and robustness. 

 

Figure 2. Model Evaluation 

(Source: Author’s calculation by R software) 

In contrast, as in Fig. 2, while the GLMM model achieves the lowest AIC (-1322.033) and BIC (-

1297.728) values, it underperforms in terms of R² (0.167) and RMSE (0.010), suggesting limited explanatory 

capacity despite better penalization scores for model complexity. Similarly, the Tree Beta model yields the 

lowest RMSE (0.027), yet lacks R² and QIC values, making its overall performance more difficult to assess 

in terms of explanatory adequacy. Traditional models such as OLS and GLM show relatively poor fit, with 

low R² values (0.212 and 0.220, respectively) and identical RMSEs (0.036), underscoring their limitations 

when applied to bounded and potentially non-linear data. The GEE model performs slightly better in terms 

of R² (0.22), but its higher RMSE (0.162) and QIC (15.55) indicate potential issues in capturing residual 
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variability. Overall, the results highlight the advantages of hybrid and flexible modeling approaches, 

particularly the GLMM-GEE-Tree framework, in addressing complex data characteristics such as 

heterogeneity, correlation, and nonlinearity. 

 

Figure 3. Tree Structure Visualization 

Based on the results of Fig. 3, the analysis identified three key variables that significantly affect income 

inequality (Gini ratio): Unemployment, Human Development Index (HDI), and poverty rate. The model 

produced six distinct subgroups with heterogeneous inequality profiles, where Unemployment was the main 

predictor at the root node (p < 0.001) separating the data at a threshold of 5.98, followed by HDI emerging 

as a separator at three different levels (66.92, 73.39) with p < 0.001, and poverty as a differentiator for groups 

with high Unemployment (p = 0.004). Important findings show that the highest inequality (median Gini 

~0.375) was found in areas with a combination of low Unemployment (≤5.98) and low HDI (≤66.92) in Node 

3 (n=20), as well as in areas with high Unemployment (>5.98) but low poverty (≤6.66) in Node 10 (n=29), 

while the lowest inequality (median Gini ~0.340) occurred in Node 7 (n=21) with low-medium Unemployment 

(4.95-5.98) and medium HDI (66.92-73.39). Node 6 is the largest group (n=95), covering the majority of 

observations with very low poverty (≤4.95) and medium HDI, indicating the need for specific interventions 

to increase Unemployment in this group. The tree model proved effective in capturing spatial heterogeneity 

with all separations being highly statistically significant (p < 0.05), providing empirical justification for 

targeted and context-specific policies in reducing inequality based on a combination of regional economic 

characteristics. 

Subsequent hypothesis testing was conducted for the proposed model. Table 5 presents the results of 

hypothesis testing for five explanatory variables: HDI, poverty rate, unemployment rate, economic growth, 

and constant term. These variables are evaluated across multiple modelling frameworks, each differing in the 

way they handle distributional assumptions, correlation structures, and heterogeneity. The GLMM-GEE-Tree 

model yields the most comprehensive and robust results. In this model, HDI is statistically significant at the 

1 percent level, while poverty and unemployment rates are significant at the 5 percent level. All three 

coefficients are negative, suggesting that higher HDI, lower poverty, and lower unemployment are associated 

with reduced income inequality. The negative coefficient for HDI (-0.05723) indicates that improvements in 

education, health, and living standards are linked with more equitable income distribution. Similarly, the 

negative coefficients for poverty (-0.03838) and unemployment (-0.03159) may reflect redistribution 

mechanisms or uniform economic pressures across income groups that lead to a narrowing of income gaps. 

In contrast, traditional models such as OLS and GLM yield positive and statistically significant 

coefficients for HDI and poverty, implying that higher values of these indicators are associated with greater 

inequality. These outcomes may result from the models’ inability to fully account for complex data structures, 

including time dependence and regional-level variation. The GEE model, which addresses correlation but not 

heterogeneity, also reports positive relationships for HDI and poverty, although with smaller effect sizes. 
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Across all models, economic growth does not appear to have a significant effect on income inequality, 

indicating that growth alone is not sufficient to reduce disparities unless accompanied by inclusive 

development strategies. The results highlight the importance of employing advanced, flexible modelling 

frameworks, such as the GLMM-GEE-Tree model, to produce more accurate and policy-relevant insights in 

the context of regional inequality. 

Table 5. Testing of Hypothesis 

Variable OLS GLM GLMM GEE GLMM-GEE-Tree 

Constant -0.0830 -2.50944*** 0.311483 -2.5081*** 4.1638* 

HDI 0.005336*** 0.02328*** -0.014369*** 0.0231*** -0.05723** 

Poverty 0.004664*** 0.02044*** 0.00772 0.0206*** -0.03838* 

Unemployment 0.0004 0.0017 0.0004 0.0023 -0.03159* 

Growth -0.0006 -0.0025 0.0007 -0.0025 0.00161 

Signif. codes:  0.001 ‘***’ 0.01 ‘**’ 0.05 ‘*’ 

Since the GLMM-GEE-Tree Beta model demonstrates the best performance in empirical analysis, 

interpretation is based on the coefficients from this model. Several insights regarding the relationship between 

the Gini Ratio and its predictor variables can be drawn. Empirical evidence strongly indicates that an increase 

in the HDI is associated with a decrease in the Gini Ratio across various regions in Indonesia. Improvements 

in the quality of life, reflected in better education, health, and income as captured by the HDI, consistently 

contribute to a reduction in income inequality in the country [4], [5], [6], [7], [8]. Meanwhile, the relationship 

between the poverty rate and the Gini Ratio appears negative. Although this may initially seem 

counterintuitive, such a pattern often emerges in specific regions or periods experiencing relatively high 

economic growth. In these contexts, rising income inequality may coincide with new economic opportunities 

for segments of the low-income population, reducing absolute poverty despite an increase in overall 

inequality [7]. This condition is typically temporary and often occurs during a developing economic phase, 

before implementing more comprehensive strategies for redistribution and social inclusion. The open 

unemployment rate also exhibits a negative relationship with income inequality. This negative correlation 

may also seem counterintuitive, as it is generally assumed that higher unemployment exacerbates inequality. 

However, this phenomenon can be explained in some instances when unemployment is widespread and 

relatively evenly distributed across social groups and regions. Low- and middle-income populations may be 

similarly affected, resulting in a more equal, though downward-shifted, income distribution [32]. This result 

may lead to a reduction in the Gini Ratio, as income disparities partially diminish due to all income groups 

being negatively affected relatively equally. Unlike the other factors in this study, economic growth does not 

significantly affect regional income inequality. Economic growth does not automatically lead to income 

redistribution. This research can occur when the benefits of expanding sectors are disproportionately captured 

by middle- to upper-income groups, while lower-income populations remain largely excluded from the gains. 

In other words, economic growth without inclusivity is insufficient to reduce inequality [33]. 

4. CONCLUSION 

This study introduces the GLMM-GEE-Tree Beta model as a novel analytical framework for modeling 

bounded response variables in longitudinal data, with a specific application to income inequality across 

Indonesian provinces. By combining the strengths of Generalized Linear Mixed Models, Generalized 

Estimating Equations, and regression trees, the model accommodates individual-level heterogeneity, intra-

unit correlation, and nonlinear interactions simultaneously. The empirical evidence shows that this integrated 

approach outperforms conventional methods in terms of model fit and explanatory power. Empirical 

evaluation confirms that this integrated framework provides a better statistical fit and improved predictive 

accuracy than conventional models, as shown by lower values of AIC, BIC, QIC, and RMSE, along with a 

higher R². These results highlight the advantages of using flexible, data-adaptive tools in the analysis of 

complex socio-economic phenomena, particularly when standard assumptions of classical models are not 

met. 

Among the advantages of this model, GLMM-GEE-Tree Beta still has limitations. A notable limitation 

of the GLMM–GEE–Tree model lies in its computational demand. Due to the model’s greater complexity, 

where GEE estimation is performed separately for each partitioned node, the computation time is longer than 

that required for simpler models such as GLMM or GEE alone. While this additional computational cost is 
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justified by the model’s improved balance between explanatory power and prediction accuracy, users should 

be aware of this trade-off when applying the approach to large datasets or time-sensitive analyses. In addition, 

the developed GLMM-GEE-Tree Model focuses on modeling the mean (μ) rather than the precision 

parameter (φ). Integrating the precision parameter into the tree structure or random effects would significantly 

increase the computational complexity. 

The findings carry significant policy implications. Enhancing human development is crucial to 

reducing income inequality, while the counterintuitive effects of poverty and unemployment rates suggest 

the need for nuanced, region-specific interventions. The insignificant role of economic growth emphasizes 

that inclusive policies must accompany expansionary strategies to ensure equitable outcomes. Despite its 

contributions, this study has limitations. It does not yet explore interaction effects between predictors or 

extend the precision component with random or tree-based structures. Future research may refine the model 

by incorporating more granular administrative data, evaluating alternative estimation algorithms, or 

integrating spatial effects. Nonetheless, the proposed framework provides a solid foundation for informing 

targeted, evidence-based policy aimed at addressing persistent regional disparities. 
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