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1. INTRODUCTION 

A two-dimensional fluid flowing on an inclined channel is considered. Most of the work for that 

problem is usually modelled in shallow water equations. We can read such as in Wiryanto [1], Budiasih and 

Wiryanto [2], and Fauzi and Wiryanto [3]. When the flow is disturbed by a bump, the flow generates surface 

waves, such as studied by Wiryanto and Jamhuri [4], Magdalena and Wiryanto [5]. The model of shallow 

water equations is derived based on the moderate thickness of the fluid. In contrast, when the thickness is 

very-very small, the governing equation can be simplified from Navier-Stokes into the theory of lubrication. 

This derivation can be seen, for example, in Van Dyke [6], Acheson [7], and Pozrikidis [8]. That theory was 

also applied by King et al. [9] for modeling a steady thin viscous flow with air-blown above the fluid. Oron 

and Rosenau [10] reported their work on a film flowing down the underside of an inclined plate, which is 

called negative gravity. Abdalall et al. [11] studied the travelling waves as a result of numerical and 

experimental models. Some applications of thin film flow have been studied widely, for example, in 

Kalliandasis et al. [12]. Meanwhile, Wiryanto and Febrianti [13] formulated the thin film flow from the theory 

of lubrication into a single non-linear equation of the fluid depth, in the unsteady case. Since the nonlinearity 

of the equation, Wiryanto and Febrianti [13] solved the model numerically by introducing forward time 

central space. The method was an explicit finite difference, which was conditionally stable. This is an obstacle 

in expanding observations, especially in discretizing the numerical domain, involving the physical quantities 

such as the viscosity and density. Another numerical approach has been done by Wiryanto [14], [15] to 

analyze the stability. Those are then applied by Wiryanto et al. [16] to make the simulation of wave 

propagation. They are restricted to the simulation as a condition of the numerical method.  

Recently, Putra et al. [17] developed an implicit method applied to the linearized equation of the thin 

film model. Forward-time central-average-space was applied to the linearized equation to construct a system 

of linear equations, and then Gauss-Seidel iteration was used to solve the equations. This method was also 

analyzed for stability, and they found that it is unconditionally stable. This implicit method confirms the 

results obtained in  [13], and can be used for a larger step size of time. Wiryanto and Djohan [18] then 

developed the implicit method for the linear model by involving surface tension. The success of the implicit 

method opens the opportunity to apply it to the nonlinear equation. Some works relating to developing the 

implicit method can be seen in Wiryanto and Achirul [19] and Wiryanto [20], [21] for solving the Korteweg 

de Vries (KdV) equation as the model for various waves. The discretization of the non-linear term is 

approximated by a Taylor polynomial, and then used forward-time central-average-space. This step was not 

done in [17], as the equation was already linear.  

The numerical procedure proposed above can solve the thin film non-linear equation. Simulation is 

then presented in this paper as a two-parameter family solution. The two parameters are the inclination and 

the ratio between the fluid depth and the wavelength. Physically, the second parameter corresponds to the 

wave speed, as the effect of the scaling of time. 

The scaling process is often used in numerical procedures. It is determined according to the purpose of 

the observation. Rohlfs and Pischke [22], for example, introduce the scaling process in thin film flow based 

on Reynolds numbers, Kapitza number, and the inclination of the channel to see the domination of forces in 

the model. Meanwhile, the equation solved in this paper is scaled to observe that the wave propagation was 

originally so slow, and the wave elevation was much smaller compared to the wavelength. The improvement 

of the calculation is in balancing the coefficient of each term in the equation. Therefore, the scaling variables 

are required, and the equation is able to present the wave evolution with almost no shock for an initial wave 

satisfying a certain condition. Analytically, we derive that condition. Our result for shock wave similar to 

King et al. [9] for steady case, and some other works for model of shallow water equation such as Fauzi and 

Wiryanto [23], [24], Needham and Merkin [25], Merkin and Needham [26], far long before Dressler [27] 

formulated shock wave analytically, called as roll-waves. 

2. RESEARCH METHOD 

In this section, we provide the problem formulation and the numerical procedure to solve the 

mathematical equation of the problem. This section is an extension of the works of Wiryanto and Febrianti 

[13], Wiryanto and Achirul [19], as well as Wiryanto [20], [21]. 
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2.1 Problem Formulation  

The derivation of thin film flow on an inclined channel can be seen in Wiryanto and Febrianti  [13]. 

The fluid thickness is ℎ measured from the bottom channel, inclined at an angle 𝜃. The effect of gravity, the 

fluid of density 𝜌 and viscosity 𝜇 appears in the following equation, Eq. (1), 

ℎ𝑡 +
𝜌

3𝜇
[ℎ3{−ℎ𝑥𝑔 cos 𝜃 + 𝑔 sin𝜃}]𝑥 = 0. (1) 

We choose the coordinate 𝑥 along the bottom of the channel. 𝑡 represents the variable of time. Wiryanto and 

Febrianti  [13] derived Eq. (1) based on the lubrication theory, subject to bottom and surface conditions. 

To reduce the number of physical parameters, we prefer to work on scaling variables by introducing 

𝑥̅ =
𝑥

𝐿
, ℎ̅ =

ℎ

ℎ0
, 𝑡̅ =

𝑡

𝜏
, 

where 𝐿 is wavelength, ℎ0 is a small constant solution and 𝜏 = 3𝜇

𝜌𝑔
𝐿

ℎ0
2. So that, when we apply that scaling to 

Eq. (1), we obtain an equation, written without a bar. 

ℎ𝑡 + 𝑎(ℎ
3)𝑥 + 𝑏(ℎ

4)𝑥𝑥 = 0, (2) 

where 𝑎 = sin𝜃 and 𝑏 = −1

4
𝑟 cos 𝜃. We use notation 𝑟 = ℎ0 𝐿⁄ . This new notation (written without a bar) 

in Eq. (2), after scaling, is necessary to avoid ambiguity. 

By using that scaling, the new variables above physically compress the waves from wave-length 𝐿 to 

smaller, and also to reduce the observation time. Therefore, that process is expressed by the scaling quantities 

𝑟 and 𝜏. For small 𝑟, it affects 𝑡̅, that is proportional to 𝑟 multiplied by 𝑡. So, the unity of 𝑡̅ means very large 

in the value of 𝑡. Therefore, the numerical solution in [13] could not obtain the shock wave, a similar result 

in [28] and [29]. Otherwise, it was required for much longer calculations and a long observation domain. The 

scaling process has been introduced by many researchers. 

In case 𝑏 = 0, Eq. (2) followed by the initial condition ℎ(𝑥, 0) = 𝑓(𝑥) has a solution in implicit form 

ℎ(𝑥, 𝑡) = 𝑓(𝑥 − 3𝑎 ℎ2𝑡), (3) 

see, for example, in Strauss [30]. The surface of the fluid can form a shock wave, predicted in an interval 𝑥 

giving 𝑓′(𝑥) < 0. Suppose 𝑥 ∈ (𝛼, 𝛽) then at position 𝑥 = 𝛾 a discontinuity in ℎ will occurs. The value of 𝛾 

can be determined by integrating Eq. (2), without involving the third term  

𝜕𝑡 ∫ ℎ(𝜉, 𝑡) 𝑑𝜉

𝛽

𝛼

+ 𝑎[ℎ3(𝛽, 𝑡) − ℎ3(𝛼, 𝑡)] = 0. 

Since ℎ is smooth except at 𝑥 = 𝛾, possible depends on 𝑡, the integral splits into two, and differentiate with 

respect to 𝑡, we obtain 

[ℎ−(𝛾(𝑡), 𝑡) 𝛾𝑡 + ∫ℎ𝑡(𝜉, 𝑡)𝑑𝜉

𝛾

𝛼

] − ℎ+(𝛾(𝑡), 𝑡) 𝛾𝑡 +∫ ℎ𝑡(𝜉, 𝑡)𝑑𝜉

𝛽

𝛾

+ 𝑎[ℎ3(𝛽, 𝑡) − ℎ3(𝛼, 𝑡)] = 0. 

Here we denote ℎ− as the limit value of ℎ evaluated 𝑥 → 𝛾 from the left. Similarly, for ℎ+, evaluated 

from the right. The next step is to replace ℎ𝑡 by −𝑎(ℎ3)𝑥 in the integrand, so that the result of the integral 

can be used to cancel ℎ3(𝛼, 𝑡) and ℎ3(𝛽, 𝑡). After some algebraic operations, we obtain 

𝛾𝑡 = 𝑎((ℎ
−)2 + ℎ−ℎ+ + (ℎ+)2). (4) 

This analysis will be compared to our numerical solution. 

2.2 Numerical Procedure 

In this sub-section, we describe the numerical procedure for Eq. (2). The first step is to discretize the 

observation domain by a homogeneous sub-domain with length 𝑑𝑥 and we write each point of the sub-domain 

𝑥𝑖 = 𝑖 𝑑𝑥, 𝑖 = 0, 2,⋯ , 𝐼, and step size for time 𝑑𝑡 so that we denote 𝑡𝑛 = 𝑛 𝑑𝑡, 𝑛 = 0, 1, 2,⋯. The value of 

ℎ at 𝑥𝑖 and 𝑡𝑛 denoted by ℎ𝑖
𝑛 ≈ ℎ(𝑥𝑖 , 𝑡𝑛). 
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Following Wiryanto and Achirul [19], and Wiryanto [20], [21], we write the second term in Eq. (2), i.e. 

𝑔(ℎ) = ℎ3, and the discritizing of 𝑔𝑥 is approximated by the average central space 

𝑔𝑥 ≈
1

2
{
𝑔𝑖+1
𝑛+1 − 𝑔𝑖−1

𝑛+1

2 𝑑𝑥
+
𝑔𝑖+1
𝑛 − 𝑔𝑖−1

𝑛

2 𝑑𝑥
} 

      =
𝑔𝑖+1
𝑛+1 + 𝑔𝑖+1

𝑛 − (𝑔𝑖−1
𝑛+1 − 𝑔𝑖−1

𝑛 )

4 𝑑𝑥
. 

Meanwhile, the value of 𝑔 at 𝑡𝑛+1 is approximated by the first-order Taylor polynomial 

𝑔𝑖
𝑛+1 ≈ 𝑔𝑖

𝑛 +
𝜕𝑔

𝜕𝑡
 𝑑𝑡, 

then express 𝑔𝑡 in ℎ and discretize in ℎ𝑖
𝑛 so that we obtain 

𝑔𝑖
𝑛+1 ≈ 3(ℎ𝑖

𝑛)2ℎ𝑖
𝑛+1 − 2(ℎ𝑖

𝑛)3. 

From those, the discretization of 𝑔𝑥 can be written in ℎ𝑖
𝑛 

𝑔𝑥 ≈
1

4 𝑑𝑥
[3(ℎ𝑖+1

𝑛 )2ℎ𝑖+1
𝑛+1 − (ℎ𝑖+1

𝑛 )3 − (3(ℎ𝑖−1
𝑛 )2ℎ𝑖−1

𝑛+1 − (ℎ𝑖−1
𝑛 )3)]. 

Similarly, the third term in Eq. (2), we write 𝑠(ℎ) = ℎ4, and the second derivative 

𝑠𝑥𝑥 ≈
1

2 𝑑𝑥2
[𝑠𝑖+1
𝑛+1 + 𝑠𝑖+1

𝑛 − 2(𝑠𝑖
𝑛+1 + 𝑠𝑖

𝑛) + (𝑠𝑖−1
𝑛+1 + 𝑠𝑖−1

𝑛 )]. 

This is then expressed in ℎ𝑖
𝑛  

𝑠𝑥𝑥 ≈
1

2 𝑑𝑥2
[4(ℎ𝑖+1

𝑛 )3ℎ𝑖+1
𝑛+1 − 2(ℎ𝑖+1

𝑛 )4 − 2(4(ℎ𝑖
𝑛)3ℎ𝑖

𝑛+1 − 2(ℎ𝑖
𝑛)4) + (4(ℎ𝑖−1

𝑛 )3ℎ𝑖−1
𝑛+1 − 2(ℎ𝑖−1

𝑛 )4)]. 

The next step is to discretize Eq. (2) by using the result above for 𝑔𝑥 and 𝑠𝑥𝑥, followed by forward 

time for ℎ𝑡. After rearranging the finite difference equation into an implicit form of ℎ𝑛+1, we obtain a system 

of linear equations 

𝐴ℎ𝑖+1
𝑛+1 + 𝐵ℎ𝑖

𝑛+1 + 𝐶ℎ𝑖−1
𝑛+1 = 𝑅, (5) 

where 

{
 
 
 

 
 
 𝐴 =

3𝑎

4 𝑑𝑥
(ℎ𝑖+1

𝑛 )2 +
4𝑏

2 𝑑𝑥2
(ℎ𝑖+1

𝑛 )3,    

𝐵 =
1

𝑑𝑡
−
4 𝑏

𝑑𝑥2
(ℎ𝑖

𝑛)3,                              

𝐶 = −
3𝑎

4 𝑑𝑥 
(ℎ𝑖−1

𝑛 )2 +
4𝑏

2 𝑑𝑥2
(ℎ𝑖−1

𝑛 )3,

𝑅 = 𝛼ℎ𝑖+1
𝑛 + 𝛽ℎ𝑖

𝑛 + 𝛿ℎ𝑖−1
𝑛 ,                 

 

and the coefficients in 𝑅: 

                           𝛼 =
𝑎

4 𝑑𝑥
(ℎ𝑖+1

𝑛 )2 +
𝑏

 𝑑𝑥2
(ℎ𝑖+1

𝑛 )3,

      𝛽 =
1

𝑑𝑡
−
2𝑏

𝑑𝑥2
(ℎ𝑖

𝑛)3  ,

                                𝛿 = −
𝑎

4 𝑑𝑥 
(ℎ𝑖−1

𝑛 )2 +
𝑏

 𝑑𝑥2
(ℎ𝑖−1

𝑛 )3.

 

We evaluate ℎ at level time 𝑛 + 1 simultaneously for 𝑖 = 1, 2,⋯ , 𝐼 using the values ℎ at level 𝑛, and 

the left and right boundaries ℎ0
𝑛+1 and ℎ𝐼+1

𝑛+1. The system in Eq. (5) can be solved using any solver for systems 

of linear equations, and in this paper, we solve it iteratively using the Gauss-Seidel method. In the 

programming implementation, our numerical simulations start with specifying all parameter values, setting 

initial and boundary conditions, discretising the space and time domains, and evolving the numerical scheme 

Eq. (5) iteratively for all spatial points at each temporal point. 
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3. RESULTS AND DISCUSSION 

The numerical procedure described above is used to solve Eq. (2), followed by the initial condition ℎ𝑖
0 

and for various values of the parameters 𝜃 and 𝑟. Most of our calculations use 𝑑𝑥 = 0.1, 𝑑𝑡 = 0.1, and the 

iteration error for the Gauss-Seidel method 𝜖 = 10−6. The spatial step and time step values are chosen for 

stability, based on the analysis for the linear problem, as in [17] and [18]. A necessary condition for the 

stability of the method is that the time step must satisfy the Courant-Friedrichs-Lewy (CFL) condition. This 

CFL condition makes the physical domain of dependence the same as the numerical domain of dependence. 

Considering this CFL condition, we take the time step small enough such that we obtain stable numerical 

solutions. All numerical computations are done in the Fortran programming language, and the results are 

plotted using MATLAB software on a laptop with a Windows operating system. 

First, we make an animation of wave propagation ℎ(𝑥, 𝑡) as the solution of Eq. (2) for the case  𝜃 =
0.087 radian or ~5𝑜 and 𝑟 = 0, case 𝑏 = 0 to show that shock occurs at 𝑥 = 𝛾 as formulated in Eq. (4). The 

initial value is 

ℎ(𝑥, 0) = 𝑓(𝑥) = {
1.5, for 0 < 𝑥 ≤ 30,

1.5 − 0.025(𝑥 − 30),   for 30 < 𝑥 < 50,
1,     for 50 ≤ 𝑥 < 100.

(6) 

As described in the previous section, 𝑓′(𝑥) = −0.025 for 30 < 𝑥 < 50, a shock wave would occur. 

We confirm this by our numerical solution, as shown in Fig. 1 (a). There is a small interval of 𝑥 giving ℎ 

becomes sharper and sharper, together with reducing the interval. When we continue our calculations, the 

interval tends to a point with a discontinuity for ℎ, that is what we call a shock wave. Our calculation should 

be stopped before that shock wave occurs, as it would be possible to have two values of ℎ at the same position 

𝑥, and the numerical procedure is not designed for that case. Moreover, in that animation, we can observe 

small waves appearing at the crest of the surface, i.e, near a sharp area. The position of shock can be calculated 

by Eq. (4), giving 𝛾𝑡 = 0.41325, and using 𝛾(0) = 40 as the midpoint of the interval where 𝑓′(𝑥) < 0, we 

obtain 𝛾(60) = 64.795. This agrees with our numerical calculation. We then repeat the calculation using 

𝑟 ≠ 0 but relatively small, we use 𝑟 = 0.002. Similar plot in Fig. 1, we obtain with a slower wave speed, a 

front wave with a slope less than zero is still obtained until calculation up to 𝑡 = 200. The form with almost 

shock can be obtained for longer calculations. 

Now, we use a different initial wave 

ℎ(𝑥, 0) = 𝑓(𝑥) = {
1.0, for 0 < 𝑥 ≤ 30,

1.0 + 0.025(𝑥 − 30),   for 30 < 𝑥 < 50,
1.5,      for 50 ≤ 𝑥 < 100,

(7) 

for 𝜃 = 5𝑜 and 𝑟 = 0. In contrast with the previous initial wave, we have 𝑓′(𝑥) = 0.025 > 0 for 30 < 𝑥 <
50, and this would not cause a shock wave. We present in Fig. 1 (b). The area where the value ℎ > 0 increases 

with time. Therefore, our numerical solutions confirm our analysis presented in the previous section. 

In Fig. 2 (a), we show the animation of waves propagating on the surface of a thin film satisfying Eq. 

(2). We plot our calculation for some values of 𝑡, by shifting 𝑡 from zero to 𝑡 = 500. This is calculated using 

𝜃 = 5𝑜 and 𝑟 = 0.002. As the initial wave is 

ℎ(𝑥, 0) = 1 + 0.1 sin (
𝜋𝑥

25
) , (8) 

followed by the boundary condition 

ℎ(𝑥, 𝑡) = 1 + 0.1 sin
𝜋

25
(𝑥 − 1.21𝑎 𝑡), 

only for 𝑥 = 𝑥−1. Here, we use 𝑎 = sin𝜃. This condition is set up from the solution to Eq. (2) for the case 

𝑟 = 0 or 𝑏 = 0 in Eq. (2) and the initial condition Eq. (8), following our analysis in the previous section, the 

solution is in the form of Eq. (3). Since it is implicit, we use the maximum value for ℎ substituting in 𝑓 of 

Eq. (3). The wave changes the form from sinusoidal into a sharp shape for the profile with a negative slope, 

tends to almost a shock, and appears as a small wave at the crest, similar to what was presented in the previous 

part. Meanwhile, we also see a decrease in the amplitude with increasing time. This is the effect of the second 

derivative in Eq. (2). For clearer results, we present the calculation for ℎ(𝑥, 500) in Fig. 2 (b). 
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(a) 

 

(b) 

Figure 1. Wave Animation: (a) With Shock, (b) No Shock 
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(a) 

 

(b) 

Figure 2. Simulation Results: (a) Animation 𝒉(𝒙, 𝒕) of Solution to Eq. (2), (b) Plot 𝒉(𝒙, 𝟓𝟎𝟎) 
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In comparing the parameter 𝑟 we give a simulation for an incoming wave in the observation domain as the 

boundary condition 

ℎ(𝑥, 𝑡) = 1 + 0.15 sech2 0.3(𝑥 + 10 − 3.9 𝑎𝑡) , (9) 

only for 𝑥 = 𝑥−1 with initial condition ℎ(𝑥, 0) = 1. The numerical solution is presented in Fig. 3, calculated 

using a small value 𝑟 = 0.001 and 𝜃 = 5𝑜. This incoming wave propagates with a changing form, reducing 

the amplitude and sharp shape of the front wave. The second character is mainly due to the effect of the 

nonlinearity. We can compare this with the linearized model presented in Putra et al. [9], without a sharp 

shape. The profile of the wave at 𝑡 = 350 is presented in Fig. 4 (a), together with the wave profile for 𝑟 =
0.005 presented in Fig. 4 (b), and 𝑟 = 0.01 presented in Fig. 4 (c). Larger value of 𝑟, the wave travels more 

slowly but reduces the amplitude faster, as the character of the second derivative of Eq. (2) is dominated by 

a stronger term in that equation. Therefore, we can observe the effect of the inclination 𝜃 by considering the 

value of the coefficient in the second and third terms of Eq. (2), i.e., the value of 𝑎 and 𝑏. 

 

 

Figure 3. Wave Animation from Incoming Wave on Eq. (9) 

The incoming wave in Eq. (9) is now used to observe the numerical solution of Eq. (2) for different 

inclinations. The wave propagation is similar to the plot in Fig. 3. For clearer observations, we present the 

plot of ℎ at a certain time 𝑡 for different 𝜃. So, we give plot ℎ(𝑥, 150) in Fig. 5 (a) for 𝜃 = 5𝑜 and in Fig. 5 

(b) for 𝜃 = 10𝑜 , both calculated using 𝑟 = 0.002. Plot ℎ(𝑥, 150) from 𝜃 = 10𝑜 travels faster and fatter 

waves compared to 𝜃 = 5𝑜. We can see that plot for 𝜃 = 5𝑜 is sharp in front but without a crest, as it requires 

more time to run the calculation. Extra time can be given by using different 𝑟. This is shown in Fig. 6 (a) as 

the result of the calculation using 𝑟 = 0.001, 𝜃 = 5𝑜. In Fig. 6 (b), we show the result of our calculation 

using 𝑟 = 0.002, 𝜃 = 10𝑜 . Both show a similar profile, sharp in front and crest on the top of the wave. 
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(b) 

 
(c) 

Figure 4. Plot 𝒉(𝒙, 𝟑𝟓𝟎) for Different 𝒓 where Horizontal Axis is Space 𝒙 and Vertical Axis is 𝒉:                 

(a) 𝒓 = 𝟎. 𝟎𝟎𝟏,  (b) 𝒓 = 𝟎. 𝟎𝟎𝟓,  (c) 𝒓 = 𝟎. 𝟎𝟏 
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(a) 

 

(b) 

Figure 5. Plot 𝒉(𝒙, 𝟏𝟓𝟎) for Different 𝜽 where Horizontal Axis is Space 𝒙 and Vertical Axis is 𝒉:                

(a) 𝜽 = 𝟓𝐨,  (b) 𝜽 = 𝟏𝟎𝐨 

 

(a) 

 

(b) 

Figure 6. Plot 𝒉(𝒙, 𝟏𝟓𝟎) for Different 𝜽 and 𝒓 where Horizontal Axis is Space 𝒙 and Vertical Axis is 𝒉:      

(a) 𝜽 = 𝟓𝐨, 𝒓 = 𝟎. 𝟎𝟎𝟏,  (b) 𝜽 = 𝟏𝟎𝐨, 𝒓 = 𝟎. 𝟎𝟎𝟐 

4. CONCLUSION 

A fully nonlinear model of thin film flow on an inclined wall is investigated through numerical 

simulations. The proposed approach employs an implicit finite difference scheme based on Taylor polynomial 

approximations, providing stable and accurate solutions for the nonlinear governing equations. The effects 

of nonlinearity are clearly observed through the progressive steepening of the wave profile, ultimately leading 

to shock formation. This behaviour is characterised by the transformation of an initially smooth wave with a 

negative slope into a sharply defined front and crest. The resulting wave structure can be effectively captured 

by applying an appropriate scaling of the horizontal and vertical axes with respect to time. The present study 

is limited to numerical experiments on a nonlinear thin film flow model without surface tension, with 

simulations intentionally terminated prior to the onset of shock formation. Future work will focus on 

experimental validation through laboratory studies, the incorporation of surface tension effects into the 

nonlinear model, and the development of advanced numerical techniques capable of accurately resolving 

shock propagation in nonlinear wave systems. 
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