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Meningitis remains a major public health concern, particularly within the African
meningitis belt, where recurrent outbreaks pose severe health and socio-economic
challenges. The disease is transmitted through close contact and is driven by complex
human-to-human dynamics. While vaccination campaigns and treatment programs are
central to control efforts, limitations such as waning immunity and delayed case detection
often reduce their long-term impact. In alignment with global health recommendations,
integrated control approaches that combine prevention, vaccination, and timely treatment
are increasingly being advocated. In this study, a novel deterministic nonlinear seven-
compartmental model, SVECITR, is developed. The model ’s validity is confirmed through
positivity and boundedness analyses, and key thresholds such as the DFE and the R, are
derived using the next-generation matrix method. Stability analysis was also performed.
The framework is extended into an optimal control problem using three time-dependent
interventions: public health education, booster vaccine administration, and prophylactic
chemoprophylaxis. Using Pontryagin’s Maximum Principle, optimal strategies are
obtained, and numerical techniques are employed to simulate various intervention
scenarios. Our results reveal that while dual interventions moderately reduce disease
prevalence, the combined application of all three control measures resulted in the most
substantial decline in transmission. Cost-effectiveness analysis, which employs the
Incremental Cost-Effectiveness Ratio (ICER), Average Cost-Effectiveness Ratio (ACER),
and Infection Averted Ratio (IAR), shows that combining booster vaccination and
prophylactic chemoprophylaxis emerges as the most cost-effective option. These findings
suggest that, in resource-limited settings, public health authorities should prioritize booster
vaccination and chemoprophylaxis administration to curb the spread of meningitis while
optimizing the use of available resources.
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1. INTRODUCTION

Meningitis, which is also known as Meningeal inflammation, is a deadly disease that affects the
meninges and spinal cord [1]- [4]. This condition can be caused by a variety of pathogens and irritants. The
primary causes include viruses, bacteria, fungi, parasites, protozoa, and, in some cases, chemical irritation,
subarachnoid hemorrhage, and cancer [1], [5]- [7]. However, bacteria have been linked to the greatest global
burden of meningitis cases to date [6], [8]. The pathogens that cause meningitis are transferred from one person
to another by respiratory droplets in the air or saliva. Prolonged and intimate touch, like kissing, coughing,
sneezing, or residing in close proximity to someone infected, increases the risk of infection. The incubation
period typically lasts around four days but can range from two to ten days [9]. While bacterial meningitis may
have initially spread from animals to humans, it is now commonly passed between individuals through
contaminated surfaces, secretions, or airborne droplets. Factors like overcrowded living conditions, large
gatherings, sharing utensils, and close interactions further facilitate its spread with symptoms such as high
fever, severe headache, vomiting, and so on [10], [11]. As the illness progresses, it may lead to more serious
complications such as convulsions, delirium, and even death. Management strategies for bacterial meningitis
include preventive vaccination and curative treatment with antibiotics [12]— [14]. Various vaccines have been
developed to help control meningitis, including the meningococcal A conjugate vaccine, C conjugate vaccine,
tetravalent conjugate vaccines, as well as meningococcal polysaccharide vaccines [15], [16].

Each year, over 1.2 million cases of bacterial meningitis are recorded globally [17]. The disease shows
variation in incidence and fatality rates depending on the region, pathogen, and age group affected. In 2025,
the WHO reported that for the year 2024, there were approximately 2.5 million reported cases globally,
resulting in 250,000 deaths [3]. Africa, particularly sub-Saharan Africa, bears the greatest burden of bacterial
meningitis. This region hosts the so-called meningitis belt [11], [18]. Each year, up to 1.2 million people are
affected, with approximately 135,000 deaths reported. Nigeria, as a key country within the meningitis belt, is
particularly vulnerable to recurrent outbreaks. Historical records show a series of epidemics, including three
consecutive years ending in 2024, primarily due to vaccine shortages [3], [19], [20].

In order to properly comprehend the principles governing the dynamics of disease transmission,
mathematical models are essential. Most often, non-linear deterministic compartmental models are employed
to capture the complex interactions among various population groups and to simulate the progression of
infectious diseases over time [1]- [40]. For instance, [11] employed non-linear compartmental models to
investigate the transmission trend of meningitis and analysed the conditions for the stability of the model. [32]
investigated the dynamics of meningococcal meningitis in sub-Saharan Africa, causing significant mortality.
Using mathematical modelling, the study identified key factors influencing the disease’s spread.

A novel two-strain SVCIR compartmental model that identified the transmission probability, g, as the
most influential parameter for both strains 1 and 2 was presented. The findings showed that if at least 25% of
people are immune to bacterial meningitis, the illness will not spread throughout the population. However, the
model did not include the asymptomatic and treated compartments [1]. [17] highlighted carriers as key drivers
of transmission. An optimal control strategy combining vaccination, treatment, and public health education
was found to be the most effective in minimizing infection and control costs, especially in Sub-Saharan Africa.
[9] investigated the impact of influenza infection on the transmission dynamics of meningitis using a
nonlinear mathematical model. The stability analysis and numerical simulations revealed that the basic
reproduction number varied with contact and quarantine rates. Higher quarantine and recovery rates led
to increased recovery in the population, offering insights into effective control of co-infections. [4]
employed a Suspected—Exposed—Infected—Recovered (SEIR) compartmental model to investigate the
dynamics of meningitis transmission. The model was analysed for the stability of its disease-free and
endemic equilibrium points using Descartes’ Rule of Signs. [7] developed a mathematical model for
meningococcal meningitis incorporating incidence-dependent self-protection measures and information-based
vaccination. Using optimal control theory, the research demonstrated that combining preventive education,
vaccination, and treatment effectively reduces the disease incidence. [8] formulated a deterministic
compartmental model for bacterial meningitis incorporating a drug-resistant class. [10] presented a
model for the investigation of the impact of counterfeit and non-counterfeit drugs on the treatment of
bacterial meningitis. The study highlighted that administering counterfeit drugs can increase mortality
rates, especially in regions with poor regulatory oversight. Numerical simulations have demonstrated the
heightened severity of illness in areas prone to counterfeit medications, emphasizing the importance of
safeguarding drug supply chains through coordinated stakeholder efforts. [6] presented a deterministic
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compartmental model of bacterial meningitis using the SVCITR approach. The model, comprising seven
epidemiological compartments, was analysed for its invariant region, positivity, and equilibrium stability.

This research addresses a critical gap in existing meningitis modeling studies, where the combined
optimization of multiple intervention strategies under cost and resource constraints remains insufficiently
explored. Consequently, this research presents a strategically oriented, multi-intervention optimal control
model designed to answer practical policy questions about which combination of interventions provides the

best balance of epidemiological impact and economic efficiency for endemic regions with limited resources.

2. RESEARCH METHODS

A nonlinear deterministic seven-compartment dynamic model is developed for the spread and
control of meningitis. The population is categorized into seven compartments: Susceptible (S),
Vaccinated (V), Exposed (E), Carrier (C), Infected (1), Treated (T), and Recovered (R). Thus, the total
population attime t isgivenbyN = S+ V + E+ C + 1 + T + R.

The force of infection A = B(tE + vC + I), where B is the effective transmission
probability, T and v are the modification parameters for the exposed and carrier populations,
respectively. A is constructed to account for the differential infectious contributions of exposed and carrier
individuals relative to fully infectious cases, reflecting their reduced but non-negligible roles in the disease
transmission. The proposed model for the transmission dynamics of Meningitis and definitions of the
model parameters are given below:

(45 =a+wV S-S S
poatoV -k us,
av
E=KS—(1—€1)/1V—CUV—/1V,
E
i AS + (1 — €,)AV — 04E — 0,F — 03E — UE,
dc
<E=01E—yC—uC, (D
dl
E=02E+pr—n11—6l—ul,
dT
dat M€zl —n,T — 6T —uT,
dR
i o3E +y(1—p)C+n (1 —€)] +n;T — uR

With the initial conditions S(0) > 0,V(0) = 0,E(0) = 0,€(0) > 0,1(0) > 0,T(0) > 0,and R(0) > 0.

Table 1. Description of the Model Parameters

Parameters Description Values  Source
a Rate of entry 0.0413 [6]
W Vaccine waning rate 0.02 [26]
U Natural death rate 0.00068 [1]
K Vaccination rate 0.6 [1]
01 Transition rate from the exposed population to the carrier population 0.6 [1]
oy Transition rate from the exposed population to the infected population 0.0016 [41]
O3 Recovery rate of the exposed population by natural immunity 0.25 Assumed
y Recovery rate of the carrier population by natural immunity 0.37384 [7]
p Proportion of carriers progressing to the infectious stage 0.00005 Assumed
1) Disease-induced death rate 0.13 [6]
€, Vaccination efficacy 0.85 [1]
€ Drug efficacy 0.85 [1]
M Transition rate from infected to treated population 0.1 Assumed

1, Recovery rate of treated individuals 0.08 Assumed
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Figure 1. The Flowchart of the Proposed Model

3. RESULTS AND DISCUSSION

In this section, the model analysis of the proposed meningitis model is conducted. These include the
invariant region, positivity of the solutions, and the disease-free equilibrium point (DFE).

Theorem 1. The model 1 has a region defined by the set Q = {(S +V+E+C+I14+T+R)ER]:N< %}.

Proof. The total population is defined as N =S+V+E+C+1+T+R. Thus,
dN _dS dV dE dC dI dT dR

E_E+E+E+E+E+E+E. (2)

Hence,

dN
— <a-—pN 3
Fral (3)

Thus, N € [0, %] Therefore, the invariant region that contains the model 1 solutions is given by 2 =
[(S, V,E,C,I,T,R) ER]:N < %] indicating that the region containing the model equation solutions is
positively invariant and that model Eq. (1) is mathematically and biologically well-posed. m

Theorem 2. Let Q(t) =S,V,E,C,I,T,R € R]:Sy > 0,Vy > 0,E; > 0,Co > 0,1y > 0,Ty > 0and Ry > 0
then the solutions of (S,V,E,C,1,T, R) are positive for t = 0.

Proof. Consider the first equation of the model in Eq. (1),

ds
E=a+wV—KS—/15—yS. (4)

This implies:
das(t)

TZ—(K+7\+ wSs. (5)
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Integrating,

S > S(0)e(HI-ADAd > 0 for ¢ > 0, (6)
where A(n) = B(vC + tE + I). In a similar approach, V > 0,E =20, =0, =20,T =20,R >0 i.e

Hence, all variables of the model are positive forall t > 0

( _ _ t
V> V0)e ((w+u)t+(1 e ! /1(¢)d¢) >0

E > E(0)e~((itoztas+u)t) >

}C = C(0)e~(@+mt) > o, (7)
I > 1(0)e~(m+6+wt) > ¢

T > T(0)e~(m2+6+m1t) >

R = R(0)e~ 0 > 0.

)

3.1 The Equilibrium Points

3.1.1 The Disease-Free Equilibrium Point (DFE)
At DFE, there are no infections or recovery of the disease. Therefore, E(t) = C(t) = I(t) = 0 at the DFE.
As a result, the DFE is given by
+
& = Son, °=L,E°=O,C°=0,IO=0,T°=0,R°=0 ) (8
n(k + w + p) n(k + w + w

isfving s =& _dE _dC _dl _dT _dR _
Satisfying dt  dt _dt _dt dt dt  dt 0.
3.1.2 The Endemic Equilibrium Point (EEP)

The EEP is a positive steady state solution when the disease is expected to persist within the observed
population. The EEP is obtained by equating each of the equations of the model in Eq. (1) t0 0, i.e.,

dS dV _dE _dC_dl _dT dR _
dt dt dt dt dt dt dt
Thus, the EEP is expressed as:
a((l —eA" + kz)

S* = ,
(k1 + 21— €A + ky — kW
— aK
T (kg (A — €A + ky — k0
B = al* (1 —€e)A" + k) + k)
—k((ky +A)((A = €)X + kp — kw))’
ct = o E”
=
. (02ks —ypoy)E™
I = )
kaks
T = (o2ks —ypoy)E™
kikske ’
R* = (kske(o3ks +yo1(1 — p)) + (N1 (1 — €3)ke + N112€2) (02ks — ypoy))E”

pkykske

where ky = (k+u), ky=(w+pu), ks=(01+oy+o3+uw), ka=C+wks=m+8+un), ke =
(2 + 8+ W), A" = B(E* +vC* + 1) and A" represents the force of infection at EEP.
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3.2 Stability Analysis of the DFE

3.2.1 The Basic Reproduction Number

The spectral radius of the matrix FV~! obtained from the model in Eq. (1) is used to calculate the R,
in accordance with the next-generation matrix approach. Thus, by constructing F, the Jacobian matrix
representing the rates of new infections, and V/, the Jacobian matrix representing the rates of transfer between
infected compartments (excluding new infections), and then obtaining V1, the R, at the DFE is defined as:

_ Ba (((1 — €k + kz)(al(yp + vks) + k4 (Tks + 02)))
o pkskyks(ky + 1)

. 9

Theorem 3. The DFE is locally asymptotically stable (LAS) when R, < 1, and it becomes unstable
whenever R, > 1.

Proof. In order to prove Theorem 3, the method outlined in [1], [42], [43] is adopted. The Jacobian matrix
of the model in Eq. (1) at the DFE, denoted as J (£°) is expressed as:

e — _ fPraka_ _ Braka_ _ _Paka 1
R ez iz 10 e+ o 0
_ _ (1—€1)Brax _ (1—€1)Bvax _ (1—€1)Bax
* I uky +10) iy +10) 0 0
0 0 Brak, (1—€1)Bvax _ Bvak, (1—€1)Brax Baky (1—€1)Bax 0
J(&%) = ulotk) | plo+e) 0 plore) | alkore)  alkpte) | plko+e) (10)
0 0 0-1 _k4 0 0 O
0 0 o, yp —ks 0 0
0 0 0 0 Eznl _k6 0
0 0 03 y(1—p) n(l-e) n, —pl
The characteristic polynomial, P(41*), corresponding to Eq. (10) is expressed as:
P(") = |J(E%) — 2'Ty|
The eigenvalues of J(£°) are determined by solving P(A1*) = 0 and thus, the first two eigenvalues are:
* _I'L’
= _s5_p—n,) (11)
The remaining eigenvalues of the reduced system can be obtained from:
e — _ Praks _ Braks _ _Paks
FTRO T ko (e +10) (e +10)
K k (1—€q1)Brax (1—€e1)Bvax (1—-€e1)Bak
, —e—ufTaK _Ué)pvak _U-é)pak
u(kz+K) u(kz+x) u(ka+i)
(7(81) = 0 Brak, (1—-€1)Bvak . Bvak, (1—€q1)Brax Bak, (1-€q)Bak (12)
ulka+1)  p(ka+i) 3 ulkaHi) T ulkpti)  ulkoe) | plko+i)
0 0 o, —ky 0
L0 0 0y yp —ks

According to the Routh-Hurwitz standard, the matrix J(£°) will possess both negative and real eigenvalues if
Tr(J(E%)) < 0 and det(J(£°)) > 0.

From

Det(J) = (1 —Ry) (k3k4k5(1cw +key (i + u))) >0 ifRy < 1. (13)

Since the first two eigenvalues of the associated Jacobian matrix are negative, and the trace and determinant
of the reduced matrix also satisfy the Routh-Hurwitz criteria, this implies that the disease-free equilibrium
(DFE) isLAS. m

3.2.2 Global Asymptotic Stability Analysis (GAS)

The global stability of the DFE within Q € R, is obtained by denoting the system in Eq. (1) by
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dX

E = F(X, Y),

dy (14)
yri G(X,Y), G(X,0)=0.

where X = (S,V, R) denotes the uninfected sub-populations and Y = (E, C,I,T) comprises the infected sub-
populations. The DFE is said to GAS if R, < 1 and provided that the following two conditions are satisfied:

ax
Condition I: i F(X,0),X* = (S°V°E®°C°I°T® R%is GAS and, (15)
Condition II: G(X,Y) = BY — G*(X,Y),G*(X,Y) >0 V (X,Y) € R}, (16)
where B = DyG(X*,0), and R’ denotes the positively invariant region of the model system.
Theorem 4. The point (80 =2t yo - € p0—, (0=0,19=0, T*=0, R®=0) €
u(k+w+p) u(k+w+p)

R7% is GAS for the model in Eq. (1), if R, < 1 and conditions I and Il are held.

Proof. If all the infected compartments are set to zero, then the corresponding disease-free state is given by

a+ oV —kS+uS
F(X(1),0) = ( kS — (w + PV ) 17)
€0 = (50 =2t yo - 2 _ [0—0,¢0=0,]°=0,T"=0,R"=0)
plctw+p)’ u(tw+p)’ ’ ’ ’ ’ '
To verify the equation above, the first equation of the system, Eq. (1), implies that
BO = g+ 0V - (k+ps, (18)
then solving the above equation using the method of integrating factor:
das(t)
T +(k+wWSt) =a+ wV. (19)
The integrating factor is:
IF = elktmt (20)
Multiplying both sides by e+t yields:
e("“‘)t—dfi(tt) + (K + e "HWES(t) = qeHWt 4 ettt (21)
Now, solving for S(t):
S(t)elc+t = e+t 4 wf Velk+t (22)
(rc + 1)
(k+w)t 1, (k+u)t
f Velktt = ve _[re . (23)
(ke + 1) (e + 1)
Thus, Eq. (22) becomes:
a wV ) v ettt
SO = 5en T term ~ wrme ] o 24
a+wV ..
Ast - o0, S = TV Similarly,
dav(t)
—=kS—(w+ Vv, (25)
dt
since S = 2% this implies that
(k+p)
av(t Ka w+w(w+u) — ko
® _ (w4 w(w+ ) v 26)
dt K+ u (w+w
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Solving for V using the integrating factor mentioned in the previous steps, we obtain V = ﬁ ast — oo,

Thus, X* is GAS for the system % = F(X,0). Hence, the first condition is fulfilled. Next, it follows that

d:;—(tt) = G(X(t),Y(t)) for the system in Eq. (1),
AS+ (1 —€)AV —0E — 0,E — 03E — UE
o E—yC—puC
GX,Y) = 0,E +ypC —nyl — 81 — ul , (27)

n1€x1 =T — 8T — T

where B is given as

prs+ (1 - El)ﬁTV - (0‘1 +o0,+o03+ w)  pvs+(1- el)ﬁvV BS+ (1-¢)pv 0

. o -+ 0 0 28)
B 02 174 —(nl +45+ y) 0
0 0 1,62 —(nz +46+ u)
and
[BrS+ (1 —€)ptV — (0, + 0, + o3 + W]E + [BvS + (1 — ) pVW]C + [BS + (1 — €)BV]I
0.E = (v +1)C
B-Y= O'2E+]/pC—(T]1+6+M)I (29)
T]1621 - (172 +6+ u)T
Recall from Condition Il above that G(X,Y) = BY — G*(X,Y). This implies that
0
X 0
G(X@®),Y®) = 0 (30)
0

Clearly G*(X,Y) =0 V (X,Y) € R’. Hence, the DFE, as denoted, is GAS. =

3.3 Sensitivity Analysis

The sensitivity index provides insight into how small changes in parameter values influence R,,
helping to identify key factors affecting the disease transmission dynamics ¥ [7], [13], [44]- [46].

Definition 1. The normalized forward sensitivity index of R, relative to a parameter ¥ according to [5], [26]
is expressed as

0R b4

R 0

S’ = —— X —.
¥ T av TR,

Eq. (31) is employed to derive the sensitivity index (SI) of each parameter in R,. For instance, the Sl of R,

with respect to 7 is given by

(31)

IR T

R 0

S "=——x—=0.10326.
t ot R,

Using Eqg. (31), the sensitivity indices for each parameter of R, was calculated. Table 2 contains the parameter
values, showing both the sign and numerical magnitude of each sensitivity index.

Table 2 shows that Sl is positive for the parameters «a, g, v, p, T, and o;, whereas it is negative for 6§, k, u, 11,
Y1, 05, and as.

Table 2. Model Parameter Values

Parameters Values Parameters Values Parameters Values
1) -0.35755 p 0.89362 a, 0.15457
K -0.01178 T 0.10326 a, 0.00016
n -1.12614 M -0.46482 as 0.25799
u 0.00286 Y1 0.06355
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From Table 2, it is evident that the parameters with the highest absolute sensitivity indices are n
(1.12614), and p (0.89362). These parameters are important in determining the spread of the disease. Thus,
implementing control measures to reduce the transmission probability from carriers (p) or implementing
measures to reduce the effects of n could be effective in controlling disease transmission.

3.4 Optimal Control Problem (OCP)

The meningitis dynamic system presented in the model in Eg. (1) is extended into an OCP by
incorporating three time-dependent control variables u;(t), for i = 1,2,3, where u,(t) is public health
education campaigns, u,(t) is booster vaccine administration, and us(t) is prophylactic chemoprophylaxis
administration.

All three of the control variables are described below:

1. The control function 0 < u4(t) < 1 represents public health education campaigns. These include
awareness creation on personal hygiene, early symptom reporting, avoidance of overcrowded places,
and general community sensitization to prevent the spread of meningitis. The effect of u,(t) is to
decrease the probability of the disease transmission, thereby modifying the force of infection to
Pi = (1 —u()AS(D).

2. The control function 0 < u,(t) <1 represents booster vaccination against meningitis. Since
immunity conferred by childhood vaccination wanes over time, booster doses are administered to
maintain long-term protection. The effect of u,(t) is to reduce the rate at which vaccinated
individuals move to the exposed class, and it is given by PS5, = u, () (1 — €)AV (¢).

3. The control function 0 < u3(t) < 1 represents prophylactic chemoprophylaxis administration. This
involves administering preventive antibiotics to individuals who have been exposed to meningitis,
as well as those who are carriers of the disease, especially close contacts of confirmed cases. The
goal is to prevent the progression from exposure and carriage to infectiousness. In the presence of
us(t), the progression from E(t) and C(t) to the infectious class is modified as Py, = (1 —

u3(t))o,C(t) and Py = (1 — u3(t))yA(t), respectively.

(dS
E=a+a)V—KS—(1—u1(t))/15—uS,
dv
i KS —uy(1 — €AV — wV — uv,
dE
T (1 - ul(t))/lS +u,(1 —e)AV — E — (1 - U3(t))0-2E — 03E — UE,
ac
I 0. E — (1 - u3(t))yC —ucC, (32)
dl
i (1 —u3(0))omE + (1 —u3(t))ypC —nyl — 81 — pl,
dT
dt = €2l =T — 6T — T,
dR
P a3E + (1 —u3(8))y(1 = p)C +11(1 — €)I + 1T — uR
\

Our goal is to examine the efforts required to control meningitis by minimizing the number of exposed
E, carriers C and infectious individuals I, while also minimizing the cost associated with implementing the
control strategies u4, u,, u3. Accordingly, the objective functional is defined as:

tf

3
1
Juq,up,ug) = f (KlE +1,C + k3l +§Z fiui2>dt, (33)
0 i=1

subject to the control system given in £q. (32). Here, t; denotes the last time for the implementation of the
control strategies, and k; > 0, for i = 1,2,3, are weight constants associated with the exposed, carrier, and
infected individuals, respectively. The terms %fiu?(t), for i =1,2,3, represent the costs associated with
applying the respective control measures.
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The primary objective is to determine the optimal control functions uj, u3, and uz such that
](u;luzl u;») = m{gnj(ul:xiz,x%): (34)
where @ = {u;:u;(t) € [0,1], 0 <t < tf, i =1,2,3} are Lebesgue measurable functions.

Next, the existence of an optimal control problem is established. To derive the optimal solution, the
Hamiltonian associated with the optimal control problem is formulated as

7
H=L(,ut)+ Y A-Xi(b), (35)
jle J

where X ;(t) denotes the derivatives of the state variables with respect to time.

Where L(x,u,t), the Lagrangian of the OCP, is defined as follows:

3
1
L0 ut) = (,E + 16,C + ics1) + Ez £l (6). (36)
i=1
Then, the results in the theorem below establish the existence of an optimal control, and with the method of
Pontryagin’s maximum principle as used and explained in [22], [47], [48], and [49].

Theorem 5. The optimal control problem defined by Egs. (32) and (33) along with the initial conditions at
t = 0 is an optimal solution if there exists a control triple (u3, u3,u3) € @ such that

JQui,uz,uz) = minJ(ug, Uz, uz),
(ul'uZ'uS)Ed‘)

then an optimal control exists.
Proof. To establish the results presented in Theorem 5, the following properties are demonstrated:

1. The control set is both convex and closed.
Since all of its limit points are contained in @, it follows that @ is closed. Moreover, let 1 € [0,1], and
consider any two arbitrary elements p, q € @, where p = (p4, P2, p3) and q = (q1, 92, q3). Then, for
eachj =1,2,3:

This confirms that @ is convex.
2. The model in Eg. (32) has non-negative and bounded solutions.
Given the initial conditions W > 0, with W = (S,V,C,A,I,T,R) € R%, the optimal control problem

is a non-negative and bounded solution, with control functions that are Lebesgue measurable. The
system defined in Eq. (32) can thus be represented in the compact form:

aw
T DPHYW + Gy, W), (37)
where ¥ = (uq, u,, u3) represents the control vector. The matrix D(y) is defined as:
“K—U w 0 0 0 0 0
K —-w—pu 0 0 0 0 0
0 0 -0, - (1-ug)o,—o3—u 0 0 0 0
0 0 o -(1-w)y-u 0 0 0 (38)
0 0 (1 -u3)o, (1 —ux)yp -n,—6—-pn 0 0
0 0 0 0 1,62 -n,—6—-—u 0
0 0 a3 (1-uw)y(1-p) n(1-€) n, —

and
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/ a—(1-u ())AS®) \

—(1-e)AV(®)

) - | (- ul(t))(A)S(t) +up(1— e)AV(D) | | 59)

0

0
0

A nonlinear coupled system with bounded coefficients is shown by Eq. (37). Let
H =DWP)W + G, W). (40)
Hence, from the first equation of Eqg. (39)

G, W1) =G, W) = {=(1 — w1 ())AS1} — {=(1 — u1(£))1S,}
IGW. W) = G, W)l < [-(1 —uy (1)) (41 — 2)|.

thus,
G, W) — G, W)l < [1 —ul(®)||BI(l|E; — Ez| + v|ICy — Gl + |1 — IL]). (41)

This shows that G (v, W) satisfies a Lipschitz condition in W, since the right-hand side is bounded by
a product of bounded terms. Also,

DY)IYW, = DWW, = {—(k + WS + wV; + ORy} — {—(k + 1)S; + wV; + OR,}
DWW, — DW)IW,| < |, + )|IS1 — S2| + |w]|Vy = V2| + [0]|Ry — R,| (42)

Thus, Eq. (40) becomes
|[HWy) —HW)| < C(IS1 — So| + Vi = Vol + [Ry — Ryl + |Cy — G| + |Ey — Ex| + |1y — | + [Ty — T2),

where C = max{|C;|, |C]|, |C3l,|1C4l,|C5], |Csl, |C-|} is a positive constant independent of the state
variables.

Furthermore,
|FHE(Wy) = H(W,)| < PIWy — Wy|,
where P = ¥7_, J; + | M| < oo is a finite positive constant.

This implies that 7 (W) is uniformly Lipschitz continuous. Therefore, a unique solution to the optimal
control system exists.

3. The Lagrangian defined in Eq. (36) is convex with respect to the control variables.
Using Eq. (36), let

L(Oxu,t) = Li(x,t) + L,(u, t), (43)
where
Ll(x, t) = KlE + ch + K31, (4’4’)
1 3
LD =3 §ub . (45)
i=1

The objective is to show that the term £, (u,t) is convex. Define the function ;:[0,1]> - R by
Yi(u, t) = %uiz(t), fori = 1,2,3. Then, forany q,v € [0,1]° and A € [0,1]:
Ap(q) + (A= DY) 2 9(Aq + (1 = )v),

which satisfies the definition of convexity. Hence, £,(u,t) is convex with respect to the control
variable u.
4. There exist positive constants nq,n, and n3 > 1 such that the Lagrangian Eg. (36) is bounded below
by an expression of the form
nyllull"/? — ny.

From Eq. (45), it follows that
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3 3 %
Z ful(6) = ny (Z Il (t) ||2> —ny, (46)
i=1 i=1

where n, =%min(fi), n, >0, and ny = 2. This inequality provides a lower bound for the

Lagrangian, ensuring it satisfies the convexity condition necessary for the existence of an optimal
control. m

N =

L(x,u,t) =

To establish the optimal control characterization, the Hamiltonian function A associated with the OCP is
defined as:

H =Lxut)+X 4 X(D)
= (5 E + 162C + 1310 +5 (803 (0) + u3(0) + £u3(©))
+2s(a + oV — kS — (1 — uy (t))AS — pS)
+Ay (kS — uy, (1 — €AV — wV — uV)
+5 (1= w1 (©)AS + uy(1 = €)WV = 01 — (1= u3(t)) 02 — 03 — iE) (47)
+/1¢(01E — (1 — u3(t))yC — uC)
+2 ((1 —u3(t))02E + (1 —uz())ypC — nyl — 81 — ,u])
+Ar(m1€21 — 0T — 6T — uT)
+/1R(U3E + (1 - u3(t))y(1 —p)C+n1(1 =€) +n,T — MR),
where A; for j = (S,V,E,C,1,T,R) represents the adjoint variables for the corresponding state variables.

Theorem 6. Given the optimal control variables u; for i = 1,2,3 and the solutions of the state variables
S*V*E*,C*I",T", R, there exist adjoint variables A; for j = S,V, E, C,1,T, R satisfying:
Ag=As(—k — (1 =u)BOWC+TE+1) —p) — Ay k — Az (1 —u)B(VC + 1E + 1), (48)
A=A w—Ay(~uy(1—e)BWCHTE+1) —w—p) —Ag uy(1 — ) B(VC + TE + 1), (49)
Ag = =iy + Ag(1 — uy)B1S + Apuy(1 — )BTV
_AE((l —uy)PTS +uy(1 —€))prV — oy — (1 —uz)o, — o3 — #)

—Acoy — 4 (1 —u3)o, — Agos, (50)
de ==Ky + A(1 —u)BVvS+ Apu,(1—e)BvV — (L —u)BvS+u(1—€)Bv V)
(=1 —uz)y — ) — 4 (1 —uz)y p — (1 —u3z)y(1 — p), (51)
A =—k3+As(1—u)BS+u(1—€)BV — /15((1 —u)f S +ux(1—¢€)p V)
(-1 =8 —p) —Aream — g (1 — €3), (52)
/iT =—Ar(=6 —pu—n2) — Ar M2, (53)
Ap = Az 1. (54)
Given the transversality conditions:
A(tr) =0, for j€{SV,ECIT,R} (55)

and the characterization of the control variables given as:

ui(t) = min {1, max {0’ _ (As—1p)B (Cv+E‘r+I)S}},

$1

u; (t) = min {1’ max {0, (AV—AE)(1—61€)B(VC+TE+I)V}},
2

u3(t) = min {1, max {0, _AEGZE_ACYC‘AI(‘ls:PC—UzE)+/1RV(1—p)C}},
3

minimizes J (uj, u3, u3) over @.
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Proof. If (x,u) denotes the optimal solution of the control problem, then O O _pat u; = uj.
aul 6u2 BU3
Hence,
oH
a_ul = —flul — Asﬁ (CV + Et + I)S + AEﬁ (CV + Et + I)S;
oH
9, =-&Su + Ay(1—€e)B (CVv+ET+ 1)V -1 —€)p (Cv+ ET+ 1)V,
oH
o —$3uz — Ag0E —Acy € — 4, (=Cy p — Egy) + Agy (1 — p)C.

Consequently, the optimal control functions are expressed as

u1 = -
$1
Ay —A2g)(1 —€ vC +tE+ 1)V
s = G =2 1;/3( ) 56)
2
o = —Ap02E — AcyC — 2 (=ypC — 0z2E) + Agy (1 — p)C
VP &
Finally, according to the standard definition of control, and by applying the bounds on u;,
0if 9/ <0
uj =<9; if 0<Y;/ <1 fori=123and
1if 9/ =20
(As=Ag) B (CV+ET+I) S
'191 = =
é1
(Ay—-2g)(1—€)B(VCHTE+D)V
192 =
$2
9. = —Ago2E-AcyC—24;(-ypC—02E)+Agy(1-p)C
3T &

Hence, each of the control measures is written in compact form as follows:

uy = min{l, max{0, 191}}, u; = min{l,max{O, 192}}, and uz = min{l, max{0, 193}}. ]

3.5 Numerical Solutions

In this section, the numerical simulation of the proposed meningitis model is carried out. The numerical
solution to the model in Eq. (1) is computed using the MATLAB ODE45 solver, which is well-suited for
handling non-stiff ordinary differential equation systems, subject to the following initial conditions (in
millions):

S(0) =87, V(0)=45 E(0)=42 C(0)=35 I(0)=31 T(0)=25 R(0)=16.

The parameter values used, which are mostly obtained from published literature, are presented in Table
1. Graphs of the population dynamics against time, ranging from 0 to 50 days, are plotted for the model in Eq.
(1). Employing the parameter values listed in Table 1, R, for system in Eq. (1) is calculated to be
approximately R, = 1.623, highlighting the need for optimal control interventions. In order to evaluate the
efficiency of control strategies, the interventions are divided into three distinct strategies, and their impacts on
the model dynamics are analyzed. According to the World Health Organization release, Prophylactic
chemoprophylaxis is a frontline defense in meningitis control, particularly for preventing secondary
transmission, containing outbreaks, and protecting high-risk contacts, complementing vaccination efforts [16]
and thus, is a key element for preventing the disease. As a result, each of the three control strategies in this
study included this preventive intervention.
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Figure 2. Population Dynamics of Meningitis for each Compartment Throughout a 50-Day Span

Fig. 2 shows the population dynamics of the meningitis disease over a period of 0—50 days. From the
graph, the susceptible population S(t) decreases rapidly within the first few days and thereafter remains
relatively stable because of the progression rate and the effect of vaccination. Because no other control measure
has been implemented at this stage, the availability of vaccines for meningitis treatment, and the vaccinated
population V(t) increases sharply from day 30 onward, as shown in the graph. The rapid decrease of the
vaccination population within the first few days is a result of the progression rate, including the vaccine waning
rate, leading to the exposed compartment. The exposed individuals E(t) initially increase, reflecting the
progression from both the susceptible and vaccinated classes, and subsequently decline due to successful
detection, treatment, and immunity development. The carrier population C(t) increases steadily within the first
few days and then decreases due to the progression of carriers into the infected class between days 5 and 20.
It remains relatively stable from day 21 onward, indicating good compliance with vaccination efforts or an
increase in vaccine intake.

Furthermore, the infected population I(t) shows a slight increase in the number of infected individuals
within days 0-10, and thereafter decreases. The treated population T'(t) decreases rapidly within the first 0-5
days, contributing to the significant rise in the recovered population R(t) within days 0-15. This is followed
by a decline due to the decrease in the number of infected and treated individuals.

Strategy 1. A combination of optimal control, public health education, and prophylactic
chemoprophylaxis administration (i.e., u,(t) # 0, u(t) = 0, and u3(t) # 0)

This strategy combines public health education campaigns with prophylactic chemoprophylaxis
administration against meningitis. The simulation results in Fig. 3 (a)-Fig. 3 (e) show a clear reduction in
disease transmission compared to the no-control case. Fig. 3 (a) reveals that the number of exposed individuals
drops sharply under control, while remaining high without intervention. In Fig. 3 (b), carrier numbers initially
rise slightly within the first few days, then fall rapidly under control, in contrast to the sustained peak observed
without control. Similarly, Fig. 3 (c) shows that infected individuals decrease significantly under control,
highlighting the effectiveness of early interventions. Fig. 3 (d) indicates that fewer individuals require
treatment in the early days due to reduced infections. After day 30, the treated population under control
becomes slightly higher than in the uncontrolled case, reflecting targeted case management. As shown in Fig.
3 (e), the number of recovered individuals increases sharply under control, driven by public health education
and chemoprophylaxis, before gradually declining as new infections diminish. Finally, Fig. 3 (f) presents the
control profiles over time. Public health education is applied strongly in the early phase, while
chemoprophylaxis is maintained at key intervals to suppress transmission. In general, this combined approach
significantly reduces both the spread and persistence of meningitis.
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Strategy 2: A combination of booster vaccine administration and prophylactic chemoprophylaxis
administration (i.e., uq(t) = 0, u,(¢t) # 0, and uz(t) # 0)

This strategy combines booster vaccine administration with prophylactic chemoprophylaxis. The
simulation results in Fig. 4 (a)-Fig. 4 (e) reveal a marked reduction in transmission compared to the no-control
case. Fig. 4 (a) shows that the number of exposed individuals drops sharply under control. In Fig. 4 (b), carriers
increase rapidly in the first few days before declining due to the combined effects of vaccination and
chemoprophylaxis. As seen in Fig. 4 (c), infected individuals decrease significantly within the first 70 days in
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the controlled scenario, compared to sustained higher levels without intervention. This decline corresponds to
Fig. 4 (d), where the treated population initially falls sharply in the first 20 days, then experiences a slight rise
from day 30 onward. Fig. 4 (e) shows that recovered individuals increase rapidly during the first few days,
then begin to decline under control, reflecting reduced infection levels. Finally, Fig. 4 (f) presents the control
profiles over time, indicating that both booster vaccination and chemoprophylaxis are applied most intensively
in the early phase, then adjusted as disease transmission subsides. Overall, this strategy demonstrates that
combining vaccination with preventive drug administration effectively suppresses meningitis spread and
accelerates recovery.

— D 0 e

Cantred Profies

=) LE)
Figure 4. Effects of Optimal Use of Strategy 2 on the Population Dynamics of Meningitis (A) Exposed Humans
(B) Carrier Humans (C) Infected Humans (D) Treated Humans (E) Recovered Humans (F) Control Profiles

Strategy 3: A combination of optimal public health education campaigns, booster vaccine
administration, and prophylactic chemoprophylaxis administration (i.e u4(t) # 0, u,(t) # 0, and
uz(t) # 0)

In this strategy, all the introduced control measures, public health education campaigns, booster vaccine
administration, and prophylactic chemoprophylaxis administration are implemented against meningitis. The
simulation results in Fig. 5 (a)-Fig. 5 (e) show that this integrated approach produces the most significant
reduction in disease burden. Fig. 5 (a) reveals an initial rise in exposed individuals during the first few days,
followed by a sharp decline between days under control, in contrast to the sustained high levels without
intervention. In Fig. 5 (b), carrier numbers increase rapidly, then drop steeply from day 25 as the combined
measures take effect. Fig. 5 (¢) shows a marked reduction in infected individuals under control, before
converging with the uncontrolled case from day 70 onward. As shown in Fig. 5 (d), the number of treated
individuals remains lower under control due to reduced infections. Fig. 5 (e) presents a steep rise in recovered
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individuals during the first 25 days, followed by a gradual decline, reflecting the sustained suppression of
transmission through the combined strategies. Finally, Fig. 5 (f) illustrates the timing and intensity of each
intervention, showing strong early application of all three measures with adjustments over time. Overall, this
integrated strategy proves highly effective in reducing transmission, limiting illness, and promoting faster
recovery.
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Figure 5. Effects of Optimal Use of Strategy 3 on the Population Dynamics of Meningitis (a) Exposed Humans
(b) Carrier Humans (c) Infected Humans (d) Treated Humans (e) Recovered Humans (f) Control Profiles

3.6 Cost-Effectiveness Analysis

To evaluate the economic efficiency of the proposed intervention strategies in mitigating the spread of
meningitis, a cost-effectiveness analysis is carried out. This approach helps determine whether the health
benefits derived from the controls justify the associated costs [8], [50], [51]. In particular, key performance
metrics such as the IAR, ACER, and ICER are carried. The IAR measures the proportion of infections
prevented through intervention, while ACER and ICER provide insights into the cost per infection averted,
facilitating comparison across control strategies. These metrics collectively guide the identification of the most
cost-effective approach for controlling meningitis transmission [50], [55].

3.6.1 Infection Averted Ratio (IAR)

The number of infections avoided by implementing a control plan is measured by the IAR, which is defined
as follows:

Cumulative cases averted

IAR =

Total number of recovered individuals’
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The number of infections averted is calculated by subtracting the total number of infectious individuals
under the control strategy from those recorded without any intervention. A higher IAR value reflects greater
effectiveness of the strategy in reducing infections [52], [56]. Therefore, the most cost-effective control method
is the one that produces the highest IAR. Each strategy’s IAR is assessed using the parameter values in Table
1. Fig. 6 (a) presents the IAR values with and without control for each proposed strategy.
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Figure 6. Cost-effectiveness Analysis (a) IAR, (b) ACER, (c) ICER, and (d) Total Cost

Based on the results in Fig. 6 (a), Strategy 2 yields the highest IAR value of 1.0995. Therefore, Strategy
2 is considered the most cost-effective among the three. This is followed by Strategy 3 with an IAR of 1.0453,
indicating the second most cost-effective approach. Strategy 1, which combines public health education and
chemoprophylaxis, has the lowest IAR of 0.6980 and is thus considered the least cost-effective. This suggests
that combining education campaigns alone with chemoprophylaxis, without booster vaccination, may not
significantly reduce the infection burden.

3.6.2 Average Cost-Effectiveness Ratio (ACER)

The ACER provides a quantitative measure of the economic efficiency of a given intervention strategy.
Specifically, it represents the cost required to avert a single case of infection through that strategy [18], [32],
[57], [58]. Mathematically, ACER is defined as:

Total cost of implementing the strategy

ACER =

Cumulative number of infections averted’

The total cost associated with a control strategy is computed using the objective functional defined in
Eq. (33), which aggregates both the health costs and the costs of applying the controls over the intervention
period. A lower ACER value indicates a more economically favorable intervention. The computed ACER
values for each strategy are summarized in Table 4.

Table 4. Cost-Effectiveness Analysis Values
Strategy Cumulative Cases Averted TC with control ACER ICER
Strategy 1 15.26 106234.2970 6959.40 25026.3
Strategy 2 3.98 62931.9548 15803.40 15635.0
Strategy 3 15.26 137753.4030  25025.58 32459.8




BAREKENG: J. Math. & App., vol. 20(3), pp. 2259- 2280, Sep, 2026. 2277

Based on the ACER results, Strategy 1 has the lowest ACER value of 6959.4016. This implies it is the
most cost-effective strategy in terms of cost per infection averted. It is followed by Strategy 2 with an ACER
of 15803.3896. Strategy 3, which combines all three controls, yields the highest ACER value (25025.5816),
indicating that although it may avert more infections, it is less efficient economically. Therefore, based on
ACER analysis, Strategy 1 is the most cost-effective approach (See Fig. 6 (b)).

3.6.3 Incremental Cost-Effectiveness Ratio (ICER)

The ICER is a key metric used to evaluate the additional cost incurred per infection averted when a
control strategy is implemented compared to no intervention [5], [15], [38], [59]. It is expressed as:

ICER = Ccontrol—Cnocontrol

i)
Inocontrol—Icontrol

where:

Ceontrol 1S the total cost with control;

Crocontrol 1S the total cost without control;

Inocontrol 1S the total number of infections without control;
Icontrol 1S the total number of infections with control.

Using this formula and the approach in [60], the ICER values for the three control strategies are presented in
Table 4 and Fig. 6 (c) below:

Among the strategies, Strategy 2 yields the lowest ICER, indicating it is the most cost-effective in
reducing the number of infections. Strategy 3 has the highest ICER, making it the least cost-effective, while
Strategy 1 lies in between. This analysis supports prioritizing booster vaccination and prophylactic
chemoprophylaxis administration when resources are limited.

4. CONCLUSION

This study employs a mathematical model of meningitis transmission, extended into an optimal control
framework, to evaluate the impact of combined interventions. The results demonstrate that targeted
combinations of interventions can substantially suppress meningitis transmission, with notable implications
for public health policy in endemic regions. Extending the model into an optimal control framework, three
time-dependent controls: public health education campaigns (u,), booster vaccine administration (u,), and
prophylactic chemoprophylaxis (u3) are introduced. Analytical results and numerical simulations obtained via
Pontryagin’s Maximum Principle and solved using MATLAB revealed that all three tested strategies, each
combining at least two controls, reduced the number of exposed, carrier, and infectious individuals. Using the
ACER and ICER, the cost-effectiveness study revealed that Strategy 2 (booster vaccination and prophylactic
chemoprophylaxis) delivered the greatest economic advantage, achieving the lowest cost per infection averted
and the most favorable incremental benefit, making it the optimal choice in resource-limited settings. Although
other strategies also reduced transmission, the combined vaccination and chemoprophylaxis approach
consistently outperformed alternatives in both epidemiological and economic terms. Based on these findings,
it is recommend that public health authorities in meningitis endemic regions should prioritize and sustained
booster vaccination and chemoprophylaxis programs, integrate these pharmaceutical measures with targeted
public health education campaigns to enhance community awareness and compliance and maintain robust
surveillance systems to adjust intervention intensity as disease dynamics evolve, thereby ensuring efficient
resource utilization and moving closer to the long-term elimination of the disease. A key limitation of this
study is that the model relies on assumptions such as homogeneous mixing, constant parameter values, and
idealized intervention efficacy, which may not fully capture real-world heterogeneities and stochastic effects
in meningitis transmission. Future work should incorporate spatial dynamics, seasonality, and population
heterogeneity to improve the predictive accuracy and applicability of the model.
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