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Article Info ABSTRACT 

Article History: 
A deeper understanding of the learning and retrieval phase of the Discrete Hopfield Neural 

Network (DHNN) is essential for advancing its application in intelligent systems. This study 

investigates the performance of a non-systematic logical rule, namely Conditional Random 

2 Satisfiability logic (CRAN2SAT) in DHNN (DHNN-CRAN2SAT) in retrieving diverse and 

optimal final neuron states. The findings show that the Election Algorithm consistently 

retrieves the maximum global minimum solution value of 1 across all tested neuron sizes, 

outperforms Exhaustive Search. In addition, the implementation of a new updating rule 

during the retrieval phase significantly enhances the diversity of final neuron states. This 

improvement is reflected by lower Sokal–Sneath similarity indices with an average value of 

0.3809 and increased neuron state variation with an average value of 8809. These results 

highlight the significance of both the learning algorithm and updating strategy in the 

retrieval phase of DHNN. By enabling a broader range of final neuron states, this approach 

offers meaningful improvements for logic mining models, particularly in addressing real-

world classification challenges. 
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1. INTRODUCTION 

An Artificial Neural Network (ANN) is a computational model inspired by the human brain, consisting 

of interconnected neurons that collaborate to solve complex real-world problems across domains such as 

medicine, business, and education. Among the various types of ANN, the Hopfield Neural Network (HNN) 

introduced by Hopfield and Tank in 1985 [1] has been widely utilized in applications, including the Travelling 

Salesman Problem (TSP), image recognition [2], [3] and combinatorial optimization [4]. HNNs are generally 

classified into continuous and discrete variants. The Discrete Hopfield Neural Network (DHNN) is a fully 

connected network where each neuron is linked to all others, and it operates without any hidden layers. The 

main characteristic of DHNN is its ability to function as an associative memory, particularly in the context 

of content-addressable memory (CAM), where it is used to store and recall problem patterns. Notably, DHNN 

employs an asynchronous updating process that allows neurons to update their states independently and thus 

reduces the risk of oscillations.  

Due to these characteristics, DHNN has been effectively used in satisfiability (SAT) by incorporating 

logical rules within the ANN framework. This approach was pioneered by Wan Abdullah [5], where a logical 

inference method was introduced to minimize inconsistencies in the network. In addition, the Wan Abdullah 

method (WA method) was developed for calculating synaptic weights by comparing the cost function with 

the Lyapunov energy function. Subsequently, this approach was extended to a restricted subclass of SAT. In 

particular, Horn clauses were incorporated into the DHNN model in [6], resulting in the Horn satisfiability 

model (HornSAT), which represents a SAT formulation constrained by Horn clause structures. Relaxation 

mechanisms were further introduced during the retrieval phase of DHNN to improve performance. Since 

then, the WA method has been widely applied to both systematic [7], [8] and non-systematic logical rules 

[9], [10], [11]. One key limitation in the learning phase of DHNN is the reliance on the Exhaustive Search 

(ES) algorithm, which involves trial-and-error procedures and often results in suboptimal synaptic weights. 

These weights play a crucial role in determining the effectiveness of the retrieval phase [12]. Therefore, 

employing a more efficient learning algorithm is essential to generate optimal synaptic weights and, in turn, 

lead to an optimal final neuron state. The Election Algorithm (EA) effectively minimizes the cost function 

with fewer iterations, leading to an optimal synaptic weight [13]. Therefore, implementing the Election 

Algorithm is essential to improve the learning phase of DHNN. 

A significant aspect of this study focuses on evaluating the quality of the retrieved state, which is 

influenced by the choice of activation function. Activation functions transform input signals into output 

signals. In the context of logic satisfiability, the variation of the final neuron state is closely related to the 

choice of activation function. Thus, selecting an appropriate activation function is crucial for promoting 

variation and avoiding overfitting. The Hyperbolic Tangent Activation Function (HTAF) introduced by [14] 

is a commonly used activation function. However, HTAF suffers from the vanishing gradient problem [15], 

[16], [17] which can result in overfitted outputs. More recently, the Smish activation function has been 

implemented in DHNN for non-systematic logic by [18]. The effectiveness of the Smish activation function 

in generating diversified final neuron states for non-systematic logical rules was demonstrated. These findings 

suggest that the use of a suitable activation function can significantly enhance variation and diversification 

in the resulting neuron states. 

Neuron state diversification in DHNN expands the solution space of the network. This is crucial for 

logic mining tasks, where a larger solution space increases the chance of obtaining an optimal induced logic. 

Although the Smish activation function has improved the diversity of neuron states, further enhancement is 

still required in terms of similarity, which reflects how closely the retrieved neuron states match the ideal 

benchmark neuron states. Evaluating the uniqueness of the retrieved states to the benchmark requires 

similarity analysis. Recent advancements by [19] and [20]  have proposed improvements to the updating rule 

in DHNN. The standard updating rule performs poorly when the local field is zero, often leading to overfitting 

of the final neuron state. In contrast, the new updating rule maintains the neuron state when a zero local field 

occurs, which leads to better quality in the retrieved states as measured by the similarity index. Consequently, 

the overall quality of the retrieved neuron states is significantly improved by adopting the updated rule. This 

study makes several key contributions. First, the Smish activation function is implemented into the DHNN 

framework to improve the effectiveness of the neuron updating rule for non-systematic logic. Second, an 

enhanced updating rule is employed to improve the diversification of the final neuron states during the 

retrieval phase. Finally, the quality and uniqueness of the retrieved neuron states are systematically evaluated 

with respect to benchmark solutions using similarity analysis. 
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Therefore, the combination of an effective activation function and a new updating rule in DHNN can 

lead to diversified states. The structure of this paper can be described as follows: Section 2 explores how non-

systematic logic is formulated. Section 3 covers topics, including the implementation of Conditional Random 

2 Satisfiability with Smish and a new updating rule in DHNN. The experimental setup is detailed in Section 

4, followed by the presentation and analysis of results in Section 5. The paper concludes in Section 6, which 

also discusses possible future research directions. 

2. RESEARCH METHODS 

2.1 The Formulation of Conditional Random 2 Satisfiability Representation 

Conditional Random 𝑘 Satisfiability for 𝑘 = 1,2 (CRAN2SAT) proposed by [18] is a non-systematic 

logic that consists of first-order and second-order clauses under a specific condition. CRAN2SAT provides 

flexibility by eliminating the use of two positive literals in second-order clauses and allowing unrestricted 

structure in first-order clauses. CRAN2SAT uses restricted negation to strengthen the control of negative 

neuron states within the network. This approach ensures that second-order clauses contain at least one 

negation operator while maintaining flexibility in first-order clauses. CRAN2SAT is structured based on the 

following key components: 

1. A set of  𝑚 second-order clauses, with each clause consisting of exactly two literals, is represented 

as 𝐶1
(2)

, 𝐶2
(2)

, … , 𝐶𝑚
(2)

  such that 𝐶𝑚
(2)

= (𝐵𝑖⋁𝐷𝑖), 𝑚 ∈ 𝑍+. 

2. A set of 𝑛 first-order clauses, with each clause consisting of exactly one literal, is represented as 

𝐶1
(1)

, 𝐶2
(1)

, … , 𝐶𝑛
(1)

 such that 𝐶𝑛
(1)

= (𝐴𝑖), 𝑛 ∈ 𝑍+. 

Note that 𝑖 represents the independent literals. The 𝐶𝑛
(1)

 and 𝐶𝑚
(2)

 denote the first-order and second-

order clauses, respectively, where each literal can be represented as a positive or negative literal, such 𝐵𝑖 ∈
{𝐵𝑖, ¬𝐵𝑖}, 𝐷𝑖 ∈ {𝐷𝑖, ¬𝐷𝑖} and 𝐴𝑖 ∈ {𝐴𝑖, ¬𝐴𝑖}. The possible combinations of the first-order clauses are 

highlighted as in Eq. (1): 

𝐶𝑖
(1)

∈ {(𝐴𝑖), (¬𝐴𝑖)}. (1) 

While the possible combinations of the second-order clauses are highlighted as in Eq. (2): 

𝐶𝑖
(2)

∈ {(¬𝐵𝑖⋁¬𝐷𝑖), (𝐵𝑖⋁¬𝐷𝑖), (¬𝐵𝑖⋁𝐷𝑖)},   𝐶𝑖
(2)

∉  {(𝐵𝑖⋁𝐷𝑖)}. (2) 

Based on (2), the possible combinations of the second-order clauses that consist of both positive literals 

are denoted as (𝐵𝑖⋁𝐷𝑖) are excluded from the logical structure of CRAN2SAT. Each clause is combined with 

others using logical AND (⋀) and the literals within a clause are connected by logical OR (⋁). Therefore, 

the general formulation of CRAN2SAT denoted as 𝑃CRAN2SAT is presented in Eq. (3) and the definition of 

the clauses in 𝑃CRAN2SAT is illustrated in Eq. (4): 

𝑃CRAN2SAT = ⋀𝑖=1
𝑚 𝐶𝑖

(2)
⋀𝑖=1

𝑛 𝐶𝑖
(1)

, (3) 

𝐶𝑖
(𝑘)

= {
(𝐵𝑖⋁𝐷𝑖), 𝑘 = 2 

𝐴𝑖,            𝑘 = 1
. (4) 

Note that 𝑚 refers to the total number of the second-order clauses, while the variable 𝑛 corresponds to 

the total number of first-order clauses. Based on this formulation, Eqs. (5) until (8) illustrate the specific 

structure of 𝑃CRAN2SAT generated for different values of the number 𝑚 and 𝑛. These examples demonstrate 

how the general formulation can be extended to represent various structures of 𝑃CRAN2SAT. 

𝑃CRAN2SAT = (𝐵1⋁¬𝐷1)⋀¬𝐴1, 𝑚 = 1, 𝑛 = 1 , (5) 

𝑃CRAN2SAT = (¬𝐵1⋁𝐷1)⋀(¬𝐵2⋁𝐷2)⋀𝐴1⋀𝐴2        𝑚 = 2, 𝑛 = 2 , (6) 

𝑃CRAN2SAT = (¬𝐵1⋁𝐷1)⋀(¬𝐵2⋁¬𝐷2)⋀(𝐵3⋁¬𝐷3)⋀𝐴1⋀¬𝐴2⋀¬𝐴3,     𝑚 = 3, 𝑛 = 3 , (7) 

𝑃CRAN2SAT = (¬𝐵1⋁¬𝐷1)⋀(𝐵2⋁¬𝐷2)⋀(¬𝐵3⋁𝐷3)⋀¬𝐴1⋀¬𝐴2⋀¬𝐴3,        𝑚 = 3, 𝑛 = 3 . (8) 
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The random distribution of 𝐶𝑖
(1)

 and 𝐶𝑖
(2)

 will be embedded into the DHNN as a neuron representation, 

which will be further explained in the next section. The next section will also highlight the implementation 

of 𝑃CRAN2SAT in DHNN. This includes the explanation based on the process involved during the learning 

phase and retrieval phase of DHNN.  

2.2 The Implementation of Conditional Random 2 Satisfiability In DHNN 

In this section, the proposed logical rule CRAN2SAT is embedded into the DHNN, producing the 

model referred to as DHNN-CRAN2SAT. The DHNN-CRAN2SAT model operates in two main phases: the 

learning phase and the retrieval phase. In the learning phase, the objective is to determine the optimal synaptic 

weight that reflects the strength of connections between neurons. In the retrieval phase, the final neuron state 

is produced to evaluate whether it corresponds to a global or local minimum. This state reflects the energy 

level of the network. 

In the learning phase, the logical rule of 𝑃CRAN2SAT is embedded into the DHNN, where each literal of 

𝑃CRAN2SAT corresponds to a neuron state in the network. Synaptic weights are generated using the WA 

method [5], with the objective of minimizing logical inconsistencies in 𝑃CRAN2SAT. The cost function of the 

DHNN-CRAN2SAT model is denoted as 𝐸𝑃CRAN2SAT
 and formulated in Eq. (9). This cost function measures 

the logical inconsistency in the CRAN2SAT formulation by considering both second-order and first-order 

clauses. The terms 𝑚 and 𝑛 represent the number of second-order and first-order clauses, respectively. 

𝐸𝑃CRAN2SAT
= ∑ (∏ 𝑄𝑖𝑗

2

𝑗=1

) + ∑ (∏ 𝑄𝑖𝑗

1

𝑗=1

)

𝑛

𝑖=1

𝑚

𝑖=1

. (9) 

The term 𝑄𝑖𝑗 defined in Eq. (10) represents the logical inconsistency contributed by an individual literal 

within a clause and serves as a component of the cost function 𝐸𝑃CRAN2SAT
. In Eq. (10), 𝑆𝑥 denoted the neuron 

state corresponding to the literal 𝑋, where ¬𝑋 and 𝑋 represent negative and positive literals, respectively. 

Noted that 𝑋 is composed of arbitrary literals of {𝐴𝑖,  𝐵𝑖, 𝐶𝑖}. 

𝑄𝑖𝑗 = {

1

2
(1 − 𝑆𝑥),       if  ¬𝑋

1

2
(1 + 𝑆𝑥),          if  𝑋

. (10) 

The main objective is to minimize the logical inconsistency of 𝑃CRAN2SAT which corresponds to 

minimizing the cost function 𝐸𝑃CRAN2SAT
. Minimization occurs when the maximum number of satisfied 

clauses in 𝑃CRAN2SAT is achieved. Election Algorithm is an optimal learning algorithm that guarantees the 

determination of optimal synaptic weights [13]. Therefore, the Election Algorithm is employed to maximize 

the number of satisfied clauses in 𝑃CRAN2SAT as defined by the fitness function in Eq. (11).  

𝑓𝑃𝑖
= ∑ 𝐶𝑖

(2)

𝑚

𝑖=1

+ ∑ 𝐶𝑖
(1)

𝑛

𝑖=1

. (11) 

where 𝑓𝑃𝑖
 denotes the fitness of achieving satisfied clauses of 𝑃CRAN2SAT. The satisfaction of the second-

order and first-order clauses is represented by 𝐶𝑖
(2)

 and  𝐶𝑖
(1)

, respectively as defined in Eqs. (12) and (13): 

𝐶𝑖
(2)

= {
1,   if  𝐸𝑃CRAN2SAT

= 0

0,                otherwise
. (12) 

𝐶𝑖
(1)

= {
1,   if  𝐸𝑃CRAN2SAT

= 0

0,                otherwise
. (13) 

Eqs. (12) and (13) show that  𝐸𝑃CRAN2SAT
= 0 when all clauses in 𝑃CRAN2SAT are satisfied. The value of 

𝐸𝑃CRAN2SAT
 will increase with the number of unsatisfied clauses. Therefore, achieving a zero-cost function 

(𝐸𝑃CRAN2SAT
= 0) signifies that the logical inconsistency of 𝑃CRAN2SAT has been fully minimized and 

highlighted that all clauses are satisfied. Successfully minimizing the cost function ensures the optimal 

generation of synaptic weights. The synaptic weights are computed using the WA method [5], which 
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determines the weights by comparing the coefficients of 𝐸𝑃CRAN2SAT
 with the Lyapunov energy function of 

the DHNN denoted by 𝐻𝑃CRAN2SAT
, as formulated in Eq. (14): 

𝐻𝑃CRAN2SAT
= −

1

2
∑ ∑ 𝑊𝑖𝑗

(2)
𝑆𝑖

𝑁

𝑗=1,𝑖≠𝑗

𝑁

𝑖=1,𝑖≠𝑗

𝑆𝑗 − ∑ 𝑊𝑖
(1)

𝑆𝑖

𝑁

𝑖=1

. (14) 

Based on Eq. (14), 𝑊𝑖𝑗
(2)

 and 𝑊𝑖
(1)

 represent synaptic weights for the second-order and first-order, 

respectively, while jS  refers to the neuron state in 𝑃CRAN2SAT.  Two key characteristics of synaptic weights 

in DHNN are symmetrical weights, such that 𝑊𝑖𝑗 = 𝑊𝑗𝑖  and there is no self-connection, meaning that 𝑊𝑖𝑖 =

𝑊𝑗𝑗 = 0. Additionally, the value of 𝑊𝑖𝑗
(2)

 and 𝑊𝑖
(1)

 are stored in matrix form as a Content Addressable 

Memory (CAM), which allows DHNN to memorize the optimal neuron connectivity. This stored information 

is subsequently used in the computation of the local field.  

During the retrieval phase of DHNN-CRAN2SAT, the goal is to produce an optimal final neuron state. 

To achieve this, the local field (ℎ𝑖) of DHNN is computed using the values of 𝑊𝑖𝑗
(2)

 and 𝑊𝑖
(1)

 stored in CAM, 

as shown in Eq. (15): 

ℎ𝑖 = ∑ 𝑊𝑖𝑗
(2)

𝑆𝑗 + 𝑊𝑖
(1)

𝑁

𝑗=1,𝑗≠𝑖

. (15) 

Subsequently, the activation function is applied to squash the value of ℎ𝑖 into a bipolar neuron state, 

either 1 or -1, as illustrated in Eq. (16). In this context, the final neuron state remains unchanged from the 

previous state (𝑆𝑖(𝑡 − 1)) if the computation of 𝑔(ℎ𝑖) = 0. According to [20], this condition helps maintain 

state balance in the retrieval process of the network. 

𝑆𝑖
𝑓(𝑡) = {

1,                    if  𝑔(ℎ𝑖) > 0

𝑆𝑖(𝑡 − 1),       if  𝑔(ℎ𝑖) = 0

−1,                 if  𝑔(ℎ𝑖) < 0

. (16) 

Based on Eq. (16), 𝑔(ℎ𝑖) is computed using the Smish activation function as shown in Eq. (17). This 

function has demonstrated strong capability in retrieving diversified neuron states while effectively 

addressing the overfitting issue [18].  

𝑔(ℎ𝑖) = 𝛼ℎ𝑖 ∙ 𝑡𝑎𝑛ℎ[In(1 + 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝛽ℎ𝑖))]. (17) 

Next, the retrieved final neuron state 𝑆𝑖
𝑓(𝑡) will be used to evaluate the final energy of the network 

using Eq. (18). The final energy 𝐻𝑃CRAN2SAT
 is calculated based on the updated value of 𝑆𝑖

𝑓(𝑡), where 𝑆𝑗  

represents the neuron state in 𝑃CRAN2SAT as shown in Eq. (18): 

𝐻𝑃CRAN2SAT
= −

1

2
∑ ∑ 𝑊𝑖𝑗

(2)
𝑆𝑖

𝑓

𝑁

𝑗=1,𝑖≠𝑗

𝑁

𝑖=1,𝑖≠𝑗

𝑆𝑗
𝑓

− ∑ 𝑊𝑖
(1)

𝑆𝑖
𝑓

𝑁

𝑖=1

. (18) 

Furthermore, the minimum energy of the network denoted as 𝐻𝑃CRAN2SAT

𝑚𝑖𝑛  is computed using Eq. (19). 

𝐻𝑃CRAN2SAT

𝑚𝑖𝑛 = − (
𝑚 + 2𝑛

4
) . (19) 

According to [21], 𝐻𝑃CRAN2SAT

𝑚𝑖𝑛  is the energy value that corresponds to 𝐸𝑃CRAN2SAT
= 0. Therefore, the 

DHNN-CRAN2SAT model is said to achieve global minimum energy when its final neuron state converges 

such that 𝐻𝑃CRAN2SAT
→ 𝐻𝑃CRAN2SAT

𝑚𝑖𝑛 . Eq. (20) is used to evaluate the quality of the retrieved final neuron state. 

To assess the final neuron state, the tolerance value 𝑇𝑜𝑙 = 0.001 [6]  is applied. 

|𝐻𝑃CRAN2SAT
− 𝐻𝑃CRAN2SAT

𝑚𝑖𝑛 | ≤ 𝑇𝑜𝑙. (20) 

The energy value produced by the network is classified as either a global minimum energy or a local 

minimum energy. If Eq. (20) is satisfied, the final neuron state 𝑆𝑖
𝑓(𝑡) retrieved by the DHNN-CRAN2SAT 

model is considered a global minima solution. Otherwise, 𝑆𝑖
𝑓(𝑡) is classified as a local minima solution. The 
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general flowchart of the DHNN-CRAN2SAT model proposed in this study, which utilizes Exhaustive Search 

and the Election Algorithm as learning algorithms and employs the Smish activation function, is presented 

in Fig. 1. Based on this proposed model, different updating rules are applied to update the final neuron state. 

 
Figure 1. The General Flowchart of DHNN-CRAN2SAT 

2.3 Experimental Setup and Implementation 

This section presents the experimental setup and describes the performance metrics employed to 

evaluate the proposed model in terms of global solution and similarity analysis. Global minimum ratio (𝑍𝑚)  

is the ratio between the total number of global minimum solutions and the total number of runs in the retrieval 

phase. During the retrieval phase, the final neuron state will be analyzed, whether it will converge to the 

global solution or the local solution, using the formulation of Eq. (20). When the equation is satisfied, the 

solution is identified as a global solution. If not, it is categorized as a local solution. The formula for 

calculating the global minimum ratio is given below: 

𝑍𝑚 =
1

𝑁𝑇 ∙ 𝐶
∑ 𝑁𝐺𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 .

𝑁𝑇∙𝐶

𝑖=1

(21) 

The total number of runs (𝑁𝑇 ∙ 𝐶) is also equivalent to the summation of number of global solutions 

with the number of local solutions (𝑁𝑇𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 + 𝑁𝐺𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛). The final neuron states produced by the 
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activation function were analyzed using similarity analysis. The quality of these retrieved states was assessed 

in terms of total neuron variation, 𝑇𝑉. Following the approach of [22], this analysis evaluates how closely 

the retrieved final neuron state matches the benchmark neuron state. The assessment focuses on individual 

neuron states. The benchmark neuron state, 𝑆𝑖
𝑚𝑎𝑥 commonly known as the ideal neuron state, is defined as: 

𝑆𝑖
𝑚𝑎𝑥 = {

1,    if  𝐴𝑖

−1,    if  ¬𝐴𝑖
. (22) 

Based on Eq. (22), the notation of 𝐴 and ¬𝐴  represent the positive and negative literals within the 

clauses of 𝑃CRAN2SAT, respectively. 𝑆𝑖
𝑚𝑎𝑥 is defined as the benchmark neuron state initialized in 𝑃CRAN2SAT, 

while 𝑆𝑖
𝑓
 is the final neuron state retrieved by the DHNN. The similarity index only assesses those 𝑆𝑖

𝑓
which 

reaches a global minimum solution. Eq. (23) defines the Sokal–Sneath (𝑆𝑆) similarity index, which is applied 

to quantify the similarity between the retrieved neuron states and the benchmark state. 

𝑆𝑆 =
𝑎

𝑎 + 2(𝑏 + 𝑐)
. (23) 

The description of the parameter value of 𝑎, 𝑏, 𝑐, 𝑑 that is associated with the similarity index is highlighted 

in Table 1. 

Table 1. Parameters Used in The Similarity Index 

Parameter Parameter Remarks 

𝑎 Number of (𝑆𝑖
𝑚𝑎𝑥, 𝑆𝑖

𝑓
) where 𝑆𝑖

𝑚𝑎𝑥 = 1 and 𝑆𝑖
𝑓

= 1  

𝑏 Number of (𝑆𝑖
𝑚𝑎𝑥, 𝑆𝑖

𝑓
) where 𝑆𝑖

𝑚𝑎𝑥 = 1  and 𝑆𝑖
𝑓

= −1 

𝑐 Number of (𝑆𝑖
𝑚𝑎𝑥, 𝑆𝑖

𝑓
) where 𝑆𝑖

𝑚𝑎𝑥 = −1  and 𝑆𝑖
𝑓

= 1 

𝑑 Number of (𝑆𝑖
𝑚𝑎𝑥, 𝑆𝑖

𝑓
) where 𝑆𝑖

𝑚𝑎𝑥 = −1  and 𝑆𝑖
𝑓

= −1 

𝑆𝑆 evaluates similarity by emphasizing the alignment of positive states, applying a strong penalty to 

differences between states, and disregarding negative states. Although the Jaccard index also considers 

similarity based on positive states, the Jaccard index does not impose a strong penalty on differences between 

states. The range of 𝑆𝑆 is between (0,1) where a lower 𝑆𝑆 indicates low similarity between 𝑆𝑖
𝑓
 and 𝑆𝑖

𝑚𝑎𝑥. 

Therefore, a low 𝑆𝑆 value implies that 𝑆𝑖
𝑓
demonstrates high diversification with respect to 𝑆𝑖

𝑚𝑎𝑥. The 

formulation of total neuron variation (𝑇𝑉) is given by Eq. (24): 

𝑇𝑉 = ∑ 𝐹𝑖 ,

𝜔

𝑖=0

(24) 

where 

𝐹𝑖 = {
1,    𝑆𝑖

𝑓
≠ 𝑆𝑖

𝑚𝑎𝑥

0,    𝑆𝑖
𝑓

= 𝑆𝑖
𝑚𝑎𝑥

  .  

Here, 𝜔 denotes the total number of solution strings of the final neuron states produced by DHNN-

CRAN2SAT that correspond to the global minima solution. 

Table 2. Symbols Used in The Experimental Setup 

Parameter Parameter Name 

𝑁𝑇𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 Number of total solutions 

𝑁𝐺𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛  Number of global minima solutions 

𝐻𝑃CRAN2SAT
𝑚𝑖𝑛  Minimum energy achieved in 𝑃CRAN2SAT  

𝐻𝑃CRAN2SAT
 Final energy achieved in 𝑃CRAN2SAT 

𝑆𝑖
𝑚𝑎𝑥 Benchmark neuron state 

𝑆𝑖
𝑓
 Final neuron state 

𝑇𝑉 Total neuron variation 

It is worth noting that the computation of 𝑇𝑉 is evaluated based on the final neuron states 𝑆𝑖
𝑓
that 

achieve a global state. The term 𝐹𝑖 is used to measure the frequency of distinct neuron states defined by the 
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condition (𝑆𝑖
𝑓

≠ 𝑆𝑖
𝑚𝑎𝑥), encountered during the retrieval phase of DHNN. As an example, for each of the 

solution strings, 𝑆𝑖
𝑓
will be compared with  𝑆𝑖

𝑚𝑎𝑥 of 𝑃CRAN2SAT. Then, if there is a difference between the 

neuron states, which is even at least for one neuron state, this will contribute to the computational number 

value for 𝑇𝑉. Table 2 summarizes the symbols used during the retrieval phase of the DHNN-CRAN2SAT 

model.  

3. RESULTS AND DISCUSSION 

The performance of DHNN-CRAN2SAT is examined in the retrieval phases. The model is developed 

in a general setting that employs Exhaustive Search and Election Algorithm as learning algorithms. In 

addition, both models will utilize a different updating rule, namely “Original update” [18], [23] and the “New 

update” [19], [20] to update the final neuron state. Table 3 until Table 5 summarize the experimental setup 

and the parameter values applied in this research.  

Table 3. Parameter Settings for DHNN-CRAN2SAT [12] 

Setting Parameter Value 

Neuron combination (𝐶) 100  

Number of trials (𝑁𝑇) 100  

Number of learning (𝑁𝐻) 100  

Tolerance value (𝑇𝑜𝑙) 0.001 

Initialization of neuron states Random 

Activation function Smish activation function  

Table 4. Parameters Used in DHNN-CRAN2SAT (Election Algorithm) [24] 

Setting Parameter Value 

Optimization operator Positive advertisement, Negative 

advertisement, Coalition 

Number of populations 120  

Number of parties 4  

Positive advertisement rate 0.5  

Negative advertisement rate 0.5  

Voter attraction strategy Random 

State flip strategy Random 

Table 5. Parameters Used in DHNN-CRAN2SAT (Exhaustive Search) [12]  

Setting Parameter Value 

Optimization operator None (trial and error) 

In this section, the discussion is divided into two parts. The first part examines the comparative 

effectiveness of the Election Algorithm and the Exhaustive Search as learning algorithms. Second, the 

capability of the new updating rule will be assessed within both learning algorithms. This analysis highlights 

that improving diversification depends on both the learning algorithm and the updating rule. Since the focus 

of this paper is on the effectiveness of the updating rule in the DHNN retrieval phase, the discussion 

emphasizes the effectiveness of DHNN-CRAN2SAT in retrieving maximum global minima, minimizing the 

similarity index, and maximizing neuron variation. 

Fig. 2 shows the 𝑍𝑚 values for Exhaustive Search under both updating rules. At lower 𝑁𝑁 values (3 

to 9), both updating rules achieve a maximum 𝑍𝑚 value of 1, indicating successful retrieval of maximum 

global minimum solutions. However, as 𝑁𝑁 increases, 𝑍𝑚 decreases for both the original and new updating 

rules, demonstrating that DHNN-CRAN2SAT struggles to retrieve global solutions at higher 𝑁𝑁. The 

primary reason 𝑍𝑚 approaching zero beyond 𝑁𝑁 = 33 is that Exhaustive Search tends to generate suboptimal 

synaptic weights at higher value of 𝑁𝑁. As 𝑁𝑁 increases, Exhaustive Search fails to effectively minimize 

the cost function, resulting in suboptimal weights. This consequently leads the neuron state to converge to a 

suboptimal local solution [18]. Although the new updating rule slightly improves 𝑍𝑚 compared to the original 

rule in the mid-range value of NN, the overall ability of the DHNN-CRAN2SAT model to retrieve maximum 

global minima is primarily influenced by the choice of learning algorithm. Obtaining a global solution is 

essential because, as noted in [12], only a final neuron state that reaches a global solution can be assessed in 
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terms of diversification and similarity index. Accordingly, implementing the Election Algorithm in the 

learning phase strengthens the ability of DHNN-CRAN2SAT to retrieve such solutions. 

The 𝑍𝑚 values for the Election Algorithm, which consistently remain at the maximum value of 1 across 

all 𝑁𝑁 values for both updating rules are also presented in Fig. 2. This result confirms the capability of the 

Election Algorithm to consistently retrieve global minimum solutions across different values of 𝑁𝑁 and 

updating rules. These findings emphasize that the Election Algorithm, as a learning algorithm, consistently 

retrieves global minimum solutions across all 𝑁𝑁, whereas the performance of the Exhaustive Search 

decreases as 𝑁𝑁 increases. By employing the Election Algorithm as the learning algorithm, DHNN-

CRAN2SAT achieves consistent global minimum retrievals up to 𝑁𝑁 = 90. This illustrates the capability of 

the Election Algorithm in minimizing the cost function. The results show that the Election Algorithm 

significantly improves the learning phase by obtaining a satisfactory interpretation with fewer iterations [13]. 

This is due to the effectiveness of the Election Algorithm, which has a balance of exploration and exploitation, 

which leads to a E𝑃𝐶𝑅𝐴𝑁2𝑆𝐴𝑇
= 0  representing that every clause in 𝑃CRAN2SAT are satisfied.  

 
Figure 2. 𝒁𝒎 for DHNN-CRAN2SAT 

The optimal learning phase allows for the storage of correct synaptic weights in the CAM and thus 

contributes to the retrieval of global minimum solutions. Therefore, the proposed model achieves the highest 

number of global minimum solutions. Thus, DHNN-CRAN2SAT demonstrates the ability to attain the 

optimal number of global minimum solutions. These findings highlight that achieving global minimum 

solutions primarily depends on the choice of learning algorithm, because an optimal learning algorithm can 

generate synaptic weights that ensure the retrieval of an optimal final neuron state. Although the Election 

Algorithm maintains strong performance, the updating rule has a greater influence on increasing the diversity 

of retrieved neuron states. This diversification is further evaluated in terms of  𝑇𝑉 and 𝑆𝑆 similarity index. 

Fig. 3 illustrates the 𝑆𝑆 values for DHNN-CRAN2SAT under different learning algorithms and 

updating rules. The results clearly demonstrate that the new updating rule enhances the diversity of the final 

neuron states, as reflected by consistently lower 𝑆𝑆 value across all 𝑁𝑁 with an average 𝑆𝑆 value of 0.3809. 

This trend is evident for both the Exhaustive Search and Election Algorithm learning algorithms, with the 

“ES New update” and “EA New update” lines remaining below their respective original update lines 

throughout the evaluated range of 𝑁𝑁. The 𝑆𝑆 index, which measures similarity by considering both positive 

and negative neuron states, is particularly effective for detecting overfitting in DHNN. High 𝑆𝑆 values 

correspond to repetitive or uniform final neuron states, while lower values indicate greater state diversity and 

a reduced tendency toward overfitting. The conventional updating rule consistently produces higher 𝑆𝑆 

values, with an average of 0.4119, particularly when the local field equals zero. This condition often causes 

the network to converge on repetitive states. 

The new updating rule addresses this limitation by preserving the previous neuron state when the local 

field equals zero. This mechanism prevents the network from becoming trapped in a limited set of outcomes 

and promotes greater variation in the retrieval phase. As a result, the final neuron states become more diverse, 

which is crucial for ensuring robust performance. Additionally, the figures show that Exhaustive Search can 

only evaluate 𝑆𝑆 values up to 𝑁𝑁 = 33, as it tends to get stuck in local solutions. In contrast, the Election 
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Algorithm supports evaluation up to 𝑁𝑁 = 90 and consistently achieves lower 𝑆𝑆 values when using the new 

updating rule. This indicates that the Election Algorithm is more capable of finding global solutions, which 

can then be further analyzed for the quality of the final neuron state. 

 
Figure 3. 𝑺𝑺 for DHNN-CRAN2SAT 

In summary, across all evaluated 𝑁𝑁, the new updating rule produces the lowest 𝑆𝑆 values for both 

Exhaustive Search and Election Algorithm, confirming significant diversification of the final neuron states. 

This improvement is achieved by ensuring that when the local field is zero, the neuron state follows the 

previous state, which aligns with the logical structure of CRAN2SAT and further reduces similarity in both 

positive and negative states. While the Smish activation function helps address the vanishing gradient 

problem [18], it is the implementation of the new updating rule during the retrieval phase that most effectively 

minimizes the Sokal value and promotes diversity. 

As shown in Fig. 4, DHNN-CRAN2SAT shows neuron variation when applying different learning 

algorithms and updating rules in the retrieval phase. This variation reflects both the quality and diversity of 

the final neuron states. An increased 𝑇𝑉 implies that more solutions differ from the benchmark states, 

resulting in reduced overfitting and improved model performance. The limitations of Exhaustive Search 

become evident when analyzing its performance in evaluating neuron variation. As shown in Fig. 4, 

Exhaustive Search is ineffective beyond 𝑁𝑁 = 33 where it frequently becomes trapped in local minima, thus 

resulting in a 𝑇𝑉 value of zero. Although Exhaustive Search can only compute 𝑇𝑉 up to 𝑁𝑁 = 33, the results 

show that the “ES New Update” outperforms the “ES Original Update” in terms of neuron variation.  

The updating rule used during the retrieval phase significantly influences neuron variation. The original 

updating rule results in significantly lower 𝑇𝑉. This is due to its tendency to repeatedly retrieve the same 

positive neuron state when facing a zero local field. Such repetition increases the risk of overfitting and limits 

the ability of the network to explore different states. The introduction of the new updating rule significantly 

improves neuron variation, as reflected by the higher 𝑇𝑉 values shown in Fig. 4. This new updating rule 

changes how the network behaves when a zero local field is encountered by maintaining the current neuron 

state instead of forcing a fixed update. As a result, the network can explore more neuron states and retrieve a 

wider range of solutions. Additionally, the flexible structure of CRAN2SAT contributes significantly to this 

improvement. The flexible logical structure of CRAN2SAT expands the possible neuron state combinations, 

leading to global minimum solutions, enabling the network to obtain solutions that diverge considerably from 

the benchmark state. As a result, the overall variation among the retrieved neuron states will increase. 
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Figure 4. 𝑻𝑽 for DHNN-CRAN2SAT 

The Friedman Test was conducted to statistically analyze the significance of the proposed updating 

rule in retrieving diversified final neuron states compared to the original updating rule. Table 6 presents the 

average rank results and corresponding p-values for the performance metrics 𝑍𝑚, 𝑆𝑆 and 𝑇𝑉. Since the 

obtained p-values are less than 0.05, the results show statistically significant differences between the new and 

original updating rules. Based on the average rank results, the new updating rule achieves higher ranks for 

𝑍𝑚 and 𝑇𝑉 under both ES and EA learning algorithms. This highlight improved the diversification of the 

neuron states. In addition, the new updating rule reports lower average rank values for 𝑆𝑆, demonstrating 

improved similarity of the retrieved neuron states. These findings demonstrate that the proposed updating 

rule significantly enhances the diversification of the retrieved final neuron states compared to the original 

updating rule. 

Table 6. Detailed Findings of Average Rank for the Friedman Test 

Model 
Performance Metrics 

𝑍𝑚  𝑆𝑆 𝑇𝑉 

ES Original Update 1.55 3.09 1.28 

ES New Update 𝟏. 𝟕𝟓 𝟏. 𝟎𝟎 𝟐. 𝟐𝟎 

EA Original Update 3.35 3.64 2.65 

EA New Update 𝟑. 𝟑𝟓 𝟐. 𝟐𝟕 𝟑. 𝟖𝟖 

p-value  1.192 × 10−10 9.454 × 10−6 1.330 × 10−9 

The computational complexity of the proposed work is primarily influenced by the number of 

initialized solution strings, which is determined by the number of neurons in the network. The EA employs a 

balanced exploration and exploitation strategy, which effectively enhances cost function minimization and 

leads to an optimal learning phase. In contrast, ES relies on a trial-and-error mechanism that often results in 

suboptimal synaptic weights. Consequently, the solutions obtained by ES tend to converge to local optima 

and are limited in terms of diversification and similarity evaluation. During the retrieval phase, the utilization 

of the new updating rule reduces overfitting behavior in the retrieved final neuron states, which improves 

solution diversification and enhances the overall quality of the retrieved neuron states. The computational 

complexity is analyzed with respect to the neuron initialization (𝑁), the new updating rules (𝑈𝑁𝑒𝑤) and the 

original updating rule (𝑈𝑂𝑟𝑖) as summarized in Table 7. 

Table 7. The Computational Complexity of Each Algorithm 

Model Computational Complexity 

ES Original Update 𝑂(2𝑁 + 𝑈𝑂𝑟𝑖) 

ES New Update 𝑂(2𝑁 + 𝑈𝑁𝑒𝑤) 

EA Original Update 𝑂(𝑁2 + 𝑈𝑂𝑟𝑖) 

EA New Update (𝑁2 + 𝑈𝑁𝑒𝑤) 
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4. CONCLUSION 

This study demonstrates that the DHNN-CRAN2SAT model can produce both optimal and diverse 

neuron states. This study also highlights the importance of the learning algorithm and the updating rule in 

producing these outcomes. The results indicate that the Election Algorithm plays a key role in guiding the 

network toward global solutions. The superior performance of the Election Algorithm over the Exhaustive 

Search across all 𝑁𝑁 is mainly attributed to its balanced exploration and exploitation strategy, which 

enhances cost function minimization. Furthermore, the newly proposed updating rule enhances the diversity 

across the final neuron states. This is supported by the lower  𝑆𝑆  similarity index and the increase in  𝑇𝑉. 
With the original updating rule, the network often overfits when the local field value is zero. The new 

updating rule avoids this issue by keeping the neuron state unchanged under those conditions. As a result, the 

new updating rule allows the model to search for a wider range of possible solutions. Additionally, the flexible 

logical structure of CRAN2SAT also facilitates this process by enabling a wide range of neuron state 

combinations that correspond to global solutions. In conclusion, the Election Algorithm enhances the learning 

phase of DHNN-CRAN2SAT, which subsequently improves the effectiveness of the retrieval phase. 

However, the quality of the retrieved state is further improved by the new updating rule. Diversification in 

the final neuron states plays a crucial role in logic mining as it contributes to generating optimal induced 

logic. The proposed model can be applied within the context of logic mining frameworks and further applied 

to real-world classification tasks.  
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