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1. INTRODUCTION 

According to Statista, the number of people using smartphones is expected to rise steadily between 

2024 and 2029. It is projected that by 2029, there will be 6.2 billion smartphone users worldwide. 

Approximately 78% of people will use a smartphone on a regular basis. Notably, during the past few years, 

the number of smartphone users has steadily increased. Nowadays, smartphones have become one of the 

essential items to survive in this era, where a lot of things can be made digital, such as internet banking. 

Smartphones have made a huge contribution to the economic impact. The smartphone industry contributes 

billions of dollars to the global economy through device sales, app purchases, and mobile advertising revenue 

[1]. The first factor, the Phone Prices dataset, has been chosen for this research because a lot of people will 

benefit from the prediction of phone prices, such as consumers, retailers, and manufacturers. Secondly, the 

phone prices dataset contains a variety of attributes. The variety allows for comprehensive analysis and 

pattern recognition. Lastly, consumers can be better informed when to buy or upgrade their phone based on 

price trends and predictions. Logic mining is a discrete classification tool that allows computational models 

to make sense of complex data, identify patterns in datasets, and help in the decision-making process. One of 

its components is Artificial neural networks (ANNs), where ANNs are computational models that were 

inspired by the structure of the human brain. The human brain is composed of interconnected nodes (neurons) 

that process information to recognize patterns and learn from any data. Notably, ANNs can be used as tools 

within logic mining to identify patterns and relationships in data. A variant of ANN is the Discrete Hopfield 

Neural Network (DHNN), which was initiated by [2]. Unfortunately, DHNNs are often criticized for their 

lack of transparency, which leads to difficulty in understanding how inputs translate into outputs.  

Many researchers have been using Propositional Satisfiability (SAT) logic to be used in DHNN as a 

logical rule (also known as the neuro-symbolic approach). Foundational works of neuro-symbolic models 

were done by [3] and [4]. These works used Horn Satisfiability (HornSAT) as a logical rule in DHNN. 

Subsequently, 2 Satisfiability (2SAT) and 3 Satisfiability (3SAT) have been introduced by [5] and [6], 

respectively, as DHNN neuron representation, where both logical rules are classified as systematic SAT rules. 

The primary limitation of systematic SAT is that the synaptic weight can be easily estimated. To overcome 

this limitation, [7] introduced the initial non-systematic SAT of Random 3 Satisfiability (RAN3SAT). The 

property of randomness and the inclusion of higher-order logic proffer better generalizability of SAT as 

neurons in DHNN. Unfortunately, the structure of RAN3SAT is unable to be generated when there is a need 

for a specific number of positive (non-negated) or negative (negation) literals. The issue is that RAN3SAT 

consistently produced N number of clauses that have the exact same set of specified positive and negative 

literals. Hence, it is highly improbable to analyze the effect of negations and non-negations as symbolic rules 

in DHNN. Based on the structure of the current RAN3SAT and the findings by [8], most neuro-symbolic 

practitioners disregard negative literals. This occurs because negative literals tend to be associated with errors. 

Thus, the investigation of negations as logical rules was poorly discussed. 

As mentioned, a logic mining model is a computational approach used to extract logical patterns or 

rules from data. Initially, the work by [9] was the first to introduce a logic mining model that utilized DHNN 

and HornSAT alongside a reverse analysis technique, known as Reverse Analysis (RA). The suggested RA 

prioritized final neuron states according to the overall energy profile of these states before converting the 

states into induced logic. Some problems have been encountered in research where RA cannot establish 

continuous or non-categorical data entries. Secondly, the suggested RA generated an infinite number of 

induced logics without considering the possibility of overlapping formulations among them, and the 

effectiveness of the retrieved logic cannot be measured. The presence of redundant literals in the structure of 

HornSAT leads to the interpretability of the induced logic obtained from the DHNN. Over the years, attempts 

have been made to address these issues. Firstly, [6] suggested the change of logic from HornSAT to 3SAT, 

which resulted in a logic mining, namely 3 Satisfiability Reverse Analysis (3SATRA). The suggested 

3SATRA omitted HornSAT due to redundant neuron connections being trained by DHNN. However, the 

rigid structure of 3SAT limits a better understanding of the patterns extracted from the dataset. As a result, 

3SATRA attained a low accuracy of less than 80%. Then, [10] mentioned that the issues were not from the 

embedded logical structure but the lack of an optimal attribute selection method. Previous works ignored the 

need for significant attribute selection and only utilized random selection. Consequently, the full potential of 

any logic mining model was not fully optimized. In addition, the DHNN trained insignificant attributes, 

resulting in outputs that lack interpretability. Therefore, [10] proposed a Supervised 2 Satisfiability Reverse 

Analysis (S2SATRA) with the implementation of the Pearson correlation method as the attribute selection 

method. As compared to baseline models, S2SATRA performed the best in terms of accuracy for 12 datasets 
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across different fields. Nonetheless, only a selective number of datasets could be analyzed by S2SATRA 

because the certainty of all attributes to have a strong association relationship with the class of the datasets is 

considered almost impossible. Excessive reliance on correlation analysis when selecting significant attributes 

restricts the exploration of logic mining, limiting its ability to train and recognize patterns across diverse 

datasets. As a result, effective logic mining is confined to specific characteristics of the dataset. This will 

degrade the quality of logic mining as a highly interpretable and explainable Artificial Intelligence (AI) 

approach. 

To overcome these problems, the proposed logic mining method should accommodate the following 

features: logical rules that possess non-redundancy and non-systematic structures to train important and 

diverse attributes. Subsequently, the need for an unsupervised attribute selection method to identify 

significant attributes. A new approach to logic mining has been introduced by implementing the Weighted 

Random 2 Satisfiability Reverse Analysis Method via the Jaccard Feature Selection Method. Therefore, the 

objective of this paper is as follows: (1) To apply a logical rule, namely Weighted Random 2 Satisfiability in 

a Discrete Hopfield Neural Network. (2) To construct a logic mining model called Weighted Random 2 

Satisfiability Modified Reverse Analysis in extracting the patterns of the Phone Prices dataset. A training 

algorithm, namely, the Modified Niched Genetic Algorithm, is added to the training phase to optimize the 

training process. (3) To measure the overall performance of the proposed logic mining by evaluating five 

different performance metrics, such as accuracy, precision, specificity, Matthew Correlation Coefficient, and 

F1-Score in comparison to baseline models. (4) To investigate attributes that contribute to the rise and fall of 

phone prices based on the retrieved induced logic. 

The rest of the paper is structured as follows: Section 2 presents the background and methodology of 

the proposed method. In Section 3, the result will be presented, and the induced logic retrieved by the logic 

mining will be further analyzed with suitable recommendations. In Section 4, the conclusion of the paper will 

be presented. 

2. RESEARCH METHODS 

The background study of each component in the proposed logic mining method will be discussed in 

this section. There are two subsections: Weighted Random 2 Satisfiability in DHNN and the proposed logic 

mining, namely, Weighted Random 2 Satisfiability Modified Reverse Analysis, respectively. The first 

subsection focuses on the foundational background of the components used in the proposed method. It 

includes the formulation and the embedding process of logical structures within the DHNN. The second 

subsection details the workflow of the proposed logic mining, which highlights the specific components 

involved when analyzing the Phone Prices dataset. 

2.1 Weighted Random 2 Satisfiability in DHNN (DHNN-r2SAT)  

The structure of Weighted Random 2 Satisfiability (r2SAT) was formulated with two main 

components. The first component involved the control of 𝑏 number of literals in each clause, where 𝑏 can be 

either 1 or 2 (denoted by 𝑏 = {1,2}). The second component is the number of negative literals generated 

based on the pre-specified 𝑟. The general equation in formulating r2SAT is presented in Eqs. (1) and  (2) as 

follows: 

𝐿𝑟 = ⋀ 𝐽𝑖
(𝑏=2)𝑢

𝑖=1 ⋀ 𝐽𝑖
(𝑏=1)𝑣

𝑖=1 , (1)  

𝐽𝑖
(𝑏=1,2)

= {
(𝐴𝑖 ∨ 𝐵𝑖), 𝑏 = 2,

𝐶𝑖       , 𝑏 = 1,
(2) 

where the total number of first-order (𝐽𝑖
(𝑏=1)

) and second-order clauses (𝐽𝑖
(𝑏=2)

) are indicated by 𝑢 and 𝑣, 

respectively. The summation of clauses (𝑚) and literals (𝑁𝑁) in the proposed logic can be formulated as in  

Eqs. (3) and (4) below: 

𝑚 = 𝑢 + 𝑣, (3) 

𝑁𝑁 = 2𝑢 + 𝑣. (4) 
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The allocation of whether the literals in 𝐿𝑟 is positive (𝐴𝑖, 𝐵𝑖, 𝐶𝑖) or negative (¬𝐴𝑖, ¬𝐵𝑖, ¬𝐶𝑖) is set at 

random. However, the number of negative literals must be aligned with the pre-defined r. In simpler terms, r 

is the ratio of negative literals that exist in 𝐿𝑟. The minimization of this process will be done using the Genetic 

Algorithm (GA). Examples of different 𝐿𝑟 for 𝑟 = {0.1,0.5,0.9}, for 𝑢 = 4 and 𝑣 = 2 (𝑁𝑁 = 10)  are 

presented in Eqs. (5)–(7) as follows: 

𝐿𝑟=0.1 = (𝐴1 ∨ 𝐵1) ∧ (𝐴2 ∨ 𝐵2) ∧ (𝐴3 ∨ ¬𝐵3) ∧ (𝐴4 ∨ 𝐵4) ∧ 𝐶1 ∧ 𝐶2, (5) 

𝐿𝑟=0.5 = (𝐴1 ∨ 𝐵1) ∧ (¬𝐴2 ∨ ¬𝐵2) ∧ (𝐴3 ∨ ¬𝐵3) ∧ (𝐴4 ∨ ¬𝐵4) ∧ ¬𝐶1 ∧ 𝐶2, (6) 

𝐿𝑟=0.9 = (¬𝐴1 ∨ ¬𝐵1) ∧ (¬𝐴2 ∨ ¬𝐵2) ∧ (𝐴3 ∨ ¬𝐵3) ∧ (¬𝐴4 ∨ ¬𝐵4) ∧ ¬𝐶1 ∧ ¬𝐶2. (7) 

Once the correct 𝐿𝑟 is generated, the implementation of the logic as neurons within DHNN (also 

referred to as DHNN-r2SAT) is being initiated. DHNN is a type of recurrent neural network (RNN) with no 

hidden layer [2], consisting of a training phase and testing phase [11], and the connections between neurons 

are represented by the synaptic weights in DHNN [2]. Additionally, the energy profile of the network is based 

on the Lyapunov energy function, which can be easily identified compared to other networks. During the 

training phase, the logical rule of 𝐿𝑟 is being trained using the WA method to guarantee the generation of 

optimal synaptic weights. These weights will be stored in the Content Addressable Memory (CAM) of DHNN 

and retrieved during the testing phase.  Eqs. (8) and (9) present the formulation of the cost function in the 

DHNN-r2SAT model. 

𝐸𝐿𝑟
=

1

4
∑ (∏ 𝑄𝑖𝑗

2

𝑗=1

)

𝑢

𝑖=1

+
1

2
∑ (∏ 𝑄𝑖𝑗

1

𝑗=1

)

𝑣

𝑖=1

, (8) 

𝑄𝑖𝑗 = {
(1 − 𝑆𝐴𝑖

), 𝑖𝑓 ¬𝐴𝑖 ,

(1 + 𝑆𝐴𝑖
), 𝑖𝑓 𝐴𝑖 .

(9) 

Based on the WA method,  the optimal training phase of DHNN can be achieved by successfully 

minimizing 𝐸𝐿𝑟
. When 𝐸𝐿𝑟

= 0, this indicates that all in the 𝐿𝑟 are satisfied (able to locate a satisfied 

interpretation of the logical rule). Let DHNN 𝐷 = (𝑊𝑖𝑗
(𝑏)

, 𝑆𝑗) composed of P bipolar valued neurons, where 

𝑃 = {1,2,3, … , 𝑃}. For each P neuron state, the current neuron state 𝑆𝑖 will select 1 if the value of D is equal 

to or greater than the threshold value (𝜃). Otherwise, 𝑆𝑖 will retain the value of -1. Notably, 𝑊𝑖𝑗
(𝑏)

 represents 

the synaptic weight of the DHNN that corresponds to the defined b-clausal order involving neurons 𝑖 and 𝑗.  

The retrieval phase of DHNN-r2SAT is initiated once all 𝑊𝑖𝑗
(𝑏)

 is successfully being stored in the 

CAM. The local field (ℎ𝑖) computation to retrieve the final neuron states is presented in Eq. (10). An 

activation function via the Hyperbolic Tangent Activation Function (HTAF) formulated in Eq. (11) is applied 

to convert the values of ℎ𝑖  into bipolar values. This step is crucial to ensure that DHNN prevents linearity of 

the trained data. 

ℎ𝑖(𝑡) = ∑ 𝑊𝑖𝑗
(2)

𝑁𝑁

𝑖=1,𝑗=1

S𝑗 + 𝑊𝑖
(1)

, (10) 

𝑆𝑖(𝑡) = {
1, 𝑡𝑎𝑛ℎ(ℎ𝑖),

−1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
(11) 

The formulation for  the Lyapunov energy function (𝐻𝐿𝑟
) is portrayed in Eq. (12). The absolute 

minimum energy profile of the DHNN can be evaluated using Eq. (13), which is depicted as 𝐻𝐿𝑟
𝑚𝑖𝑛. 

𝐻𝐿𝑟
= −

1

2
∑ ∑ 𝑊𝑖𝑗

(2)

𝑁𝑁

𝑗=1,𝑖≠𝑗

𝑁𝑁

𝑖=1,𝑖≠𝑗

S𝑖S𝑗 − ∑ 𝑊𝑖
(1)

𝑁𝑁

𝑖=1

S𝑗 , (12) 

𝐻𝐿𝑟
𝑚𝑖𝑛 = −

𝑢 + 2𝑣

4
. (13) 

Notably, the DHNN-r2SAT model must be able to generate final neuron states (𝑆𝑖
𝑓

) that converge to 

𝐻𝐿𝑟
→ 𝐻𝐿𝑟

𝑚𝑖𝑛. If the energy difference is less than or equal to the pre-defined tolerance value (𝑡𝑜𝑙), the 
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retrieved 𝑆𝑖
𝑓
 are classified as a global minimum energy solution. Otherwise, the neurons are depicted as a 

local minima energy solution. The energy profile of the network can be observed using Eq. (14) below: 

|𝐻𝐿𝑟
− 𝐻𝐿𝑟

𝑚𝑖𝑛| ≤ 𝑡𝑜𝑙. (14) 

In general, the logic of 𝐿𝑟 serves as an input and is trained by the DHNN. Once optimal synaptic 

weights are stored in the CAM, the local field is computed, and the final energy profile of the network is 

evaluated. The training phase of DHNN-r2SAT is optimized using Modified Niched Genetic Algorithm 

(MNGA).  

2.2 Weighted Random 2 Satisfiability Modified Reverse Analysis (r2SATMRA)  

The proposed logic mining model, namely, r2SATMRA, is equipped with three main components: 

DHNN-r2SAT, an attribute selection method, and a modified reverse analysis technique. A detailed 

explanation of each phase is presented below: 

1. Preliminary Phase: This phase focuses on the data pre-processing phase, which includes data 

preparation, executing the attribute selection approach, data splitting, and 5-fold cross-validation. 

a. All entries of the raw data (𝑒𝑖) are transformed into bipolar form {1, −1} using k-means 

clustering. The class of the dataset can be defined as 1 (higher than the mean of phone prices) 

and -1 (lower than or equal to the mean of phone prices). 

b. An attribute selection method using the Jaccard Feature Selection Method (JFSM) is applied 

to eliminate irrelevant attributes (𝐸𝑖) based on the evaluation of the Jaccard index value (𝐽𝑎𝑐𝑐) 

presented in Eqs. (15)–(19). More simply, a high Jaccard value indicates high similarity 

between the analyzed 𝐸𝑖 and the class of the dataset (𝑃). In contrast, a low Jaccard value 

reflects low similarity between the two items. The aim of JFSM is to identify N number of 𝐸𝑖 

that possessed high Jaccard values. 

𝑎𝑗(𝑒𝑖) = {
1, 𝑖𝑓 (𝐸𝑖, 𝑃) = (1,1),
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(15) 

𝑏𝑗(𝑒𝑖) = {
1, 𝑖𝑓 (𝐸𝑖, 𝑃) = (1, −1),
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(16) 

𝑐𝑗(𝑒𝑖) = {
1, 𝑖𝑓 (𝐸𝑖, 𝑃) = (−1,1),
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(17) 

𝑑(𝑒𝑖) = {
1, 𝑖𝑓 (𝐸𝑖, 𝑃) = (−1, −1),
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(18) 

𝐽𝑎𝑐𝑐 =  
∑ 𝑎𝑗

𝑛
𝑗=1

∑ 𝑎𝑗
𝑛
𝑗=1 + ∑ 𝑏𝑗

𝑛
𝑗=1 + ∑ 𝑐𝑗

𝑛
𝑗=1

. (19) 

The train to test dataset split is set at a ratio of 60 to 40 (𝐿𝑡𝑟𝑎𝑖𝑛: 𝐿𝑡𝑒𝑠𝑡 = 60: 40). This ratio has 

a good agreement with the majority of the existing logic mining models. In addition, 5-fold 

cross-validation is considered. The average of all folds will be taken as the result for all metrics 

measured. 

2. Logic Phase: This phase focuses on generating 𝐿𝑟 for different values of r where 𝐿𝑟 =
{𝐿𝑟=0.1, 𝐿𝑟=0.2, 𝐿𝑟=0.3, … , 𝐿𝑟=0.9 }.  The binary GA algorithm is applied to optimize the distribution 

of negative literals in the logical rule. The algorithm is responsible for producing a unique 

positioning of the negative literals in 𝐿𝑟 to refrain from allowing DHNN to train duplicative logic. 

3. Training Phase: Subsequently, this phase evaluates the classification between  𝑃 (actual) and the 

outcome of 𝐿𝑟 when 𝐿𝑡𝑟𝑎𝑖𝑛 (predicted) is applied to the generated logic. This classification approach 

is measured using true negatives (𝑇𝑁), true positives (𝑇𝑃), false negatives (𝐹𝑁), and false 

positives (𝐹𝑃). Any 𝐿𝑟 with the highest accumulation of 𝑇𝑁 and 𝑇𝑃 will be deemed as the best 

logic (𝐿𝑟
𝑠𝑢𝑝𝑒𝑟

). Each 𝐿𝑟
𝑠𝑢𝑝𝑒𝑟

 is then trained using MNGA, and the synaptic weights will be stored 

in CAM of the DHNN. 



2394 Azam, et al.    LOGIC MINING CLASSIFICATION FOR PHONE PRICES DATASET USING DISCRETE …  

4. Testing Phase: The final phase of r2SATMRA is responsible for evaluating the local field 

formulated in  Eq. (10). This step is crucial to retrieve the 𝑆𝑖
𝑓
 that reflect the remembered patterns 

by DHNN. Once all 𝑆𝑖
𝑓
 are retrieved, each neuron will be transformed into Boolean logic, where 

𝑆𝑖
𝑓

= 1 → {𝐴𝑖, 𝐵𝑖, 𝐶𝑖} or 𝑆𝑖
𝑓

= −1 → {¬𝐴𝑖 , ¬𝐵𝑖 , ¬𝐶𝑖}. All logical rules undergo classification 

between 𝑃 (actual) and the outcome of the induced logic or 𝐿𝑟(𝑆𝑖
𝑓

) when 𝐿𝑡𝑒𝑠𝑡 (predicted). Note 

that, 𝐿𝑟(𝑆𝑖
𝑓

) that acquired the highest accuracy will be selected as the final output of r2SATMRA. 

The complete implementation of r2SATMRA from the preliminary phase until the retrieval phase is 

illustrated in the flowchart portrayed in Fig. 1. The flowchart illustrates the step-by-step process of the 

proposed logic mining model, starting from raw data input, feature selection, and training using MNGA, 

before generating the best logic rules. These rules are then validated through neuron state transformation and 

testing, which resulted in an optimized logic output. Each colour in the flowchart corresponds to the 

respective phases. 

 
Figure 1. Detailed Flowchart of The Proposed Logic Mining Model, r2SATMRA 

2.3 Experimental Settings and Dataset Information  

All simulations in this experiment were executed using open-source software Dev C++ (Version 5.11). 

To avoid any bias, only one hardware device was utilized. Table 1 summarizes all parameters involved in the 

simulation of r2SATMRA when analyzing the Phone Prices dataset. 

Table 1. List of Parameters in r2SATMRA 

Parameter/Notation Value Remark 

Preliminary Phase 

Source of the dataset https://www.kaggle.com/datasets/berkayeserr/phone-

prices 

Data of access 23rd April 2025 

Total number of entries (n) 1512 

Simulation threshold time 24 hours [10] 
Number of attributes selected using JFSM 10 

𝑳𝒕𝒓𝒂𝒊𝒏: 𝑳𝒕𝒆𝒔𝒕  𝟔𝟎: 𝟒𝟎 [10] 
Logic Phase 

Number of maximum NN generated 120 

Optimization algorithm Binary GA 

https://www.kaggle.com/datasets/berkayeserr/phone-prices
https://www.kaggle.com/datasets/berkayeserr/phone-prices
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Parameter/Notation Value Remark 

Step size of NN (∆𝑵𝑵) 6  

Range of r (0.1, 0.9) 

Step size of r (∆𝒓) 0.1 

Training Phase 

Number of maximum training iterations 100 [12] 

Training algorithm MNGA 

Method to calculate synaptic weight WA method [3] 
Testing Phase 

Number of maximum testing iterations 100 [12] 

Value of 𝑡𝑜𝑙 0.001 [4] 

Number of final induced logic 𝑳𝒓(𝑺𝒊
𝒇
) selected 1 [12]  

There are five classification metrics used to measure the performance of the model r2SATMRA, which 

are accuracy (acc) [13], precision (pre) [14], specificity (spe) [15], Matthew correlation coefficient (mcc) 

[16], and F1-score (f1s) [17] that are formulated in Eqs. (20)–(24) below: 

𝑎𝑐𝑐 =
𝑇𝑃 + 𝑇𝑁

𝑇𝑃 + 𝑇𝑁 + 𝐹𝑃 + 𝐹𝑁
× 100%,   𝑎𝑐𝑐 ∈ (0,100), (20) 

𝑝𝑟𝑒 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
× 100%,   𝑝𝑟𝑒 ∈ (0,100), (21) 

𝑠𝑝𝑒 =
𝑇𝑁

𝑇𝑁 + 𝐹𝑃
× 100%,    𝑠𝑝𝑒 ∈ (0,100), (22) 

𝑚𝑐𝑐 =
(𝑇𝑃 × 𝑇𝑁) − (𝐹𝑃 × 𝐹𝑁)

√(𝑇𝑃 + 𝐹𝑃)(𝑇𝑃 + 𝐹𝑁)(𝑇𝑁 + 𝐹𝑃)(𝑇𝑁 + 𝐹𝑁)
,   𝑚𝑐𝑐 ∈ (−1,1), (23) 

𝑓1𝑠 =
𝑇𝑃

𝑇𝑃 +
1
2

(𝐹𝑃 + 𝐹𝑁)
, 𝑓1𝑠 ∈ (0,1). (24) 

The phone prices dataset contains phone features, including the price of popular brands. In this dataset, 

the discontinued phones are excluded. Out of 22 attributes, we will only consider 20 attributes because 2 

attributes contained too many unique values, which are phone name and announcement date. This exclusion 

was taken to prevent DHNN in training from irrelevant or trivial factors that heavily affect the quality of the 

final output. The dependent attributes are prices (USD) and independent attributes are brand, OS, inches, 

resolution, battery, battery type, RAM (GB), weight, storage (GB), video (720p), video (1080p), video (4K), 

video (8K), video (30 fps), video (60 fps), video (120 fps), video (240 fps), video (480 fps), and video (960 

fps). Comparative analysis will be conducted against state-of-the-art systematic SAT-logic classifiers, namely 

2SATRA and 3SATRA. Baseline selection is justified by strong reported classification performance within 

systematic SAT-logic frameworks reported by [5] and [6], respectively. Relevance and effectiveness of the 

proposed non-systematic r2SATMRA will be demonstrated through comparison with these baselines.  

3. RESULTS AND DISCUSSION 

This section consisted of results for all phases in r2SATMRA. Firstly, 𝐽𝑎𝑐𝑐 values for all 19 attributes 

can be observed based on Fig. 2 below.  
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Figure 2. 𝑱𝒂𝒄𝒄 Evaluation for Phone Prices Dataset 

The range of the evaluated 𝐽𝑎𝑐𝑐 presented in Fig. 2 is between 0.0 and 0.42. As mentioned in Table 1, 

only 10 attributes with the highest 𝐽𝑎𝑐𝑐 are selected to be trained by r2SATMRA. The chosen attributes are 

resolution, battery type, RAM (GB), storage (GB), video 720p, video 1080p, video 8K, video 60 fps, video 

240 fps, and video 960 fps. Table 2 presents 𝐽𝑎𝑐𝑐 values for all the selected attributes as follows: 

Table 2. 𝑱𝒂𝒄𝒄 Values for Selected Attributes 

Attribute 𝑱𝒂𝒄𝒄 

Resolution (𝐴1) 0.31720 

Battery type (𝐵1) 0.33796 

Ram (GB) (𝐴2) 0.35785 

Storage (GB) (𝐵2) 0.38974 

Video 720p (𝐴3) 0.41170 

Video 1080p (𝐵3) 0.33821 

Video 8K (𝐴4) 0.34198 

Video 60 fps (𝐵4) 0.36146 

Video 240 fps (𝐶1) 0.34391 

Video 960 fps (𝐶2) 0.36403 

Secondly, the performance of the proposed r2SATMRA is measured when comparing the quality of 

the retrieved induced logic when compared with baseline models. Table 3 showcases the results of all 

measured metrics for r2SATMRA, 2SATRA [5], and 3SATRA [6], respectively. The bold values in Table 3 

represent the highest values for each metric. For all 5 folds of cross-validation, the proposed r2SATMRA 

attained the highest values for all measured metrics as opposed to baseline models. The first reason for this 

finding is that r2SATMRA implemented JFSM to identify relevant attributes based on 𝐽𝑎𝑐𝑐 values. Attributes 

with high 𝐽𝑎𝑐𝑐 reflect the close distance of the measured entry to the class of the dataset. This contributes to 

the optimal extraction of important patterns of the dataset. Both baseline models only applied random attribute 

selection, which degrades the performance of DHNN by training insignificant attributes. Consequently, 

2SATRA and 3SATRA attained a much lower accuracy with at least 12% differences. In another perspective, 

r2SATMRA achieved the highest spe values for all folds due to the structural component of weighted logic. 

The allocation of negative and positive literals in 2SATRA and 3SATRA was set at random. Hence, the final 

induced logic retrieved by these models contained an inconsistent representation of the dataset, particularly 

with respect to the negative class of the dataset (which is phone price less than or equal to 337.85 US dollars). 

The proposed r2SATMRA attained high mcc values, which portrayed the model’s ability to produce final 

induced logic that has the ability to classify in both outcomes of the dataset. According to [18], optimal mcc 

values indicate that the model generates solutions that are balanced between the negative and positive classes 

of the dataset. This balance enables the model to mitigate overfitting and produce solutions that can generalize 
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well to unseen patterns in the data. Based on this observation, the 2SATRA and 3SATRA models performed 

poorly in extracting optimal solutions for the Phone Prices dataset.  

Table 3. Comparison of r2SATMRA, 2SATRA, and 3SATRA Based on Five Performance Metrics for 5-fold 

Cross Validation 

k-fold 
Performance 

Metrics 
r2SATMRA 2SATRA [5] 3SATRA [6] 

1-fold 

acc  0.8830 0.6876 0.6231 

pre 0.8925 0.2650 0.5291 

spe 0.9760 0.6908 0.7568 

mcc 0.5334 0.0525 0.1848 

f1s 0.5887 0.0503 0.4673 

2-fold 

acc 0.8033 0.6711 0.5010 

pre 0.8850 0.4370 0.6699 

spe 0.9674 0.6684 0.7082 

mcc 0.5506 0.1372 0.0813 

f1s 0.6270 0.0830 0.4775 

3-fold 

acc 0.8165 0.6628 0.4165 

pre 0.9187 0.5140 0.7944 

spe 0.9744 0.6577 0.6508 

mcc 0.5969 0.1675 0.0048 

f1s 0.6706 0.0974 0.4906 

4-fold 

acc 0.8579 0.6843 0.3686 

pre 0.9453 0.4500 0.9100 

spe 0.9827 0.6795 0.6949 

mcc 0.6769 0.1749 0.0178 

f1s 0.7378 0.0861 0.4879 

5-fold 

acc 0.8628 0.6380 0.3900 

pre 0.9929 0.4510 0.9189 

spe 0.9974 0.6395 0.6400 

mcc 0.7160 0.0781 0.0043 

f1s 0.7714 0.0837 0.5251 

Once the performance of r2SATMRA has been validated by optimal values of acc, pre, spe, mcc, and 

f1s, the discussion of the retrieved final induced logic by the model will be discussed below. Eq. (25) 

formulates the retrieved final induced logic (𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑) by the proposed model, where, 

𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = (𝐴1⋁𝐵1)⋀(¬𝐴2⋁𝐵2)⋀(¬𝐴3⋁𝐵3)⋀(¬𝐴4⋁𝐵4)⋀𝐶1⋀𝐶2 (25) 

Each variable in Eq. (25) (refer to Table 2) represents an attribute selected from the Phone Prices 

dataset using JFSM. Based on the applied k-means clustering approach, the outcome of  𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = −1 

corresponds to a low phone price, whereas 𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = 1 indicates the opposite. One of the possible entries 

that would make 𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = −1 is {𝐴1, 𝐵1, 𝐴2, 𝐵2, 𝐴3, 𝐵3, 𝐴4, 𝐵4, 𝐶1, 𝐶2} =

{−1, −1,1, −1,1, −1,1, −1, −1, −1}. One of the possible deductions is that frames per second (fps) refers to 

a smartphone’s capability to capture how many individual frames or images a camera records in one second 

[19]. Higher fps values allow smoother video playback and are especially useful for slow-motion effects. 

Phones without 240 fps or 960 fps features are generally cheaper. At 240 fps (𝐶1), the camera captures 240 

frames per second; when played back at a standard frame rate (e.g., 30 fps), the video appears eight times 

slower. At this rate, phones could capture anatomical details for objective clinical use—demonstrating this 

feature as a potential medical tool. At 960 fps (𝐶2), the camera captures 960 frames per second, producing 

videos that appear 32 times slower than real life. In today’s digital era, high-quality cameras are valuable for 

preserving memories. For instance, parents can record a baby’s first steps in slow motion, adding emotional 

impact. Businesses can also use 960 fps for promotional videos, such as coffee advertisements, to create 

visually stunning and engaging content that showcases textures, motion, and sensory appeal—benefiting 

small business owners without the budget for professional videographers. These capabilities require advanced 

camera sensors and powerful image processing units (ISP) to handle the rapid capture and processing of large 

amounts of data. Such hardware increases production costs which explain why phones without 240 fps 

(𝐶1 = −1),  and 960 fps (𝐶2 = −1) features are generally more affordable (𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = −1). The 

recommendation for this extracted knowledge is that budget smartphones without advanced slow-motion 
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video recording features are ideal for users seeking reliable, cost-effective devices for basic to moderate use. 

For instance, students typically need phones with essential functions such as communication, internet access, 

and basic photography. As they generally do not have a stable income, it is wise for them to reduce expenses 

by avoiding high-priced models and choosing more affordable options. This allows students to allocate their 

limited funds toward essential needs such as tuition fees, books, rent, food, and transportation, helping them 

maintain financial stability and avoid overspending on luxury items like high-end smartphones. 

Another possible deduction is that smartphones commonly use two types of batteries: lithium-polymer 

(Li-Po) (𝐵1 = 1) and lithium-ion (Li-Ion) (𝐵1 = −1). Several factors make phones with Li-Ion (𝐵1 = −1) 

batteries cheaper (𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = −1). First, Li-Ion (𝐵1 = −1) batteries have been in development since 1912 

and gained popularity after Sony’s adoption in 1991. Their long history has led to a standardized, optimized 

manufacturing process, reducing production costs. Second, Li-Ion (𝐵1 = −1) batteries use a liquid 

electrolyte, which is simpler and cheaper to produce than the gel or solid polymer electrolyte in Li-Po batteries 
(𝐵1 = 1). Their cylindrical or rectangular designs are also easier to manufacture. Third, Li-Ion (𝐵1 = −1) 

batteries have lower production complexity, requiring fewer steps and less specialized handling compared to 

Li-Po (𝐵1 = 1) batteries. Li-Ion (𝐵1 = −1) batteries also offer high energy density, lightweight design, rapid 

charging, low self-discharge, long lifespan, and environmental benefits—enhancing user experience and 

sustainability. Therefore, smartphones using Li-Ion (𝐵1 = −1) batteries are generally more affordable than 

those with Li-Po (𝐵1 = 1) batteries. As a recommendation, phone companies should use Li-Ion (𝐵1 = −1) 

batteries to reduce costs through bulk purchasing. Negotiating large-volume deals with battery suppliers can 

secure lower unit prices, as higher order quantities often come with discounts. Additionally, standardizing 

Li-Ion (𝐵1 = −1) battery models across multiple smartphone models or product lines can further lower 

production costs by streamlining manufacturing and inventory management. 

The last deduction from the extracted logic formulated in Eq. (25) is that phones are generally cheaper 

(𝐿𝑟
𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = −1) when equipped with 720p resolution (𝐴3 = 1) instead of 1080p (𝐵3 = −1). While both 

fall under the High Definition (HD) category, they differ in several ways. In terms of image quality, 720p 
(𝐴3 = 1)  is adequate for everyday use, such as browsing, social media, and video streaming, offering clear 

visuals though less sharp than 1080p (𝐵3 = −1). The 1080p resolution (𝐵3 = −1) delivers superior clarity 

and detail, making it ideal for gaming and movie viewing, especially on larger screens where the difference 

is more noticeable. Battery consumption also differs: 720p (𝐴3 = 1) screens use less power due to fewer 

pixels, while 1080p (𝐵3 = −1) requires more energy to support the higher pixel count. Notably, phones with 

1080p (𝐵3 = −1) often include larger batteries to address this, but this increases manufacturing costs and, 

ultimately, the device price. 

In general, phone prices are lower when they lack 240 fps, 960 fps, and 1080p features, and when they 

use lithium-ion batteries. Consumers should be aware of how these features affect pricing to make informed 

purchasing decisions. Marketing from smartphone brands can be persuasive and sometimes misleading, so it 

is important to look beyond promotional claims and rely on logical reasoning and unbiased reviews to assess 

a phone’s true value. By understanding which features matter most, consumers can navigate the market more 

effectively and choose devices that best match their preferences and priorities. 

4. CONCLUSION 

This paper presents the pattern extraction of the Phone Prices dataset using a logic mining approach 

called r2SATMRA. The proposed r2SATMRA is divided into four phases, which are the preliminary phase, 

logic phase, training phase, and retrieval phase. Each phase is crucial to ensure optimal knowledge extraction 

through the embedded logical rule of r2SAT. By utilizing the transparency and interpretability properties of 

SAT, the output produced by DHNN via r2SAT can be easily understood by a non-practitioner of AI 

approaches. This addresses the black box limitation in many AI models. A non-systematic logical rule based 

on proposed r2SAT with k = 1,2 is included in r2SATMRA to improve interpretability. An attribute selection 

method of JFSM is included to reduce excessive reliance on correlation-based attribute selection. This 

supports broader logic mining exploration and strengthens pattern training and recognition across diverse 

datasets. The reliability of r2SATMRA as a classification model was measured using multiple performance 

metrics such as acc, pre, spe, mcc, and f1s. As compared to baseline models of 2SATRA [5] and 3SATRA 

[6], r2SATMRA were able to outperform these existing works by attaining high values for all the measured 

metrics. Currently, r2SATMRA is limited to the top 10 attributes selected via JFSM. A larger attribute set 
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increases DHNN complexity and may hinder efficient optimization during the training phase. The proposed 

model is currently limited to extracting patterns for binary-class datasets. Under the adopted logical 

representation, pattern formation is defined in binary form, which prioritizes salient and significant patterns. 

Extending the framework to continuous-valued targets (e.g., non-binary phone prices) may reduce 

classification efficiency and is not addressed in the current study. Future extension on the research can 

consider the inclusion of a topological data perspective as suggested by [20]. In conclusion, the proposed 

method is a powerful tool for identifying smartphone pricing patterns and sets a new standard for existing 

classification methods. This research contributes to intelligent pattern analysis and offers a strong model that 

can be applied to other datasets and challenges. 
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