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Article History: 
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efficiency, energy consumption, and service coverage. This study aims to develop a Multi-

Objective Mixed-Integer Programming (MOMIP) model that explicitly incorporates battery 

state-of-charge dynamics and charging station constraints for optimizing electric feeder 

bus networks. The proposed model simultaneously minimizes operational costs and total 
energy consumption while maximizing service coverage, enabling a comprehensive 

evaluation of conflicting operational objectives. The use of MOMIP is justified by the need 

to capture Pareto-optimal trade-offs among these competing objectives within a unified 

mathematical formulation. Numerical experiments based on hypothetical operational 
scenarios demonstrate that the model generates feasible Pareto-optimal solutions, 

revealing clear trade-offs between cost efficiency, energy usage, and network accessibility. 

Analysis further indicates that increasing charging capacity significantly enhances system 

performance, reducing energy consumption by more than 20% and improving service 
coverage by over 7 percentage points. The proposed model provides a robust decision-

support tool for transport planners and contributes to the development of energy-efficient 

and sustainable electric feeder bus operations. 
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1. INTRODUCTION 

The rapid growth of urban populations has intensified demand for sustainable, efficient public 

transportation systems. In recent years, electric vehicle (EV) technology has emerged as a promising 

alternative to conventional fossil-fuel-based transport due to its potential to reduce greenhouse gas emissions, 

mitigate air pollution, and lower operational costs [1]. Electric feeder bus networks play a crucial role in 

bridging local demand nodes with major transit corridors [2]. Therefore, enhancing accessibility and 

operational efficiency in transportation systems is critical for ensuring the long-term sustainability of urban 

transit networks. Within this domain, electric feeder bus networks serve as critical connectors between local 

demand nodes and major transit corridors, playing a pivotal role in enhancing the integration and coverage 

of urban transit systems [3]. Ensuring both accessibility and operational efficiency in such networks is 

essential to achieving the long-term sustainability of metropolitan transportation infrastructure [4].  

The integration of battery-electric buses into feeder networks, however, introduces complex 

operational and planning challenges. These include limited driving range, extended charging durations, and 

the necessity for strategically located charging infrastructure [5]. While existing studies have developed 

various optimization models for scheduling and routing electric buses, the majority have primarily addressed 

single-objective formulations, typically focusing on either cost minimization or environmental impact 

reduction in isolation [6]. Such approaches often overlook the inherent trade-offs between multiple, and 

sometimes conflicting, operational objectives [7]. Furthermore, a critical shortcoming is the limited 

incorporation of battery degradation dynamics and detailed charging constraints into network-level planning 

[8]. Neglecting these factors can lead to operational plans that are either suboptimal or infeasible in real-

world deployment scenarios.  

To address these gaps, this study proposes a Multi-Objective Mixed-Integer Programming (MOMIP) 

model that explicitly integrates battery performance characteristics, charging constraints, and state-of-charge 

dynamics into the planning of electric feeder bus networks [9]. The model simultaneously optimizes multiple 

objectives, including minimizing operational costs, reducing energy consumption, and maximizing service 

accessibility. Unlike conventional approaches, the proposed model holistically captures the interactions 

between route assignment, charging schedules, and battery constraints within a unified mathematical 

formulation, thereby providing a more realistic and adaptable decision-support tool for transport planners 

operating in battery-constrained environments. 

The research involves a Multi-Objective Mixed-Integer Programming (MOMIP) model for optimizing 

electric feeder bus networks, which involves several stages. It begins with a literature review to build on 

existing knowledge and identify gaps in current methods. The problem definition outlines the network 

components, assumptions, and objectives. The model formulation step creates a mathematical model to 

address these objectives, incorporating constraints. Model validation ensures feasibility through dimensional 

analysis and testing against hypothetical scenarios. The discussion interprets the results, compares the model's 

performance with existing approaches, and addresses limitations. Finally, the conclusion summarizes the 

findings and suggests future research directions. 

2. RESEARCH METHODS 

1.1 Problem Definition and Assumptions 

The feeder bus network under consideration connects peripheral regions (suburban or rural areas) to 

central transit hubs (such as bus terminals, metro stations, or railway stations). The feeder buses, operating 

with electric vehicles, serve to enhance public transportation accessibility while minimizing environmental 

impact and operational costs. The components of the network include: 

1. Feeder bus fleet, that the fleet size is determined based on demand, service frequency, and available 

charging infrastructure. Each bus in the fleet has an associated battery capacity and range, limiting 

the distance it can travel before requiring a recharge. 

2. Service routes that connect the peripheral areas (origin nodes) to central transit hubs (destination 

nodes). These routes are designed to ensure maximum coverage and accessibility while minimizing 

operational costs and energy consumption. 
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3. Nodes that represent key locations in the network. There are origin nodes (locations in peripheral 

areas where buses pick up passengers) and destination nodes (central transit hubs where passengers 

transfer to larger transit systems) 

4. Charging stations where the buses can recharge. Charging stations are characterized by their 

capacity (the maximum number of buses that can charge simultaneously) and charging rate (the rate 

at which energy is transferred to the bus battery). 

To simplify the modeling process, the following assumptions are made. 

1. The fleet size is assumed to be fixed and known in advance, based on estimated passenger demand 

and service frequency requirements, 

2. each charging station has a fixed charging rate, 

3. each electric bus has a fixed battery capacity, 

4. the travel time between nodes is assumed to be fixed and deterministic, 

5. the passenger demand at each origin node is known and remains constant, 

6. charging stations are assumed to be available at fixed locations with known capacities. 

2.2 Sets, Parameters, and Decision Variables 

In order to make a model formulation, we have to define the following sets, indices, parameters, and decision 

variables. 

1. Sets: 

Ɲ : set of all nodes in the network, including origin, destination, and charging stations; 

Ʀ : set of all feeder bus routes; 

Ƒ : set of all buses in the fleet; 

∁ : set of all charging stations. 

2. Indices: 

𝑖, 𝑗 ∈ Ɲ : indices representing nodes; 

𝑟 ∈ Ʀ : index for routes; 

𝑓 ∈ Ƒ : index for buses; 

𝑐 ∈ ∁ : index for charging stations. 

3. Parameters: 

𝑐𝑖𝑗 : cost to travel from node 𝑖 to node 𝑗; 

𝑑𝑖 : demand at origin node 𝑖; 

𝐵 : battery capacity of each bus (in kWh); 

𝑟𝑗  : charging rate at charging station 𝑗 (kW); 

𝑡𝑖𝑗 : travel time between nodes 𝑖 and 𝑗; 

𝛼 : energy consumption per distance unit (kWh per km); 

𝑆𝑗 : capacity of charging station 𝑗 (number of buses that can charge simultaneously); 

𝑄𝑓 : capacity of bus 𝑓 (maximum number of passengers it can carry); 

𝑇𝑚𝑎𝑥  : maximum total service time for any bus (from the start of the service to the end of 

its scheduled shifts). 

4. Decision Variables: 

𝑥𝑖𝑗
𝑓

∈ {0,1} : binary decision variable indicating whether bus 𝑓 travels from node 𝑖 to node 𝑗 

(1 if yes, 0 otherwise); 
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𝑦𝑓𝑐 ∈ {0,1} : binary decision variable indicating whether bus 𝑓  is assigned to charging station 

𝑐 (1 if yes, 0 otherwise); 

𝑧𝑓 : total energy consumed by bus 𝑓 over its route; 

𝑝𝑖
𝑓
 : number of passengers served by bus 𝑓 at node 𝑖. 

2.3 Model Formulation 

2.3.1 Electric Vehicle-Based Feeder Bus Systems 

 A feeder bus system is a public transport solution designed to connect suburban or remote areas to 

major transit hubs, such as train stations or bus terminals, using smaller vehicles [10]. It enhances accessibility 

to public transportation by providing convenient connections to high-capacity transit systems, reducing 

reliance on private cars, and helping alleviate traffic congestion. Feeder bus systems are cost-effective, 

sustainable, and improve public transport ridership, especially in less densely populated areas [11] . However, 

they require careful coordination with larger transit networks, efficient route planning, and consistent fleet 

management to ensure effectiveness [12]. 

Electric Vehicle-Based Feeder Bus Systems (EV-FBS) are increasingly recognized as a sustainable 

and efficient transportation solution for urban mobility. These systems leverage electric vehicles (EVs) to 

serve as feeder buses in urban transit networks, connecting suburban or remote areas to main transportation 

hubs, such as subway stations or bus terminals [13]. The transition to electric feeder buses not only supports 

the global shift towards sustainability but also reduces the environmental footprint of public transportation. 

The use of electric buses in urban feeder systems has gained significant attention due to their potential to 

reduce greenhouse gas emissions, lower operational costs, and improve air quality [14]. A key challenge in 

implementing Electric Vehicle-Based Feeder Bus Systems is integrating EVs into existing transport networks 

while ensuring they can operate efficiently over long distances with limited battery life. Feeder bus networks, 

by definition, serve as connectors between the main transportation grid and less accessible regions, thereby 

requiring precise planning to ensure EVs can operate effectively without running out of battery before 

reaching charging stations. 

The adoption of electric vehicles in feeder bus systems not only reduces reliance on fossil fuels but 

also enhances the overall energy efficiency of urban mobility [15]. However, integrating these systems 

presents a number of logistical and technological challenges, such as managing the battery life of electric 

buses, ensuring optimal routing, and providing sufficient charging infrastructure. The optimal scheduling and 

routing of electric feeder buses are complex tasks that require accounting for variables such as battery 

constraints, energy consumption, charging times, and real-time traffic conditions. 

One of the most critical elements in the design of Electric Vehicle-Based Feeder Bus Systems is 

addressing the battery and charging constraints [16]. The limited range of electric buses necessitates the 

inclusion of charging stations along routes, introducing new operational constraints in terms of time and 

location. The importance of strategically placing charging stations to minimize bus downtime and optimize 

energy use. Efficient battery management is essential for maintaining the operational feasibility of these 

systems, as electric buses may need to recharge multiple times throughout the day. 

2.3.2 Mixed-Integer Programming in Public Transport Planning 

Mixed-Integer Programming (MIP) is a type of mathematical optimization problem that involves both 

continuous and integer decision variables. It is widely used in fields such as operations research, logistics, 

finance, and engineering. The general form of a MIP problem is structured as Eq. (1) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓(𝑥) = 𝑐𝑇𝑥, (1) 

where: 

𝑥 ∶ (𝑥1, 𝑥2 , … , 𝑥𝑛  ) is the vector of decision variables; 

𝑐 ∶ (𝑐1, 𝑐2, … , 𝑐𝑛 ) is a vector of coefficients; 

𝑐𝑇𝑥 represents the objective function, which is to be minimized or maximized (depending on the problem). 

The decision variables are subject to a set of constraints, which typically include as Eq. (2) 
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𝐴𝑥 = 𝑏        (𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠)

𝐴𝑖𝑛𝑒𝑞𝑥 ≤ 𝑏𝑖𝑛𝑒𝑞    (𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠)

𝑥𝑙𝑜𝑤𝑒𝑟 ≤ 𝑥 ≤ 𝑥𝑢𝑝𝑝𝑒𝑟    (𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝐵𝑜𝑢𝑛𝑑𝑠)

(2) 

where: 

𝐴 is an 𝑚 × 𝑛 matrix of coefficients; 

𝑏 is a vector of length 𝑚; 

𝐴𝑖𝑛𝑒𝑞 is an 𝑚𝑖𝑛𝑒𝑞 × 𝑛 matrix of coefficients; 

𝑏𝑖𝑛𝑒𝑞 is a vector of length  𝑚𝑖𝑛𝑒𝑞; 

𝑥𝑙𝑜𝑤𝑒𝑟 and 𝑥𝑢𝑝𝑝𝑒𝑟 are the lower and upper bounds for the variables 𝑥; 

𝑥𝑖 ∈ ℝ continuous variables); 

𝑥𝑖 ∈ ℤ (integer variables); or 

𝑥𝑖 ∈ {0,1} (binary variables). 

The objective function 𝑓(𝑥) = 𝑐𝑇𝑥 could represent various operational goals such as cost 

minimization, profit maximization, or efficiency. Constraints in MIP ensure that the decision variables satisfy 

certain conditions. The inclusion of both continuous and integer variables makes MIP particularly suited for 

problems where decisions involve both numerical quantities (e.g., distance, time, or cost) and discrete choices 

(e.g., selecting a specific route or a particular facility). MIP has emerged as a robust tool for solving various 

complex problems in public transport, including vehicle routing, scheduling, and resource allocation [17].  

2.3.3 Vehicle Routing 

The Vehicle Routing Problem (VRP) is one of the primary applications of MIP in public transport. In 

the VRP, the objective is to determine the optimal set of routes for a fleet of vehicles that serve a set of 

locations while minimizing the total distance or time traveled, subject to various constraints [18]. The 

standard Mixed-Integer Programming formulation for the VRP is stated as Eq. (3) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑍 = ∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

, (3) 

where: 

𝑐𝑖𝑗 is the travel cost (distance or time) from location 𝑖 to location 𝑗; 

𝑥𝑖𝑗  is a binary variable that equals 1 if a vehicle travels from location 𝑖 to location 𝑗, and 0 otherwise. 

Subject to the following constraints as Eq. (4) as vehicle flow constraint: 

∑ 𝑥𝑖𝑗 = 1    ∀𝑖 ∈ {1, 2, … , 𝑁}

𝑁

𝑗=1

∑ 𝑥𝑗𝑖

𝑁

𝑖=1

= 1     ∀𝑗 ∈ {1, 2, … , 𝑁}

, (4) 

and Eq. (5) as capacity constraint 

∑ 𝑞𝑖𝑥𝑖𝑗

𝑁

𝑖=1

≤ 𝑄     ∀𝑗 ∈ {1, 2, … , 𝑁}, (5) 

where: 

𝑞𝑖 is the demand at location 𝑖; 

𝑄 is the vehicle capacity. 
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These formulations ensure that each location is visited exactly once and that the vehicle capacity is not 

exceeded. The decision variables 𝑥𝑖𝑗  represent the assignment of vehicles to travel between specific locations, 

optimizing for travel distance or time. 

2.3.4 Fleet Scheduling 

Fleet scheduling involves assigning vehicles to routes over a planning horizon, typically while 

respecting various operational constraints such as crew working hours, maintenance schedules, and vehicle 

availability. The objective is to minimize operational costs while maximizing service efficiency and ensuring 

regulatory compliance. A Mixed-Integer Programming formulation for fleet scheduling can be represented 

as Eq. (6) [19] 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑍 = ∑ ∑(𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝐶𝑜𝑠𝑡𝑣(𝑡) ∙ 𝑦𝑣𝑡),

𝑉

𝑣=1

𝑇

𝑡=1

(6) 

where: 

𝑇 is the set of time periods in the scheduling horizon; 

𝑉 is the set of vehicles; 

𝑦𝑣𝑡 is a binary decision variable that equals 1 if vehicle 𝑣 is assigned to time period 𝑡, and 0 otherwise. 

Objective function in Eq. (6) subject to vehicle assignment constraints represented as Eq. (7) 

∑ 𝑦𝑣𝑡

𝑉

𝑣=1

= 1   ∀𝑡 ∈ {1, 2, … , 𝑇}, (7) 

and crew and vehicle constraints as (Eq. (8) 

∑ 𝑦𝑣𝑡

𝑇

𝑡=1

∙ 𝑊𝑜𝑟𝑘𝑖𝑛𝑔 𝐻𝑜𝑢𝑟𝑠𝑣(𝑡) ≤ 𝑀𝑎𝑥 𝑊𝑜𝑟𝑘𝑖𝑛𝑔 𝐻𝑜𝑢𝑟𝑠𝑣   ∀𝑣 ∈ {1, 2, … , 𝑉}. (8) 

This constraint ensures that crew working hours comply with legal regulations, and vehicles are scheduled 

within available operating hours. 

2.3.5 Charging Infrastructure for Electric Vehicles 

The integration of electric vehicles (EVs) in public transport presents new challenges related to battery 

life and charging infrastructure [20]. MIP formulations are used to optimize the placement of charging 

stations, schedule charging times, and allocate vehicles to ensure efficient operation throughout the day. A 

Multi-Objective Mixed-Integer Programming formulation for EV charging can be expressed as Eq. (9)[21]. 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑍 = ∑ ∑(𝑐𝑖𝑗 ∙ 𝑥𝑖𝑗 + 𝜆 ∙ 𝐶ℎ𝑎𝑟𝑔𝑖𝑛𝑔 𝐶𝑜𝑠𝑡𝑖 ∙ 𝑦𝑖)

𝑁

𝑖=1

,

𝐾

𝑘=1

(9) 

where: 

𝑐𝑖𝑗 is the travel cost from location 𝑖 to location 𝑗; 

𝑥𝑖𝑗  is a binary variable that equals 1 if a vehicle travels from location 𝑖 to location 𝑗; 

𝐶ℎ𝑎𝑟𝑔𝑖𝑛𝑔 𝐶𝑜𝑠𝑡𝑖 is the cost of charging at station 𝑖; 

𝑦𝑖 is a binary decision variable that equals 1 if charging station 𝑖 is used, and 0 otherwise; 

𝜆 is a weighting factor that balances the cost of charging with the operational cost of vehicle routing. 

Objective function in Eq. (9) is subject to charging constraints as Eq. (10). 

∑ 𝑦𝑖

𝑁

𝑖=1

∙ 𝐶ℎ𝑎𝑟𝑔𝑖𝑛𝑔 𝑇𝑖𝑚𝑒𝑖 ≤ 𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝐶ℎ𝑎𝑟𝑔𝑖𝑛𝑔 𝑇𝑖𝑚𝑒. (10) 
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This ensures that the total charging time required for all vehicles does not exceed the available charging time 

within a given time window. 

2.3.6 Battery and Charging Constraints in Optimization Models 

Battery and charging constraints are central to the operation of electric vehicles. These constraints arise 

from the inherent limitations of battery technology, including energy capacity, charge and discharge rates, 

charging times, and state-of-charge (SOC) requirements. Furthermore, the availability and capacity of 

charging stations add another layer of complexity, as these facilities must be efficiently integrated into the 

vehicle fleet's operational schedule. Battery constraints consist of capacity constraints and State-of-Charge 

(SOC) Constraints [22]. The limited energy storage capacity of batteries dictates the distance that an EV can 

travel before recharging is required. This limitation, referred to as the range constraint, is a critical factor in 

the planning and scheduling of electric vehicles. In optimization models, the battery capacity 𝐵 is often 

represented as a parameter that limits the maximum energy a vehicle can consume during a route, as 

represented in Eq. (11). 

∑ 𝑑𝑖𝑗

𝑛

𝑖=1

∙ 𝑥𝑖𝑗 ≤ 𝐵,    ∀𝑗 ∈ {1, 2, … , 𝑛}, (11) 

where 𝑑𝑖𝑗 represents the distance between locations 𝑖 and 𝑗,, and 𝑥𝑖𝑗  is a binary decision variable indicating 

whether the vehicle travels between locations 𝑖 and 𝑗. 

The SOC of a vehicle’s battery must be carefully managed to ensure that it is neither overcharged nor 

depleted beyond a safe threshold. These constraints are particularly important in optimization models for fleet 

management, where real-time monitoring of battery levels ensures operational reliability. The SOC is 

modeled as Eq. (12). 

𝑆𝑂𝐶𝑖(𝑡 + 1) = 𝑆𝑂𝐶𝑖(𝑡) − 𝐸𝑖(𝑡) + 𝐶𝑖(𝑡), (12) 

where: 

𝑆𝑂𝐶𝑖(𝑡) is the state-of-charge at time 𝑡; 

𝐸𝑖(𝑡) is the energy consumption of vehicle 𝑖 at time 𝑡; 

𝐶𝑖(𝑡) is the energy replenished by charging at time 𝑡. 

Charging constraints include charging rate and time constraints, as well as charging station availability. 

Charging times are often modeled based on the charging rate 𝑟, which can vary depending on factors such as 

the vehicle’s battery health and the charging infrastructure's capabilities. A typical charging constraint is 

represented as Eq. (13). 

𝐶𝑖𝑗(𝑡) ≤ 𝑟𝑖𝑗(𝑡) ∙ ∆𝑡, (13) 

where: 

𝐶𝑖𝑗(𝑡) is the charge delivered to vehicle 𝑖 at station 𝑗 during time period 𝑡; 

𝑟𝑖𝑗(𝑡) is the charging rate at station 𝑗 for vehicle 𝑖 at time 𝑡; 

∆𝑡 is the time period during which charging occurs. 

The availability and capacity of charging stations are critical constraints. Multiple vehicles might need 

to recharge at different times, requiring optimization models to determine the optimal allocation of vehicles 

to available charging stations. This constraint ensures that the total number of vehicles assigned to each station 

does not exceed the station’s capacity. The typical formulation is represented as Eq. (14) as follows. 

∑ 𝑥𝑖𝑗

𝑛

𝑖=1

≤ 𝑆𝑗,    ∀𝑗 ∈ {1, 2, … , 𝑚}, (14) 

where: 

𝑥𝑖𝑗  is a binary decision variable indicating whether vehicle 𝑖 is assigned to station 𝑗; 

𝑆𝑗 is the capacity of charging station 𝑗. 
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2.4 Multi-Objective Optimization in Transport Systems 

Multi-Objective Optimization (MOO) refers to optimization problems involving more than one 

objective function that need to be simultaneously optimized. MOO is applicable when the system under 

consideration has multiple, often conflicting goals. MOO aims to find solutions that strike a balance between 

these objectives, providing decision-makers with a set of trade-offs rather than a single optimal solution. 

Multi-objective optimization has broad applications across various fields, including engineering, economics, 

logistics, transportation, and resource management. In these areas, decision-makers often face the challenge 

of optimizing multiple competing objectives, each with its own constraints and requirements. MOO is crucial 

for handling such complex problems, especially when trade-offs are needed to find the most feasible or 

practical solution. In MOO, solutions are evaluated based on Pareto optimality. A solution is considered 

Pareto optimal if there is no other solution that improves one objective without worsening another  [23]. This 

leads to a set of solutions known as the Pareto front, which represents the best trade-offs between the different 

objectives. A decision-maker must choose a solution from this Pareto front, depending on their specific 

preferences and priorities. 

In mathematical terms, a general MOO Problems can be formulated as Eq. (15) as follows [24] 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓(𝑥) = {𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑘(𝑥)}, (15) 

with 

𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛  ) is the vector of decision variables; 

𝑓𝑖(𝑥) represents the 𝑖-th objective function (for 𝑖 = 1, 2, … , 𝑘) that needs to be minimized or maximized. 

The objective function on Eq. (15) subject to Eq. (16) as follows 

𝑔𝑗(𝑥) ≤ 0,    ∀𝑗 ∈ = 1, 2, … , 𝑚

ℎ𝑖(𝑥) = 0,    ∀𝑖 = 1, 2, … , 𝑝
(16) 

with 

𝑔𝑗(𝑥) represents the inequality constraints; 

ℎ𝑖(𝑥) represents the equality constraints; 

𝑥 ∈ ℝ𝑛 represents the decision variables that can be continuous or integer. 

Transport systems are inherently complex, as they involve coordinating multiple elements, including 

vehicles, infrastructure, passengers, and environmental considerations. MOO helps address these 

complexities by offering decision-makers a range of solutions that balance the objectives in different ways. 

The vehicle routing problem (VRP) is one of the most common transportation optimization problems. It 

involves finding the optimal set of routes for a fleet of vehicles to serve a set of customers or destinations. In 

multi-objective vehicle routing, the objectives could include minimizing travel distance or time, fuel 

consumption, emissions, and service time or waiting time [25]. MOO is widely used in public transport 

scheduling, where the goal is to allocate buses or trains to various routes and time slots. Multiple objectives 

may include minimizing passenger waiting time, maximizing service frequency, and minimizing operational 

costs. In this case, MOO helps determine the best balance between service quality and cost efficiency [26].  

A Multi-Objective Mixed-Integer Programming (MOMIP) model is a mathematical optimization that 

simultaneously addresses multiple conflicting objectives while considering decision variables that can be 

either continuous or discrete (integer or binary). This model is valid if all constraints are satisfied, decision 

variables are correctly defined, the model is mathematically sound, and solutions are feasible in hypothetical 

or real-world scenarios. A feasible solution exists if the model lies on the Pareto Front, and the solution is 

called Pareto optimal.  

2.5 Multi-Objective Mixed-Integer Programming Model 

The problem aims to optimize three main objectives simultaneously. The objective functions in a 

Multi-Objective Mixed-Integer Programming (MOMIP) model for electric feeder bus networks are designed 

to address key performance indicators that reflect both operational and sustainability goals of the 

transportation system. The following explanation explains why the objective function and its constraints were 

chosen. 
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1. Minimize Operational Costs (Objective 1) 

Operational costs are a fundamental concern for any transportation system, and for an electric feeder 

bus network, they include vehicle operation, energy consumption, and maintenance expenses. The 

operational costs are directly tied to the distance traveled and the energy consumed by the buses. 

For electric buses, charging costs also play a critical role, which is why energy consumption (and 

its associated costs) is an important factor in this objective. 

2. Minimize Total Energy Consumption (Objective 2) 

Energy consumption is the most significant environmental impact of transportation systems. For 

electric buses, the focus is on reducing electricity consumption for travel, which directly affects 

emissions (if the electricity comes from non-renewable sources) 

3.  Maximize Service Coverage or Accessibility (Objective 3) 

Service coverage and accessibility are vital for the effectiveness of the feeder bus network. 

Maximizing coverage means ensuring that buses reach as many origin nodes (in suburban or rural 

areas) as possible, thereby providing essential connections to central hubs. Accessibility also 

improves passenger convenience, making public transportation a more attractive option and 

potentially reducing reliance on private cars, which aligns with sustainability goals. 

The constraints in the MOMIP model are critical to ensuring that the feeder bus network operates within 

practical and operational limits while achieving the objectives. 

1. Network and Scheduling 

The network and scheduling constraints ensure that each bus follows a feasible route and adheres to 

service requirements. It guarantees that the bus network is both operationally effective and 

logistically feasible, serving all necessary nodes (origin and destination). This constraint ensures 

that each bus travels between nodes in a valid, scheduled manner, adhering to the feeder system's 

connectivity requirements. 

2. Battery State-of-Charge Dynamics 

This constraint ensures that the battery is monitored dynamically, maintaining a feasible SOC 

throughout the trip. The SOC constraint accounts for the energy consumed during travel and ensures 

that the battery is charged at the correct intervals. 

3. Charging Time and Station Availability 

The charging time and station availability constraints ensure that buses are charged efficiently 

without exceeding charging station capacity. Charging stations have limited (𝑆𝑗)and charging rate 

(𝑟𝑗), so this constraint ensures that buses do not exceed the station’s charging limits and that they 

charge in a reasonable time frame to minimize downtime. 

4. Fleet Size and Capacity Limits 

The fleet size and capacity limit constraints ensure that the number of buses and their passenger 

capacity do not exceed the operational limits. It also ensures that each bus operates within its 

passenger capacity, which is critical for maximizing service and efficiency while balancing demand 

and fleet size. 

Mathematical representations of MOMIP model for electric feeder bus networks with battery and charging 

constraints can be stated as Eq. (17) and Eq. (18) as follows 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑍1 = ∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑓

𝑖,𝑗∈Ɲ

+ ∑ 𝑧𝑓

𝑓∈Ƒ𝑓∈Ƒ

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑍2 = ∑ 𝑧𝑓

𝑓∈Ƒ

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑍3 = ∑ ∑ 𝑝𝑖
𝑓

𝑓∈Ƒ𝑖∈Ɲ

. (17) 

Subject to 
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∑ 𝑥𝑖𝑗
𝑓

𝑗∈Ɲ

= 1    ∀𝑓 ∈ Ƒ, ∀𝑖 ∈ Ɲ

𝑆𝑂𝐶𝑓(𝑡 + 1) = 𝑆𝑂𝐶𝑓(𝑡) − 𝛼 ∙ 𝑑𝑓(𝑡) + ∑ 𝑦𝑓𝑐 ∙ 𝑟𝑐 ∙ ∆𝑡

𝑐∈∁

∑ 𝑦𝑓𝑐 ≤ 𝑆𝑗

𝑓∈Ƒ

  ∀𝑐 ∈ ∁

∑ 𝑝𝑖
𝑓

𝑖∈Ɲ

≤ 𝑄𝑓     ∀𝑓 ∈ Ƒ

. (18) 

2.6. Model Validation Procedure 

Validity ensures that all model constraints produce solutions that can actually be implemented. A valid 

model provides results that accurately reflect the system being studied, enabling transport planners to make 

data-driven decisions that balance cost, energy consumption, and service quality. Checking validity confirms 

that equations, units, and variable definitions are consistent, preventing errors that could distort optimization 

outcomes.  

2.6.1 Dimensional Analysis Checking 

Dimensional analysis is a method used to ensure the consistency of units and measurements within the 

model. This process involves checking that all terms in the model’s objective functions, constraints, and 

variables have consistent units so that the model’s formulations are physically meaningful and 

mathematically valid.  

1. Units for each parameter and variable. 

Operational costs are represented in monetary units (dollars). Travel time is in hours, and the cost 

per hour of travel is in dollars/hour; the operational cost should be in dollars. Energy is usually 

measured in kWh (kilowatt-hours), as electric buses consume energy to travel certain distances. If 

the energy consumption per bus per distance is denoted by 𝛼 (kWh/km), the energy consumed for a 

bus traveling a distance 𝑑 (in km) should be 𝛼 ∙ 𝑑, and this product should result in kWh.  

2. Units in Objective Functions 

In operational costs, the objective function involves terms travel costs 𝑐𝑖𝑗 per km has units of 

dollar/km and energy consumption 𝑧𝑓 has units of kWh, which needs to be converted into dollars 

using the cost of electricity.  

3. Constraints on dimensional consistency 

Battery capacity 𝐵  is in kWh, and energy consumption 𝑧𝑓 is also in kWh, battery usage is 

mathematically consistent with the battery's energy consumption rate during travel. Travel time 𝑡𝑖𝑗 

(in hours) multiplied by the number of vehicles should not exceed the available operational time for 

a bus. 

2.6.2 Constraint Satisfaction Checking 

To check constraint satisfaction of the model, we need to systematically evaluate whether all defined 

constraints are met by the solutions generated by the model. 

1. Network and Scheduling Constraints 

These ensure that buses are correctly assigned to routes and scheduled properly. Each bus must serve 

only assigned routes and no route is left unattended unless explicitly allowed. The buses meet the 

minimum and maximum frequency requirements per route and adhere to time windows. For each 

bus 𝑓 and route 𝑟  

∑ 𝑥𝑓𝑟(𝑡) ≥ 𝑚𝑖𝑚𝑖𝑚𝑢𝑚 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑟𝑒𝑞𝑢𝑖𝑟𝑚𝑒𝑛𝑡, ∀𝑟 ∈ Ʀ, ∀𝑡,

𝑓∈Ƒ

 

with 𝑥𝑓𝑟(𝑡) ∈ {0,1} indicates if bus 𝑓 serves route 𝑟 at time 𝑡. 
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2. Battery State-of-Charge (SoC) Dynamics 

These constraints ensure that buses never run below minimum battery levels and can complete 

assigned trips. For Battery consumption, calculate SoC after each trip using 

𝑆𝑂𝐶𝑓(𝑡 + 1) = 𝑆𝑂𝐶𝑓(𝑡) −
𝐸𝑡𝑟𝑖𝑝

𝐶𝑏𝑎𝑡𝑡𝑒𝑟𝑦
, 

where 𝐸𝑡𝑟𝑖𝑝 is the energy consumed for the trip, and 𝐶𝑏𝑎𝑡𝑡𝑒𝑟𝑦 is the battery capacity. And  

𝑆𝑂𝐶𝑓(𝑡) ≥ 𝑆𝑂𝐶𝑚𝑖𝑛 , ∀𝑓, ∀𝑡, 

ensuring no bus runs out of energy mid-trip. 

3. Charging Time and Station Availability 

These constraints ensure that charging operations are feasible and do not exceed station capacity. 

Each bus must respect station-specific charging rates 

𝑆𝑂𝐶𝑓(𝑡 + 1) = 𝑆𝑂𝐶𝑓(𝑡) + 𝑟𝑐ℎ𝑎𝑟𝑔𝑒 ∙ ∆𝑡, 

and the number of buses charging does not exceed the number of charging ports ∁ 

∑ 𝑦𝑓,𝑐(𝑡) ≤ ∁

𝑓∈Ƒ

, ∀𝑐 ∈ ∁, 

where 𝑦𝑓,𝑐(𝑡) ∈ {0,1} if bus 𝑓 is charging at station 𝑐 at time 𝑡. 

4. Fleet Size and Capacity Limits 

These constraints ensure operational feasibility in terms of fleet availability and passenger capacity. 

Total buses assigned must not exceed fleet size 

∑ ∑ 𝑥𝑓𝑟(𝑡) ≤ 𝑁𝑓𝑙𝑒𝑒𝑡 , ∀𝑡

𝑟∈Ʀ𝑓∈Ƒ

, 

and bus capacity must meet passenger demand 

∑ 𝑑𝑟(𝑡)

𝑟∈Ʀ

≤ ∑ 𝐶𝑎𝑝𝑓 ∙ 𝑥𝑓𝑟(𝑡),

𝑓∈Ƒ

 ∀𝑡, 

where 𝑑𝑟(𝑡) is the passenger demand on route 𝑟 at time 𝑡, and 𝐶𝑎𝑝𝑓 is bus 𝑓’s seating capacity. 

The performance of the proposed MOMIP model is evaluated through numerical experiments, as presented 

in the following section. 

3. RESULTS AND DISCUSSION 

This section presents the numerical results obtained from solving the proposed multi-objective optimization 

model. 

3.1 Numerical Simulation 

The test network consists of 10 feeder routes served by a fleet of 12 electric buses, operating over a 

single daily planning horizon. Each bus is equipped with 300 kWh battery, with a minimum allowable state-

of-charge (SoC) of 20%. The average energy consumption rate is set to 1.2 kWh/km, and charging is 

permitted only at terminal nodes equipped with 60 kW chargers. Three charging capacity scenarios are 

considered, with 1 to 3 chargers per terminal, to examine the impact of infrastructure availability. Operational 

costs include a fixed daily cost of USD 180 per bus, a variable operating cost of USD 1.1 per km, and an 

electricity price of USD 0.12 per kWh. Service coverage is defined as the percentage of feeder demand 

satisfied by the scheduled operations. Three representative solutions are selected to illustrate the extreme and 

balanced outcomes of the optimization process, as summarized in Table 1. 
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Table 1. Pareto Optimal Solutions 

Type of Solution 
Operational Cost 

(USD/day) 

Energy Consumption 

(kWh/day) 

Energy Cost 

(USD/day) 

Service 

Coverage (%) 

Cost-oriented (S1) 4.76 4.12 494 81.5 

Balanced (S2) 5.08 3.46 415 88.9 

Coverage-

oriented (S3) 
5.52 2.95 354 93.8 

The cost-oriented solution (S1) in Table 1 achieves the lowest daily operational cost of USD 4,760, 

but results in the highest energy consumption (4,120 kWh/day) and the lowest service coverage (81.5%). In 

contrast, the coverage-oriented solution (S3) prioritizes service quality, achieving a coverage level of 93.8%. 

This improvement is associated with an increase in operational cost to USD 5,520 per day. Notably, despite 

higher cost, energy consumption is reduced to 2,950 kWh/day, indicating that optimized routing and charging 

schedules can improve energy efficiency even under expanded service coverage. The balanced solution (S2) 

represents a compromise among the three objectives. With a daily operational cost of USD 5,080, this solution 

reduces energy consumption by approximately 16.0% compared to the cost-oriented solution, while 

increasing service coverage by 7.4 percentage points. This solution demonstrates an effective trade-off 

between economic efficiency and service performance. 

3.2 Pareto Front Analysis 

The complete set of non-dominated solutions obtained from the solver is illustrated through the Pareto front 

shown in Fig. 1. 

 
Figure 1. Pareto Front Feasible Solution for Three Objectives Simultaneously 

Fig. 1 shows that each point in the scatter plot corresponds to a potential solution, with the goal of 

minimizing operational costs and energy consumption while maximizing service coverage. The Pareto-

optimal solutions lie on the trade-off surface, illustrating the set of optimal solutions that offer different 

balances between these competing objectives. From the extreme Pareto solutions, the solver results indicate 

that energy consumption can be reduced by approximately 28.4% and service coverage increased by 12.3 

percentage points when moving from the cost-oriented to the coverage-oriented solution. These results 

quantitatively demonstrate the conflict between the objectives and highlight the importance of multi-objective 

optimization in electric feeder bus operations. 

3.3 Impact of Charging Infrastructure Capacity 

To evaluate the sensitivity of the optimization results to charging infrastructure availability, additional 

simulations were conducted under different charging capacity scenarios. The results are summarized in Table 

2. 
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Table 2. Impact of Charging Capacity on Optimization Results 

Charging 

Conditions 

Chargers per 

Terminal 

Operational Cost 

(USD/day) 

Energy 

Consumption 

(kWh/day) 

Service 

Coverage (%) 

Limited 

capacity 
1 5.43 3.98 84.2 

Moderate 

capacity 
2 5.08 3.46 88.9 

Enhanced 

capacity 
3 4.94 3.12 91.6 

The results in Table 2 show that increasing charging capacity leads to a consistent reduction in energy 

consumption and a significant improvement in service coverage. When the number of chargers per terminal 

increases from 1 to 3, energy consumption decreases by approximately 21.6%, while service coverage 

improves by 7.4 percentage points. At the same time, operational costs slightly decrease due to reduced 

waiting times and more efficient vehicle scheduling. 

3.4 Discussion 

The numerical results confirm that the proposed multi-objective mixed-integer programming model 

effectively captures the trade-offs among operational cost, energy consumption, and service coverage in 

electric feeder bus operations. The Pareto-optimal solutions indicate that improvements in energy efficiency 

and service coverage come at higher operational costs, underscoring the need for a multi-objective 

perspective. The balanced solution demonstrates that moderate cost increases can yield substantial reductions 

in energy consumption and meaningful service improvements, providing practical insights for transport 

operators. The availability of charging infrastructure has a significant impact on system performance. 

Scenario-based results reveal that increasing charging capacity improves operational flexibility, reduces total 

energy consumption, and enhances service coverage without proportionally increasing operational cost. This 

indicates that charging constraints are a critical bottleneck in electric feeder bus systems and should be jointly 

considered with operational planning rather than treated as exogenous factors.  

Recent studies have explored multi-objective optimization within the context of Discrete Hopfield 

Neural Networks (DHNN) and logic mining, particularly for satisfiability problems and supervised learning 

tasks. From a methodological perspective, the proposed model differs from existing multi-objective models 

in Table 3. 

Table 3. Comparison of Multi-Objective Perspectives 

Aspect Proposed Model 
DHNN + Modified 

NGA [27] 

DHNN + Election 

Algorithm [28] 

Multi-unit DHNN 

[29] 

Problem domain Electric feeder bus 

network optimization 

Logic mining & 

satisfiability learning 

Logical rule 

optimization 

Supervised logic-

based learning 

Multi-objective 

formulation 

Explicit mathematical 

objectives (cost, 

energy, coverage) 

Fitness-based 

objectives 

Fitness-based 

objectives 

Performance-based 

objectives 

Decision 

variables 

Discrete & continuous 

(routing, charging, 

fleet) 

Neural states & logic 

variables 

Neural states & 

logical clauses 

Neural weights & 

logic units 

Constraint 

handling 

Explicit (battery SoC, 

charging capacity) 

Implicit via fitness Implicit via fitness Implicit 

Pareto-optimal 

solutions 

Explicit Pareto front Implicit trade-offs Implicit trade-offs Not explicitly 

Pareto-based 

Suitability for 

transport planning 

High Low Low Very limited 
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Based on Table 3, the proposed MOMIP framework complements existing DHNN-based multi-

objective methods by addressing a distinct class of multi-objective problems characterized by operational 

feasibility, infrastructure dependency, and decision interpretability.  

This study is limited by the use of hypothetical operational data and a static planning horizon. Future 

research will focus on large-scale real-world datasets, dynamic and stochastic extensions, and hybrid 

integration with data-driven or learning-based approaches. 

4. CONCLUSION 

This study proposes a Multi-Objective Mixed-Integer Programming model for electric feeder bus 

networks, integrating battery dynamics, charging constraints, and fleet limitations as Eq. (18). The model 

effectively captures trade-offs between operational costs, energy consumption, and service coverage as Eq. 

(17), producing feasible Pareto-optimal solutions that provide actionable insights for urban transport 

planning. Numerical results demonstrate that the proposed model generates well-distributed Pareto-optimal 

solutions, revealing clear trade-offs among operational cost, energy consumption, and service coverage. 

Compared to cost-oriented solutions, coverage-oriented strategies reduce daily energy consumption by up to 

28.4% while improving service coverage by approximately 12.3 percentage points, at the expense of higher 

operational costs. The balanced Pareto solution shows that a moderate increase in daily cost (approximately 

6–7%) can achieve a substantial reduction in energy consumption (about 16%) while increasing service 

coverage to nearly 89%. Scenario-based analysis further indicates that increasing charging capacity from one 

to three chargers per terminal reduces energy consumption by more than 20% and improves service coverage 

by over 7 percentage points. These quantitative findings confirm that the proposed MOMIP framework 

provides an effective and interpretable decision-support tool for electric feeder bus planning, offering 

advantages over learning-oriented multi-objective approaches by explicitly modeling operational and 

infrastructure constraints. 
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