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ABSTRACT

This work examines the influence of nanoparticle geometry on the transfer of heat
characteristics during melting in hybrid nanofluid flow at the stagnation point. The hybrid
nanofluid, composed of aluminium oxide (A1-0s) and copper (Cu) nanoparticles dispersed
in a water-based fluid, is analysed under varying conditions of nanoparticle geometry,
including spherical, cylindrical, and platelet shapes. A mathematical model is developed by
incorporating the melting boundary condition into the fluid flow and heat transfer governing
equations. The utilization of similarity variables transforms the governing equations into a
series of ordinary differential equations. The MATLAB bvp4c solver solves these equations
numerically. The results reveal that nanoparticle shape significantly influences thermal
conductivity and flow dynamics, thereby affecting heat transfer efficiency. The platelet-
shaped nanoparticles produce the highest local skin friction coefficient, succeeded by
cylindrical- and spherical-shaped nanoparticles. Furthermore, the interplay of melting
parameters and stagnation point flow dynamics further amplifies heat transfer performance.
This study provides critical insights into optimizing nanofluid designs for industrial
applications requiring efficient thermal management near the stagnation point.
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1. INTRODUCTION

Hybrid nanofluids have attracted significant attention due to their superior thermophysical properties
compared with conventional nanofluids. Hybrid nanofluids can enhance their heat transfer performance and
increase thermal conductivity by combining two distinct nanoparticles in a base fluid. Prior research indicates
that hybrid nanofluids, such as AlLOs—Cu or ALOs—CuO dispersed in water, provide superior thermal
conductivity and heat transfer efficiency relative to single nanoparticle nanofluids. For example, studies
reported that Al.Os—Cu hybrid nanofluids can significantly increase the Nusselt number and heat transfer
coefficient due to the synergistic effect between the metallic and metal-oxide nanoparticles [1]. The selection
of aluminium oxide (Al2Os) and copper (Cu) nanoparticles is motivated by their favourable thermophysical
properties. Copper nanoparticles have extremely high thermal conductivity, whereas aluminium oxide
nanoparticles are commonly utilised because of their availability, chemical stability, and favourable
dispersion properties. The combination of these nanoparticles in a hybrid system can therefore enhance heat
transfer performance more effectively than single-component nanofluids [2].

The combined effects of various nanoparticle materials, shapes, and concentrations result in hybrid
nanofluids comprising two or more nanoparticles that exhibit enhanced heat transfer capabilities. The shape
and configuration of nanoparticles greatly affect hybrid nanofluid thermal conductivity and heat transfer
efficiency, according to extensive research. The research conducted by Takabi and Salehi [3] emphasises that
the thermophysical properties of nanofluids are profoundly affected by the dimensions, geometry, and
concentration of nanoparticles, which in turn affect the characteristics of heat transfer and pressure drop.
Hwang et al. [4] highlighted that the drag force and pressure drop in nanofluids depend on the shape of the
nanoparticles, with smaller, more surface area-efficient shapes yielding superior performance. This aligns
with the findings of llias et al. [5], who observed that platelet-shaped nanoparticles exhibited better heat
transfer properties than other shapes in both laminar and turbulent flow regimes. Furthermore, Benkhedda et
al. [6] showed that specific nanoparticle shapes increase hybrid nanofluid thermal conductivity, especially in
horizontal pipe flows. According to their research, the highest heat transfer rates were attained by platelet-
shaped SiO: nanoparticles, highlighting the crucial role that shape plays in thermal performance. Madhura et
al. [7] also contributed to this understanding by showing that blade-shaped nanoparticles produced the highest
temperatures due to their elevated thermal conductivity, while brick-shaped nanoparticles displayed the
opposite trend, indicating the complex interplay between shape and thermal behaviour.

Moreover, the work of Samantaray et al. [8] found that different shapes significantly alter the
thermophysical properties of nanofluids, impacting entropy generation and flow characteristics. Their
findings were echoed by Rashid et al. [9], who emphasised the importance of nanoparticle shape in fluid flow
and heat transfer dynamics within divergent-convergent channels. This suggests that the shape of
nanoparticles affects not only thermal conductivity but also the overall flow behaviour in hybrid nanofluids.
Furthermore, studies such as those by Gireesha et al. [10] and Vanaki et al. [11] have shown that nanoparticle
shape can lead to substantial variations in heat transfer enhancement across different channel configurations.
Gireesha et al. [10] specifically noted that shape influences the heat transfer phenomenon in moving porous
fins, while Vanaki et al. [11] examined the influence of nanoparticle concentration and shape on heat transfer
efficiency in wavy channels. Mahmood et al. [12] emphasised the potential of ternary hybrid nanofluids in
enhancing heat flow at stagnation points, suggesting that the interaction between different nanoparticle shapes
can improve thermal performance. This is further supported by the study of Aziz et al. [13], which
demonstrates that the shape factor of nanoparticles can influence the rate of heat transfer, indicating that
specific geometrical configurations may enhance thermal conduction within the fluid.

In many engineering applications, melting heat transfer is a crucial phenomenon, especially in
systems that involve non-Newtonian fluids and phase change materials (PCMs). The study of melting heat
transfer encompasses a wide range of scenarios, including thermal energy storage, manufacturing processes,
and environmental applications such as permafrost melting and geothermal energy recovery. One significant
aspect of melting heat transfer is its application in thermal energy storage systems, where PCMs are utilised
to absorb and release thermal energy during phase transitions. Alshara’s [14] investigation focuses on the
energy storage capabilities of packed beds of cylindrical capsules filled with n-octadecane as a PCM and
highlights the importance of understanding the dimensionless temperature distribution and melt fraction in
optimising heat transfer performance. The findings demonstrate that water, utilized as a heat transfer fluid,
significantly contributes to the improvement of thermal efficiency in these systems.
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For non-Newtonian fluids, Hayat et al. [15] explored the melting heat transfer characteristics in
boundary layer flows of second-grade fluids, emphasising the influence of Soret and Dufour effects on
thermal performance. Their findings suggest that the unique properties of non-Newtonian fluids can
significantly affect the melting process, which is vital for applications such as oil extraction and geothermal
energy recovery. Furthermore, the melting effect in stagnation point flows has been investigated by Hayat et
al. [16], who focused on the behaviour of Jeffrey nanomaterials under MHD conditions. Their research
highlights the complexities of melting heat transfer in non-Newtonian fluids, especially when heat gradients
and chemical reactions are present. The findings contribute to a deeper understanding of how melting
processes can be controlled and optimised in various engineering applications.

The effects of hybrid nanofluids on stagnation point flow have been studied in various contexts. For
instance, research on unsteady separated stagnation-point flow over a moving plate using hybrid nanofluids
shows that the addition of dual-type nanoparticles notably influences the hydrodynamic flow and heat transfer
properties [17]. Similarly, the use of hybrid nanofluids, particularly those combining copper and alumina
nanoparticles, enhances heat transfer performance in stagnation point flows, demonstrating the effectiveness
of these materials in practical applications [18]. Furthermore, the effectiveness of hybrid nanofluids in heat
transfer procedures is mostly determined by their thermal conductivity and colloidal stability. Babar et al.
[19] have reported that hybrid nanofluids demonstrate improved thermal performance compared to mono-
nanoparticle suspensions, which is necessary for applications where efficient heat transfer is required. The
experimental studies performed by Waini et al. [20] also support these findings, showing that hybrid
nanofluids outperform conventional nanofluids in terms of heat transfer rates at stagnation points.

This study aims to advance the field by examining fluid flow at stagnation points and melting heat
transfer with the effect of nanoparticle shape in hybrid nanofluids. The increasing demand for effective
thermal control in contemporary engineering systems, such as energy storage, electronic cooling, and phase
change materials, requires superior heat transfer fluids with enhanced thermal performance. Hybrid
nanofluids offer a promising alternative to conventional heat transfer fluids. However, research on how the
form of nanoparticles affects heat transfer, especially in melting environments, remains scarce. The current
study’s originality is in investigating the influence of nanoparticle shape on melting heat transfer. Our study
provides a new outlook on this issue, addressing an aspect not previously investigated, and compares our
results with those of Waini et al. [21]. Thus, providing a new perspective on how nanoparticle shape
influences thermal performance. The investigation into the effect of nanoparticle shape on melting heat
transfer in hybrid nanofluid flow at stagnation points is a critical area of research, especially considering the
growing use of nanofluids in heat control systems. The heat transfer characteristics and thermal conductivity
of nanofluids are greatly affected by the shape and size of the nanoparticles, which is important to optimize
their performance in various engineering applications. Subsequent investigations are necessary to clarify the
combined impact of nanoparticle shape, concentration, and type on the thermal efficiency of hybrid
nanofluids in heat transfer applications.

2. RESEARCH METHODS

This section outlines the mathematical modelling and solution procedure used to investigate the
melting heat transfer in hybrid nanofluid flow at a stagnation point. The physical problem is first formulated
based on the boundary layer assumptions for a steady two-dimensional flow over a stretching or shrinking
surface. Fig. 1 illustrates the flow structure of a steady, two-dimensional flow of a hybrid nanofluid at the
stagnation point towards a stretching or shrinking surface, considering the impact of melting heat transfer.
This flow problem has real-world applications in industrial operations, which include the reheating or
remelting of metal strips, where precise thermal control over deforming surfaces is essential.
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Figure 1. A Sketch of the Physical Model Illustrating the Flow Over (a) A Stretching Sheet and

(b) A Shrinking Sheet
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The equations u,(x) = ax and u,,(x) = bx, denote the external flow velocity and the surface
velocity, subsequently, with a and b being constants. The symbol T,,, represents the temperature of the
melting surface, while temperatures T,, and T, indicate the liquid phase’s temperature away from the plate
and the solid phase’s temperature away from the interface, respectively. Therefore, the governing equations
for this study are given in [22] and [23].

subject to:

du N v _0
ox ay
ou OJu due  Hpns 0%u

ox " Yoy~ " dx " puny 0y’
aT aT k 0%T
dx oy (pCp)hnf dy

u=u,kx), T=T, at y=0,
U-U(x), T>Ty, as y— oo,
oT

khnf (@) = phnf[L + ¢ (T — To) v,
y=0

(1)

(2)

(3)

(4)

(5)

where u and v represent the x- and y- components of the velocity, respectively. The latent heat of the fluid
(L), the temperature of the hybrid nanofluid (T"), and the heat capacity of the solid surface (c) appear in all
the equations above. Specifically, the melting surface condition originally proposed by Roberts [24] has been
widely adopted and validated in subsequent studies [25]-[29], and is represented by Eq. (5). Table 1 specifies
the thermophysical properties of nanofluids and hybrid nanofluids, while Table 2 presents the values of 4, B,
and m for different nanoparticle shapes.

Table 1. Thermophysical Properties of Hybrid Nanofluid [6], [23]

Characteristics Hybrid Nanofluid

. . U
Qynamic Spherical nanoparticle : iy, s = (1_—;)25
viscosity, p Non - spherical nanoparticle : pp,r = pr(1 4+ A@ + Bp?)
Heat CapaCity: (pcp)hnf = (1 - <.0)(.0Cp)f + (pnl(pcp)nl + <pn2(pcp)n2
Py

Density, p Phnf = (1 - <P),0f + Qn1Pn1 + Pn2Pn2
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Characteristics Hybrid Nanofluid
[ (pnlknl ; (Pnzknz + (m _ 1)kf _ 1
_ _ ¢n1kn1 + (pnzkn2>
Thermal — (m=1)¢ (kf ¢
conductivity, k S = ppakna ; Pnaknz | (m— Dk, +
) (kf _ (pnlknl '(; @nzknz)
Table 2. Values of 4, B, and Shape Factor M for Various Nanopatrticle Shapes [30], [31]
Nanoparticle shape A B m
Spherical - - 3
Cylindrical 13.5 904.4 4.9
Platelet 37.1 612.6 5.7

The nanoparticle volume fraction is represented by ¢ in Table 1, with the understanding that
@ = @1 + @ny. The shape factor is denoted by m, and A and B are constants that are determined by the
shapes of the nanoparticles, which are described in detail in Table 2. Table 3 describes the thermophysical
characteristics of nanoparticles and water.

Table 3. Thermophysical Characteristics of Nanoparticles and Water [32]

Thermophysical Characteristics Al,04 Cu water
p (kg/m3) 3970 8933 997.1
C, (]/ kgK) 765 385 4179
k (W/mK) 40 400 0.613
Prandtl number, Pr 6.2

Next, the dimensionless variables are [22], [28]

T-T, a
u=axf'(m), v=-Javf(m), 6= # n=y |—. (6)
oo Im Vf
Then, by substituting Eq. (6) into Egs. (2) and (3), the equations reduce to:
Unnf
‘uf flll +ff" _fIZ +1=0 (7)
Phnf ’
Pr
khnf
LY 0" +f0' =0 (8)
pr (pcp)hnf
where the continuity Eq. (1) is unequivocally fulfilled. The boundary conditions are:
k
prPY e 0y + ML 910y = o,
Py kf 9)

f,(o) = /’ll 9(0) = 0,
f'm -1, 6Mm) — 1,asn - oo.
Then, v is the kinematic viscosity of the fluid, (pCp)hnf, Knnfr tnng, @nd ppn s represent the heat

capacity, thermal conductivity, dynamic viscosity, and density of the hybrid nanofluid, respectively. The
kinematic viscosity of the fluid, density of the hybrid nanofluid, heat capacity, thermal conductivity, and
dynamic viscosity are represented by v, ppyy, (pCp)hnf, knng, and upy,r, accordingly. Next, 4 is the
shrinking/stretching parameter, where stretched sheets are represented by A > 0 and shrinking sheets by
A < 0, M is the constant melting parameter and Pr is the Prandtl number, defined as
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b (:“Cp)f (Cp)f (Too — Tn)
A=-, Pr = , = (10)
a ks L+ ¢
The following definitions provide the local Nusselt number Nu, and the skin friction coefficient C:
Uhnf <6u> Xkpns <6T>
Cr = —) , Nupy=—-———"2—(—) . (11)
! pruz \dy y=0 * ke(Too = Tn) \0y/
Further, substituting Eqs. (6) and (10) into Eq. (11) yields:
: Hang -3 Kpns
ReZCp =——=f"(0), Re,*Nu, = ———0'(0), (12)
Ky ky

where Re, = u.x/vy is referring to the local Reynolds number.

3. RESULTS AND DISCUSSION

The MATLAB bvp4c solver [33] was employed to numerically solve Eqs. (7) to (9). The thickness of
the boundary layer, 1., and initial guess were carefully adjusted according to the specific parameters used to
achieve the desired solutions. To ensure the validity of the computations and the methodology adopted in this
study, the results were compared with previously published findings that employed the same method, as
shown in Table 4. When certain parameters were omitted, the numerical outcomes closely matched those
from earlier studies, thereby reinforcing confidence in the accuracy of the data obtained. The study by [21]
was selected for comparison because it considers a similar stagnation-point flow configuration with melting
heat transfer, which provides an appropriate benchmark to validate the numerical method and the similarity
formulation used in the present study. By reducing certain parameters in our model to match the conditions
considered in their work, the governing equations become consistent with those reported by [21], allowing
for a direct and meaningful comparison of the numerical results.

Table 4. Comparison of Results Calculatedat M = 0, m = 3, and Pr = 6.2

A Pz Re)*c; Re;'*Nu,
Waini et al. [21] Present study Waini et al. [21] Present study

-0.5 0.01 1.573697 1.57370 -0.589813 -0.58981
0.05 1.885501 1.88550 -0.706314 -0.70631
0.1 2.286512 2.28651 -0.838510 -0.83851
0 0.01 1.296890 1.29689 -1.157073 -1.15707
0.05 1.553850 1.55385 -1.269379 -1.26938
0.1 1.884324 1.88432 -1.404327 -1.40433
0.5 0.01 0.750507 0.75051 -1.623251 -1.62325
0.05 0.899208 0.89921 -1.733859 -1.73386
0.1 1.090453 1.09045 -1.872386 -1.87239

Next, Table 5 presents the local Re,’”C; and Re; */*Nu, values for various nanoparticle shapes and
different values of M. This study takes into account both the stretching and the shrinking sheet cases. The

results indicate that the negative values of Re, Y ZNux in both cases signify that the direction of heat transfer
is from the hybrid nanofluid to the sheet, thereby facilitating melting.

Table 5. Values of Rey/*C; and Re; "/*Nu, when Pr = 6.2 and @1 = @, = 0.02
! M m Re}/*c; Re;"*Nu,
05 0 5.7 (Platelet) 1.46568 -1.71126
4.9 (Cylindrical) 1.36100 -1.69577
3 (Spherical) 0.82870 -1.69887
2 5.7 1.38567 -0.90968
4.9 1.28182 -0.90146
3 0.75066 -0.90208
4 5.7 1.35246 -0.64967

4.9 1.24904 -0.64380
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1 M m Re)’c; Re;"*Nu,
3 0.71919 -0.64386
-0.5 0 5.7 3.07349 -0.36567
4.9 2.85387 -0.39651
3 1.73766 -0.65480
2 5.7 3.00402 -0.23676
4.9 2.77978 -0.25271
3 1.62697 -0.38182
4 5.7 2.96666 -0.18270
4.9 2.74072 -0.19376
3 157534 -0.28261

Based on the data in Table 5, the stretching case (A = 0.5) exhibits a reduced coefficient of local skin
friction Re;/ZCf but higher magnitudes of the local Nusselt number Rex_l/zNux compared to the shrinking

case (A = —0.5). This indicates that, relative to the shrinking sheet, the stretching sheet facilitates a higher
heat transfer rate while inducing less wall shear stress. In both stretching and shrinking scenarios, platelet-

shaped nanoparticles produce the highest local Re;/2 Cr, followed by cylindrical and spherical nanoparticles.
Meanwhile, for the stretching case specifically, platelet-shaped nanoparticles also yield the highest magnitude
of the local Re,:l/zNux, followed by spherical- and cylindrical-shapes. Generally, platelet-shaped
nanoparticles have a large surface area-to-volume ratio, which enhances their thermal conductivity compared
to cylindrical- and spherical-shaped nanoparticles. However, their large surface area also increases resistance
to motion, resulting in a higher local Re,}/ch. Next, the shrinking case shows that spherical-shaped

nanoparticles result in the highest magnitude of the local Re,zl/zNux, while the platelet shape yields the

lowest. Since the shrinking sheet has a higher local Re;/ ZCf than the stretching sheet, the use of platelet-

shaped nanoparticles introduces greater resistance, which reduces heat transfer performance. Spherical-
shaped nanoparticles, with their smoother flow characteristics, exhibit better heat transfer performance in the
shrinking case, achieving a higher magnitude of the local Re,:l/ZNux. Thus, for optimal heat transfer
performance, platelet-shaped nanoparticles are recommended for stretching sheet configurations, whereas

spherical nanoparticles are better suited for shrinking sheet conditions.

Fig. 2 shows how the melting parameter M affects velocity profiles across the stretching and shrinking
scenarios. As shown in Figs. 2 (a) and (b), regardless of the shape of the nanoparticles, an increase in the M
results in a decrease in the hybrid nanofluid’s velocity profile. This observation indicates that intense melting
enhances the momentum boundary layer thickness. From a physical perspective, the melting process
introduces a blowing-type boundary condition at the stretching or shrinking surface. Accordingly, an increase
in the parameter M, associated with enhanced melting intensity, results in a thickening of the boundary layer.

Consequently, the velocity gradient diminishes and causes the local Re;/ 2 Cr to decrease, as indicated by the
data in Table 4.
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Figure 2. Velocity Profiles For (a) Stretching And (b) Shrinking Cases with Various Melting Parameters
(M) Values

Similarly, Figs. 3 (a) and (b) show that an increase in the melting parameter M reduces the
temperature profile in both stretching and shrinking cases. The increasing melting intensity absorbs greater
heat from the hybrid nanofluid. Furthermore, an increase in the melting parameter leads to a reduction in fluid
temperature, owing to the enhanced temperature gradient between the ambient environment and the melting
surface. As a result, the hybrid nanofluid’s temperature profile drops as the thermal boundary thickness rises.
This reduces the temperature gradient on the surface of the sheet that is shrinking or stretching, resulting in a

reduced magnitude of the local Nusselt number Re;l/zNux, as stated in Table 4.
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Figure 3. Temperature Profiles for (a) Stretching and (b) Shrinking Cases with Various Melting Parameter (M)
Values

4. CONCLUSION

The study demonstrates that the melting parameter significantly influences both the local skin friction
coefficient, Re;/2 Cr and local Nusselt number, Re,;l/zNux in the context of stretching and shrinking sheets.

Negative local Re, Y zNux values in both instances demonstrate that the sheet is melted more rapidly due to
heat transfer from the hybrid nanofluid. The geometry of nanoparticles significantly affects the thermal
transport and shear stress characteristics of the fluid. In the stretching case, platelet-shaped nanoparticles
produce the largest local Nusselt number, succeeded by spherical and cylindrical shapes, due to their larger
surface area enhancing thermal conductivity. However, platelet-shaped nanoparticles also experience greater
resistance, resulting in a higher local skin friction coefficient. In the case of surface shrinking, spherical
nanoparticles demonstrate the greatest local Nusselt number values, while platelet-shaped nanoparticles show
the lowest. This is attributed to the increased resistance associated with platelet shapes, which reduces heat
transfer performance in shrinking flows.
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Furthermore, increasing values of the melting parameter result in a reduction to the velocity and
temperature distributions when considering stretching and shrinking scenarios. The velocity and temperature
gradients near the surface are reduced as a result of the increased thickness of the momentum and thermal
boundary layers, which is a result of the enhanced melting effect. In the stretching case, nanoparticles with a
platelet geometry exhibit superior thermal performance compared to other shapes, while spherical-shaped
nanoparticles are more suitable for the shrinking case, providing better heat transfer performance with
reduced resistance. The scope of this study may be broadened in future research to include the effect of
varying melting parameters on different nanoparticle materials such as metals, ceramics, or carbon-based
materials. Investigating these materials could lead to identifying optimal combinations for different industrial
applications. In addition, future research could employ multi-objective optimization algorithms to determine
the precise Pareto-optimal configurations for specific industrial cooling systems.
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