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Article Info ABSTRACT 

Article History: 
This study presents a numerical investigation comparing free and mixed convection in 

boundary layer flow of viscoelastic micropolar fluid over a sphere under 

magnetohydrodynamic (MHD) effects. A mathematical framework was formulated that 

consists of the continuity equation, momentum conservation, energy balance, and 
micropolar constitutive relations. They are expressed as a coupled system of partial 

differential equations (PDEs). These equations were simplified into ordinary differential 

equations (ODEs) through similarity transformations and then solved numerically using 

the Keller-box method in Fortran. The comparative analysis focuses on the distinct 
characteristics of free and mixed convection regimes, examining the effects of various 

parameters on skin friction coefficients and heat transfer. Results reveal that viscoelastic 

and micropolar parameters significantly dictate skin friction and heat transfer, while the 

magnetic parameter exhibits contrasting impacts depending on the convection regime. 
Furthermore, boundary layer separation is found to be sensitive to parameter variations 

only under mixed convection, where increased magnetic and assisting flow effects provide 

a stabilizing delay. This comparative framework offers a deeper understanding of the 

fundamental mechanisms governing these convection regimes and their practical 
implications in engineering applications. 
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1. INTRODUCTION 

Convective transport, the primary mode of heat and mass transfer in fluids, is a fundamental 

phenomenon observed across numerous scientific and engineering fields. This mechanism helps explain how 

various processes occur, including atmospheric and oceanic circulation [1], industrial operations [2], as well 

as biological systems [3]. In engineering, the efficiency of heat exchangers, combustion, and cooling systems 

relies heavily on convective heat transfer. This is especially important for maintaining the performance of 

devices such as electronics, power plants, and transportation systems. 

Free convection, driven primarily by buoyancy force, plays a vital role in passive cooling. It supports 

heat transfer in cooling components for electronics and natural building ventilation without requiring external 

energy.  Mixed convection, where buoyancy and forced flow interact, is dominant in processes like industrial 

drying and advanced electronic component cooling [4]. In chemical processing and materials manufacturing, 

such as polymer extrusion, metal forming, and crystal growth, understanding these convection modes enables 

precise temperature control. Engineers exploit free convection for energy-efficient designs and apply mixed 

convection knowledge to optimize complex systems where both natural and forced flows are present [5]. The 

ability to predict and control these phenomena directly translates to improvements in energy efficiency, 

product quality, system reliability, and reduced operating costs across a wide range of industries. 

Convection modes and boundary layers are highly associated in fluid dynamics. The boundary layer is 

the thin region near a surface where rapid changes in fluid velocity significantly affect heat transfer [6]. Free 

convection creates boundary layers that are thicker and slower due to temperature-driven flow, while forced 

convection uses external pressure that results in thinner, faster layers with better heat transfer [7]. Mixed 

convection occurs when these two forces combine, creating a unique flow where both buoyancy and external 

pressure determine the final boundary layer behavior. Understanding how boundary layers change with 

different convection types, especially during laminar-to-turbulent transitions, is crucial for designing efficient 

heating and cooling systems. This provides the rationale for investigating boundary layer flow across various 

convection modes. 

According to [8], the period from 1900 to 1930 marked a milestone in the study of convective heat 

transfer, leading to major advances in the field. Prandtl’s boundary layer theory introduced a transformative 

perspective to fluid mechanics by distinguishing regions dominated by viscous effects from those governed 

by inviscid flow [9]. Although not originally focused on convection, this groundbreaking idea laid the 

foundation for subsequent studies on thermal and velocity boundary layers within convective flow systems. 

The early studies on convection include [10], whose analysis of linear velocity profiles near walls became 

essential for developing models of thermal boundary layers in free convection, while [11] developed an 

approximate method for solving boundary layer momentum equations that enabled simplified analysis of 

boundary layer flows with heat transfer, which was later adapted for mixed convection problems. 

Afterwards, [12] introduced generalized similarity solutions for boundary layers that are applicable to 

both free and mixed convection, thus emphasizing the interrelation and shared principles between these two 

modes of convection. Later developments on convective studies then extended these pioneering ideas into 

various fluid geometries and effects. For instance, [13], [14], and [15] developed the models for free 

convection boundary layer flow of micropolar fluid on the surface of various geometries, namely the vertical 

flat plate, isothermal sphere, and cylinder, respectively. Similarly, all these problems utilized the Keller-box 

method, hence displaying the versatility of the finite difference method across geometries. Besides these 

studies, the boundary layer flow model for free convection has also been formulated by [16] for nanofluid 

under aligned MHD effect, while [17] investigates viscoelastic fluid flow with porous condition. The studies 

indicate that kerosene-based nanofluids improve heat transfer; however, viscoelasticity, in contrast, forms a 

resistance to the heat transfer process. 

A thorough understanding of free convection problems enables a deeper exploration of the more 

complex mixed convection phenomena. Built upon the previously established free convection model [18] 

advanced her study by formulating a Brinkman-viscoelastic model for the mixed convection mode. Likewise, 

[19] also started with a free convection model for micropolar fluid on a solid sphere before publishing their 

next work on the same problem for mixed convection [20]. Using the Keller-box method to solve both 

problems, these studies reveal that the existence of microelements in fluid tends to increase skin friction and 

suppress heat transfer across different modes of convection in Newtonian heating. It has become increasingly 

common for researchers to study both free and mixed convection boundary layer flows involving diverse 

fluid models and geometries, as shown in recent studies by [21], [22] focusing on viscoelastic nanofluid flow 
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and [23], [24] that examine the flow of Casson nanofluid. This trend highlights the importance of examining 

both modes of convection, as it helps us understand and predict heat transfer in real situations where natural 

and forced flows coexist.  

However, despite the prevalence of studies on individual convection modes, comparative analyses 

between free and mixed convection remain limited in the literature. This includes the problem of viscoelastic 

micropolar fluid over a sphere, where only the effect of significant parameters on the mixed convection flow 

has been discussed [25]. Comparative investigations could provide valuable insights for early researchers in 

boundary layer theory regarding the expected similarities and differences between free and mixed flow 

models. Furthermore, comparative analyses could guide practitioners in determining whether external flows 

would enhance processes relevant to their specific applications. Therefore, to address this gap, this study 

examines the distinctive characteristics of free and mixed convection within magnetohydrodynamic boundary 

layer flows of viscoelastic micropolar fluids around a sphere, analyzing the interplay between viscoelasticity 

effects, electromagnetic forces, microrotation effects, and thermal transport mechanisms under varying 

convection regimes. 

2. RESEARCH METHODS 

The following figure illustrates the physical coordinate system for the incompressible two-dimensional 

flow of a viscoelastic micropolar fluid over a sphere. For the free convection case in Fig. 1 (a), the flow is 

solely buoyancy-driven, whereas the mixed convection case in Fig. 1 (b) includes an external flow 𝑈∞ that 

is directed vertically upward from the lower stagnation point. This study evaluates both heating and cooling 

of the sphere surface. These thermal states dictate the sign of the mixed convection parameter 𝜆, allowing for 

an analysis of both assisting (𝜆 > 0) and opposing (𝜆 < 0) flow scenarios.  

 

 
 

 

(a) 
 

(b) 
Figure 1. Schematic Diagrams of (a) Free Convection and (b) Mixed Convection Boundary Layer Flow of 

Viscoelastic Micropolar Fluid Over a Sphere 

The flow is governed by a set of equations consisting of continuity, momentum, micropolar, and energy 

equations, adapted from the foundational micropolar theory of [26] and the boundary layer formulations for 

spherical geometries established by [27]. While continuity, micropolar, and energy equations remain 

consistent across both convection modes, the momentum equation varies. The continuity, micropolar, and 

energy equations are 

𝜕

𝜕𝑥
(𝑟̅ 𝑢̅) +

𝜕

𝜕𝑦
(𝑟̅ 𝑣̅) = 0, (1) 

𝜌𝑗 (𝑢̅
𝜕𝐻

𝜕𝑥̅
+ 𝑣

𝜕𝐻

𝜕𝑦̅
) = −𝜅 (2𝐻 +

𝜕𝑢̅

𝜕𝑦̅
) + 𝛾

𝜕2𝐻

𝜕𝑦̅2 , (2) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝜒

𝜕2𝑇

𝜕𝑦2
. (3) 
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For free convection, the momentum equation and boundary conditions are 

𝑢̅
𝜕𝑢̅

𝜕𝑥̅
+ 𝑣̅

𝜕𝑢̅

𝜕𝑦̅
= (

𝜇 + 𝜅

𝜌
)

𝜕2𝑢̅

𝜕𝑦̅2 +
𝑘0

𝜌
[

𝜕

𝜕𝑥̅
(𝑢̅

𝜕2𝑢̅

𝜕𝑦̅2) + 𝑣̅
𝜕3𝑢̅

𝜕𝑦̅3 −
𝜕𝑢̅

𝜕𝑦̅

𝜕2𝑢̅

𝜕𝑥̅𝜕𝑦̅
]

                    + 𝑔𝛽(𝑇 − 𝑇∞)sin (
𝑥̅

𝑎
) +

𝜅

𝜌

𝜕𝐻

𝜕𝑦̅
−

𝜎

𝜌
𝑢̅ 𝐵0

2 sin2 𝛼 ,

 (4) 

𝑢̅ = 𝑣̅ = 0,  𝑇 = 𝑇𝑤 ,   𝐻 = −
1

2

𝜕𝑢̅

𝜕𝑦̅
   on  𝑦̅ = 0,

𝑢̅ = 0,  
𝜕𝑢̅

𝜕𝑦̅
= 0,   𝑇 = 𝑇∞,    𝐻 = 0   as  𝑦̅ → ∞.

(5) 

The momentum equation for mixed convection models includes an additional term, 𝑢𝑒 to represent the 

external velocity, which arises from the combined effects of forced and buoyancy-driven flows. For this 

problem, the momentum equation and boundary conditions are in the form:  

𝑢̅
𝜕𝑢̅

𝜕𝑥̅
+ 𝑣̅

𝜕𝑢̅

𝜕𝑦̅
= 𝑢̅𝑒

𝜕𝑢̅𝑒

𝜕𝑥̅
+ (

𝜇 + 𝜅

𝜌
)

𝜕2𝑢̅

𝜕𝑦̅2 +
𝑘0

𝜌
[

𝜕

𝜕𝑥̅
(𝑢̅

𝜕2𝑢̅

𝜕𝑦̅2) + 𝑣̅
𝜕3𝑢̅

𝜕𝑦̅3 +
𝜕𝑢̅

𝜕𝑦̅

𝜕2𝑣̅

𝜕𝑦̅2]

+𝑔𝛽(𝑇 − 𝑇∞)sin (
𝑥̅

𝑎
) +

𝜅

𝜌

𝜕𝐻

𝜕𝑦̅
−

𝜎

𝜌
(𝑢̅ − 𝑢̅𝑒)𝐵0

2sin2𝛼,

 (6) 

𝑢̅ = 𝑣̅ = 0,  𝑇 = 𝑇𝑤 ,   𝐻 = −
1

2

𝜕𝑢̅

𝜕𝑦̅
   on  𝑦̅ = 0,

𝑢̅ = 𝑢̅𝑒(𝑥̅),    
𝜕𝑢̅

𝜕𝑦̅
= 0,   𝑇 = 𝑇∞,    𝐻 = 0   as  𝑦̅ → ∞.

(7) 

Utilizing the dimensionless variables as defined by [28] for free convection as well as [29] and [30] for mixed 

convection, the governing equations are transformed to the following dimensionless form.  

𝜕

𝜕𝑥
(𝑟 𝑢) +

𝜕

𝜕𝑦
(𝑟 𝑣) = 0, (8) 

𝑢
𝜕𝐻

𝜕𝑥
+ 𝑣

𝜕𝐻

𝜕𝑦
= −𝐾1 (2𝐻 +

𝜕𝑢

𝜕𝑦
) + (1 +

𝐾1

2
)

𝜕2𝐻

𝜕𝑦2 , (9) 

𝑢
𝜕𝜃

𝜕𝑥
+ 𝑣

𝜕𝜃

𝜕𝑦
=

1

Pr

𝜕2𝜃

𝜕𝑦2 . (10) 

Concurrently, the dimensionless momentum equation and boundary conditions for the free convection 

scenario are  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= (1 + 𝐾1)

𝜕2𝑢

𝜕𝑦2 + 𝐾 [
𝜕

𝜕𝑥
(𝑢

𝜕2𝑢

𝜕𝑦2) + 𝑣
𝜕3𝑢

𝜕𝑦3 −
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑥𝜕𝑦
]

+𝜃sin𝑥 + 𝐾1

𝜕𝐻

𝜕𝑦
− 𝑀𝑢sin2𝛼,

(11) 

𝑢 = 𝑣 = 0,  𝜃 = 1,  𝐻 = −
1

2

𝜕𝑢

𝜕𝑦
   on  𝑦 = 0,

𝑢 = 0,  
𝜕𝑢

𝜕𝑦
= 0,  𝜃 = 0,  𝐻 = 0  as  𝑦 → ∞.

(12) 

While for mixed convection, the respective equations are as follows.  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝑢𝑒

𝜕𝑢𝑒

𝜕𝑥
+ (1 + 𝐾1)

𝜕2𝑢

𝜕𝑦2 + 𝐾 [
𝜕

𝜕𝑥
(𝑢

𝜕2𝑢

𝜕𝑦2) + 𝑣
𝜕3𝑢

𝜕𝑦3 +
𝜕𝑢

𝜕𝑦

𝜕2𝑣

𝜕𝑦2]

+𝜆𝜃sin𝑥 + 𝐾1

𝜕𝐻

𝜕𝑦
− 𝑀(𝑢 − 𝑢𝑒)sin2𝛼,

(13) 
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𝑢 = 𝑣 = 0,   𝜃 = 1,  𝐻 = −
1

2

𝜕𝑢

𝜕𝑦
   on  𝑦 = 0,

𝑢𝑒 =
3

2
sin𝑥,    

𝜕𝑢

𝜕𝑦
= 0,   𝜃 = 0,   𝐻 = 0   as  𝑦 → ∞.

(14) 

The main parameters in the governing equations that capture the main characteristics of the flow are 

the viscoelastic parameter, 𝐾, the micropolar parameter, 𝐾1, the magnetic parameter, 𝑀, and ultimately, the 

mixed convection parameter, 𝜆. While according to [28] and [29], the parameter 𝐾1 =
𝜅

𝜇
  retains the same 

definition for both free and mixed convection modes, the definitions of 𝐾 and 𝑀 differ. For free convection, 

the parameters are defined as  

𝐾 =
𝑘0𝐺𝑟

1
2⁄

𝑎2𝜌
,    𝑀 =

𝜎𝐵0
2𝑎2

𝜌𝐺𝑟
1

2⁄ 𝜈
. (15) 

Nonetheless, for mixed convection, the same parameters are defined as follows, in addition to the mixed 

convection parameter.  

𝐾 =
𝑘0𝑈∞

𝑎𝜌𝜈
,    𝑀 =

𝜎𝐵0
2𝑎

𝜌𝑈∞
,    𝜆 =

𝐺𝑟

Re2  (16) 

where 𝐺𝑟 =
𝑔𝛽(𝑇𝑤−𝑇∞)𝑎3

𝜈2  and Re =
𝑈∞𝑎

𝜈
. For the mixed convection parameter, 𝜆 < 0 represents opposing 

flow where buoyancy acts against the externally imposed flow, while 𝜆 > 0 is the assisting flow when 

buoyancy effect increasingly influences the main flow pattern [31]. The other variables followed the 

definition in [25]. 

Subsequently, the following identical non-similarity variables as proposed by [32] are utilised for both cases 

𝜓 = 𝑥𝑟(𝑥)𝑓(𝑥, 𝑦),     𝐻 = 𝑥ℎ(𝑥, 𝑦),      𝜃 = 𝜃(𝑥, 𝑦) (17) 

where the stream function, 𝜓 is defined as  

𝑢 =
1

𝑟

𝜕𝜓

𝜕𝑦
,     𝑣 = −

1

𝑟

𝜕𝜓

𝜕𝑥
. (18) 

The non-similarity variables inherently satisfy the continuity equation, while the angular momentum and 

energy equations are transformed to: 

(1 +
𝐾1

2
)

𝜕2ℎ

𝜕𝑦2
+ (1 + 𝑥

cos𝑥

sin𝑥
) 𝑓

𝜕ℎ

𝜕𝑦
−

𝜕𝑓

𝜕𝑦
ℎ − 𝐾1 (2ℎ +

𝜕2𝑓

𝜕𝑦2
) = 𝑥 (

𝜕𝑓

𝜕𝑦

𝜕ℎ

𝜕𝑥
−

𝜕𝑓

𝜕𝑥

𝜕ℎ

𝜕𝑦
) , (19) 

1

Pr

𝜕2𝜃

𝜕𝑦2 + (1 + 𝑥
cos𝑥

sin𝑥
) 𝑓

𝜕𝜃

𝜕𝑦
= 𝑥 (

𝜕𝑓

𝜕𝑦

𝜕𝜃

𝜕𝑥
−

𝜕𝑓

𝜕𝑥

𝜕𝜃

𝜕𝑦
) . (20) 

Meanwhile, the momentum equation and boundary conditions for the free convection case are  

(1 + 𝐾1)
𝜕3𝑓

𝜕𝑦3 − (
𝜕𝑓

𝜕𝑦
)

2

+ (1 + 𝑥
cos𝑥

sin𝑥
) 𝑓

𝜕2𝑓

𝜕𝑦2 + 𝜃
sin𝑥

𝑥
+ 𝐾1

𝜕ℎ

𝜕𝑦
− 𝑀

𝜕𝑓

𝜕𝑦
sin2𝛼

+𝐾 [2
𝜕𝑓

𝜕𝑦

𝜕3𝑓

𝜕𝑦3 − (1 + 𝑥
cos𝑥

sin𝑥
) (𝑓

𝜕4𝑓

𝜕𝑦4 + (
𝜕2𝑓

𝜕𝑦2)

2

)]

= 𝐾𝑥 [
𝜕𝑓

𝜕𝑥

𝜕4𝑓

𝜕𝑦4 −
𝜕2𝑓

𝜕𝑥𝜕𝑦

𝜕3𝑓

𝜕𝑦3 −
𝜕𝑓

𝜕𝑦

𝜕4𝑓

𝜕𝑥𝜕𝑦3 +
𝜕2𝑓

𝜕𝑦2

𝜕3𝑓

𝜕𝑥𝜕𝑦2] + 𝑥 (
𝜕𝑓

𝜕𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦
−

𝜕𝑓

𝜕𝑥

𝜕2𝑓

𝜕𝑦2) ,

 (21) 

𝑓 = 𝑓′ = 0,    𝜃 = 1,     ℎ =    −
1

2
𝑓″     on    𝑦 = 0,

𝑓′ = 0,    𝑓″ = 0,     𝜃 = 0,     ℎ = 0     as    𝑦 → ∞.
(22) 
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As for the mixed convection scenario, the momentum equation is  

(1 + 𝐾1)
𝜕3𝑓

𝜕𝑦3 − (
𝜕𝑓

𝜕𝑦
)

2

+
9

4

sin𝑥

𝑥
cos𝑥 + 𝜆

sin𝑥

𝑥
𝜃 + 𝐾1

𝜕ℎ

𝜕𝑦
− 𝑀 (

𝜕𝑓

𝜕𝑦
−

3

2

sin𝑥

𝑥
) sin2𝛼

+ (1 +
𝑥

sin𝑥
cos𝑥) 𝑓

𝜕2𝑓

𝜕𝑦2 + 𝐾 [2
𝜕𝑓

𝜕𝑦

𝜕3𝑓

𝜕𝑦3 − (1 +
𝑥

sin𝑥
cos𝑥) (𝑓

𝜕4𝑓

𝜕𝑦4 + (
𝜕2𝑓

𝜕𝑦2)

2

)]

= 𝑥 (
𝜕𝑓

𝜕𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦
−

𝜕𝑓

𝜕𝑥

𝜕2𝑓

𝜕𝑦2) − 𝐾𝑥 (
𝜕𝑓

𝜕𝑥

𝜕4𝑓

𝜕𝑦4 −
𝜕3𝑓

𝜕𝑦3

𝜕2𝑓

𝜕𝑥𝜕𝑦
−

𝜕𝑓

𝜕𝑦

𝜕4𝑓

𝜕𝑥𝜕𝑦3 +
𝜕2𝑓

𝜕𝑦2

𝜕3𝑓

𝜕𝑥𝜕𝑦2)

 (23) 

subjected to the boundary conditions 

𝑓(0) = 𝑓′(0) = 0,   𝜃(0) = 1,   ℎ(0) = −
1

2
𝑓″(0), 

𝑓′ =
3

2

sin𝑥

𝑥
,  𝑓″ = 0,   𝜃 = 0,   ℎ = 0       as  𝑦 → ∞.

(24) 

Considering only the behaviour of the flow in proximity to the lower stagnation point, where 𝑥 ≈ 0, Eqs. (19) 

to (24) are translated to the following ordinary differential equations (ODEs).  

(1 +
𝐾1

2
) ℎ″ + 2𝑓 ℎ′ − 𝑓′ ℎ − 𝐾1(2ℎ + 𝑓″) = 0, (25) 

1

Pr
𝜃″ + 2𝑓𝜃′ = 0. (26) 

The momentum equation for the free convection mode is  

(1 + 𝐾1)𝑓‴ − 𝑓′2
+ 2𝑓𝑓″ + 𝜃 + 𝐾1ℎ′ − 𝑀𝑓′sin2𝛼 + 2𝐾(𝑓′ 𝑓‴ − 𝑓𝑓𝑖𝑣 − 𝑓″2

) = 0 (27) 

and the boundary conditions remain as in Eq. (22). As for the mixed convection, the momentum equation 

with the respective boundary conditions is in the form:  

(1 + 𝐾1)𝑓‴ − 𝑓′2
+

9

4
+ 𝜆𝜃 + 𝐾1ℎ − 𝑀 (𝑓′ −

3

2
) sin2𝛼 + 2𝑓𝑓″ + 2𝐾(𝑓′ 𝑓‴ − 𝑓𝑓𝑖𝑣 − 𝑓″2

) = 0, (28) 

𝑓(0) = 𝑓′(0) = 0,    𝜃(0) = 1,    ℎ(0) = −
1

2
𝑓″(0), 

𝑓′ =
3

2
,    𝑓″ = 0,    𝜃 = 0,    ℎ = 0    as  𝑦 → ∞.

(29) 

Following [29] and [14], the local skin friction coefficient, 𝐶𝑓 and local wall heat transfer coefficient, 𝑄𝑤 for 

both convection modes are defined as 

𝐶𝑓 = (1 +
𝐾1

2
) 𝑥𝑓″(𝑥, 0),     𝑄𝑤 = −𝜃′(𝑥, 0). (30) 

3. RESULTS AND DISCUSSION 

The ODEs in Eqs. (25) to (28), subject to the boundary condition in Eqs. (22) and (29) were solved 

numerically using the Keller-box method implemented in Fortran. The Keller-box method was selected due 

to its inherent stability and second-order accuracy, which are essential for capturing the nonsimilar boundary 

layer development over a sphere. This computational approach yielded results that provide physical insights 

into the influence of the main parameters 𝐾, 𝐾1, 𝑀, and 𝜆.  

The numerical solution was generated starting from the sphere’s front stagnation point and progressed 

around the sphere until boundary layer separation occurred. For free convection, validation of the results was 

achieved by comparing them with other micropolar fluid models published by [28] and [14], as demonstrated 

in Table 1. As for the mixed convection case, the results were authenticated by comparing them with limiting 

case solutions of the viscous and ferrofluid model in accordance with the results of [33] and [34], as displayed 

in Table 2. Both tables showed that the numerical solutions obtained display consistency that indicates the 

reliability of the present models. Even though the parameters were reduced to match limiting cases, the 
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underlying numerical architecture of the viscoelastic micropolar model remains more complex than a 

standard viscous or ferrofluid model since it solves a larger system of equations. This leads to slight variations 

in rounding and truncation errors that explain the numerical discrepancy between the models. 

Table 1. Values of 𝑸𝒘 at Various x for 𝑲𝟏 = 𝟏 and 𝑲𝟏 = 𝟐  when 𝐏𝐫 = 𝟎. 𝟕 

x 
𝑲𝟏 = 𝟏 𝑲𝟏 = 𝟐 

[28] [14] Present [28] [14] 
Present 

0○ 0.4166 0.4165 0.4309 0.3927 0.393 0.4114 

10○ 0.4156 0.4154 0.4299 0.3917 0.3921 0.4105 

20○ 0.4128 0.4126 0.4270 0.3891 0.3894 0.4077 

30○ 0.408 0.4078 0.4215 0.3847 0.385 0.4024 

40○ 0.4014 0.4014 0.4152 0.3786 0.3789 0.3964 

50○ 0.3928 0.3925 0.4063 0.3705 0.3709 0.3879 

60○ 0.3822 0.3818 0.3952 0.361 0.3611 0.3773 

70○ 0.3696 0.3695 0.3824 0.3491 0.3493 0.3652 

80○ 0.3547 0.3545 0.3669 0.3353 0.3355 0.3504 

90○ 0.3374 0.3369 0.3489 0.3192 0.3195 0.3332 

100○ - - 0.3282 - - 0.3136 

110○ - - 0.3045 - - 0.2911 

120○ - - 0.2775 - - 0.2655 

 

Table 2. Comparison values of −𝜽′(𝒙) with previous published results for various 

 𝒙 and 𝝀 at 𝑲 = 𝑲𝟏 = 𝑴 = 𝟎 and 𝐏𝐫 = 𝟎. 𝟕 

𝒙 
[33] [34] Present 

-1 0 1 -1 0 1 -1 0 1 

0○ 0.786 0.815 0.841 0.786 0.815 0.841 0.782 0.816 0.841 

10○ 0.781 0.810 0.836 0.781 0.810 0.836 0.782 0.811 0.837 

30○ 0.742 0.774 0.802 0.742 0.774 0.802 0.743 0.775 0.803 

50○ 0.662 0.703 0.735 0.664 0.704 0.736 0.663 0.703 0.735 

70○ 0.536 0.595 0.635 0.535 0.594 0.636 0.534 0.594 0.635 

90○ - 0.441 0.507 - 0.441 0.507 - 0.440 0.509 

100○ - 0.329 0.431 - 0.324 0.431 - 0.326 0.430 

Furthermore, the following figures summarise the isolated effect of each parameter when other 

parameters are held constant, that provide compelling evidence of how convection mode fundamentally alters 

fluid behavior. When comparing free and mixed convection regimes, we observe both consistent patterns and 

striking reversals in how key parameters affect the flow dynamics.  From the result, both 𝐾 and 𝐾1 parameters 

have the same effect in free and mixed convection regimes, where higher viscoelasticity tends to decrease the 

heat transfer and skin friction coefficient, as shown in Fig. 2 to Fig. 5. The similar effects across the 

convection modes can be explained by their fundamental material property influences. Larger 𝐾 enhances 

the fluid’s memory effect and elastic response to stress, creating resistance to deformation that restricts both 

momentum and heat transfer regardless of flow regime.  

In addition, higher 𝐾1 demonstrates stronger coupling between the angular momentum of particles and 

the fluid’s overall momentum. Thus, fluid particles near the surface experience stronger rotational effects, 

which create additional resistance against the surface, effectively increasing the wall shear stress and energy 

dissipation through particle rotation. This could interfere with the efficient transfer of heat from the surface 

to the fluid and lead to a decrease in heat transfer efficiency in both convection modes. 
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Figure 2.  Variation of 𝑪𝒇 for Various 𝑲 at 𝑲𝟏 =

𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 3. Variation of 𝑪𝒇 for Various K and 𝝀 at 

𝑲𝟏 = 𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 4. Variation of 𝑸𝒘 for Various 𝑲 at 𝑲𝟏 =

𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 5. Variation of 𝑸𝒘 for Various 𝑲 and 𝝀 at 

𝑲𝟏 = 𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 6. Variation of 𝑪𝒇 for Various 𝑲𝟏 at 𝑲 =

𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 7. Variation of 𝑪𝒇 for Various 𝑲𝟏 and 𝝀 at 

𝑲 = 𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
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Figure 8. Variation of 𝑸𝒘 for Various K1 at 𝑲 =

𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 9. Variation of 𝑸𝒘 for Various K1 and 𝝀 at 

𝑲 = 𝑴 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

On the contrary, an enhancing effect is observed in Fig. 10 to Fig. 13 due to the influence of the 

magnetic field and inclination angle. This is consistent across both convection regimes, as the skin friction 

and heat transfer rates increase with higher values of 𝑀 and 𝛼, counteracting the reduction caused by the 

other two parameters. From the result, 𝑀 and 𝛼 behave differently depending on whether the flow is driven 

by buoyancy or external forces. In free convection, the magnetic field creates a Lorentz force that directly 

opposes this buoyancy-driven flow, reducing both skin friction and heat transfer. However, in mixed 

convection, magnetic fields interact with the combined buoyancy-forced flow to enhance momentum and 

thermal transport.  

The results, as illustrated in Fig. 4, Fig. 6, Fig. 8, Fig. 10, and Fig.12, conclusively demonstrate that in 

free convection mode, the boundary layer separation is robust to the parameter change and the flow remains 

intact until further back of the sphere at 𝑥 = 116○. In contrast, for mixed convection, as seen in Fig. 3, Fig. 

5, Fig. 7, Fig. 9, Fig. 11, and Fig. 13, the separation occurs in advance for higher 𝐾 and 𝐾1, but it is delayed 

when 𝑀 gets larger. This observation is consistent with the results from [28] and [29] that while boundary 

layer separation is fixed for free convection, it can be controlled in mixed convection by adjusting the balance 

between buoyancy and external flow. Additionally, Fig. 3 and Fig. 5 also demonstrate that when 𝐾 varies and 

𝜆 changes from -1 to 3, the separation point moves from approximately 86° to 89° or 90°. This indicates that 

increasing 𝜆 delays separation, allowing the flow to remain attached to the sphere surface for a longer 

distance. For the mixed convection parameter, 𝜆 < 0 represents opposing flow where buoyancy acts against 

the externally imposed flow, while 𝜆 > 0 is the assisting flow when buoyancy effect increasingly influences 

the main flow pattern [31]. Similar results can be observed as K1 and M vary when the flow shifts from 

opposing to assisting flow in Fig. 7, Fig. 9, Fig. 11, and Fig. 13. 
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Figure 10. Variation of 𝑪𝒇 for Various M at 𝑲 =

𝑲𝟏 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 

 
Figure 11. Variation of 𝑪𝒇 for Various M and 𝝀 at 

𝑲 = 𝑲𝟏 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 

 
Figure 12. Variation of 𝑸𝒘 for Various M at 𝑲 =

𝑲𝟏 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 
Figure 13. Variation of 𝑸𝒘 for Various M and 𝝀 at 

𝑲 = 𝑲𝟏 = 𝟎. 𝟓 and 𝜶 =
𝝅

𝟔
 

 

 

4. CONCLUSION 

This study investigates the comparative effects of free and mixed convection on the boundary layer 

flow of viscoelastic micropolar fluid over a sphere with aligned MHD effects. By systematically varying the 

viscoelasticity, micropolar, and magnetic parameters and examining different mixed convection scenarios, 

the research reveals significant differences in flow behavior between the two convection regimes. The 

findings demonstrate how these parameters influence skin friction coefficient, heat transfer rates, and 

boundary layer separation points, highlighting both consistent patterns and notable reversals in parameter 

effects across convection modes. The comparative analysis reveals that the transition from free to mixed 

convection fundamentally changes how the fluid reacts to electromagnetic and microstructure forces. In 

purely buoyancy-driven or free flow, the point where the fluid layer separates from the sphere remains stable 

and predictable. In contrast, the addition of an external pressure gradient in mixed convection creates a regime 

where magnetic and viscoelastic factors can significantly move this separation point. 

The difference in flow structure has a direct impact on surface performance. Although both modes 

respond to parameter changes, the effects on skin friction and heat transfer are far more pronounced in the 

mixed convection regime due to its higher sensitivity. Remarkably, the magnetic parameter acts as a 

decelerator in free convection but serves as a flow stabilizer in mixed convection. This demonstrates that the 

final impact of MHD effects is not universal but rather depends on which convection mode is dominant. The 

summary of the findings is listed below.  

1. Higher 𝐾 consistently decreases 𝐶𝑓 and 𝑄𝑤 for free and mixed convection. 

2. Regardless of the convection mode, larger 𝐾1 decreases the heat transfer but increases the skin 

friction coefficient.  
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3. 𝑀 shows opposite impacts between convection modes, where both physical quantities decline in 

free convection as 𝑀 grows, while the contrary is observed in mixed convection.  

4. Increasing 𝜆 (from opposing to assisting flow) enhances both 𝐶𝑓 and 𝑄𝑤. 

5. Separation remains consistent regardless of parameter changes in free convection.  

6. However, in mixed convection, higher 𝐾 and 𝐾1 advance separation, while greater 𝑀 and 𝜆 delay 

separation. 

While these results provide clear insights, they are based on the specific assumptions of a steady, two-

dimensional, and incompressible flow model. Therefore, the findings may vary under different physical 

conditions. Future research could expand on this work by considering variable fluid properties or the effects 

of thermal radiation to better represent complex real-world engineering systems. 
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