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1. INTRODUCTION

Polynomial rings are fundamental structures in algebra, with numerous applications across various
fields, including number theory, algebraic geometry, and analysis. Among the key tools for studying the
structure and behavior of rings are derivations, which help analyze change and capture essential algebraic
properties. A particularly interesting class of these is the Jordan derivation, known for its unique
characteristics in non-associative and associative rings. An extension of this concept, the Jordan triple
derivation, provides a deeper framework for examining ring structures, especially in the context of
polynomial rings. While Jordan derivations have been extensively studied, research on Jordan triple
derivations remains relatively scarce. This presents an opportunity to explore new properties and potential
applications of such derivations within polynomial rings. Several prior studies have contributed to the broader
understanding of derivations and their variants. For example, Bresar revisits the structure of Jordan
derivations [1], while Helmi et al. investigate Lie ideals and Jordan triple derivations on rings [2]. Research
in [3] explores differential polynomial rings as a generalization of Asano prime rings, and Rehman [4]
examines (a , ) *-Jordan triple derivations on semiprime rings with involutions. Further contributions
include [5], which offers insights on Jordan derivations in semiprime rings, and Zhao and Qi [6], which
characterizes *-Jordan derivations based on local actions in rings with involutions. Work in [7] addresses
Jordan triple derivations in alternative rings, while Sayin and Kuzucuoglu [8] focus on Jordan derivations of
special subrings within matrix rings.

Recent developments also highlight the increasing relevance of derivations in broader applications. For
instance, Bagheri and Emami [9] discuss the role of polynomial rings in satellite coding and cryptography,
and Darvish et al. [10] explore =-Jordan triple derivations on #-prime algebras. Furthermore, Ma et al. [11]
examine Jordan semi-triple derivations and centralizers on generalized quaternion algebras, while Huang et
al. [12] cover derivations on Murray—von Neumann algebras and various other ring structures. Additionally,
Rahnaward et al. [13] investigate nonlinear A-Jordan triple derivations on prime algebras, and Fitriani et al.
[14] consider f-derivations on polynomial modules and continuing their research on commuting and
centralizing on modules [15]. In 2025, Sitompul et al. [16] investigated the properties of Jordan derivation
on the polynomial ring, while Mursyidah et al. [17] investigated nil derivations on the polynomial ring.
Furthermore, in the same year, Faisol and Fitriani [18] introduced derivations on skew generalized modules,
and Waluyo et al. studied (o, T)-derivation in a group ring [19].

The novelty of this study lies in providing new insights into the behavior of Jordan triple derivations
in rings, a topic that has received limited direct attention in the existing literature [4]. In contrast to earlier
works that mainly address classical derivations or related algebraic operators, this research uncovers and
characterizes structural properties that are unique to Jordan triple derivations. We prove that the set of Jordan
triple derivations is closed under finite addition, finite linear combinations, and finite direct sums, and that
every inner derivation is a Jordan triple derivation. Moreover, any Jordan triple derivation on the
ring R induces a Jordan triple derivation on the polynomial ring R[x]. These results not only bridge a gap in
the current theoretical framework but also offer perspectives that conventional algebraic methods have not
revealed. Consequently, the study makes an original theoretical contribution and paves the way for further
developments in algebra and its applications.

2. RESEARCH METHODS

This study adopts a qualitative, theoretical research approach rooted in literature analysis and algebraic
reasoning. The primary objective is to investigate Jordan triple derivations on polynomial rings, particularly
the ring R[x], where R is a ring with identity. Given the abstract and structural nature of the topic, the research
is conducted entirely through analytical methods, supported by existing literature in the fields of ring theory,
derivations, and polynomial algebras. The methodology consists of the following key stages:

1. Theoretical Analysis. The first stage explores the algebraic properties of Jordan triple derivations in
rings. This involves examining their behavior under ring operations, analyzing conditions such as
linearity and additivity, and clarifying their connections with other forms of derivations. An important
focus is to determine whether, under specific restrictions, these derivations reduce to Jordan derivations
or full derivations. The discussion is supported by lemmas, propositions, and theorems developed
throughout the study.
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2. lllustrative Examples. To reinforce the theoretical results, illustrative examples are presented. These
examples provide concrete cases that highlight how the general properties operate within particular
algebraic settings.

3. Extension to Polynomial Rings. The final stage constructs Jordan triple derivations on polynomial
rings. This step extends the scope of the analysis, showing how the concepts apply within a broader
and more complex algebraic framework.

3. RESULTS AND DISCUSSION

We recall the definition of Jordan triple derivation on the ring R as follows.

Definition 1 [14]. A mapping 9: R — R is Jordan triple derivation if 9(vzv) = 9(v)zv + vI(2)v + vzI(v),
forall v,z €R.

Before discussing the concept of Jordan triple derivations in polynomial rings, we will first construct
the general form of Jordan triple derivations, which will serve as the basis for further proofs. Understanding
Jordan triple derivations in ring R opens up opportunities to further explore the relationships between the
structures involved. Therefore, in this section, we will develop a structure or operation that is an extension of
the previous definition. Let d;: R — R, be a Jordan triple derivation on R, for every foreach i = 1, ...,n. We
define X7 9; by i, 9;)(v) = Y=, 9; (v), for every v € R. With this definition, the following discussion
will show that the sum of Jordan triple derivations is also a Jordan triple derivation on R.

Lemma 1. Given a ring R. If 9;,9,,..,9, are Jordan triple derivations on the ring R, then
Y =9, +9; + -+ 9, is Jordan triple derivation on R.

Proof. Given aring R. Let 94,9, ..., 9, be Jordan triple derivations on ring R.

We define 9; + 9, + -+ 9,,: R = R, where (91 + 9, + -+ 9,)(v) =9, (v) + 9,(v) + - + 9, (v), for
every v € R. Given any v, z € R. We have:

791 +l92 +"'+19n(17+Z)

h(w+2)+9,w+2)+...+9,(v + 2)
= 91(v) +9,(2) +9,(v) + 9 (2)+... +9,(v) + 9,(2)
= 91(v) +9,(W)+... +9,(v) + 91(2) + 9, (2)+... +9,(2)
= W+t +9)W) + @O + 9, + -+ 9)(2).

It follows that 9; + 9, + --- + ¥, is additive. Then, we will show that

(191 + 192 + -+ 1971)(17217) = (191 + 192 + -+ 19n)(U)Zv + v(191 + 192 + -+ 1911)(2)17 + UZ(191 + 192 +
-+ 9,)(v) as follows:

1 +9, +--+9)(wzv) = 9,(vzv) + 9, (vzv) + -+ + 9,,(vZV)

= 9,(v)zv + v9,(2)v + vz9,(v) + 9, (V) zv + vI,(2) + vz, (V) + -+
+9,(v)zv + v9,(2) + vz9,(v)

= PWiWzv+9,(Ww)zv + -+ 9, (v)zv] + [vI(2)v + vI,(2)v + -
+v9,(2)v] + [vz9;(v) + vz, (v)+... +vz9, (V)]

= P +9W) + - +9,(W)]zv+v[9,(2) + 9,(2) + -+ 9, (2)]|v
+vz[9,(v) + 9,(v) + - + 9, (V)]

= [+ + - +9)W]zv+v[( + 9, + -+ 9) (@) ]v +
vz[(91 + 9, + -+ 9,) (V)]

= (1 +9h+ -+ Wzv+ v+ 9, + -+ 9)(@)v+
vz(9y + 9, + -+ 9,) (V).
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Hence, @1+, + +9)(wzv) =01 +9,+ +9)Wzv+ v+ 9, + -+ 9)(2)v+vz(9; +
9, + -+ 9,)(v), for every v,z € R. Therefore, it is proven that 9; + 9, + ---+ 9, is a Jordan triple
derivation. [

Corollary 1. Given a ring R. If define 9;,9,: R — R and both 9; and 9, are Jordan triple derivations on the
ring R, then the sum 9; and 9, is also Jordan triple derivation on R.

After establishing that9; + 9, + ---+ 9, is a Jordan triple derivation on the ring, we proceed to
demonstrate that the additive inverse of a Jordan triple derivation, defined by —9: R —» R with (—9)(v) =
—9(v) for every v € R, also satisfies the conditions of a Jordan triple derivation. The following section
presents the detailed discussion.

LLemma 2. Givenaring R. If 9: R — R is a Jordan triple derivation on the ring R, then —9 is a Jordan triple
derivation on R.

Proof. Given a ring R. We define —9(v) = —(9(v)). Since —9(v+2)=-Ww+2)) =—-0OW) +
9(z)) = —9(v) + (—9(2)), for all v,z € R, then —9 is additive. Now, we will show that —9(vzv) =
—9(W)zv — vI(2)v — vz9(v).

—9(vzv) = —(9(vzv))
= —(9W)zv + vI(2)v + vz (V)
= —9(W)zv — vI(2)v — vzI (v).

Hence, —9(vzv) = —9(v)zv — v9(z)v — vzd(v),for every v,z € R. It has been proven that —9 is a
Jordan triple derivation. [

Example 1. Given R = Z[x]. If we define a map 9: R - R, with 9(h(x)) = h'(x) and 9 is Jordan triple
derivation on the ring R. By Lemma 2, the map —9:R — R, (—ﬁ)(h(x)) = —h'(x) is also Jordan triple
derivation on R.

We now present another example illustrating the sum of Jordan triple derivations on the ring M, [Z].

Example 2. Given M = { @ 0 ] |y, ay € Z } Choose D = [ ] T = [ ] € M. We define the
0 a, 0 dz 2

map 9;,9,: M - M, with 9;(L) = DI — LD and 9,(L) = TL — LT. We can show that 9; and 9, are Jordan
triple derivations on M. Now, we will show that 9; + 1, is a Jordan triple derivation on M, that is, (9; +
92)(LKL) = (91 + 92)(L)KL + L(91 + 9)(K)L + LK(9; + 9,)(L), for every L,K € M. Given any L =

L, 01 , [ky O _
0 lz]’ [0 kZ]EM.Wehave.
w+opakn =+ (e 5 clle L))
0 I k,
Lkl 0
=9, +9 ( vt D
(1 2) 0 lzkzlz
B Lk, O Lk, 0 ])
=0 (" lzkzlz]>+l92([ 0 Lkbl)
Then,

19(11k111 0 D _ ”llklll ] [zlklz1 0 Hdl o]
W 0 Lkl = 0 d, Lkyl, Lk, |10 d,

AN 0 ] ~ [llkllldl 0 ]

0 dylr k1, 0 lk,l5d,
_[dqylikily = Likqlidy 0 ]
B 0 dyl kol — Lk, lod, )
Similarly, we obtain
2 0 lzkzlz - 0 tzlzkzlz - lzkzlztz '
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Hence,

Lk, 0 D ([llklll 0 D_
'91( 0 LiLl) T2\ 0 Lkl T

(dy + t)likqly — Like L (dy + ty) 0 ] )
0 (dy + to)likely — Liky i (dy + )]
Furthermore, we have
(91 +9)(L)KL + L(91 + 9,)(K)L + LK (9, + 93)(L)
= (91(L) + 92(L))KL + L(9,(K) + 95 (K))L + LK (9, (L) + 9,(L))
_ [(d1 +t)likily — Likql(dy + t) 0 )
0 (dy + tp)likqly — Lkl (dy + E5)1°

Based on Egs. (1) and (2), we have (9; +9,)(LKL) = (9; + 95)(L)KL + L(9; + 95)(K)L + LK (9; +
9,)(L). So, 9; + 9, is a Jordan triple derivation.

As an alternative approach to forming a new structure of Jordan triple derivations, linear combinations
become one of the methods that can be examined. Define [;9;: R — R, for each i = 1, ...,n and for each
constant ; € R, where (12, [;9;)(v) = X1, ;9; (v), for every v € R. With this definition, the following
discussion will show the relationship between linear combinations and the properties of Jordan triple
derivations.

Proposition 1. Given aring R. If 91,9,, ..., 9, are Jordan triple derivations on the ring R and 14, [5, ..., [,, €
R, then XX, 1;9; = [19, + 1,9, + -+ + 1,9, is Jordan triple derivation on R.

Proof. Given a ring R. Let 94,95, ..., 9, are Jordan triple derivations on ring R. We will show that [;9; +
1,9, + -+ + 1,9, is a Jordan triple derivation.

We define:
(l]_l91 + l2792 + oo + lnﬁn): R d R by (llﬁl + lzﬁz + b + lnﬁn)(v) = l1191(17) + l2192 (U) + b + 11191(17),

for every v €R. Given any v,z € R, since ([0 +0L9;+ -+ 1L9,)w+2z)= 019 + 1,9, + -+
L9,) W) + (491 + L9y + -+ 1,,9,)(2). It follows that [;9; + 1,9, + -+ + 1,9, is additive. Then, we will
show that (l1191 + l2192 + -+ lnﬁn)(vzv) = (l1191 + l2792 + e+ lnﬁn)(v)zv + v(l1191 + l2792 + e+
L9 @v +vz(l19 + 1,09, + - + 1,9, (v).

(l1191 + 12192 + b + lnﬁn)(vzv)
= 1,9, (vzv) + 1,9, (vzv) + -+ + 1,9, (vzv)

= L9, (V)zv + v, (2)v + vzl; 9, (V) + 1,9, (V) zv + v 0, (2)v + vzl 9, (V) + - + 1,9, (v)zv +
vl 9, (2)v + vzl 9, (v)

=191 (W)zv + L9, (V)zv + -+ + 1,9, (V) zv] + [v[1 91 (2)v + v, 9, (2)v + -+ + v1, 9, (2)V]
+[vzl;9,(v) + vz, 9, (V) + -+ + vzl 9, (V)]

= [[19; (V) + LY, (V) + -+ 1,9, (W)]zv + v[[191(2) + 1,0, (2) + - + [0, (2)]v + vz[l;9,(v)
+0, (W) + -+ L9, (V)]

- [(11191 + 12192 + b + lnﬁn)(v)]zv + v[(llﬁl + l2192 + A + lnﬁn)(Z)] v + vZ[(llﬁl + 12192 + R
+ [, 0,) (V)]
= QL) Wzv + v, Li9) (2)v + vz, [;9) (v).
Hence,
(l1191 + l2192 + 4 lnﬁn)(vzv) = [(llﬁl + 12192 + -+ lnﬁn)(v)]zv + v[(llﬁl + l2192 + -+
L9 ()] v+ vz[(1191 + 1,9, + -+ 1,9,) (v)]. Therefore, it is proven that [;9; + 1,9, + -+ 1,9, is a
Jordan triple derivation. n
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Example 3. Given R = Z[x]. We define a map 9;,9,: R = R, with ﬁl(h(x)) = h'(x) and ﬁz(p(x)) =
p'(x). Both 9, and ¥, are Jordan triple derivations on the ring R. Take [; = v and [, = z, then the linear
combination 9 = [;9; + 9, = v, + 29, is given by 9(h(x)) = vh'(x) + zp'(x). Hence, v9; + z9, isa
Jordan triple derivation on R.

After constructing a linear combination of Jordan triple derivations, an alternative approach to forming
another structure of Jordan triple derivations is through the @ (direct sum) operation. This approach will
form the basis for the theorem that will be discussed next.

Theorem 1. Given a ring R. If 9,,9,, ...,9, are Jordan triple derivations on the ring Ry, Ry, ..., Ry, then
9, DI, D ..PH I, is Jordan triple derivationon Ry ® R, @ ... D R,,.

Proof. Given (v, vy, ...,v,) € Ry @ R, @ ... ® R,,. We will investigate that 9; @ 9, @ ... P 9, isaJordan
triple derivation.

We define:
VD@9, D.O9:R OR,D..OR, >R DR, D .. BR,
by 91 @0 93 @ ... ® 9y (v1, vy, o, V) = (91(11),92,(V2), ..., 9 (vy)), for every (vy,vs, ..., v,) € Ry D
R, D ..®R,.
Given any (vq, Vg, ..., V), (21,22, ., Zn) E R ® R, @ ... B R,. We have:
01D . ® ) ((Vay s V) + Z1r o Z0)) = (D1 D e ® 9y ) W1 + 21, oon, Uy + 2)
= (191(171 +21), .., 9 (v, + zn))
= (01(1) +91(21)s e, O (V) + n(23))
= (‘91(171): s 1971(17n))"'(191(21), :ﬁn(zn))
= @01 @B (V) + 01 D .. B )
((z1, -.es 20)).
It is shown that 9; @ ... @ 9, is additive.
Furthermore, we can show that;
(B, ﬁn)((vl, v V) (24, e, Z20) (Vg oo, vn)) = (@®L, 9,1, ., v)) (21, e, Z) W, o, V) +
W1, o, V) (Biz1 In(Z1, s Z0)) (W1, o, ) + (Vg o, V) (20, 0, Z0) (B2 Tn (V1 -, V),

for every (vq,...,v)(24,...,2,) ER{ D R, ® ... B R,. Hence, 9, @ ... D 9, is a Jordan triple derivation
ontheringR, R, ® ... B R,. [

In the previous discussion on Jordan derivatives, it was shown that every inner derivative is a Jordan
derivative. Based on these results, it is interesting to further examine whether Inner derivatives also satisfy
the properties of triple Jordan derivatives. The following is the discussion.

Theorem 2. A mapping 9: R — R, with 9(c¢) = [c,v], forany c € R and v € R. If 9 is an inner derivation,
then 9 is also a Jordan triple derivation on R.

Proof. We define the mapping 9: R = R by 9(c) = [c,v] = vc — cv and 9(d) = [d, v] = vd — dv, for all
¢,d € R and v € R. We will show that 9(cdc) = 9(c)dc + c9(d)c + cdI(c).

9(c)dc + cd(d)c + cdI(c) = [c,v]dc + c[d, v]c + cd][c, V]
= (vc — cv)dc + c(vd — dv)c + cd(vc — cv)
= vcdc — cvdc + cvdc — cdvc + cdve — cdcv
= vedc — cdcv
= [edc, v]
= Y (cdc).

Hence, 9(cdc) = 9(c)dc + c9(d)c + cdd(c). So, if 9 is an inner derivation, then 9 is a Jordan triple
derivation on R.
[
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Example 4. Let R = M,(R). Take A = [g 2] € R. Define the mapping 9: R = R by 9(c) = [c,A] = Ac —

cA, for all ¢ € R. If, 9 is an inner derivation on R. Then, by Theorem 3, 9 is also a Jordan triple derivation
onR.

After constructing Jordan triple derivations on various algebraic structures, we will now discuss how
a Jordan triple derivation can be defined on the polynomial ring R[x]. The aim is to show that every Jordan
triple derivation defined on the ring R can be carried over to the polynomial ring R[x] without losing its
fundamental properties. Through this construction, a foundation is obtained for further analysis of the
properties of Jordan triple derivation on the polynomial ring R[x], which in this case opens up space for
generalization to more complex algebraic structures. The following is the discussion.

Definition 2. Given a polynomial ring R[x]. If an additive mapping 9: R[x] — R[x] is a triple Jordan
derivation, then the following holds 9(h(x)k(x)h(x)) = 9(h(x))k(x)h(x) + h(x)9(k(x))h(x) +
h(x)k(x)ﬁ(h(x)), for all h(x), k(x) € R[x].

We now present an illustrative example of a Jordan triple derivation defined on the polynomial ring R[x].

Example 5. Let R = Z and consider the polynomial ring R[x] = Z[x]. We define a map 9: R[x] = R[x],
with 9(f(x)) = f'(x). As an illustration, we take f(x) = a,x% + a;x + ao and g(x) = byx + by. Then,
f'(x) = 2a,x + a; and g'(x) = b,. Then,

I(f()g()f (X))

= 9((azx? + ar1x + ag) (byx + by) (azx? + a;x + ag))

=9 (((azx2 + arx + ag)(byx + by))(azx? + asx + ao))

= 9((azx? + a1x + ag)(b1x + b)) (azx? + ayx + ag)

+ (azx? + arx + ag)(byx + bp)9((ax? + a;x + ay))

= [9(azx? + a;x + ag)(byx + by) + (azx? + a;x + ag)9((byx + by))](azx? + ayx + ag) + (a,x?
+aix + ag)(byx + by)9(ax? + a;x + ag)

= 9(ax? + a;x + ag) (byx + bo)(azx? + a;x + ag) + (azx? + a;x + ag)d((byx + b))
(ayx? + ayx + ag) + (ayx? + a1x + ag) (byx + by)9(ax? + a;x + ay)

= (2a,x + a;)(b1x + by)(azx? + arx + ag) + (azx? + a;x + ay)(by)(azx? + a;x + ag) +
(azx? + a1x + ag)(b1x + by) 2ax + a,)

=f'(0)g(@)f () + f)g'(x)f () + fFx)g () f'(x)

=9(f(x))g(0)f (x) + f(x)I(g(x))f (x) + F(x) g (x)I(f (x)).

It is shown that 9 is a Jordan triple derivation on R[x].

The next theorem demonstrates how a Jordan triple derivation on the polynomial ring R[x] can be constructed
from a Jordan triple derivation on the ring R.

Theorem 3. Let R be aring. If d : R — R is a Jordan triple derivation, then there exists a Jordan triple
derivation d : R[x] = R[x] on R[x].

Proof. Let R be aring. Ifd: R — R is a Jordan triple derivation, then it satisfies d(aba) = d(a)ba +
ad(b)a + abd(a),foralla,b € R. We defined : R[x] - R[x]by d(X%,a;x}) = X1, d(a;)x’, for every
Y, a;xt € R[x] We will show that d is a Jordan triple derivation on R[x].

Let p(x), q(x) € R[x], where p(x) = X1, a;xt and q(x) = Y™, b;x‘. We have:
dip(x) +q(x)) =d(Zax' + X bix')
=d(Z (a; + b)x)
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n
= d(ai + bi)xi
i=0

= 3" (@) + )

=0

= z:l:od(ai)xi + Z:;Od(bi)xi

=d(p(x) + d(g(x)).
Thus, d is additive.

Next, we will show that

d(p(x)q(x)p(x)) = d(p(x))q(x)p(x) + p(x)d(q(x))p(x) + p(x)q(x)d(p(x)),

P()a(IP(x) = (Z a xl’) (i by xf> (Z aixi> - i( S o bjai>xk |
0 j=0 0

i= = k0 \it+j+i=k

Applying d, we get

d(p(x)q(x)p(x)) =d <n+i+n< Z a; bjai> x") = niﬂld< z a bjai> xk,

k+o \i+j+i=k k=0 i+j+i=k
Since d is a Jordan triple derivation on R, we have

d(aibjai) = d(al-)bjal- + aid(bj)ai + aibjd(ai),
for every a;, b; € R.

Consequently,

d Z a; bjal- = z d(aibjai) = Z (d(ai)bjai + aid(bj)ai + aibjd(ai)).
i+j+i=k i+j+i=k i+j+i=k

Therefore,

Ap@a@p@) = ) ( > (d(ai)b,-ai+aid(b,->ai+al-b,-d(ai))>xk.

kt0 \i+j+ti=k

Based on the definition of d, it can be shown that

dp(x) =d (Zn: a; xi) = Zn: d (a;)x!
4 .

i= i=0

m
d(q(x) = d Z b | =
=0
Then we obtain,

d(P(x)q()p(x) + p()d(@(x)p(x) + p(x)q(x)d(p(x))

(B (G ) B (B o) )

and

NgE

d (bj)x/.
j=0
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+<Zn:0aixi) ijxf (Zd(ai)xi>

i=

n+m+n n+m+n
= Z Z d(ai)bjal- Xk+ Z Z al-d(bj)ai xk
k+0 i+j+i=k k+0 i+j+i=k
n+m+n

+ 2 Z a; byd(a;) | x*

kto \it+jti=k

n+m+n

Z 2 (d(ai)bjal- + al-d(b]-)ai + aibjd(ai)) xk

kto \i+jti=k

n+m+n

Z Z d(a;ba;) | x*

k+0 \it+jti=k

= d(p(x)q(xX)p(x)).
Hence, d(p(x)q(x)p(x)) = d(p(x))q(x)p(x) + p(x)d(q(x))p(x) + p(x)q(x)d(p(x)).
Thus, d is a Jordan triple derivation on R[x]. n

4. CONCLUSION

Based on the results and discussion, it has been established that the set of Jordan triple derivations is
closed under finite sums, linear combinations, and finite direct sums. Furthermore, it is shown that every
inner derivation also satisfies the conditions of a Jordan triple derivation. Moreover, any Jordan triple
derivation on the ring R induces a Jordan triple derivation on the polynomial ring R[x]. These findings
contribute to a deeper understanding of the structure of Jordan triple derivations and can be effectively applied
in the study of such derivations on polynomial rings R[x].

These results not only reinforce the algebraic robustness of Jordan triple derivations but also provide a
foundational framework for further exploration in polynomial ring structures. Future research may extend
these findings to more general classes of rings or investigate potential applications in related areas of algebra.
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