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ABSTRACT

This study aims to optimize material dispersion in a reservoir with turbulent flow using the
convection-diffusion equation with three-point sources, addressing a research gap from
previous studies that utilized only two sources. The Dual Reciprocity Boundary Element
Method (DRBEM) is applied as a numerical solution, with flow characteristics simulated
using the k-epsilon turbulence model. Ten configurations of source point positions were
evaluated to determine the most effective strategy for uniform material distribution. Results
demonstrate that DRBEM accurately approximates analytical solutions, with improved
accuracy at higher interpolation point densities. The key finding reveals that Case 2
(vertical arrangement at the downstream side) yields the most uniform distribution,
achieving ~8.53% higher uniformity compared to other cases. While limited to a specific
velocity profile and boundary conditions, this research provides valuable insights for
engineering applications in reservoir management by identifying optimal source placement
strategies.
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1. INTRODUCTION

Quantitative modeling is one of the crucial topics in the field of applied mathematics and physics.
Through modeling, various natural phenomena can be understood more deeply and systematically. In general,
the aim of mathematical modeling is to study a problem efficiently, including efforts to minimize research
costs. One interesting equation of modeling to explore is the convection-diffusion equation, particularly
because of its wide applications in various physical and mathematical problems. The distribution of material
in a reservoir will be examined using a convection-diffusion equation approach. Before applying the model
to the problem, it is essential to address the process of its quantitative derivation. In the previous research,
Samec et al. [1] and Stynes [2] obtained the convection-diffusion equation in a mathematical framework
capable of addressing the issue of material dispersion within certain boundaries or domains. Next, analytical
solutions of the diffusion-convection equation were derived by Morales-Delgado et al. [3] and also Polyanin
[4]. Analytical solutions are generally limited to specific Cases, particularly those with simpler
configurations. For more complex scenarios, such as the dispersion of materials in a reservoir, numeric
approaches are required. This paper presents a numerical study of the material dispersion problem within the
reservoir domain.

Numeric methods are one of the possible approaches to solving the convection-diffusion equation with
source points. Several researchers have conducted studies to solve the convection-diffusion equation. The
convection-diffusion equation was addressed by Zhang et al. [5], Wang et al. [6], and He et al. [7] without
the inclusion of source points in the governing equations. In contrast, Ashar and Hariyanto [8] have studied
the convection-diffusion equation with two source points, which we find a research gap for source points
more than two. This research will examine the convection-diffusion equation with three source points,
continuing the study conducted by Ashar and Hariyanto [8].

The convection-diffusion equation with source points is particularly suitable for solving using the
DRBEM [9]. DRBEM is an expansion of the Boundary Element Method (BEM), which is one of the
numerical methods for solving differential equations. DRBEM has proven successful in numerically solving
several partial differential equation problems. For example, Managib [10] studied the solution of furrow
irrigation infiltration problems on various types of homogeneous soil. Other researchers who have studied
infiltration in irrigation channels include Clement and Lobo [11], Solekhudin and Ang [12], Solekhudin [13],
Munadi et al. [14], Ashar [15], and Ashar and Solekhudin [16]. Recent research related to this method is
explained by Alsoy-Akgin [17], Zahroh et al. [18], and Priya et al. [19]. In these studies, DRBEM
demonstrated its flexibility in solving different types of problems with various simple closed domain shapes.
In this paper, DRBEM will be utilized to resolve the problem of material dispersion in a reservoir with three-
point bases. Several combinations of source point locations will be shown to determine which point location
is most effective in material distribution.

2. RESEARCH METHODS

In this part, the mathematical derivation of the convection-diffusion equation is presented, along with
the derivation of DRBEM employed to solve the problem. The mathematical model of the convection-
diffusion equation considered in this study is given by Eq. (1), defined on a domain R bounded by a simple
closed curve C.

U (x, U (x, 02U (x, 02U (x,
%Wl(x,y)+#wz(x,y)—D< ai’;y)+ a;’;y)>=c(x,y), 1)

where U is the concentration of material, w, (x, y) and w, (x, ) are liquid velocity within x and y directions,
D is the diffusion coefficient of the material in the liquid, and G is a function of source points. The problem
with source points is defined by Eq. (2).

WDy + 225D ) -0 (20 + 20) G potryiaty, @
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where (a, b) denotes the coordinates of the source point, and o (x, y; a, b) is a Dirac delta function with
source points (a, b). DRBEM is applying to solve the Eqgs. (1) and (2) numerically, by transforming the
governing equation into its corresponding boundary integral equation, as given below.
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and

D(x,y;&,1n) = ﬁln[(x — &2 + (y — n)?] is the two-dimensional Laplace basic solution. From Eqgs. (3) and
(4), the following system of linear equations is obtained.
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n=123,..,N+L.

Here the N notation denotes the number of boundary segments. The notations
C,CW,c@,c® c®, ., c™ denotes the segment amount. Those segments satisfy ¢ = CV u @ y
CAuc®u..uc®™, Also, notation L denotes the number of interior interpolation points. Points
(x@,y D), (x@,y@), (x®,y®), ., (x™,y™)) are the middle points of every segment of
cW,c@,..,c™. points (x(V+D, y(N“)) (xVF2), y(N+2)) (53 3, (xWV+D), y(NF1)Y are interior
interpolatlon points.

200 = A(x(n),y(”)),
™ = U(x("),y(”)),

n _ —_—
P =3 (x,y) = (x™,ymy
w™ = wy (x™,y ™),

wi = wy(x ™,y ™),
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where p is a polynomial function defined as
_ 2 3 _1 2,1 4,1 5
p=1+r“+r>and xX=3r +16r +25r .
Function r is the Euclidean distance formula defined as

reoy;af) =+/(x—a)?+ (y — p)2.

Subsequently, the system of linear algebraic equations given by Eqgs. (5) and (6) is solved, yielding
numerical solutions at the interpolation points. Using this numeric solution at interpolation points, then the
numeric solution at any (a, 3) € R U C can be obtained via the following expression.

N

D(x,y;¢,

M, B) Ul ) = Z lU(k)J-(k)st—p(k)f(k)cb(x,y; f,n)dsl
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3. RESULTS AND DISCUSSION

This section presents the numerical results obtained using the Dual Reciprocity Boundary Element
Method (DRBEM) for the convection-diffusion equation. Two test cases are examined. First, a convection-
diffusion problem with a known analytical solution is considered to validate the accuracy of the numerical
method (Section 3.1). Subsequently, the method is applied to a real-world problem involving steady material
dispersion with three-point sources in a reservoir (Section 3.2) to demonstrate its practical applicability.

3.1 A Convection-diffusion Problem with Analytic Solution

This section presents a simple example of the Convection-diffusion Equation. The aim is to obtain both
the analytical and numeric solutions in order to evaluate how well the numeric approach approximates the
analytical solution. DRBEM is utilized to compute the numeric solution. The form of the simplified
Convection-diffusion Equation to be solved is given by Eq. (7).

_aug;, Y e y) + _aug;, Y vyt y) — D (azzg 2, azg;’ Y)> = g(x,y), 7
with
wi(x,y) =y3wy(x,y) =x3,D =1
and

g(x,y) = 2xy? + 2x%y — 4.

The problem is outlined over a closed rectangle domain, with boundary conditions (BC) specified as
illustrated in Fig. 1.
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Figure 1. Region and BC of Convection-Diffusion

The analytical solution of Eq. (7) with the BC described above is
U(x,y) = x% + y2.

Subsequently, DRBEM is applied to compute the numeric solution. The interpolation points are
selected and grouped into two sets, denoted by Set A and Set B. Set A consists of 100 segment elements and
81 interior interpolation points, while Set B comprises 200 segment elements and 196 interpolation points.
This selection is based on an even distribution across the four boundary curves and interior points spread
evenly across a region whose number can be expressed as a quadratic number. Error value in Set A is denoted
by e4, and the error value in Set B is denoted by eg. The results of the analytical and numerical calculations
for Sets A and B obtained using MATLAB are presented in Table 1 and Table 2, respectively. The points
shown in Table 1 are interior interpolation points distributed uniformly across the domain with a spacing of
0.20 units in both x and y directions.

Table 1. Analytic and Numeric Value of Set A

Point Set A Analytic e,
(0.20,0.20) 0.0804032621 0.0800000000 0.0004032621
(0.40,0.20) 0.1930923968 0.2000000000 0.0069076032
(0.60,0.20) 0.3865181089 0.4000000000 0.0134818911
(0.80,0.20) 0.6635903906 0.6800000000 0.0164096094
(0.20,0.40) 0.2077248968 0.2000000000 0.0077248968
(0.40,0.40) 0.3204095595 0.3200000000 0.0004095595
(0.60,0.40) 0.5138098964 0.5200000000 0.0061901036
(0.80,0.40) 0.7883387530 0.8000000000 0.0116612470
(0.20,0.60) 0.4143096490 0.4000000000 0.0143096490
(0.40,0.60) 0.5270127464 0.5200000000 0.0070127464
(0.60,0.60) 0.7204103072 0.7200000000 0.0004103072
(0.80,0.60) 0.9911987060 1.0000000000 0.0088012940
(0.20,0.80) 0.6972388725 0.6800000000 0.0172388725
(0.40,0.80) 0.8124828486 0.8000000000 0.0124828486
(0.60,0.80) 1.0096167138 1.0000000000 0.0096167138
(0.80,0.80) 1.2804017239 1.2800000000 0.0004017239

Table 2. Analytic and Numeric Value of Set B
Point SetB Analytic eg
(0.20,0.20) 0.0801006880 0.0800000000 0.0001006880
(0.40,0.20) 0.1964275931 0.2000000000 0.0035724069
(0.60,0.20) 0.3931405615 0.4000000000 0.0068594385
(0.80,0.20) 0.6716924803 0.6800000000 0.0083075197
(0.20,0.40) 0.2037764295 0.2000000000 0.0037764295
(0.40,0.40) 0.3201027148 0.3200000000 0.0001027148
(0.60,0.40) 0.5167923916 0.5200000000 0.0032076084
(0.80,0.40) 0.7940475696 0.8000000000 0.0059524304
(0.20,0.60) 0.4070653515 0.4000000000 0.0070653515
(0.40,0.60) 0.5234146429 0.5200000000 0.0034146429
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Point

Set B

Analytic ep
(0.60,0.60) 0.7201042228 0.7200000000 0.0001042228
(0.80,0.60) 0.9954712790 1.0000000000 0.0045287210
(0.20,0.80) 0.6885144728 0.6800000000 0.0085144728
(0.40,0.80) 0.8061608098 0.8000000000 0.0061608098
(0.60,0.80) 1.0047381848 1.0000000000 0.0047381848
(0.80,0.80) 1.2801044672 1.2800000000 0.0001044672

Based on the results presented in Table 1 and Table 2 above, a comparison between the numeric
solutions/values of Set A and Set B can be obtained. For Set A, the supreme value of error is 0.0172388725,
whereas Set B yields a lower supreme error value, that is 0.0085144728. This significant reduction in error
indicates that Set B achieves a more accurate approximation of the analytical solution. The key difference
between the two sets lies in the number of interpolation points used. Set B employs a larger amount of
interpolation points, which enhances the resolution of the numeric method. Therefore, it can be inferred that
increasing the number of interpolation points leads to improved numeric accuracy.

Next, the figures of the numeric surface plot will be shown in Fig. 2 and Fig. 3.
1
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Figure 2. Numeric Result of Set A
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Figure 3. Numeric Result of Set B
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Figure 4. Analytical Values

The numerical surface plots are presented in Fig. 2 and Fig. 3, while Fig. 4 displays the analytical
surface plot. The numerical plots exhibit strong similarity to the analytical plot, which is consistent with the
values presented in Table 1 and Table 2. In all three figures, the color gradient from blue to yellow indicates
an increase in the value of U, ranging from 0.2 to 1.8. No visible differences can be distinguished among the
three plots due to the close agreement between the numerical and analytical values. This observation is
consistent with the results in Table 1 and Table 2, where the error at each selected point demonstrates
relatively small values. In general, the more collocation points we choose, the closer the numerical solution
will be to the exact solution. This is because more boundary collocation points will result in a smoother
approximation of the boundary curve, and more interior collocation points will result in clearer exact
conditions in the region being described.

3.2 Steady Material Dispersion with Three-Point Bases in The Reservoir

Moreover, DRBEM is applied to the dispersion of material in a reservoir with three bases. To
investigate the effect of source positioning, the relative distance between the two bases was systematically
varied. The ten test cases in Table 3 were designed to evaluate the method’s performance under different
source point configurations. Cases 1-4 examine vertically and horizontally aligned sources, Cases 5-8
investigate corner and boundary placements, and Cases 9-10 assess diagonal distributions. These
configurations simulate various realistic scenarios of pollutant source placement. Table 3 summarizes the
different point locations used in the study. In addition, the diffusion coefficient is D = 11.75 m?/s and the
value of the concentration on each base is constant 25/107 gram/s.

Table 3. Variation of Source Locations

Case Points Location

Case 1 (40,40), (40,24), (40,8)
Case 2 (52,8), (52,24), (52,40)
Case 3 (28,8), (28,24), (28,40)
Case 4 (28,24), (40,24), (52,24)
Case 5 (28,8), (52,8), (52,40)
Case 6 (28,8), (28,40), (52,40)
Case 7 (28,40), (28,8), (52,8)
Case 8 (28,40), (52,40), (52,8)
Case 9 (52,40), (40,24), (28,8)

Case 10 (28,40), (40,24), (52,8)
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Fig. 6 illustrates the geometric configurations of three-point sources for all ten test cases: (a—d) aligned
arrangements, (e-h) corner placements, and (i—j) diagonal distributions. All cases are simulated within a
reservoir domain with a width of 48 m. The upstream boundary is set with the condition U = 0 while the
remaining boundaries follow the condition Z—Z = 0. Before applying the DRBEM, the velocity components
w, and w,, are determined at the interior interpolation points, with the supreme inflow velocity being 0.150
m/s. The k-epsilon turbulence model is used by fixing a system of governing equations.

ow, 0wy,
—= =0,
dx dy
ow, ow, 1dp <62wx 62WX>

Wi gy YWy e T T oo a2 | By

ow. ow 190 0°w, 0%*w
Wx—y+wy—y=———p < 2y+ Zy>,
dx dy p oy dx dy
0 (w0
_<_t_k) —
dx \oy, Ox
d w ak
2ED-con,
dy \oy dy
a(wtf)g)_c g2 c Ep
ax\g.0x) "k k¥
8<wtas)_c g2 e Ep
dy\e. dy) ~ =k kR
2 wo 0w, .
where w, = G, P, = 2w, (aa‘”;x %);Cy = 0.09; C;y = 1.44; Csp = 1.92; 0, = 1.00,; 0, = 1.30,w; is

shear tension with respect to i direction, p is density, y is kinematic viscosity and p is pressure. The result of
the velocity profile is shown in Fig. 7. The profile of velocity is attained using software ANSYS 19.2 from
the previous study by Ashar and Hariyanto [8]. The resulting data velocity profile can be directly adapted to
this paper, because the shape of the reservoir used is the same, as are the turbulent flow conditions. The only
difference is the use of three source points, whereas the previous study used only two source points.

Velocity Magnitude

1.65e-01
1.48e-01
1.32e-01

1.16e-01 :
9.95¢-02 —

8.33¢-02 L e -
6.706-02 e el
5.07e02 - —

344e-02 '
1.81e-02
(Y 1.87e03

Figure 7. Visual of Velocity Profile

To enable a more detailed argument, the distribution habit of the material across lines I, and [, is
examined across all Cases. Line [, represents a vertical axis that bisects the main section of the reservoir into
two equal halves, while line [, serves as a horizontal axis that similarly splits the reservoir evenly. Illustration
of lines [; and [, are shown in Fig. 8.
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Figure 8. lllustrations of Line I, and [,

Then the entire concentration of the material across line I;, I, and the entire region is calculated. For
across line Iy and I, f, U(x,y)ds, i = 1,2 is calculated. For entire region, ff U(x,y)dxdy is computed.
i

The numerical results for all test cases are summarized in Table 4.

Table 4. Aggregate Concentration Across 14, 1,, and the Entire Region Corresponding to 200 Segments and 196
Interior Collocation Points

Source Across 1, Across L, Entire Region
Casel 440.16 mg 591.43 mg 47864.62 mg
Case 2 459.78 mg 590.00 mg 50135.70 mg
Case 3 405.84 mg 517.37 mg 43931.57 mg
Case 4 448.31 mg 561.51 mg 46918.56 mg
Case 5 434.79 mg 567.64 mg 48209.97 mg
Case 6 419.08 mg 546.26 mg 46397.33 mg
Case 7 419.09 mg 546.28 mg 46398.39 mg
Case 8 434.73 mg 567.57 mg 48203.58 mg
Case 9 436.57 mg 568.04 mg 47458.58 mg
Case 10 436.52 mg 567.98 mg 47453.27 mg

In Table 4, the combined uniformity score S is used, which multiplies the total accumulation across
the entire domain by the cross-sectional uniformity index between I and I.. In this paper, J;; and J;, are total

concentration value along the line [; and 1,. Next, compute B = % , uniformity index Ul = 1 — B,
11viz

thus E = ( f fR UdA) (1 — B) represents the total effective mass distributed evenly (large if the total is high

and the concentration difference is integrated on both small lines). Based on these calculations, Case 2 yields
the highest score E = 37,697.53, thus being identified as the configuration with the most uniform
distribution overall according to this combined metric; on average, Case 2 is ~8.53% better than the other
Cases (Case 1 and 3-10), with an improvement range of approximately 3.57% to 13.15%. Below are numeric
surface plots of material dispersion in a reservoir for better illustration.
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Figure 9. Surface Plot Case 1
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0 10 20 30 40 50 60
Figure 12. Surface Plot Case 4
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Figure 13. Surface Plot Case 5

45
40

35

10

0 10 20 30 40 50 60
Figure 14. Surface Plot Case 6
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Figure 15. Surface Plot Case 7
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Figure 16. Surface Plot Case 8
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Figure 17. Surface Plot Case 9
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Figure 18. Surface Plot Case 10

Fig. 9 to Fig. 18 above show the effect of placing the three source positions in the region. Ten test cases
were designed to demonstrate the patterns of material dispersion behavior in the region. In general, the
concentration values around the points will show fairly high amounts, while concentration values farther from
the source points will show a decrease. Visual inspection of the ten figures alone does not allow for definitive
determination of which configuration yields the most optimal material distribution; quantitative assessment
requires numerical calculation using an integral approach. There is something interesting about the ten images
above, namely the presence of a yellow line shaped like a parabola, which is influenced by the positions of
the three source points.

On the other hand, Table 4 also implies that a higher total accumulation of substances (such as
cleaning/purifying agents) in reservoirs will generally increase reservoir performance because it can improve
water quality (eutrophication/dissolved oxygen), reduce treatment requirements and operational risks
(sedimentation/corrosion/biofouling), thereby increasing the efficiency of water storage, distribution, and
utilization functions. Physically and in relation to the previous velocity profile results, Case 2 shows the best
results because the points are on the downstream side (right), in the same direction as the
advection/convection. In convective flow, momentum/scalar transport is predominantly carried from the inlet
to the outlet; thus, placing points downstream captures conditions that are already the result of flow evolution
throughout the domain (accumulation of shear effects, diffusion, and streamline deflection). In other words,
this is most consistent with flow causality (information from upstream affects downstream). Therefore,
sampling/constraints downstream is more effective for representing the overall solution.

Additionally, the velocity profile in the figure shows maximum velocity in the central corridor and
recirculation zones (vortices) at the top and bottom. The vertical arrangement of points in Case 2 intersects
several streamlines in the top, middle, and bottom sections, capturing the strong velocity gradient between
the fast flow in the middle and the slower/rotating flow near the wall. Since the greatest heterogeneity (shear
layer) occurs at this transition, Case 2 provides a more complete representation of the flow direction and
velocity magnitude variation than other Cases that focus only on one zone. This is not found in any of the
other Cases.

4. CONCLUSION

From the research that has been conducted, three conclusions were found, namely:

1. DRBEM has been successfully applied to the convection-diffusion equation with three source points.
This method is used to determine which combination of the three source point locations has the greatest
influence on the total concentration of the material. Ten source point configurations, designated as Cases
1-10, were examined.

2. Before using DRBEM, the velocity profile must be obtained. In this paper, the velocity profile obtained
from a study conducted by Ashar and Hariyanto [8]. After that, DRBEM can be applied in every Case
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to find the numeric results. The results indicate that Case 2 achieved approximately 8.53% higher
uniformity compared to the other cases. Therefore, it can be concluded that the source point
configuration used in Case 2 promotes more effective material dispersion. This shows results that are
consistent with the previous study by Ashar and Hariyanto [8], that placing bases like Case 2 or at the
back of the reservoir is the most effective for material distribution.

3. These results demonstrate that DRBEM is a reliable approach for evaluating source placement in
diffusion—convection problems and can provide practical guidance for optimizing material distribution
in similar systems. The above results are supported by a study of river confluence at the Riba-Roja
Reservoir, which confirms that the processes within the reservoir develop in accordance with advection
(carried by the flow), so that observations/placement of points aligned with the direction of flow
(downstream) are more representative [20]. However, the present study is limited to a single velocity
profile and specific boundary conditions; further research could investigate different flow patterns,
varying amounts of bases, or comparisons with other numerical methods to enhance the generality of
these conclusions.
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