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Research in ring theory has produced major advances, particularly in the study of
derivations. A related notion is that of a homoderivation, which combines aspects of
derivations and ring homomorphisms. An additive map h:R —- R is called a
homoderivation if h(ab) = h(a)h(b) + h(a)b + ah(b), for every a,b € R. This study
provides a comprehensive analysis of the fundamental structural properties of
homoderivation mappings. The main results show that the class of homoderivations is
closed under direct sums on component rings. In addition, the sum of two homoderations
is again a homoderivation, provided the maps are orthogonal. However, scalar
multiplication of a homoderivation generally does not yield another homoderivation,
highlighting a key structural distinction from classical derivations.
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1. INTRODUCTION

The concept of derivation plays a fundamental role in ring theory, and research in this area continues
to develop rapidly. A derivation on a ring R, as stated by Felzenszwalb and Lanski [1], is an additive
mapping d: R — R that satisfies the Leibniz rule. Further studies on additive mappings in rings with identity,
such as the work of Dhara and Sharma [2], have contributed to a deeper understanding of ring structures and
their fundamental properties.

Numerous researchers have investigated derivations from various perspectives. For instance, Chung
and Kobayashi [3] examined nil derivations and their influence on ideals in prime rings, while Ernanto [4]
studied derivations in factor rings. Comprehensive treatments of derivations can be found in Ali et al. [5] and
Ashraf et al. [6]. Other works include Ber et al. [7], as well as Chung [8] and Al-Khalaf et al. [9], who focused
on derivations in prime rings. Additional contributions by Thomas et al. [10] further highlight the diversity
of derivation theory, and Huang et al. [11], who analyzed derivations on Murray—von Neumann algebras.

Research has also extended to specialized types of derivations. Al-Khalaf et al. [12] studied Lie and
Jordan derivations, while Helmi et al. [13] investigated differential polynomial rings. Ansari et al. [14]
explored n-derivations with automorphisms, and Sayin and Feride [15] examined Jordan derivations in
matrix subrings. Watase [16] contributed to derivations on commutative rings. More recent studies include
Fitriani et al. ([17], [18]) on f-derivations, Sitompul et al. [19] on Jordan derivations in polynomial rings,
and Mursyidah et al. [20] on nil derivations. Further developments by Faisol and Fitriani [21] and Waluyo et
al. [22] extend derivations to skew modules and group rings, respectively.

A natural extension of derivations is the notion of a homoderivation, which combines the Leibniz rule
with the multiplicative property of ring homomorphisms. Specifically, an additive mapping h: R = R is
called a homoderivation if h(ab) = h(a)h(b) + h(a)b + a h(b), for every a,b € R. Here, the
term h(a)h(b) reflects the homomorphic property, while the remaining terms correspond to the Leibniz rule.
Homoderivations have been studied in various algebraic settings. Engin and Aydin [23] investigated
homoderivations on prime rings, while Belkadi and Taoufiq [24] and Taoufiq et al. [25] examined higher-
order and nilpotent homoderivations in semiprime rings. Alharfie and Muthana ([26], [27]) explored their
connections with commutativity, and Turkmen [28] analyzed their relationship with semiderivations.
Additional contributions include Melaibari et al. [29] on associative rings, Hummdi et al. [30] on Lie ideals,
El-Sayiad and Almulhem [31] on generalized homoderivations, and Ali et al. [32] on reverse
homoderivations.

Given the central role of derivations and their generalizations in revealing ring structures, the study of
homoderivations is both natural and necessary. As an extension of classical derivations, homoderivations
provide a framework for structure-preserving transformations in algebra. Their relevance extends beyond
pure mathematics to applications such as coding theory, cryptography, and data analysis, as illustrated by
Manju and Sharma [33]. Therefore, a systematic investigation of the structural properties of homoderivations
is essential for advancing both theoretical understanding and practical applications.

2. RESEARCH METHODS

This study adopts a literature-based and theoretical analysis approach. Relevant references, including
peer-reviewed journals, scientific articles, monographs, and other authoritative sources, are systematically
reviewed to establish a rigorous theoretical foundation. The methodological steps undertaken in this research
are as follows:

1. Examine the algebraic properties of homoderivations on the ring R, focusing on their structural
characteristics and operational behavior.

2. Develop and present explicit examples of homoderivations on the ring R to illustrate and validate the
theoretical framework.

3. Explore the relationship between homoderivations and classical derivations on the ring R,
highlighting similarities, distinctions, and potential generalizations.

This methodological design ensures that the study not only establishes fundamental properties but also
contextualizes homoderivations within the broader theory of derivations in ring structures.
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3. RESULTS AND DISCUSSION

In this section, we give some properties of homoderivation on a ring. Given two homoderivation maps,
uy and u,. We investigate whether the sum py + u, is a homoderivation on the ring R or not, as defined
below:

(U1 + uz) (@) = py(a) + pp(a).

Therefore, for the sum of two homoderivations u; and u, to be a homoderivation, it is necessary that they be
orthogonal (mutually null), that is, u (@), (6) + u, (@)u,(6) = 0, for every a, 6 € R.This is demonstrated
in the following theorem.

Theorem 1. Letaring R, amap u: R — R is a homoderivation on ring R. If u; and u, are homoderivations
mapping on ring R, where pu;(a)u,(0) + u,(@)u,(6) =0, for every a,6 € R, then u; +pu, is a
homoderivation on ring R.

Proof. We will show that, u; + u, is a homoderivation mapping, where (u; + pz) (@) = puq (@) + uy(a), for
every a € R.

1. Givenany a,6 € R.
(mtpdl@+8) = wpla+0)+p(a+0)
= pa(a) + 1 (0) + pa(a) + 12(6)
= (@) + up(a) + e (0) + p2(0)
= (g + ) (@) + (uy + 12)(0).
2. (U1 + uz)(aB) = py(ab) + py(ab)
= 1 (@) (0) + 1 (@)0 + ap1(0) + pz(@uz(0) + pz ()6 + apy (0)
= 11 (@)p1(0) + pz(@pz(8) + (u1 + p2) (@) + a(uy + u2)(6)

= (u1 + pp)(@)(ug +uz)(6) — (.U1(05)#2(9) + #2(0().“1(9)) + (g + p2) ()0 +
a(py + p2)(6).

So, uy + uy is a homoderivation under the condition py (@)u,(0) + u,(a)u,(6) = 0 which are referred to

as mutually annihilating or orthogonal homomorphisms. [
Example 1. Given a ring M = {[g 2] |, 8 € Z}. We define pq, u,: M — M, where: u, ([g 2)
_[—a O a O _10 O a 0

—[ 0 0] and u, ([0 9])_ [0 _9], for every [0 9] € M. We can show that y; and u, are

homoderivations on M. Now, we can show that u; + p, is a homoderivation on M.

_[ax O _faz O )
LetU—[0 91],V—[0 BZ]EM.Wehave.

W +m)U+V) = ) ([061 6?1] + [062 902])

(1 + 12) ([al g 2 0, _?_ 92]>

= ([al + a, 0 ]) + ([al + a, 0 ])
1 0 0, +0,]) TH 0 0, + 6,

) [_(a10+a2) 8]+[8 —(910"'92)]

BRI A I B r e o Py

(A R | R (A R ()
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w((T o) (s a)ralt a)+u(T o)
(1 + 12) ([%1 01]) + (U + 12) ([062 902])
(11 + p2)(U) + (g + p2) (V).

(1 + ) (UV) = (g + p12) ([C(Z)1 901] [%2 902])
= (1 +u2) <[a18a2 91092]) .
= ([aloaz 9192]> i ( Olloa2 elezD
_ [Faa; 0] " [0 ~ 0 ]

0 0 0 —6,0,

_[ a,a; 0 ]
- 0 —0,0,[

Furthermore,

On the other hand,
(1 + 1) (U) (g + p2) (V) + (uy + p2) UV + U(hy + hp)(V)

—(#1"‘#2)([0 9])(ﬂ1+ﬂz)<[ 90])_{_(“1_'_#2)(051 901>0(:)2 902
+o 9](“1+“2)<[ 902])

(u((5 o)+ o)) (% ah+e( o)
o Yt | R () [
5 ol (m(§ o) +e(E o))

(
([ 3+l %))
(

— —a, 0 0 O ]) (_al [ D a, 0]
= [0 o]+_o —0,]) * [0 0 -6, 0,
a; 0](f—a, 01,0 O ])
o bl“o 0]+0 —b,
o IR s Y A ] A —"
1o -6l 0 -6, 0 —6.10 6, 0 6, -0,
[, 0 ]_l_[—alaz 0 ]+[ a,a; ]
Lo 6.6, 0 —6,0, 0 —6,0,
_ '—0.’10[2 0 ]
- 0 —-0.65]

Hence, (ug + u2)(UV) = (g + p2)(U) (g + p2) (V) + (1 + u2) UV + Uy + p2)(V),  for  every
U,V € M.Thus, u; + u, is a homoderivation on M.

Moreover, scalar multiplication of a homoderivation u on a ring does not, in general, yield another
homoderivation, as illustrated by the following counterexample. For a homoderivation u : R — R, we define
kpand —u by (ku)(r) = ku(r) and —u: R - R by (—w)(r) = —u(r), forevery r € R.

Example 2. Let a ring M,(Z) with a mapping u : My(Z) — M,(Z), defined as follows: u([a g])

[8 _a], for every [‘; z] € M,(Z). Choose K = [ 0 _1] , U= [0 2], = [0 2] € M,(Z), to be

used in examining the homoderivation property of the mapping Ku .
It will be examined whether the equality Ku(UV) = Ku(U)Ku(V) + Ku(U)V + UKu(V) holds.
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0 )

)

e =[ OJu(

=:_01 —01]“([0 4
—1 01[0 0
L 0 0—1] 0 —4]

0 4.]'
On the other hand,

W)@ + WV +UEW )
-3 Sl S0 e DT 51 DI 3
+[0 2”0 —1]“([0 2 )
[0 Dl S0 2l S+ 2l Sl 2+l 200 2l 22
=lo al*lo &[5 3l
[0 0
1o 12]'
Thus, it is obtained that the left-hand side and the right-hand side are not equal. Therefore, it is proven that
Ku is not a homoderivation mapping on the ring M, (Z).

Next, if u; and u, are given as homoderivation maps, their direct sum is defined by:

(11 B uz)(aq, az) = (Uy(aq), Uz (az)).

It has been investigated that the direct sum of homoderivation maps p, U, ..., 4, is also a homoderivation
map on therings R, @ R, @ ... ® R, as demonstrated in the following theorem.

Theorem 2. Let uq, U, ..., 4y, be homoderivations on rings R4, R,, ..., R, respectively. Thenu; @ u, @ ... D
Uy is @ homoderivation on the directsum R; @ R, @ ... D R,,.

Proof. We will show that, u; @ u, @ ... S u, onR; SR, ® ... B Ry,

1. We will show that u; ®u, ® ... u, is additive on ring R, R, P ..DR,. Given any
(ay, a9, ...,a,),(04,05,..,6,) ER, DR, D ..DR,,.

1 Dy @ ... © pn((ay, az, .., ay) + (01,6, ..., 6,))

= @@ ..Ou)(ay +61, az +6;,...,an,+6y)

= (H1(0‘1 + 00, u(ay + 63), ...,y (ay + en))

= (#1 (ay) + p1(61), uz(az) + p2(63), ..., un(ay) + hn(en))

= (@), p2(@z), o, tn(@n)) + (2(61), 12(82), ., 1 (6))

= Ou®.Ou)ay,az .., an) + (U O u @ ... © ) (04,0, ..., 6,).
Thus, u; @ u, @ ... D u, isadditive.

2. (1 D p2 @ .. O pn) (@161, @205, ..., a3 6p)

= (#1 (a161), 12 (a26,), ---»Hn(anen))

= (ﬂ1(“1)ﬂ1(91) + w1 (aq)01 + a1 (01), z (@) 12 (02) + pp(az)8; + azuz(63), ..., pin (@) pn (6)
+ un(an)6y, + an.un(en))

= (1 (@) p1 (61D, 2 (21282, .., b (@) () + (1 (1)1, 2 (0203, ..., 1 (@) B)
+ (a1.u1 (61), azp(65), ..., an.un(en))
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= (I’ll (0(1), Uz ((12), ] .un(an))(.ul (91)1 Uz (92), Ty (en)) + (.u'l (0.’1), Uz ((ZZ)J Sy (an))(ell 92! R 971)
+ (all Az, ..., an)(.ul(el)l MZ(BZ)I L] .un(en))

= Ou @ ... ® u)(ay, az, ., an) (g O py © .. G un) (04,6, ..., 6y)
+ (:u'l @ Uy 69 @ .un)(all a3, ..., an)(el' 92) L) Qn)
+ (all Az, ..., an)(#l @ %) @ @ ,un)(glr 62! L) 91’1)

Hence, u, @ u, @ ... ® u, is ahomoderivationonring R; @ R, @ ... B R,,. [
We now provide an example demonstrating Theorem 2.

Example 3. Let M; = { g 2 |, 8 € Z} and M, = {[g g] | a, 0 € Z}. We define py: My, - M; and

TR A A R

We will show that y; @ p, is a homoderivation on M; @ M,.

. 0 o 0
G|VenanyU1:[Oé)1 9],]/1: O(-)l ]eMlandUz—[ ] V, = 2 ]EMZ
1 |

We will show that i, @ p, is an additive mapping on ring M; @ M,.
(g © wz)(Uy + V3, Uy +V3)

—wom ([t o|+[T o][% %+[7 E)

ay + 01 (l2+0'2 92+T2)
= (U O uz) ([ 91+T1] 0 ]

=@W?%uwwr%rm

([0~ + ol ls _(%MZ)D

=(lo o[ o D+(o <o %)

o ) R A ()

—(ﬂl@ﬂz)(al :1,[a2 32)+(ﬂ1®“2)(01 0] o OZD

0 O
= (U1 @O p2) Uy, Up) + (ug @D pz) (V, V).
Now,
0 0
(u1 ® u2) U1V, UV,) = (g @D Mz)( 0 0 ] n Tl]'[o(z)z 602 [002 TOZD

o ([ 0] )
S (R P (s “ZJZD)
=(fo oo ~57)
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On the other hand,
(u1 D u2) (U, Up) (g © uz) V4, Vo) + (g D ) (Uy, Up) (V4, Vo) + (Uy, U) (py @ uz) (V4, V)

=(u1@uz)(a1 90],“2 62)(/1169;12)(01 Tl“ )
Cwom(i AL (G S 9
(% o)t HWwew(s 15 T
=@mﬂw%%wwﬁmu%m)
(lls oD W) M T
o s 3Dl et )
=@%W”M3H$f)ﬂ%] S(ER A )
+(F€ QJ'Fg ﬁi)(o o)l gé)
elorl'[g 8])+(_8 —90111 ) ([0 —0111 _aéaz])

=(lo - )-l0 ~2*I)

Hence, 1y @ u, is a homoderivation on M; @ M,.

(@)

I
—~
o oo

A homoderivation on a ring M reduces to a derivation whenever u(a)u(8) = 0, for every @, 0 € M,
that is, the multiplicative term in the definition of a homoderivation vanishes. This condition holds, for
example, when w is the zero mapping, when one of the images vanishes, or when both images are nonzero.
However, their product is zero, as may occur in the presence of zero divisors or orthogonal homomorphisms.
We now present an illustrative example.

Example 4. Let M = { 0 6] |, 8,6 € Z} We define a mapping u: M — M by

a 61\ _[0 -6 a 0
,u(o 6)_[0 0],forvery[0 5] € M.
We will show that u is a homoderivation on M.

a, 06,
o=[% %lv=[% Yem

We have:

M(UV)=H([061 §ﬂ[062 gi])

=u <[a10l2 0.’192 + 9162])

0 616,
_ [0 —(a;6; + 0,63) .
0 0
On the other hand,

p(DuV) + p(U)V + Uu(V)
a1 ) R et e )

:[g _091][8 _gz]+[g _091”%2 ] [0 51] _92] [33]
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_ [0 0]+[0 _9662]+[8 —alez]

0 0 0 0
_ [0 —(a16, + 9152)].
0 0

This shows that u(UV) = u()uV) + u(U)V + Uu(V), for every U,V € M. It is proven that u is a

homoderivation mapping on ring M.

In Example 5, we obtain u(U)u(V) = [8 8] Hence, by the previous result, the homoderivation u is also a

derivation on the ring M whenever u(U)u(V) = 0.

In the next result, we establish the relationship between homoderivations and inner derivations.

Theorem 3. LetaringR and a € Z(R) = {x € R | xy = yx,Vy € R}. Inner derivation u,: R — R, where:
ba:y P ly,al =ya—ay

is a homoderivation on ring R.

Proof. We will show that u,, is a homoderivation on ring R. First, we will show that u,, is an additive mapping
onring R. Given any y,m € R. We have:

[y + o]
= (y+ma—a(y +n)

Ua(y +m)

= ya+na—ay —an

= ya—ay +na —1nx

= [y.al+[ma]

= pa(y) + ua(m)
Now, pu,(ym) = [ym, a] = yna — aym.

On the other hand,
ta (Wta(@) + w7+ ype(m) = [y, allr el + [y, alr +y[r, a]

= (ya—ay)(ma —an) + (ya — ay)n + y(na — an)
= (ya —ya)(ma —an) + (ya — ya)w + y(mwa — an)
= yma—yan
= yma—ayn
= pe(ym).

Hence, u, is a homoderivation on ring R. [

To illustrate Theorem 3, we present the following example.

A0

Example 5. Given ring M, (Z) = {[g ;] |a, b€ Z} and choose A = [0 1

M,(Z), by:

] € M. We define uy: M, (Z) -
Ua: P~ [X,A] = XA — AX, forevery X € M,(Z).

We will show that u, is a homoderivation on ring M, (Z).

Givenany X = [Zi ;11])’ = [gz 72] € M,(Z).

We have:

D=5, mlls, ml)
_ £1&6 + 116, &1+ 1M,

= Ha ([6152 +m 8, 6.1, + nlnz])
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_|[a1&2 + b2 & + T17T2] [/'l O]]
618, + 6, Oy +mymyl’l0 2
_[a1&82 + 162 &7 + T17T2] [A O] _ [A 0] [8152 + 1716, &7+ Tlﬂz]
016, + 16, 01T, +mym,] 0 A 0 AMId& +mb, 817, + MM,
_ [e1824 + 11624 1T + Ty A Aeigy +A116,  AgqT, + Atymy,
TS + T 8A Syt ] [/15182 + Am 6, AdiT, + Anlnz]'

On the other hand,
paXua(YV) + ps(X)Y + Xpua(Y)

o [ [ | i | P P | S M |
o PO O R | | B H]iﬂ
o P Sl [ G B | i [ sy

_[&182 + 1162, T+ T17T2] [A 0] _ [A 0] [8152 +1,6;, &1+ Tlﬂz]
016, + 16, ST +mymy] L0 A 0 Mld1e, + 10, 61715 + MMy

_ —8182}{ + T152/1 £1T2A + Tlnz}{:l _ /‘15182 + /11'152 /‘1811'2 + /17,'17'[2]
T 818 + i 8A 61T, + TR Ab1&, + A6, AS T, + Amym,)

We have py (XY) = ua (X us(Y) + ua(X)Y + Xuy, (Y) and hence, p, is ahomoderivation on the ring M, (Z).

In the following theorem, we describe the structure of the set of constants of a homoderivation on a ring R.

Theorem 4. Let R be aring and u be a homoderivation on R. If €, = {a € Z |u(a) = 0} set of all constant
elements of p, then C,, is a Z-module.

Proof. Since every Abelian group is a Z-module, it suffices to show that C, is an Abelian group in order to
conclude that C, is a Z-module.

1. Givena,0 € C,. We have:
ula +0) = p(a) + u()
=0+0
=0.
2. Givena,8,y € Cu- We have:
u(la+0)+y) =upla+6)+u@®)
= u(a) + @) + u(y)
= p(a) +u(6 +v)
=p(a+ (6 +v)).
3. There exists an identity element, that is 0 € C,, such that u(0) + u(a) = u(0 + @) = u(a).
4. Forevery a € C,, there exists —a € C,, such that u(a) + u(—a) = u(a + (—a)) = u(0) = 0.
5. Givenany a,6 € C,. We have u(a + 0) = p(a) + u(0) = 0 = u(0) + u(a) = u(6 + a).

Thus, it is proven that (C,,, +) is an Abelian group. Consequently, (C,, +) is a Z-module. [

4. CONCLUSION

Based on the preceding discussion, a homoderivation on a ring combines the Leibniz rule with the
multiplicative property of a ring homomorphism. We show that the sum of two homoderivations is again a
homoderivation, provided the maps h, and h, are orthogonal (mutually annihilating). Moreover, the direct
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sum of homoderivations on their respective rings is also a homoderivation. In contrast, scalar multiplication
of a homoderivation does not, in general, yield another homoderivation. Additionally, the set of constants of
a homoderivation forms a Z-module.
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