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Article Info ABSTRACT 

Article History: 
Let 𝐿 be a set equipped with two binary operations, addition (+) and multiplication [, ]: 𝐿 × 𝐿 →
𝐿. The triple (𝐿, +, [, ]) is a Lie ring if its multiplication ([, ]) is the Lie bracket commutator 

defined by [𝑥, 𝑦]  =  𝑥𝑦 − 𝑦𝑥 for every 𝑥, 𝑦 ∈ 𝐿. A homoderivation on a Lie ring is a mapping 

𝐻 ∶  𝐿 → 𝐿 that satisying the equation 𝐻([𝑥, 𝑦])  =  [𝐻(𝑥), 𝐻(𝑦)]  +  [𝐻(𝑥), 𝑦]  + [𝑥, 𝐻(𝑦)], for 

all 𝑥, 𝑦 ∈ 𝐿. The set of all homoderivations on 𝐿 is denoted by 𝐻𝐷𝐿. This paper investigates the 

structure of 𝐻𝐷𝐿 with the binary operations of addition and composition. It is shown that 𝐻𝐷𝐿 

does not form a ring. Therefore, we introduce a subset 𝐻𝐿 ⊆ 𝐻𝐷𝐿 satisfying the 𝑅𝐻 property. 

Under this condition, it is shown that (𝐻𝐿,⊕,∘) forms a ring. Furthermore, using the bracket 

operator, the structure (𝐻𝐿,⊕, [, ]) is also a Lie ring. In addition, this paper formulates an 

iteration of homoderivations in terms of the sigma sum of Lie ring elements. 
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1. INTRODUCTION 

A ring is an algebraic structure that consists of a non-empty set equipped with two binary operations, 

namely the addition (+) and the multiplication (⋅), that satisfying specific axioms. A ring (denoted by 𝑅) is 

usually written as a triple (𝑅, +,⋅), where (𝑅, +) is an abelian group, (𝑅,⋅) is a semigroup, and 𝑅 with addition 

and multiplication operations satisfies the left and right distributive laws [1].  More developments in ring 

theory were introduced by Sophus Lie (1842-1899) through an operation known as the Lie bracket, commonly 

denoted by [, ]. This operation defines a non-associative structure that is anticommutative and satisfies the 

Jacobi identity, leading to the concept of a Lie ring [2]. In specific, a Lie ring 𝐿 satisfies the identity 

[𝑋, [𝑌, 𝑍]] + [𝑌, [𝑍, 𝑋]] + [𝑍, [𝑋, 𝑌]] = 0 for all 𝑋, 𝑌, 𝑍 ∈ 𝐿 [3]. 

The notion of derivation, originating in analysis, has been extended to algebraic contexts such as rings 

and semirings. The concept of derivation was first introduced by two great figures, namely Sir Isaac Newton 

(1642–1727) and Gottfried Wilhelm Leibniz (1646–1716). Since that time, the concept of derivation has 

evolved not only in analysis but also in algebra, leading to the definition of derivation on rings [4] and 

semirings [5]. In general, an additive mapping 𝑑: 𝑅 → 𝑅 is called a derivation on the ring (𝑅, +,⋅) if it satisfies 

Leibniz’s rule 𝑑(𝑥 + 𝑦) = 𝑑(𝑥) + 𝑑(𝑦) and 𝑑(𝑥𝑦) = 𝑑(𝑥)𝑦 + 𝑥 𝑑(𝑦) for all 𝑥, 𝑦 ∈ 𝑅 [6].  

In previous research, Artemovych discussed the derivation rings of Lie rings [7]. Next, the research 

was explored by [8]. When applied to Lie rings, the definition of derivation is adapted to the bracket operation. 

A derivation on a Lie ring 𝐿 is an additive mapping 𝑑: 𝐿 → 𝐿 that satisfies 𝑑(𝑥 + 𝑦) = 𝑑(𝑥) + 𝑑(𝑦) and 

𝑑([𝑥, 𝑦]) = [𝑑(𝑥), 𝑦] + [𝑥, 𝑑(𝑦)] for all 𝑥, 𝑦 ∈ 𝐿.  

Moreover, the concept of homomorphic and derivational properties within ring structures. An additive 

mapping 𝑓: 𝑅 → 𝑅 is called a homomorphism if 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) and 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦), for all 

𝑥, 𝑦 ∈ 𝑅 [9]. By combining the concepts of homomorphism and derivation, El-Sofy (2000) introduced the 

concept of homoderivation. A homoderivation combines homomorphic and derivational properties within 

ring structures. A mapping ℎ: 𝑅 → 𝑅 is called a homoderivation if it satisfies the equation ℎ(𝑥𝑦) =
ℎ(𝑥)ℎ(𝑦) + ℎ(𝑥)𝑦 + 𝑥ℎ(𝑦) for all 𝑥, 𝑦 ∈ 𝑅 [10]. Based on this definition, there have been several previous 

studies related to homoderivations. Among them, Sarikaya investigated Results on Lie ideals of prime rings 

with homoderivations [11]. Furthermore, Said Belkadi, Shakir Ali, and Lahcen Taoufiq in 2023 explained 

nilpotent homoderivations in prime rings [12]. 

From [7], Artemovych also discusses the condition that the set of all derivations 𝐷𝑒𝑟𝐴, forms a Lie 

ring. This structure is equipped with point-wise addition and the Lie multiplication defined by [𝑑, 𝛿](𝑟)  =
 𝑑(𝛿(𝑟))  − 𝛿(𝑑(𝑟)). However, unlike derivations, the structure of the set of all homoderivations has not 

been thoroughly explored. In particular, it is natural to ask whether the set of all homodoreviations on a Lie 

ring forms a similar structure to the set of all derivations. 

Motivated by this problem, we investigate the algebraic structure of the set of all homoderivations on 

the Lie ring 𝐿, denoted by 𝐻𝐷𝐿, with the multiplication operation defined by [𝐻1, 𝐻2](𝑎) =  (𝐻1 ∘ 𝐻2)(𝑎) −
(𝐻2 ∘ 𝐻1)(𝑎), where 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿 and 𝑎 ∈ 𝐿. This research explores the construction and characterisation 

of Lie rings from sets of homoderivations, which generalize derivation on Lie rings. In addition, we present 

some recent examples of homoderivations on Lie rings, identify conditions that ensure the existence of 𝐻𝐷𝐿 

as Lie rings, and investigate the 𝑛-th iteration of a homoderivation on a Lie ring. 

2. RESEARCH METHODS 

This research investigates the algebraic structure of the set of homoderivations on a Lie ring 𝐿. We 

begin with a literature review that includes derivations, Lie rings, homoderivations, properties of Lie algebras, 

and several related theorems in [13], [14], and [15]. Following this, we introduce the construction process for 

the set of all homoderivations on L, denoted as 𝐻𝐷𝐿, and define the operations as (𝐻1 ⊕ 𝐻2)(𝑎)  =
 𝐻1(𝑎)  + 𝐻2(𝑎) and [𝐻1, 𝐻2](𝑎)  =  (𝐻1 ∘ 𝐻2)(𝑎)  − (𝐻2 ∘  𝐻1)(𝑎), where 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿 and 𝑎 ∈ 𝐿. 

Next, we formulate conjectures regarding the properties of this multiplication operation and the necessary 

conditions for a subset of 𝐻𝐷𝐿 to qualify as a Lie ring. We also provide several examples of Lie rings and 

their associated homoderivations to illustrate the construction process. We prove fundamental properties like 

antisymmetry and the Jacobi identity, to establish that a subset of 𝐻𝐷𝐿 is a Lie ring under the defined 

operation. 
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In constructing HDL, it is important to understand the following definitions. 

Definition 1. [2] Let (𝑅, +,⋅) be a non-associative ring. The binary operation bracket [ , ]: 𝑅 × 𝑅 → 𝑅 is called 

the Lie bracket if for all 𝑥, 𝑦 ∈ 𝑅 satisfy: 

1. [𝑥, 𝑥]  =  0𝑅 (Anticommutativity), 

2. Jacobi identity, 

a. [𝑥, [𝑦, 𝑧]]  +  [𝑦, [𝑧, 𝑥]]  + [𝑧, [𝑥, 𝑦]]  =  0 (Right-normed Jacobi identity), 

b. [[𝑥, 𝑦], 𝑧]  +  [[𝑦, 𝑧], 𝑥]  + [[𝑧, 𝑥], 𝑦]  =  0 (Left-normed Jacobi identity). 

The triple (𝑅, +, [ , ]) is called Lie ring if the bracket operation satisfies (1) and (2). 

We begin with some examples of Lie rings illustrating Definition 1. 

Example 1. Let ℱ2 be the set of all functions 𝑓 ∶ ℝ2 → ℝ such that 𝑓𝑥 (the partial derivative with respect to 

𝑥) and 𝑓𝑦 (the partial derivative with respect to 𝑦) are continuous and differentiable. We can prove, based on 

the ring’s axioms, that (ℱ2, +,⋅) is ring. Define the Lie bracket operation "[, ]" by [𝑓, 𝑔](𝑥, 𝑦)  =
 (𝑓𝑥 𝑔𝑦)(𝑥, 𝑦)  − (𝑓𝑦  𝑔𝑥)(𝑥, 𝑦), for all 𝑓, 𝑔 ∈  ℱ2. If 𝑓, 𝑔 ∈  ℱ2, then 𝑓𝑥 , 𝑓𝑦 , 𝑔𝑥 , 𝑔𝑦 are continuous functions. 

Since sums and products of continuous functions are continuous, (𝑓𝑥 𝑔𝑦)(𝑥, 𝑦) − (𝑓𝑦𝑔𝑥)(𝑥, 𝑦) is continuous. 

Hence, [𝑓, 𝑔](𝑥, 𝑦) ∈  ℱ2. To show the anti-commutative, consider [𝑓, 𝑔](𝑥, 𝑦) = (𝑓𝑥  𝑔𝑦)(𝑥, 𝑦)  −

 (𝑓𝑦  𝑔𝑥)(𝑥, 𝑦) = −(𝑔𝑥𝑓𝑦(𝑥, 𝑦) − 𝑔𝑦𝑓𝑥(𝑥, 𝑦)) = −[𝑔, 𝑓](𝑥, 𝑦), since multiplication in ℝ is commutative. Let 

𝑓, 𝑔, ℎ ∈ ℱ2 with [𝑓, 𝑔](𝑥, 𝑦)  =  (𝑓𝑥 𝑔𝑦)(𝑥, 𝑦)  − (𝑓𝑦  𝑔𝑥)(𝑥, 𝑦). Then [𝑓, [𝑔, ℎ]](𝑥, 𝑦) = (𝑓𝑥(𝑔𝑥ℎ𝑦 −

𝑔𝑦ℎ𝑥)
𝑦

)(𝑥, 𝑦) − (𝑓𝑦(𝑔𝑥ℎ𝑦 − 𝑔𝑦ℎ𝑥)
𝑥

)(𝑥, 𝑦). By the product rule, we obtain  

(𝑔𝑥ℎ𝑦 − 𝑔𝑦ℎ𝑥)
𝑦

= 𝑔𝑥𝑦ℎ𝑦 + 𝑔𝑥ℎ𝑦𝑦 − 𝑔𝑦𝑦ℎ𝑥 − 𝑔𝑦ℎ𝑥𝑦, 

(𝑔𝑥ℎ𝑦 − 𝑔𝑦ℎ𝑥)
𝑥

= 𝑔𝑥𝑥ℎ𝑦 + 𝑔𝑥ℎ𝑦𝑥 − 𝑔𝑦𝑥ℎ𝑥 − 𝑔𝑦ℎ𝑥𝑥 . 

Therefore,   

[𝑓, [𝑔, ℎ]](𝑥, 𝑦)  =  (𝑓𝑥𝑔𝑥𝑦ℎ𝑦)(𝑥, 𝑦) + (𝑓𝑥𝑔𝑥ℎ𝑦𝑦)(𝑥, 𝑦) − (𝑓𝑥𝑔𝑦𝑦ℎ𝑥)(𝑥, 𝑦) − (𝑓𝑥𝑔𝑦ℎ𝑥𝑦)(𝑥, 𝑦) −

(𝑓𝑦𝑔𝑥𝑥ℎ𝑦)(𝑥, 𝑦) − (𝑓𝑦𝑔𝑥ℎ𝑦𝑥)(𝑥, 𝑦) + (𝑓𝑦𝑔𝑦𝑥ℎ𝑥)(𝑥, 𝑦) + (𝑓𝑦𝑔𝑦ℎ𝑥𝑥)(𝑥, 𝑦).  

Similarly,  

[𝑔, [ℎ, 𝑓]](𝑥, 𝑦) = (𝑔𝑥ℎ𝑥𝑦𝑓𝑦)(𝑥, 𝑦) + (𝑔𝑥ℎ𝑥𝑓𝑦𝑦)(𝑥, 𝑦) − (𝑔𝑥ℎ𝑦𝑦𝑓𝑥)(𝑥, 𝑦) − (𝑔𝑥ℎ𝑦𝑓𝑥𝑦)(𝑥, 𝑦) −

(𝑔𝑦ℎ𝑥𝑥𝑓𝑦)(𝑥, 𝑦) − (𝑔𝑦ℎ𝑥𝑓𝑦𝑥)(𝑥, 𝑦) + (𝑔𝑦ℎ𝑦𝑥𝑓𝑥)(𝑥, 𝑦) + (𝑔𝑦ℎ𝑦𝑓𝑥𝑥)(𝑥, 𝑦), 

[ℎ, [𝑓, 𝑔]](𝑥, 𝑦) = (ℎ𝑥𝑓𝑥𝑦𝑔𝑦)(𝑥, 𝑦) + (ℎ𝑥𝑓𝑥𝑔𝑦𝑦)(𝑥, 𝑦) − (ℎ𝑥𝑓𝑦𝑦𝑔𝑥)(𝑥, 𝑦) − (ℎ𝑥𝑓𝑦𝑔𝑥𝑦)(𝑥, 𝑦) −

(ℎ𝑦𝑓𝑥𝑥𝑔𝑦)(𝑥, 𝑦) − (ℎ𝑦𝑓𝑥𝑔𝑦𝑥)(𝑥, 𝑦) + (ℎ𝑦𝑓𝑦𝑥𝑔𝑥)(𝑥, 𝑦) + (ℎ𝑦𝑓𝑦𝑔𝑥𝑥)(𝑥, 𝑦). 

Therefore, [𝑓, [𝑔, ℎ]] + [𝑔, [ℎ, 𝑓]] + [ℎ, [𝑓, 𝑔]] = 0. Hence, (ℱ2, +, [ , ]) is a Lie ring. 

Example 2. Consider the ring of 2 × 2 matrices over the real numbers, denoted by (𝑀2×2(ℝ), +,⋅). We show 

that (𝑀2×2(ℝ), +,⋅) is a Lie ring with respect to the bracket operation "[, ]" defined by [𝐴, 𝐵]  =  𝐴𝐵 −  𝐵𝐴, 

for all 𝐴, 𝐵 ∈ 𝑀2×2(ℝ). For any 𝐴, 𝐵 ∈ 𝑀2×2(ℝ), [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴 ∈ 𝑀2×2(ℝ). If 𝐴 = 𝐶 and 𝐵 = 𝐷, then 

[𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴 = 𝐶𝐷 − 𝐷𝐶 = [𝐶, 𝐷], so the operation is well-defined. Next, we show the bracket 

operation is anti-commutative. For any 𝐴, 𝐵 ∈ 𝑀2×2(ℝ), [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴 = −(𝐵𝐴 − 𝐴𝐵) = −[𝐵, 𝐴]. In 

particular, [𝐴, 𝐴] = 𝐴𝐴 − 𝐴𝐴 = 0. We now prove the Jacobi identity. Let 𝐴, 𝐵, 𝐶 ∈ 𝑀2×2(ℝ). Then, by 

using distributivity and associativity of matrix multiplication, [[𝐴, 𝐵], 𝐶] = 𝐴𝐵𝐶 − 𝐵𝐴𝐶 − 𝐶𝐴𝐵 + 𝐶𝐵𝐴. 

Similarly, [[𝐵, 𝐶], 𝐴] = 𝐵𝐶𝐴 − 𝐶𝐵𝐴 − 𝐴𝐵𝐶 + 𝐴𝐶𝐵, and [[𝐶, 𝐴], 𝐵] = 𝐶𝐴𝐵 − 𝐴𝐶𝐵 − 𝐵𝐶𝐴 + 𝐵𝐴𝐶. Adding 

the three expressions, we obtain [[𝐴, 𝐵], 𝐶] + [[𝐵, 𝐶], 𝐴] + [[𝐶, 𝐴], 𝐵] = 0. Hence, (𝑀2×2(ℝ), +, [ , ]) is a Lie 

ring. 

Example 3. Consider the ring (ℍ, +,⋅), where  ℍ = { 𝑞 =  𝑎 +  𝑏𝑖 +  𝑐𝑗 +  𝑑𝑘 |𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ and 𝑖, 𝑗, 𝑘 are 

imaginary units}, with the Lie bracket operation defined by [𝑞1, 𝑞2] = 𝑞1 𝑞2 − 𝑞2𝑞1 for all 𝑞1, 𝑞2 ∈ ℍ. Since 

(ℍ, +,⋅) is ring, [𝑞1, 𝑞2] ∈ ℍ. For all 𝑞1, 𝑞2 ∈ ℍ, [𝑞1, 𝑞2] = 𝑞1 𝑞2 − 𝑞2𝑞1 = −(𝑞2𝑞1 − 𝑞1𝑞2) = −[𝑞2, 𝑞1]. 

In particular, [𝑞, 𝑞] = 0 for every 𝑞 ∈ ℍ. Next, we show the Jacobi identity. For 𝑞1, 𝑞2, 𝑞3 ∈ ℍ, 

[𝑞1, [𝑞2, 𝑞3]]  = 𝑞1(𝑞2𝑞3 − 𝑞3𝑞2) − (𝑞2𝑞3 − 𝑞3𝑞2)𝑞1 = 𝑞1𝑞2𝑞3 − 𝑞1𝑞3𝑞2 − 𝑞2𝑞3𝑞1 + 𝑞3𝑞2𝑞1, 
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and similarly, [𝑞2, [𝑞3, 𝑞1]] = 𝑞2𝑞3𝑞1 − 𝑞2𝑞1𝑞3 − 𝑞3𝑞1𝑞2 + 𝑞1𝑞3𝑞2, and [𝑞3, [𝑞1, 𝑞2]] = 𝑞3𝑞1𝑞2 −
𝑞3𝑞2𝑞1 − 𝑞1𝑞2𝑞3 + 𝑞2𝑞1𝑞3. 

Adding these expressions and using the associativity of the quaternion multiplication, the terms will cancel 

out each other and give [𝑞1, [𝑞2, 𝑞3]] + [𝑞2, [𝑞3, 𝑞1]] + [𝑞3, [𝑞1, 𝑞2]] = 0. 

After defining the structure of the Lie ring, we now introduce a mapping that is closely related to the ring 

multiplication. We define a homoderivation on 𝑅. 

Definition 2. [10] A homoderivation on 𝑅 is an additive mapping 𝐻: 𝑅 → 𝑅 that satisfies 𝐻(𝑥𝑦)  =
 𝐻(𝑥)𝐻(𝑦) +  𝐻(𝑥)𝑦 +  𝑥𝐻(𝑦) for all 𝑥, 𝑦 ∈ 𝑅. 

The following remark explains how a homoderivation interacts with the Lie bracket defined by the 

commutator. This observation will be useful in the subsequent results. 

Remark. [11] A homoderivation on a Lie ring with the bracket operation defined by [𝑥, 𝑦]  =  𝑥𝑦 −  𝑦𝑥 

satisfies 

𝐻([𝑥, 𝑦])   =  𝐻(𝑥𝑦 −  𝑦𝑥)  

=  𝐻(𝑥𝑦)  −  𝐻(𝑦𝑥) 

=  𝐻(𝑥)𝐻(𝑦)  +  𝐻(𝑥)𝑦 +  𝑥𝐻(𝑦)  −  𝐻(𝑦)𝐻(𝑥)  −  𝐻(𝑦)𝑥 −  𝑦𝐻(𝑥) 

=  [𝐻(𝑥), 𝐻(𝑦)]  +  [𝐻(𝑥), 𝑦]  + [𝑥, 𝐻(𝑦)]. 

 

3. RESULTS AND DISCUSSION 

In this section, we discuss homoderivations on Lie rings. After that, we construct the set of all 

homoderivations on a Lie ring and explore the conditions under which it forms a Lie ring. 

3.1 Homoderivations on Lie rings 

Recall from Definition 2 that a homoderivation on a Lie ring 𝐿 is a mapping 𝐻: 𝐿 → 𝐿 satisfying 

𝐻([𝑥, 𝑦])  =  [𝐻(𝑥), 𝐻(𝑦)]  +  [𝐻(𝑥), 𝑦]  + [𝑥, 𝐻(𝑦)], for all 𝑥, 𝑦 ∈ 𝐿. We now present several examples of 

homoderivations on Lie rings. 

Example 4. Consider the linear mapping 𝐻 ∶  ℱ2 →  ℱ2, where 𝐻(𝑓)(𝑥, 𝑦)  =  −𝑓(𝑥, 𝑦). We will show that 

𝐻 is a homoderivation on the Lie ring ℱ2. By Definition 2, a homoderivation on a ring ℱ2 is a mapping 

𝐻: ℱ2 → ℱ2 satisfying 𝐻(𝑓𝑔) = 𝐻(𝑓)𝐻(𝑔) + 𝐻(𝑓)𝑔 + 𝑓𝐻(𝑔), for all 𝑓, 𝑔 ∈ ℱ2. The Lie bracket on ℱ2 is 

defined by [𝑓, 𝑔](𝑥, 𝑦) = (𝑓𝑥  𝑔𝑦)(𝑥, 𝑦) − (𝑓𝑦𝑔𝑥)(𝑥, 𝑦).  For the left-hand side, we obtain 

𝐻([𝑓, 𝑔](𝑥, 𝑦))  =  𝐻((𝑓𝑥𝑔𝑦)(𝑥, 𝑦) − (𝑓𝑦𝑔𝑥)(𝑥, 𝑦)) = 𝐻(𝑓𝑥𝑔𝑦)(𝑥, 𝑦) − 𝐻(𝑓𝑦𝑔𝑥)(𝑥, 𝑦) 

= [𝐻(𝑓𝑥)𝑔𝑦 + 𝑓𝑥𝐻(𝑔𝑦) + 𝐻(𝑓𝑥)𝐻(𝑔𝑦)](𝑥, 𝑦) − [𝐻(𝑓𝑦)𝑔𝑥 + 𝑓𝑦𝐻(𝑔𝑥) + 𝐻(𝑓𝑦)𝐻(𝑔𝑥)](𝑥, 𝑦) 

=  [(−𝑓𝑥)𝑔𝑦 + 𝑓𝑥(−𝑔𝑦) + (−𝑓𝑥)(−𝑔𝑦) ](𝑥, 𝑦) − [(−𝑓𝑦)𝑔𝑥 + 𝑓𝑦(−𝑔𝑥) + (−𝑓𝑦)(−𝑔𝑥)](𝑥, 𝑦) 

=  [ −𝑓𝑥𝑔𝑦 − 𝑓𝑥𝑔𝑦 + 𝑓𝑥𝑔𝑦](𝑥, 𝑦) − [−𝑓𝑦𝑔𝑥 − 𝑓𝑦𝑔𝑥 + 𝑓𝑦𝑔𝑥](𝑥, 𝑦) 

=  −(𝑓𝑥𝑔𝑦)(𝑥, 𝑦) + (𝑓𝑦𝑔𝑥)(𝑥, 𝑦)  

=  −[(𝑓𝑥𝑔𝑦)(𝑥, 𝑦) − (𝑓𝑦𝑔𝑥)(𝑥, 𝑦)] 

=  −[𝑓, 𝑔](𝑥, 𝑦). 

For the right-hand side, we consider [𝐻(𝑓𝑥)𝑔𝑦 + 𝑓𝑥𝐻(𝑔𝑦) + 𝐻(𝑓𝑥)𝐻(𝑔𝑦)](𝑥, 𝑦) − [𝐻(𝑓𝑦)𝑔𝑥 + 𝑓𝑦𝐻(𝑔𝑥) +

𝐻(𝑓𝑦)𝐻(𝑔𝑥)](𝑥, 𝑦) = [𝐻(𝑓)𝐻(𝑔)](𝑥, 𝑦) + [𝐻(𝑓), 𝑔](𝑥, 𝑦) + [𝑓, 𝐻(𝑔)](𝑥, 𝑦), we obtain 

[𝐻(𝑓)𝐻(𝑔)](𝑥, 𝑦)  = (−𝑓)𝑥(−𝑔)𝑦 − (−𝑓)𝑦(−𝑔)𝑥 = (𝑓𝑥𝑔𝑦 − 𝑓𝑦𝑔𝑥)(𝑥, 𝑦) = [𝑓, 𝑔](𝑥, 𝑦), 

[𝐻(𝑓), 𝑔](𝑥, 𝑦) = (−𝑓)𝑥𝑔𝑦 − (−𝑓)𝑦𝑔𝑥 = −(𝑓𝑥𝑔𝑦 − 𝑓𝑦𝑔𝑥)(𝑥, 𝑦) =  −[𝑓, 𝑔](𝑥, 𝑦), 

[𝑓, 𝐻(𝑔)](𝑥, 𝑦) =  𝑓𝑥(−𝑔)𝑦 −  𝑓𝑦(−𝑔)𝑥 = −(𝑓𝑥𝑔𝑦 − 𝑓𝑦𝑔𝑥)(𝑥, 𝑦) =  −[𝑓, 𝑔](𝑥, 𝑦). 

Comparing both sides, we obtain 𝐻 is a homoderivation on the Lie ring ℱ2. 
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Example 5. From Example 2, we know that (𝑀2×2(ℝ), +, [ , ]) is a Lie ring. Define a mapping 𝐻 ∶
 𝑀2×2(ℝ) → 𝑀2×2(ℝ) where 𝐻(𝐴) =  𝑡𝑟𝑎𝑐𝑒(𝐴) ⋅ 𝐼 for all 𝐴 ∈ 𝑀2×2(ℝ). We will show that the mapping 𝐻 

is a homoderivation. For the left-hand side, we have 𝐻([𝐴, 𝐵]) =  𝑡𝑟𝑎𝑐𝑒([𝐴, 𝐵]) ⋅ 𝐼 =  𝑡𝑟𝑎𝑐𝑒(𝐴𝐵 −  𝐵𝐴) ⋅

 𝐼 = (𝑡𝑟𝑎𝑐𝑒(𝐴𝐵) − 𝑡𝑟𝑎𝑐𝑒(𝐵𝐴)) ⋅ 𝐼 = [𝑡𝑟𝑎𝑐𝑒 ((
𝑎11 𝑎12

𝑎21 𝑎22
) (

𝑏11 𝑏12

𝑏21 𝑏22
)) −

𝑡𝑟𝑎𝑐𝑒 ((
𝑏11 𝑏12

𝑏21 𝑏22
) (

𝑎11 𝑎12

𝑎21 𝑎22
))] ⋅ 𝐼 = [(𝑎11𝑏11 + 𝑎12𝑏21 + 𝑎21𝑏12 + 𝑎22𝑏22) − (𝑏11𝑎11 + 𝑏12𝑎21 +

 𝑏21𝑎12 + 𝑏22𝑎22)] ⋅ 𝐼 = (
0 0
0 0

), and for the right-hand side, we obtain 

[𝐻(𝐴), 𝐻(𝐵)] =  (𝑎11 + 𝑎22)𝐼 ⋅ (𝑏11 +  𝑏22)𝐼 − (𝑏11 + 𝑏22)𝐼 ⋅ (𝑎11 + 𝑎22)𝐼 = (
0 0
0 0

), 

[𝐻(𝐴), 𝐵] =  𝐻(𝐴)𝐵 − 𝐵𝐻(𝐴) = (𝑎11 + 𝑎22)𝐼 ⋅ 𝐵 −  𝐵 ⋅ (𝑎11 + 𝑎22)𝐼 = (
0 0
0 0

), 

[𝐴, 𝐻(𝐵)] =  𝐴𝐻(𝐵) −  𝐻(𝐵)𝐴 =  𝐴(𝑏11 + 𝑏22) ⋅ 𝐼 − (𝑏11 + 𝑏22)𝐼 ⋅ 𝐴 = (
0 0
0 0

). 

Comparing both sides, we obtain 𝐻([𝐴, 𝐵]) =  [𝐻(𝐴), 𝐻(𝐵)] +  [𝐻(𝐴), 𝐵] + [𝐴, 𝐻(𝐵)]. Hence, 𝐻 is a 

homoderivation on the Lie ring 𝑀2×2(ℝ). 

Example 6. Consider the set 𝐺𝐿2(ℝ) = {𝑆 ∈ 𝑀2×2(ℝ) ∣ 𝑑𝑒𝑡(𝑆) ≠ 0}. Define a mapping 𝐻𝑆: 𝑀2×2(ℝ) →
𝑀2×2(ℝ) where 𝐻𝑆(𝑋) =  𝐺(𝑋)  −  𝑋 where 𝐺(𝑋)  =  𝑆𝑋𝑆−1 with 𝑆 ∈ 𝐺𝐿2(ℝ) and 𝑋 ∈ 𝑀2×2(ℝ). We want 

to show that 𝐻([𝐴, 𝐵])  =  [𝐻(𝐴), 𝐻(𝐵)]  + [𝐻(𝐴), 𝐵]  + [𝐴, 𝐻(𝐵)] for all 𝐴, 𝐵 ∈ 𝑀2×2(ℝ). Using the 

definition of 𝐻𝑠(𝑋), we obtain 𝐻([𝐴, 𝐵])  =  𝐺([𝐴, 𝐵])  − [𝐴, 𝐵]. Now, for the right-hand side, we obtain, 

[𝐻(𝐴), 𝐻(𝐵)]  =  [𝐺(𝐴) − 𝐴, 𝐺(𝐵) − 𝐵] =  [𝐺(𝐴), 𝐺(𝐵)]  + [𝐺(𝐴), −𝐵]  + [−𝐴, 𝐺(𝐵)]  + [−𝐴, −𝐵]  =
 [𝐺(𝐴), 𝐺(𝐵)]  − [𝐺(𝐴), 𝐵]  −  [𝐴, 𝐺(𝐵)]  + [𝐴, 𝐵], 

[𝐻(𝐴), 𝐵]  =  [𝐺(𝐴) − 𝐴, 𝐵]  =  [𝐺(𝐴), 𝐵]  −  [𝐴, 𝐵], 

[𝐴, 𝐻(𝐵)]  =  [𝐴, 𝐺(𝐵) − 𝐵]  =  [𝐴, 𝐺(𝐵)]  − [𝐴, 𝐵]. 

Therefore,  

[𝐻(𝐴), 𝐻(𝐵)]  + [𝐻(𝐴), 𝐵]  + [𝐴, 𝐻(𝐵)]  =  ([𝐺(𝐴), 𝐺(𝐵)]  − [𝐺(𝐴), 𝐵]  − [𝐴, 𝐺(𝐵)]  + [𝐴, 𝐵])  +
 ([𝐺(𝐴), 𝐵]  − [𝐴, 𝐵])  +  ([𝐴, 𝐺(𝐵)]  − [𝐴, 𝐵])  =  [𝐺(𝐴), 𝐺(𝐵)]  − [𝐴, 𝐵]. 

We can check that [𝐺(𝐴), 𝐺(𝐵)] =  [𝑆𝐴𝑆−1, 𝑆𝐵𝑆−1] =  (𝑆𝐴𝑆−1)(𝑆𝐵𝑆−1) − (𝑆𝐵𝑆−1)(𝑆𝐴𝑆−1) =
 𝑆(𝐴𝐵)𝑆−1  −  𝑆(𝐵𝐴)𝑆−1 =  𝑆(𝐴𝐵 −  𝐵𝐴)𝑆−1 =  𝑆([𝐴, 𝐵])𝑆−1 =  𝐺([𝐴, 𝐵]). 

Hence, 

[𝐻(𝐴), 𝐻(𝐵)]  + [𝐻(𝐴), 𝐵]  + [𝐴, 𝐻(𝐵)]  =  𝐺([𝐴, 𝐵])  − [𝐴, 𝐵], 

and we obtain 𝐻([𝐴, 𝐵]) =  [𝐻(𝐴), 𝐻(𝐵)] + [𝐻(𝐴), 𝐵] + [𝐴, 𝐻(𝐵)]. Therefore, 𝐻𝑠 is a Lie homoderivation 

with  𝐺(𝑋) =  𝑆𝑋𝑆−1, for 𝑆 ∈ 𝐺𝐿2(ℝ) and 𝑋 ∈ 𝑀2×2(ℝ). 

3.2 Lie Ring Which is Constructed from Homoderivations on Lie Rings 

Now, we focus on the construction of Lie rings from the set of all homoderivations on a Lie ring. The 

motivation for this construction is to investigate the algebraic structure formed by the operations of addition 

and composition. 

Let (𝐿, +, [, ]) be a Lie ring. We define the following set of all homoderivations on Lie rings: 

𝐻𝐷𝐿 =  {𝐻 ∶  𝐿 → 𝐿 ∣ 𝐻 is a homoderivation on the Lie ring 𝐿}. 

We define two operations on 𝐻𝐷𝐿 as follows: 

⊕∶  𝐻𝐷𝐿 ×  𝐻𝐷𝐿 →  𝐻𝐷𝐿, 

       (𝐻1, 𝐻2) ↦ (𝐻1 ⊕ 𝐻2)(𝑎)  =  𝐻1(𝑎)  + 𝐻2(𝑎), 

and 
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∘∶  𝐻𝐷𝐿 ×  𝐻𝐷𝐿 →  𝐻𝐷𝐿, 

       (𝐻1, 𝐻2) ↦ (𝐻1 ∘  𝐻2)(𝑎)  =  𝐻1(𝐻2(𝑎)), 

for all 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿 and 𝑎 ∈ 𝐿. 

To show that the operations “ ⊕ ” and “ ∘ ” are binary operations on 𝐻𝐷𝐿, we prove that the result of applying 

these operations to two homoderivations is again a homoderivation on 𝐿. 

Proposition 1. For every homoderivation 𝐻1 and 𝐻2 on the ring lie 𝐿 , and every 𝑎, 𝑏 ∈ 𝐿 where 

[𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0, the addition 𝐻1 ⊕ 𝐻2 is also a homoderivation. 

Proof. Let 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿 and 𝑎, 𝑏 ∈ 𝐿, where [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0. We obtain  

(𝐻1 ⊕  𝐻2)([𝑎, 𝑏]) =  𝐻1([𝑎, 𝑏]) + 𝐻2([𝑎, 𝑏]) 

=  [𝐻1(𝑎), 𝐻1(𝑏)]  + [𝐻1(𝑎), 𝑏]  + [𝑎, 𝐻1(𝑏)]  + [𝐻2(𝑎), 𝐻2(𝑏)]  + [𝐻2(𝑎), 𝑏]  + [𝑎, 𝐻2(𝑏)]  

=  [𝐻1(𝑎) +  𝐻2(𝑎), 𝐻1(𝑏) +  𝐻2(𝑏)] + [𝐻1(𝑎) + 𝐻2(𝑎), 𝑏] + [𝑎, 𝐻1(𝑏) + 𝐻2(𝑏)] − ([𝐻1(𝑎), 𝐻2(𝑏)] 

+[𝐻2(𝑎), 𝐻1(𝑏)])   

(since [𝐻1(𝑎) + 𝐻2(𝑎), 𝐻1(𝑏) + 𝐻2(𝑏)] = [𝐻1(𝑎), 𝐻1(𝑏)] + [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] +
 [𝐻2(𝑎), 𝐻2(𝑏)] ) 

=  [(𝐻1 ⊕ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕ 𝐻2)(𝑎), 𝑏] + [𝑎, (𝐻1 ⊕ 𝐻2)(𝑏)].  

(by definition “⊕ " and [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0) 

Hence, 𝐻1 ⊕ 𝐻2 ∈ 𝐻𝐷𝐿.  We next verify that the operation is well defined. Let 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿. For each 𝑎 ∈
𝐿, 𝐻1(𝑎), 𝐻2(𝑎). Since (𝐿, +) is an abelian group, the sum 𝐻1(𝑎)  + 𝐻2(𝑎) is uniquely determined in 𝐿. 

Therefore, the operation " ⊕ "  is well defined and 𝐻𝐷𝐿 is closed under " ⊕ ".∎ 

Proposition 1 shows that, if [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0 for all 𝑎, 𝑏 ∈ 𝐿, the operation " ⊕ " is a 

binary operation on 𝐻𝐷𝐿. To demonstrate this fact, we examine the Lie ring 𝑀2×2(ℝ) .  

Example 7. We define 𝐻1, 𝐻2: 𝑀2×2(ℝ) → 𝑀2×2(ℝ), where 𝐻1(𝑋) = 𝑡𝑟𝑎𝑐𝑒(𝑋)𝐼 and 𝐻2(𝑋) = −𝑋, for 

every 𝑋 ∈  𝑀2×2(ℝ). Then (𝐻1 ⊕ 𝐻2)(𝑋) = 𝑡𝑟𝑎𝑐𝑒(𝑋)𝐼 −  𝑋. For arbitrary matrices 𝐴, 𝐵 ∈  𝑀2×2(ℝ), 

since 𝑡𝑟𝑎𝑐𝑒([𝐴, 𝐵]) = 0, we obtain (𝐻1 ⊕ 𝐻2)([𝐴, 𝐵]) = −[𝐴, 𝐵]. Because 𝑡𝑟𝑎𝑐𝑒(𝐴)𝐼 and 𝑡𝑟𝑎𝑐𝑒(𝐵)𝐼  are 

scalar matrices, they commute with every matrix in 𝑀2×2(ℝ), and therefore [(𝐻1 ⊕ 𝐻2)(𝐴), (𝐻1 ⊕
𝐻2)(𝐵)] = [−𝐴, −𝐵] = [𝐴, 𝐵],  

[(𝐻1 ⊕ 𝐻2)(𝐴), 𝐵] = [−𝐴, 𝐵] = −[𝐴, 𝐵], and  [𝐴, (𝐻1 ⊕ 𝐻2)(𝐵)] = [𝐴, −𝐵] = −[𝐴, 𝐵]. Hence, 

[(𝐻1 ⊕ 𝐻2)(𝐴), (𝐻1 ⊕ 𝐻2)(𝐵)] + [(𝐻1 ⊕ 𝐻2)(𝐴), 𝐵] + [𝐴, (𝐻1 ⊕ 𝐻2)(𝐵)] = (𝐻1 ⊕ 𝐻2)([𝐴, 𝐵]). 

Thus, 𝐻1 ⊕ 𝐻2 is a homoderivation on the Lie ring 𝑀2×2(ℝ). 

The previous proposition proves the closed property of the addition of homoderivations. Now, we try 

to investigate the composition property of homoderivations on Lie rings. 

Proposition 2.  For every homoderivation 𝐻1 and 𝐻2 on the Lie ring 𝐿 , for all 𝑎, 𝑏 ∈ 𝐿,  where 

[𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0 and [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕ 𝐻2)(𝑎), (𝐻1 ∘
𝐻2)(𝑏)] = 0, the composition 𝐻1 ∘ 𝐻2 is also a homoderivation. 

Proof. Let 𝐻1, 𝐻2 be arbitrary homoderivations on a ring lie 𝐿 . For 𝑎, 𝑏 ∈ 𝐿, where [𝐻1(𝑎), 𝐻2(𝑏)] +
[𝐻2(𝑎), 𝐻1(𝑏)] = 0 and [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕ 𝐻2)(𝑎), (𝐻1 ∘ 𝐻2)(𝑏)] = 0, we have  

(𝐻1 ∘  𝐻2)([𝑎, 𝑏])  =  𝐻1(𝐻2([𝑎, 𝑏])) = 𝐻1([𝐻2(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝑏] + [𝑎, 𝐻2(𝑏)]) (by the definition of 

homoderivation) 

= 𝐻1([𝐻2(𝑎), 𝐻2(𝑏)]) + 𝐻1([𝐻2(𝑎), 𝑏]) + 𝐻1([𝑎, 𝐻2(𝑏)]) (since 𝐻1 is additive mapping by  the definition 

of homoderivation) 

= [𝐻1(𝐻2(𝑎)), 𝐻1(𝐻2(𝑏))] + [𝐻1(𝐻2(𝑎)), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝐻2(𝑏))] + [𝐻1(𝐻2(𝑎)), 𝐻1(𝑏)] +

 [𝐻1(𝐻2(𝑎)), 𝑏]  + [𝐻2(𝑎), 𝐻1(𝑏)] + [𝐻1(𝑎), 𝐻1(𝐻2(𝑏))] + [𝐻1(𝑎), 𝐻2(𝑏)] + [𝑎, 𝐻1(𝐻2(𝑏))]  

(by the definition of homoderivation) 
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= ([𝐻1(𝐻2(𝑎)), 𝐻1(𝐻2(𝑏))] + [𝐻1(𝐻2(𝑎)), 𝑏] + [𝑎, 𝐻1(𝐻2(𝑏))]) + ([𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)]) +
([𝐻1(𝐻2(𝑎)), 𝐻1(𝑏)] + [𝐻1(𝐻2(𝑎)), 𝐻2(𝑏)]) + ([𝐻1(𝑎), 𝐻1(𝐻2(𝑏))]  + [𝐻2(𝑎), 𝐻1(𝐻2(𝑏))])   

= [𝐻1(𝐻2(𝑎)), 𝐻1(𝐻2(𝑏))] + [𝐻1(𝐻2(𝑎)), 𝑏] + [𝑎, 𝐻1(𝐻2(𝑏))] + [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] +
[𝐻1(𝐻2(𝑎)), 𝐻1(𝑏) + 𝐻2(𝑏)] + [𝐻1(𝑎)  + 𝐻2(𝑎), 𝐻1(𝐻2(𝑏))] (since bilinear property) 

=  [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ∘ 𝐻2)(𝑏)] + [(𝐻1 ∘ 𝐻2)(𝑎), 𝑏] + [𝑎, (𝐻1 ∘ 𝐻2)(𝑏)] + [𝐻1(𝑎), 𝐻2(𝑏)] +
[𝐻2(𝑎), 𝐻1(𝑏)] + [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕ 𝐻2)(𝑎), (𝐻1 ∘  𝐻2)(𝑏)] (by the definition of 

operation “ ∘ ” and “ ⊕ ”) 

= [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ∘ 𝐻2)(𝑏)] + [(𝐻1 ∘ 𝐻2)(𝑎), 𝑏] + [𝑎, (𝐻1 ∘ 𝐻2)(𝑏)] +  0 (by assumption) 

= [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ∘ 𝐻2)(𝑏)] + [(𝐻1 ∘ 𝐻2)(𝑎), 𝑏] + [𝑎, (𝐻1 ∘ 𝐻2)(𝑏)] 

Therefore, 𝐻1 ∘ 𝐻2 ∈ 𝐻𝐷𝐿. We next verify that the operation is well defined. Let 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿. For each 

𝑎 ∈ 𝐿, we have that 𝐻1(𝐻2(𝑎)) ∈ 𝐿. Hence, 𝐻1 ∘ 𝐻2 is a well-defined mapping from 𝐿 to 𝐿. Thus, the 

composition H1 ∘ H2 is also a homoderivation. ∎ 

From Proposition 2, the composition of two homoderivations is again a homoderivation on 𝐿 under the 

assumptions that [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0 and [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕
𝐻2)(𝑎), (𝐻1 ∘ 𝐻2)(𝑏)] = 0 for all 𝐻1, 𝐻2 ∈ 𝐻𝐷𝐿 and 𝑎, 𝑏 ∈ 𝐿. Thus, under these assumptions, the operation 

" ∘ " defines a binary operation on 𝐻𝐷𝐿. To illustrate this result, we provide the following example. 

Example 8. Let 𝐿 = 𝑀2×2(ℝ) with the Lie bracket defined by [𝑋, 𝑌]  =  𝑋𝑌 −  𝑌𝑋 for any 𝑋, 𝑌 ∈ 𝐿. Define 

two mappings 𝐻1, 𝐻2: 𝐿 → 𝐿, where 𝐻1(𝑋) = 𝑡𝑟𝑎𝑐𝑒(𝑋)𝐼 and 𝐻2(𝑋) = 02×2, for any 𝑋 ∈ 𝐿. From the 

definition of operations " ⊕ " and " ∘ ", it follows that (𝐻1 ⊕ 𝐻2)(𝑋) =  𝑡𝑟𝑎𝑐𝑒(𝑋)𝐼 and (𝐻1 ∘ 𝐻2)(𝑋) =
02×2. Hence, for every 𝐴, 𝐵 ∈ 𝐿, we obtain [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 02×2,  [(𝐻1 ∘ 𝐻2)(A), (𝐻1 ⊕
𝐻2)(B)] = 02×2, and [(𝐻1 ⊕ 𝐻2)(𝐴), (𝐻1 ∘ 𝐻2)(𝐵)]  = 02×2. Therefore, the condition in Proposition 2 is 

satisfied. Next, we check that 𝐻1 ∘ 𝐻2 ∈ 𝐻𝐷𝐿. Observe that (𝐻1 ∘ 𝐻2)([𝐴, 𝐵]) = 02×2, and on the right-hand 

side, we also have [(𝐻1 ∘ 𝐻2)(𝐴), (𝐻1 ∘ 𝐻2)(𝐵)] + [(𝐻1 ∘ 𝐻2)(𝐴), 𝐵] + [𝐴, (𝐻1 ∘ 𝐻2)(𝐵)] = 02×2. Thus, 

𝐻1 ∘ 𝐻2 is a homoderivation on 𝐿. 

From Proposition 1 and Proposition 2, we can observe that the set of all homoderivations (𝐻𝐷𝐿) on a 

Lie ring (𝐿) does not directly form a ring structure. Therefore, to construct a ring, a subset of 𝐻𝐷𝐿 with an 

additional condition that must be satisfied can be considered. This condition is different from the condition 

for forming a ring from the set of derivations on a Lie ring, which is explained in [7], [8]. This condition can 

be defined as the 𝑅𝐻 property that satisfies the subset of 𝐻𝐷𝐿 is closed over the composition and addition 

operations of 𝐻𝐷𝐿, and allows the construction of a ring structure. These conditions arise because the addition 

operation " ⊕ " and composition operation " ∘ " on homoderivations, do not always keep the homoderivations 

structure. In other words, if 𝐻1 and 𝐻2 are homoderivations on 𝐿, then 𝐻1 ⊕ 𝐻2 or 𝐻1 ∘ 𝐻2 may not satisfy 

the definition of homoderivations. As a result, the set of all homoderivations is not guaranteed to be closed 

under these operations, and therefore does not directly form a ring. The 𝑅𝐻 property is introduced to ensure 

that a subset of 𝐻𝐷𝐿 remains closed under addition and composition. With this property, algebraic operations 

are closed and well defined within the subset, allowing the formation of a ring structure from homoderivations 

Definition 3. Let 𝐻𝐿 ⊆ 𝐻𝐷𝐿. We say that 𝐻𝐿 satisfies the 𝑅𝐻  property if for every 𝐻1, 𝐻2 ∈ 𝐻𝐿 and for all 

𝑎, 𝑏 ∈ 𝐿, [𝐻1(𝑎), 𝐻2(𝑏)] + [𝐻2(𝑎), 𝐻1(𝑏)] = 0 and [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕ 𝐻2)(𝑎), (𝐻1 ∘
𝐻2)(𝑏)] = 0.  

From Definition 3, if a subset of 𝐻𝐷𝐿 satisfies the 𝑅𝐻 property, then that subset can be constructed 

into an algebraic structure. This is shown in Theorem 1 below. 

Theorem 1. Given a lie ring (𝐿, +, [, ]) and the set 𝐻𝐷𝐿 = {𝐻: 𝐿 → 𝐿|𝐻 homoderivation on 𝐿} . If 𝐻𝐿 ⊆ 𝐻𝐷𝐿 

be a nonempty subset that is closed under operations “⊕” and “∘”, and also satisfies the 𝑅𝐻 property, then 

(𝐻𝐿,⊕,∘) is a ring. 

Proof. Let 𝐻1, 𝐻2, 𝐻3 ∈ 𝐻𝐿 and 𝑎 ∈ 𝐿 . We obtain 

(𝐻1 ⊕ (𝐻2 ⊕ 𝐻3))(𝑎) = 𝐻1(𝑎) + (𝐻2 + 𝐻3)(𝑎)  

=  𝐻1(𝑎) + (𝐻2(𝑎) + 𝐻3(𝑎))  

= (𝐻1(𝑎) + 𝐻2(𝑎)) + 𝐻3(𝑎)  
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= ((𝐻1 ⊕  𝐻2) ⊕ 𝐻3)(𝑎). 

Consider 𝑒: 𝐿 → 𝐿  defined by 𝑒(𝑎) = 0 for every 𝑎 ∈ 𝐿. It is easy to see that 𝑒 ∈ 𝐻𝐷𝐿 . For all 𝐻 ∈ 𝐻𝐿 we 

have 

(𝐻 ⊕ 𝑒)(𝑎) = 𝐻(𝑎) +  𝑒(𝑎)  = 𝐻(𝑎) and (𝑒 ⊕ 𝐻)(𝑎) = 𝑒(𝑎) + 𝐻(𝑎)  = 𝐻(𝑎). 

Since 𝐿 is an additive group, every element has an additive inverse. For each 𝐻 ∈ 𝐻𝐿, we define (−𝐻)(𝑎)  =
 −(𝐻(𝑎)), for all 𝑎 ∈ 𝐿. To verify that −𝐻 ∈ 𝐻𝐿, we must check that −𝐻 is also a homoderivation. By 

applying the 𝑅𝐻 property, in particular, the case 𝐻1 =  𝐻2 = 𝐻, we obtain 2[𝐻(𝑥), 𝐻(𝑦)]  =  0, which shows 

that −𝐻 satisfies the required condition. Therefore, −𝐻 ∈ 𝐻𝐿 and we have  

(H ⊕ (−𝐻))(𝑎) =  0  =  𝑒(𝑎) and ((−𝐻) ⊕ 𝐻)(𝑎)  =   0  =  𝑒(𝑎). 

For the commutativity, we can show that for every 𝐻1, 𝐻2 ∈ 𝐻𝐿, 

(𝐻1 ⊕  𝐻2)(𝑎) = 𝐻1(𝑎) + 𝐻2(𝑎) = 𝐻2(𝑎)  +  𝐻1(𝑎) = (𝐻2 ⊕ 𝐻1)(𝑎). 

Now, we will prove that (𝐻𝐿,∘) is a semigroup. Let 𝐻1, 𝐻2, 𝐻3 ∈ 𝐻𝐿 and 𝑎 ∈ 𝐿. Then we obtain 

(𝐻1 ∘ (𝐻2 ∘  𝐻3))(𝑎)  = 𝐻1((𝐻2 ∘ 𝐻3)(𝑎))  

= 𝐻1(𝐻2(𝐻3(𝑎))) 

= (𝐻1 ∘ 𝐻2)(𝐻3(𝑎)) 

= ((𝐻1 ∘ 𝐻2) ∘ 𝐻3)(𝑎). 

And last, we will prove that the operations “ ⊕ ” and “ ∘ ” on 𝐻𝐿 satisfy left and right distributive laws. Let 

𝐻1, 𝐻2, 𝐻3 ∈ 𝐻𝐿 and 𝑎 ∈ 𝐿. We have 

(𝐻1 ∘ (𝐻2 ⊕ 𝐻3))(𝑎) = 𝐻1((𝐻2 ⊕ 𝐻3)(𝑎)) 

= 𝐻1(𝐻2(𝑎) + 𝐻3(𝑎))  

= 𝐻1(𝐻2(𝑎)) ⊕ 𝐻1(𝐻3(𝑎)) 

= (𝐻1 ∘  𝐻2)(𝑎) ⊕ (𝐻1 ∘ 𝐻3)(𝑎)  

((𝐻1 ⊕ 𝐻2) ∘ 𝐻3)(𝑎) = (𝐻1 ⊕ 𝐻2)(𝐻3(𝑎))  

= 𝐻1(𝐻3(𝑎)) ⊕ 𝐻2(𝐻3(𝑎))  

= (𝐻1 ∘ 𝐻3)(𝑎) ⊕ (𝐻2 ∘ 𝐻3)(𝑎).  

Hence, (𝐻𝐿,⊕,∘) is a ring. ∎ 

Example 9. Let 𝐿 = 𝑀2×2(𝑅) with the Lie bracket defined by [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴 for all 𝐴, 𝐵 ∈ 𝑀2×2(𝑅). 

Let 𝐻𝐷𝐿 be the set of all homoderivations on 𝐿. Define 𝐻𝐿 = {𝐻𝑡: 𝐿 → 𝐿 | 𝐻𝑡(𝑋) =

(
1 0
0 𝑡

) 𝑋 (
1 0
0 𝑡

)
−1

, 𝑡 ∈ ℝ, 𝑡 ≠ 0, 𝑋 ∈ 𝐿}. From Example 6, 𝐻𝑡(𝑋) is a homoderivation, because (
1 0
0 𝑡

) ∈

𝐺𝐿2(ℝ).  

However, 𝐻𝐿 does not satisfy the 𝑅𝐻 property. Let 𝐻𝑡1
, 𝐻𝑡2

∈ 𝐻𝐿 with 𝑡1 ≠ 𝑡2 and 𝐴 = (
0 1
1 0

) and 𝐵 =

(
0 0
1 0

). We obtain: 

𝐻𝑡(𝐴) = (
1 0
0 𝑡

) 𝐴 (
1 0
0 𝑡

)
−1

= (
1 0
0 𝑡

) (
0 1
1 0

) (
1 0
0 𝑡

)
−1

= (
0 1
0 0

) (
1 0

0
1

𝑡

) = (
0

1

𝑡

0 0
),  

𝐻𝑡(𝐵) = (
1 0
0 𝑡

) 𝐵 (
1 0
0 𝑡

)
−1

= (
1 0
0 𝑡

) (
0 0
1 0

) (
1 0
0 𝑡

)
−1

= (
0 0
𝑡 0

) (
1 0

0
1

𝑡

) = (
0 0
𝑡 0

). 

Consequently, 

[𝐻𝑡1
(𝐴), 𝐻𝑡2

(𝐵)] = (
0

1

𝑡1

0 0
) (

0 0
𝑡2 0

) − (
0 0
𝑡2 0

) (
0

1

𝑡1

0 0
) = (

𝑡2

𝑡1
0

0 −
𝑡2

𝑡1

), 
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[𝐻𝑡2
(𝐴), 𝐻𝑡1

(𝐵)] = (
0

1

𝑡2

0 0
) (

0 0
𝑡1 0

) − (
0 0
𝑡1 0

) (
0

1

𝑡2

0 0
) = (

𝑡1

𝑡2
0

0 −
𝑡1

𝑡2

). 

Thus, 

[𝐻𝑡1
(𝐴), 𝐻𝑡2

(𝐵)] + [𝐻𝑡2
(𝐴), 𝐻𝑡1

(𝐵)] = (

𝑡2

𝑡1
+

𝑡1

𝑡2
0

0 − (
𝑡2

𝑡1
+

𝑡1

𝑡2
)

) ≠ (
0 0
0 0

). 

Therefore, the 𝑅𝐻 property is not satisfied, and hence 𝐻𝐿 is not a ring.  

In Theorem 1, it has been proven that 𝐻𝐿 forms a ring. Next, we will show that 𝐻𝐿 also forms a Lie 

ring using the bracket operator [ , ] defined in that structure. 

Theorem 2. Let (𝐻𝐿,⊕,∘) be a ring. The bracket operator [, ] on 𝐻𝐿 defined as [𝐻1, 𝐻2] = (𝐻1 ∘ 𝐻2) −
(𝐻2 ∘ 𝐻1), for all 𝐻1, 𝐻2 ∈ 𝐻𝐿. The ring 𝐻𝐿 with the bracket operator [, ] is a Lie ring. 

Proof. Let 𝐿 be a Lie ring and 𝐻𝐿 ⊆ 𝐻𝐷𝐿 where (𝐻𝐿,⊕,∘) is a ring. We define a bracket operation on 𝐻𝐿 

by [𝐻1, 𝐻2] = (𝐻1 ∘ 𝐻2) − (𝐻2 ∘ 𝐻1), for all 𝐻1, 𝐻2 ∈ 𝐻𝐿. We will show that 𝐻𝐿 is a Lie ring with a bracket 

operator "[, ]". 

1. Let 𝐻 ∈ 𝐻𝐿 and 𝑎 ∈ 𝐿. We have 

[𝐻, 𝐻](𝑎)  =  𝐻(𝐻(𝑎)) −  𝐻(𝐻(𝑎))  

=  0𝐻𝐷𝐿 

Hence, the bracket operation "[, ]" satisfies the anti-commutative property on 𝐻𝐿. 

2. Let 𝐻1, 𝐻2, 𝐻3 ∈ 𝐻𝐿 and 𝑎 ∈ 𝐿 . We can show that it satisfies the right-normed Jacobi identity, 

[𝐻1, [𝐻2, 𝐻3]](𝑎) + [𝐻2, [𝐻3, 𝐻1]](𝑎) + [𝐻3, [𝐻1, 𝐻2]](𝑎)  

= 𝐻1[𝐻2, 𝐻3] − [𝐻2, 𝐻3]𝐻1 + 𝐻2[𝐻3, 𝐻1] − [𝐻3, 𝐻1]𝐻2 + 𝐻3[𝐻1, 𝐻2] − [𝐻1, 𝐻2]𝐻3  

= 𝐻1(𝐻2𝐻3 − 𝐻3𝐻2) − (𝐻2𝐻3 − 𝐻3𝐻2)𝐻1 + 𝐻2(𝐻3𝐻1 − 𝐻1𝐻3) − (𝐻3𝐻1 − 𝐻1𝐻3)𝐻2 +
𝐻3(𝐻1𝐻2 − 𝐻2𝐻1) − (𝐻1𝐻2 − 𝐻2𝐻1)𝐻3  

= 𝐻1𝐻2𝐻3 − 𝐻1𝐻3𝐻2 − 𝐻2𝐻3𝐻1 + 𝐻3𝐻2𝐻1 + 𝐻2𝐻3𝐻1 − 𝐻2𝐻1𝐻3 − 𝐻3𝐻1𝐻2 + 𝐻1𝐻3𝐻2 

+𝐻3𝐻1𝐻2 − 𝐻3𝐻2𝐻1 − 𝐻1𝐻2𝐻3 + 𝐻2𝐻1𝐻3 

= (𝐻1𝐻2𝐻3 − 𝐻1𝐻2𝐻3) + (−𝐻1𝐻3𝐻2 + 𝐻1𝐻3𝐻2) + (−𝐻2𝐻3𝐻1 + 𝐻2𝐻3𝐻1) 

+(𝐻3𝐻2𝐻1 − 𝐻3𝐻2𝐻1) + (−𝐻2𝐻1𝐻3 + 𝐻2𝐻1𝐻3) + (−𝐻3𝐻1𝐻2 + 𝐻3𝐻1𝐻2) 

= 0𝐻𝐿 ,  

and it also satisfies the left-normed Jacobi identity, 

[[𝐻1, 𝐻2], 𝐻3](𝑎) + [[𝐻2, 𝐻3], 𝐻1](𝑎) + [[𝐻3, 𝐻1], 𝐻2](𝑎)  

= [𝐻1, 𝐻2]𝐻3 − 𝐻3[𝐻1, 𝐻2] + [𝐻2, 𝐻3]𝐻1 − 𝐻1[𝐻2, 𝐻3] + [𝐻3, 𝐻1]𝐻2 − 𝐻2[𝐻3, 𝐻1]        

= (𝐻1𝐻2 − 𝐻2𝐻1)𝐻3 − 𝐻3(𝐻1𝐻2 − 𝐻2𝐻1) + (𝐻2𝐻3 − 𝐻3𝐻2)𝐻1 − 𝐻1(𝐻2𝐻3 − 𝐻3𝐻2) + (𝐻3𝐻1 −
𝐻1𝐻3)𝐻2 − 𝐻2(𝐻3𝐻1 − 𝐻1𝐻3)  

= 𝐻1𝐻2𝐻3 − 𝐻2𝐻1𝐻3 − 𝐻3𝐻1𝐻2 + 𝐻3𝐻2𝐻1 + 𝐻2𝐻3𝐻1 − 𝐻3𝐻2𝐻1 − 𝐻1𝐻2𝐻3 + 𝐻1𝐻3𝐻2 +
𝐻3𝐻1𝐻2 − 𝐻1𝐻3𝐻2 − 𝐻2𝐻3𝐻1 + 𝐻2𝐻1𝐻3  

= (𝐻1𝐻2𝐻3 − 𝐻1𝐻2𝐻3) + (−𝐻2𝐻1𝐻3 + 𝐻2𝐻1𝐻3) + (−𝐻3𝐻1𝐻2 + 𝐻3𝐻1𝐻2) + (𝐻3𝐻2𝐻1 −
𝐻3𝐻2𝐻1) + (𝐻2𝐻3𝐻1 − 𝐻2𝐻3𝐻1) + (𝐻1𝐻3𝐻2 − 𝐻1𝐻3𝐻2 )  

= 0𝐻𝐿 .  

Therefore, 𝐻𝐿 is a Lie ring with respect to the bracket operation "[, ]". ∎ 

Example 10. Let (𝑀2×2(ℝ), +, [, ]) be the Lie ring with the bracket [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴, for all 𝐴, 𝐵 ∈
𝑀2×2(ℝ). For 𝑐 ∈ ℝ, define a mapping 𝐻𝑐 : 𝑀2×2(ℝ) → 𝑀2×2(ℝ) where 𝐻𝑐(𝐴) = 𝑐 trace(𝐴)𝐼, where 𝐼 is 
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the 2 × 2 identity matrix. Analog with Example 5, we can show that 𝐻𝑐 is a homoderivation. Consider the 

subset 𝐻𝐿 = {𝐻𝑐 ∣ 𝑐 ∈ ℝ} ⊆ 𝐻𝐷𝐿. We will show that (𝐻𝐿,⊕,∘). Let 𝐻𝑐 , 𝐻𝑑 ∈ 𝐻𝐿 and 𝐴, 𝐵 ∈ 𝑀2×2(ℝ). 

Since 𝐼 commutes with every matrix, we obtain [𝐻𝑐(𝐴), 𝐻𝑑(𝐵)] = [𝑐 trace(𝐴)𝐼, 𝑑 trace(𝐵)𝐼] = 0. 

Similarly, [𝐻𝑑(𝐴), 𝐻𝑐(𝐵)] = 0. Hence [𝐻𝑐(𝐴), 𝐻𝑑(𝐵)] + [𝐻𝑑(𝐴), 𝐻𝑐(𝐵)] = 0. Next, (𝐻𝑐 ⊕ 𝐻𝑑)(𝐴) =

𝐻𝑐(𝐴) + 𝐻𝑑(𝐴) = (𝑐 + 𝑑)trace(𝐴)𝐼, and (𝐻𝑐 ∘ 𝐻𝑑)(𝐴) = 𝐻𝑐(𝐻𝑑(𝐴)) = 𝑐 trace(𝑑 trace(𝐴)𝐼)𝐼 =

2𝑐𝑑 trace(𝐴)𝐼. Thus, (𝐻𝑐 ⊕ 𝐻𝑑)(𝐴) and (𝐻𝑐 ∘ 𝐻𝑑)(𝐴) are scalar multiples of 𝐼. Consequently, 
[(𝐻𝑐 ∘ 𝐻𝑑)(𝐴), (𝐻𝑐 ⊕ 𝐻𝑑)(𝐵)] = 0 and [(𝐻𝑐 ⊕ 𝐻𝑑)(𝐴), (𝐻𝑐 ∘ 𝐻𝑑)(𝐵)] = 0. Therefore, [(𝐻𝑐 ∘
𝐻𝑑)(𝐴), (𝐻𝑐 ⊕ 𝐻𝑑)(𝐵)] + [(𝐻𝑐 ⊕ 𝐻𝑑)(𝐴), (𝐻𝑐 ∘ 𝐻𝑑)(𝐵)] = 0. Hence, 𝐻𝐿 satisfies the 𝑅𝐻 property. 

Moreover, 𝐻𝐿 is closed under " ⊕ " and " ∘ ". Since " ⊕ " is associative and commutative, the zero mapping 

𝐻0 acts as the additive identity, and for every 𝐻𝑐 ∈ 𝐻𝐿 there exists an additive inverse 𝐻−𝑐 ∈ 𝐻𝐿. 

Furthermore, the composition ∘ is associative and distributes over " ⊕ ". Therefore, all ring axioms are 

satisfied. Hence, (𝐻𝐿,⊕,∘) forms a ring. 

Now, we analyze how repeated composition acts on the Lie bracket on 𝐿. The following theorem 

provides a general formula for the 𝑛-th power action of homoderivations on the Lie bracket. 

Theorem 3. Let 𝐿 be a Lie ring and let 𝐻 ∶  𝐿 → 𝐿 be a homoderivation on the Lie ring 𝐿. If 𝑛 is a non-

negative integer, then for each 𝑛 it satisfies that 

𝐻𝑛([𝑥, 𝑦]) =  ∑
𝑛!

𝑟! 𝑠! 𝑡!
𝑟+𝑠+𝑡=𝑛

[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡(𝑦)], 

for all 𝑥, 𝑦 ∈ 𝐿. 

Proof. We prove this using mathematical induction. Suppose 𝑛 = 0. Since 𝐻 ∈ 𝐻𝐷𝐿 and 𝐻0 denotes the 

identity element with respect to the composition of functions, it follows that 𝐻0 is the identity map. Hence,   

𝐻0([𝑥, 𝑦])  =  [𝑥, 𝑦]  =  [𝐻0(𝑥), 𝐻0(𝑦)]  = ∑
0!

0! 0! 0!
[𝐻0+0(𝑥), 𝐻0+0(𝑦)]

𝑟,𝑠,𝑡≥0
𝑟+𝑠+𝑡=0

 

This shows that the statement holds for 𝑛 = 0. 

Now, assume that the statement is true for 𝑛 = 𝑘 with 𝑘 ≥ 1, that is, 

𝐻𝑘([𝑥, 𝑦]) =  ∑
𝑘!

𝑟! 𝑠! 𝑡!
[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑠+𝑡=𝑘

. 

We will prove the case 𝑛 = 𝑘 + 1. Observe that 𝐻𝑘+1([𝑥, 𝑦]) = 𝐻(𝐻𝑘([𝑥, 𝑦])). Thus, using the 

assumption for 𝑛 = 𝑘 with 𝑘 ≥ 1, we obtain: 

𝐻𝑘+1([𝑥, 𝑦]) = 𝐻 ( ∑
𝑘!

𝑟! 𝑠! 𝑡!
[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑠+𝑡=𝑘

) 

=  ∑
𝑘!

𝑟! 𝑠! 𝑡!
𝐻[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑠+𝑡=𝑘

 

=  ∑
𝑘!

𝑟! 𝑠! 𝑡!
([𝐻𝑟+𝑠+1(𝑥), 𝐻𝑟+𝑡+1(𝑦)] + [𝐻𝑟+𝑠+1(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑠+𝑡=𝑘

+ [𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡+1(𝑦)]) 

=  ∑
𝑘!

𝑟! 𝑠! 𝑡!
[𝐻𝑟+𝑠+1(𝑥), 𝐻𝑟+𝑡+1(𝑦)]

𝑟+𝑠+𝑡=𝑘

+ ∑
𝑘!

𝑟! 𝑠! 𝑡!
[𝐻𝑟+𝑠+1(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑠+𝑡=𝑘

+ ∑
𝑘!

𝑟! 𝑠! 𝑡!
[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡+1(𝑦)]

𝑟+𝑠+𝑡=𝑘
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=  ∑
𝑘! (𝑟 + 1)

(𝑟 + 1)! 𝑠! 𝑡!
[𝐻𝑟+𝑠+1(𝑥), 𝐻𝑟+𝑡+1(𝑦)]

𝑟+𝑠+𝑡=𝑘

+ ∑
𝑘! (𝑠 + 1)

𝑟! (𝑠 + 1)! 𝑡!
[𝐻𝑟+𝑠+1(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑠+𝑡=𝑘

+ ∑
𝑘! (𝑡 + 1)

𝑟! 𝑠! (𝑡 + 1)!
[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡+1(𝑦)]

𝑟+𝑠+𝑡=𝑘

 

=  ∑
𝑘! 𝑢

𝑢! 𝑠! 𝑡!
[𝐻𝑢+𝑠(𝑥), 𝐻𝑢+𝑡(𝑦)]

𝑢+𝑠+𝑡=𝑘+1

+ ∑
𝑘! 𝑣

𝑟! 𝑣! 𝑡!
[𝐻𝑟+𝑣(𝑥), 𝐻𝑟+𝑡(𝑦)]

𝑟+𝑣+𝑡=𝑘+1

+ ∑
𝑘! 𝑤

𝑟! 𝑠! 𝑤!
[𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑤(𝑦)]

𝑟+𝑠+𝑤=𝑘+1

 

=  ∑
𝑘! 𝑎

𝑎! 𝑏! 𝑐!
[𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)]

𝑎+𝑏+𝑐=𝑘+1

+ ∑
𝑘! 𝑏

𝑎! 𝑏! 𝑐!
[𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)]

𝑎+𝑏+𝑐=𝑘+1

+ ∑
𝑘! 𝑐

𝑎! 𝑏! 𝑐!
[𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)]

𝑎+𝑏+𝑐=𝑘+1

 

=  ∑ (
𝑘! 𝑎

𝑎! 𝑏! 𝑐!
[𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)] +

𝑘! 𝑏

𝑎! 𝑏! 𝑐!
[𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)]

𝑎+𝑏+𝑐=𝑘+1

+
𝑘! 𝑐

𝑎! 𝑏! 𝑐!
[𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)]) 

=  ∑
𝑘!

𝑎! 𝑏! 𝑐!
([𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)])(𝑎 + 𝑏 + 𝑐)

𝑎+𝑏+𝑐=𝑘+1

 

=  ∑
𝑘!

𝑎! 𝑏! 𝑐!
([𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)])(𝑘 + 1)

𝑎+𝑏+𝑐=𝑘+1

 

=  ∑
(𝑘 + 1)!

𝑎! 𝑏! 𝑐!
([𝐻𝑎+𝑏(𝑥), 𝐻𝑎+𝑐(𝑦)])

𝑎+𝑏+𝑐=𝑘+1

 

=  ∑
(𝑘 + 1)!

𝑟! 𝑠! 𝑡!
([𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡(𝑦)])

𝑟+𝑠+𝑡=𝑘+1

 

Thus, by mathematical induction, the proposition is proved.∎ 

In Theorem 3, 𝐻𝑛 denotes the composition of 𝑛 times of 𝐻. The formula in Theorem 3 provides an expression 

for 𝐻𝑛([𝑥, 𝑦]) in terms of brackets involving high-order iterations of 𝐻 applied to 𝑥 and 𝑦.  In particular, the 

appearance of multinomial coefficients reflects the combinatorial pattern of interactions between the 

composition operation " ∘ " in 𝐻𝐿 and the Lie bracket on 𝐿. The following is an example to clarify Theorem 

3. 

Example 11. From the definition of homoderivation on a Lie ring, for 𝑛 = 2, we obtain 

𝐻2([𝑥, 𝑦]) = 𝐻( [𝐻(𝑥), 𝐻(𝑦)] + [𝐻(𝑥), 𝑦] + [𝑥, 𝐻(𝑦)]) =  𝐻([𝐻(𝑥), 𝐻(𝑦)])  +  𝐻([𝐻(𝑥), 𝑦])  +
 𝐻([𝑥, 𝐻(𝑦)]). By applying the definition of 𝐻 to each term, we obtain: 

𝐻2([𝑥, 𝑦]) = [𝐻2(𝑥), 𝐻(𝑦)] + 2[𝐻(𝑥), 𝐻2(𝑦)] + 2[𝐻(𝑥), 𝐻(𝑦)] + [𝐻2(𝑥), 𝑦] + 2[𝐻(𝑥), 𝐻(𝑦)]
+ [𝑥, 𝐻2(𝑦)]. 

From Theorem 3, for 𝑛 = 2, all possible values of 𝑟, 𝑠, and 𝑡 are given with 𝑟 + 𝑠 + 𝑡 = 2. 

For 𝑟 = 2, 𝑠 = 0, 𝑡 = 0, then [𝐻2(𝑥), 𝐻2(𝑦)]; 

for 𝑟 = 1, 𝑠 = 1, 𝑡 = 0, then 2[𝐻2(𝑥), 𝐻(𝑦)]; 

for 𝑟 = 1, 𝑠 = 0, 𝑡 = 1, then 2[𝐻(𝑥), 𝐻2(𝑦)]; 

for 𝑟 = 0, 𝑠 = 2, 𝑡 = 0, then [𝐻2(𝑥), 𝑦]; 
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for 𝑟 = 0, 𝑠 = 1, 𝑡 = 1, then 2[𝐻(𝑥), 𝐻(𝑦)]; 

for 𝑟 = 0, 𝑠 = 0, 𝑡 = 2, then [𝑥, 𝐻2(𝑦)]. 

Thus, 𝐻2([𝑥, 𝑦]) = [𝐻2(𝑥), 𝐻(𝑦)] + 2[𝐻(𝑥), 𝐻2(𝑦)] + 2[𝐻(𝑥), 𝐻(𝑦)] + [𝐻2(𝑥), 𝑦] + 2[𝐻(𝑥), 𝐻(𝑦)] +
[𝑥, 𝐻2(𝑦)].  

In this research, Proposition 1 and Proposition 2 define the conditions under which the operation " ⊕ " 

and “ ∘ ” are binary operations. Furthermore, Theorem 1 and Theorem 2 show that the set of homoderivations 

on a Lie ring forms a ring structure, and hence a Lie ring. Additionally, the iteration of homoderivations on 

a Lie ring up to order 𝑛 is observed in Theorem 3 for structural properties. 

4. CONCLUSION 

This research begins with the problem of how to construct a set of homoderivations on a Lie ring 𝐿 in 

order to construct a ring structure, and then a Lie ring. The main research objective is to investigate the 

conditions that must be satisfied to construct the set of all homoderivatives on a Lie ring, denoted by 𝐻𝐷𝐿 =
 {𝐻 ∶  𝐿 → 𝐿 ∣ 𝐻 is a homoderivation on the Lie ring 𝐿}, into an algebraic structure. The results show that with 

the addition operation " ⊕ " and the composition operation " ∘ ", the set 𝐻𝐷𝐿 is not always closed. Therefore, 

the set 𝐻𝐿 ⊆ 𝐻𝐷𝐿 is introduced, which satisfies the 𝑅𝐻 property, which is [𝐻1(𝑎), 𝐻2(𝑏)] +
[𝐻2(𝑎), 𝐻1(𝑏)] = 0 and [(𝐻1 ∘ 𝐻2)(𝑎), (𝐻1 ⊕ 𝐻2)(𝑏)] + [(𝐻1 ⊕ 𝐻2)(𝑎), (𝐻1 ∘ 𝐻2)(𝑏)] = 0, for every 

𝐻1, 𝐻2 ∈ 𝐻𝐿 and 𝑎, 𝑏 ∈ 𝐿. With this condition, it is proven that (𝐻𝐿,⊕,∘) is a ring. Furthermore, with the 

bracket operator [𝐻1, 𝐻2] = (𝐻1 ∘ 𝐻2) − (𝐻2 ∘ 𝐻1), the triple (𝐻𝐿,⊕, [, ]) is a Lie ring.  In addition, this 

research also formulates the results of homoderivation iteration, that is 𝐻𝑛([𝑥, 𝑦]) =

 ∑
𝑛!

𝑟!𝑠!𝑡!𝑟+𝑠+𝑡=𝑛 [𝐻𝑟+𝑠(𝑥), 𝐻𝑟+𝑡(𝑦)], for all 𝑥, 𝑦 ∈ 𝐿. The formula provides knowledge related to 

homoderivations on Lie rings, particularly in iteration. In this paper, we have developed a concept of 

homoderivations as an algebraic structure that constructs a ring and a Lie ring. 
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