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Article Info ABSTRACT 

Article History: 
Selecting an appropriate research topic is a critical yet challenging task for mathematics 

students, often hindered by misalignment between student interests, academic 

competencies, and supervisor availability. Traditional recommendation systems fail to 

capture the inherent uncertainty and ambiguity in human preferences, leading to 
suboptimal topic matches and prolonged study durations. This paper develops a research 

topic recommendation system specifically designed for mathematics students using an 

innovative Picture Fuzzy Distance Measure (PFDM). The picture fuzzy approach was 

selected for its comprehensiveness and detail in decision-making. Unlike traditional binary 
or even intuitionistic fuzzy models, this approach uniquely and simultaneously 

accommodates three degrees of consideration: positive membership, neutral membership, 

and negative membership degrees, thereby enabling more comprehensive representation of 

the complexity and ambiguity in human preferences. The proposed method integrates three 
main criteria through this approach: student interest measured through structured 

questionnaires, academic competence based on transcript analysis, and supervisor 

suitability based on expertise and availability. The developed PFDM has been proven to 

satisfy all basic metric axioms—non-negativity, identity, symmetry, and triangle 
inequality—with values bounded within the [0,1] interval. This paper not only provides a 

theoretical contribution to the development of fuzzy distance measures but also offers a 

practical solution for research topic recommendation. 
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1. INTRODUCTION 

The theory of uncertainty was first introduced by Lotfi A. Zadeh in 1965 through the basic concept of 

the Fuzzy Set (FS) [1]. A fuzzy set is defined by a membership degree, which allows an element to belong to 

a set in a graded manner, rather than in a binary fashion (where 0 means non-member and 1 means member). 

This approach provides flexibility in handling uncertainty and enables its application in various fields such 

as artificial intelligence [2], decision-making [3], and data analysis [4]. In 1986, K. Atanassov introduced the 

more complex concept of the Intuitionistic Fuzzy Set (IFS) [5]. IFS involves both a membership degree 

(𝜇 (𝑥)) and a non-membership degree (𝜈(𝑥)), allowing for additional information to accommodate 

uncertainty that cannot be represented by a single membership degree [6]. In IFS, a hesitation or 

indeterminacy degree is also defined as 𝜋(𝑥) = 1 − 𝜇(𝑥) − 𝜈(𝑥) [5]. This hesitation degree improves the 

completeness of the representation by capturing the amount of uncertainty or lack of information regarding 

whether an element belongs to the set or not, which is particularly useful when decision-makers are unable 

to fully commit to either membership or non-membership. 

The development of fuzzy set theory continued, and research by Bui Cong Cuong and Vladik 

Kreinovich in 2013 introduced the Picture Fuzzy Set (PFS), which adds an explicit degree of neutrality (also 

called neutral membership or hesitation) [7]. Unlike IFS, where hesitation is derived from membership and 

non-membership as 𝜋(𝑥) = 1 − 𝜇(𝑥) − 𝜈(𝑥), PFS treats neutral membership as an independent, explicitly 

defined parameter. PFS provides a new way to represent uncertainty by considering three explicit aspects: 

positive membership, neutral membership, and negative membership (non-membership), each playing a 

distinct role [8]. A fourth degree, refusal membership, is then derived as 𝜉(𝑥) = 1 − 𝜇(𝑥) − 𝜂(𝑥) − 𝜈(𝑥), 

representing the proportion of information that is withheld or refused. Consequently, PFS can perform more 

detailed analysis in situations where acceptance, uncertainty, and rejection cannot be considered equal or 

independent. PFS theory has proven effective in educational contexts, including the evaluation of physical 

education quality [9] and teaching quality assessment [10], where it captures neutral and non-participating 

situations. One of the tools in PFS used in decision-making is the distance measure [11], [12], which 

quantifies the degree of similarity or dissimilarity between two PFSs. A distance measure typically satisfies 

metric properties such as non-negativity, identity of indiscernibles, symmetry, and the triangle inequality. In 

decision-making contexts, distance measure enables the comparison of multiple alternatives against an ideal 

reference by converting the three-dimensional picture fuzzy information into a single scalar value, where a 

smaller distance indicates a closer match to desired criteria. The choice of distance function directly 

influences the ranking of alternatives and, consequently, the quality of the final recommendation. 

Selecting a research topic is a major problem for mathematics students because it requires many 

considerations that involve uncertainty [13]. Students need to consider their interests, academic abilities, the 

availability of supervising lecturers, the availability of references, alignment with the study program’s 

roadmap, and more [14]. Many students struggle to determine a suitable topic due to uncertainty in their 

interests and the complexity of mathematics itself. PFS is a concept that can be used to provide a solution for 

this kind of multifaceted uncertainty. PFS is capable of modeling preferences more comprehensively with its 

three membership degrees: positive, neutral, and negative. This approach is expected to provide more 

accurate and personalized recommendations. 

The recommendation of research topics for mathematics students can be addressed using the distance 

measure in PFS, known as the Picture Fuzzy Distance Measure (PFDM)[15]. The Picture Fuzzy Distance 

Measure (PFDM) has broad and vital applications in various fields such as pattern recognition problems [16], 

multi-criteria decision-making problems [17], medical diagnosis[18], pattern analysis[19], and transportation 

problems [20]. In decision support systems, PFDM is used to compare alternatives against an ideal condition 

by simultaneously considering the degrees of agreement, disagreement, and neutrality. For example, in 

medical diagnosis, PFDM helps measure the distance between the symptoms experienced by a patient and 

the symptoms of a specific disease, taking into account the physician’s confidence, uncertainty, and belief 

that it is not the disease [21]. PFDM is a quantitative metric for measuring the distance between two PFSs. 

The calculation of the distance between two PFSs involves all three degrees of the PFS [22]. A larger PFDM 

value indicates a greater distance between the two PFSs. In the context of recommending research topics to 

students, the PFDM value represents the suitability of a research topic for a mathematics student, where the 

ideal topic profile is defined as having maximum positive membership, zero neutral, and zero negative 

membership (1,0,0). A smaller PFDM value (i.e., a shorter distance to this ideal profile) indicates that the 

topic is more suitable for the student. 
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Therefore, the Picture Fuzzy Distance Measure (PFDM) becomes an essential tool for calculating how 

well a topic aligns with a student’s preferences. Furthermore, PFDM allows for a more detailed comparison 

by considering all membership degrees in the PFS. Thus, PFDM can enhance the accuracy of 

recommendations by ensuring that the selected topic truly matches the student’s interests and needs. To 

integrate student preferences with the characteristics of research topics, this paper proposes the 

implementation of PFDM in a recommendation system for mathematics student research topics, aiming for a 

better fit for the student. Before implementing PFDM, it is first necessary to understand the 

properties/characteristics of the PFDM. The main contribution of this paper is the development of a novel 

Picture Fuzzy Distance Measure (PFDM) that not only satisfies all metric axioms but also demonstrates 

superior sensitivity to changes in the neutral membership degree compared to existing distance measures. 

Additionally, this study provides the first application of PFDM in the domain of research topic 

recommendation for mathematics students, integrating three key criteria: student interest, academic 

competence, and supervisor suitability. The new findings indicate that the proposed PFDM-based 

recommendation system produces more accurate and personalized topic suggestions, as validated through 

experimental comparisons with fuzzy and intuitionistic fuzzy approaches. These contributions advance both 

the theoretical development of picture fuzzy distance measures and the practical implementation of intelligent 

recommendation systems in higher education. 

2. RESEARCH METHOD 

This developmental and applied research constructs a novel decision-support framework for research 

topic recommendation, presented in two complementary sections. First, the theoretical foundation by proving 

the proposed Picture Fuzzy Distance Measure (PFDM) satisfies all basic metric axioms—non-negativity, 

identity, symmetry, and triangle inequality—while also demonstrating robust mathematical properties, 

including value bounds within the [0, 1] interval. Second, the PFDM is implemented in a practical 

recommendation system for mathematics students using multi-attribute considerations, which comprise 

interest data from structured questionnaires, academic ability derived from transcripts, and supervisor 

suitability based on lecturer expertise and availability. 

To prove the proposed Picture Fuzzy Distance Measure (PFDM), first, we define some of the basic 

concepts of Picture Fuzzy Set, such as the Definition Picture Fuzzy Set, Picture Fuzzy Number, Relation, and 

Operation.  

Definition 1. [7] Let 𝑋 be a non-empty set. Picture Fuzzy Set (PFS) 𝐴 in 𝑋 is denoted as 

𝐴 = {(𝑥, 𝜇𝐴(𝑥), 𝜂𝐴(𝑥), 𝜈𝐴(𝑥))|𝑥 ∈ 𝑋}, 

where 𝜇𝐴(𝑥) ∈ [0,1] is called the positive membership degree of 𝑥 in 𝐴, 

𝜂𝐴(𝑥) ∈ [0,1] is called the neutral membership degree of 𝑥 in 𝐴, 

𝜈𝐴(𝑥) ∈ [0,1] is called the negative membership degree of 𝑥 in 𝐴, 

satisfying the condition 0 ≤ 𝜇𝐴(𝑥), 𝜂𝐴(𝑥), 𝜈𝐴(𝑥) ≤ 1 and 0 ≤ 𝜇𝐴(𝑥) + 𝜂𝐴(𝑥) + 𝜈𝐴(𝑥) ≤ 1  for each 𝑥 ∈ 𝑋. 

The refusal membership degree of 𝑥 in 𝐴 is defined as 𝜉𝐴(𝑥) = 1 − (𝜇𝐴(𝑥) + 𝜂𝐴(𝑥) + 𝜈𝐴(𝑥)). 

Definition 2. [7] Let 𝐴 be a Picture Fuzzy Set (PFS) defined on a singleton universe 𝑋 = {𝑥}. Then, 𝐴 can 

be represented as a triplet 𝛼 = (𝜇, 𝜂, 𝜈), 

 where: 𝜇 = 𝜇𝐴(𝑥) ∈ [0,1] is the degree of positive membership, 

𝜂 = 𝜂𝐴(𝑥) ∈ [0,1] is the degree of neutral membership, 

 𝜈 = 𝜈𝐴(𝑥) ∈ [0,1] is the degree of negative membership, 

with the condition 0 ≤ 𝜇 + 𝜂 + 𝜈 ≤ 1. This triplet is called a Picture Fuzzy Number (PFN). The refusal 

degree is derived as 𝜉 = 1 −  𝜇 − 𝜂 − 𝜈. 

Definition 3. [7] Let 𝐴, 𝐵 ∈ 𝑃𝐹𝑆(𝑋), then  

1. 𝐴 ⊆ 𝐵, if 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥), 𝜂𝐴(𝑥) ≤ 𝜂𝐴(𝑥) and 𝜈𝐴(𝑥) ≥ 𝜈𝐵(𝑥), for each 𝑥 ∈ 𝑋. 

2. 𝐴 = 𝐵, if 𝜇𝐴(𝑥) = 𝜇𝐵(𝑥), 𝜂𝐴(𝑥) = 𝜂𝐴(𝑥) and 𝜈𝐴(𝑥) = 𝜈𝐵(𝑥), for each 𝑥 ∈ 𝑋. 
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3. 𝐴 ∪ 𝐵 = {(𝑥, max {𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}, min{ 𝜂𝐴(𝑥), 𝜂𝐴(𝑥)} , min {𝜈𝐴(𝑥), 𝜈𝐵(𝑥)}| 𝑥 ∈ 𝑋}. 

4. 𝐴 ∩ 𝐵 = {(𝑥, min {𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}, min{ 𝜂𝐴(𝑥), 𝜂𝐴(𝑥)} , max {𝜈𝐴(𝑥), 𝜈𝐵(𝑥)}| 𝑥 ∈ 𝑋}. 

5. 𝐴𝑐 = {(𝑥, 𝜈𝐴(𝑥), 𝜂𝐴(𝑥), 𝜇𝐴(𝑥))|𝑥 ∈ 𝑋}. 

6. 𝐴 × 𝐵 = {((𝑥, 𝑦), 𝜇𝐴×𝐵(𝑥, 𝑦), 𝜂𝐴×𝐵(𝑥, 𝑦), 𝜈𝐴×𝐵(𝑥, 𝑦))|𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵} 

with 𝜇𝐴×𝐵(𝑥, 𝑦) = min{𝜇𝐴(𝑥), 𝜇𝐵(𝑦)} , 
𝜂𝐴×𝐵(𝑥, 𝑦) = min{ 𝜂𝐴(𝑥), 𝜂𝐵(𝑦)} , 
𝜈𝐴×𝐵(x, y) = max{𝜈𝐴(𝑥), 𝜈𝐵(𝑦)}. 

Definition 4. [7] Let 𝐴, 𝐵, 𝐶 ∈ 𝑃𝐹𝑆(𝑋) with 𝑃𝐹𝑆(𝑋) is set of Picture Fuzzy Set (PFS) of 𝑋. A function 

𝑑: 𝑃𝐹𝑆(𝑋) → ℝ is defined as Picture Fuzzy Distance Measure (PFDM) if and only if it satisfies for every 

𝐴, 𝐵, 𝐶 ∈ 𝑃𝐹𝑆(𝑋): 

[D1] Non-Negativity: 𝑑(𝐴, 𝐵)  ≥ 0 

[D2] Identity of Indiscernibles: 𝑑(𝐴, 𝐵) = 0 if and only if 𝐴 = 𝐵 

[D3] Symmetry: 𝑑(𝐴, 𝐵) = 𝑑(𝐵, 𝐴) 

[D4] Triangle Inequality: 𝑑(𝐴, 𝐶) ≤ 𝑑(𝐴, 𝐵) + 𝑑(𝐵, 𝐶) 

The commonly used PFDMs are the Hamming PFDM and the Euclidean PFDM [11], where 𝑑𝐻 

denotes the Hamming PFDM and 𝑑𝐸 denotes the Euclidean PFDM (quadratic distance that emphasizes larger 

differences). Their formulas are as follows: 

𝑑𝐻(𝐴, 𝐵) =
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)| + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)| + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)| )

𝑛

𝑖=1

 

𝑑𝐸(𝐴, 𝐵) = (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|2 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|2 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|2)

𝑛

𝑖=1

)

1
2

 

3. RESULTS AND DISCUSSION 

The results and discussion in this study are presented in two main subsections to comprehensively 

address the research questions. The first subsection discusses the characteristics and mathematical properties 

of the proposed Picture Fuzzy Distance Measure (PFDM). The second subsection examines the practical 

implementation of PFDM in a research topic recommendation system for mathematics students based on 

three main criteria. This division enables an in-depth analysis of both the theoretical and applicative aspects 

of PFDM. Although several PFDMs have been previously proposed, most of them are limited to specific 

instnatiations such as the Hamming distance (𝑝 = 1) and the Euclidean distance (𝑝 = 2). The PFDM was 

proposed to generalize these by introducing a flexible parameter 𝑝, where 𝑝 is any positive integer. This 

generalization allows the distance measure to be adjusted according to the preference or sensitivity level 

required in a given decision-making context. The proposed PFDM satisfies all metric axioms and is bounded 

within [0,1]. Furthermore, empirical validation demonstrates that different 𝑝 values yield different ranking 

outcomes. Based on experimental validation using respondent data, it was found that 𝑝 = 3 produces the 

closest alignment with user satisfaction compared to Hamming (𝑝 = 1) and Euclidean (𝑝 = 2). Thus, the 

main contribution of the proposed PFDM lies not merely in proving its mathematical properties, but in 

providing a tunable distance measure that can be adapted to specific application needs, with 𝑝 = 3 offering 

the most accurate recommendation results for the case of the mathematics student research topics. Through 

this approach, it can be demonstrated how the mathematical properties of the PFDM support its effectiveness 

in generating accurate and personalized recommendations and in addressing the research questions.  

 

 

 



BAREKENG: J. Math. & App., vol. 20(4), pp. 3123- 3136, Dec. 2026.     3127 

 

 

3.1 Generalized Picture Fuzzy Distance Measure (PFDM) 

Theorem 1. Let 𝐴, 𝐵 ∈ 𝑃𝐹𝑆(𝑋) with 𝑃𝐹𝑆(𝑋) is a set of Picture Fuzzy Set (PFS) of 𝑋, 𝑝 ∈ ℕ. Given  

𝑑𝑝(𝐴, 𝐵) = (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

is Picture Fuzzy Distance Measure (PFDM). 

With:  

𝜇𝐴(𝑥𝑖): positive membership (𝑥𝑖) of PFS A; 

𝜂𝐴(𝑥𝑖): neutral membership (𝑥𝑖) of PFS A; 

𝜈𝐴(𝑥𝑖): negative membership (𝑥𝑖) of PFS A. 

Proof.  

1. Non-Negativity: 𝑑𝑝(𝐴, 𝐵) ≥ 0 

Let 𝑥𝑖 ∈ 𝑋, from the absolute properties we have |𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|, |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)| , |𝜈𝐴(𝑥𝑖) −
𝜈𝐵(𝑥𝑖)| ≥ 0 then |𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝 ≥ 0. Thus, 
𝑑𝑝(𝐴, 𝐵) ≥ 0 

2. Identity of Indiscernibles: 𝑑𝑝(𝐴, 𝐵) = 0 if and only if 𝐴 = 𝐵 

a. 𝑑𝑝(𝐴, 𝐵) = 0 ⟹ 𝐴 = 𝐵  

Let 𝑑𝑝(𝐴, 𝐵) = 0 then 

(
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

= 0. 

Based on the absolute properties we have ∀𝑥𝑖 ∈ 𝑋, |𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)| = |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)| =
|𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)| = 0, then 𝜇𝐴(𝑥𝑖) = 𝜇𝐵(𝑥𝑖), 𝜂𝐴(𝑥𝑖) = 𝜂𝐵(𝑥𝑖), and 𝜈𝐴(𝑥𝑖) = 𝜈𝐵(𝑥𝑖). Since the 

positive, neutral, and negative membership degrees of PFS 𝐴 and 𝐵 are equal for all elements, it 

follows that 𝐴 = 𝐵. 

b. 𝐴 = 𝐵 ⟹ 𝑑𝑝(𝐴, 𝐵) = 0   

Let 𝐴 = 𝐵 then we have 𝜇𝐴(𝑥𝑖) = 𝜇𝐵(𝑥𝑖), 𝜂𝐴(𝑥𝑖) = 𝜂𝐵(𝑥𝑖) and 𝜈𝐴(𝑥𝑖) = 𝜈𝐵(𝑥𝑖)∀𝑥𝑖 ∈ 𝑋. So, 

∀𝑥𝑖 ∈ 𝑋, |𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)| = |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)| = |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)| = 0 then 𝑑𝑝(𝐴, 𝐵) = 0. 

3. Symmetry: 𝑑𝑝(𝐴, 𝐵) = 𝑑𝑝(𝐵, 𝐴) 

𝑑𝑝(𝐴, 𝐵) = (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

= (
1

3𝑛
∑(|𝜇𝐵(𝑥𝑖) − 𝜇𝐴(𝑥𝑖)|𝑝 + |𝜂𝐵(𝑥𝑖) − 𝜂𝐴(𝑥𝑖)|𝑝 + |𝜈𝐵(𝑥𝑖) − 𝜈𝐴(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

= 𝑑𝑝(𝐵, 𝐴) 

4. Triangle Inequality: 𝑑𝑝(𝐴, 𝐶) ≤ 𝑑𝑝(𝐴, 𝐵) + 𝑑𝑝(𝐵, 𝐶) 

𝑑𝑝(𝐴, 𝐶) = (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝
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= (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖) + 𝜇𝐵(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖) + 𝜂𝐵(𝑥𝑖)

𝑛

𝑖=1

− 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖) + 𝜈𝐵(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝))

1
𝑝

 

≤ (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜇𝐵(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜂𝐵(𝑥𝑖)

𝑛

𝑖=1

− 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝 + |𝜈𝐵(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝))

1
𝑝

 

≤ (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

+ (
1

3𝑛
∑(|𝜇𝐵(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐵(𝑥𝑖) − 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐵(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

= 𝑑𝑝(𝐴, 𝐵) + 𝑑𝑝(𝐵, 𝐶). ∎  

Theorem 2. Let 𝐴, 𝐵 ∈ 𝑃𝐹𝑆(𝑋) with 𝑃𝐹𝑆(𝑋) is a set of Picture Fuzzy Set (PFS) of 𝑋, 𝑝 ∈ ℕ then  

0 ≤ 𝑑𝑝(𝐴, 𝐵) ≤ 1. 

Proof. Since 𝑑𝑝(𝐴, 𝐵) is PFDM then 𝑑𝑝(𝐴, 𝐵) ≥ 0. All membership degrees lie in the interval [0,1], 0 ≤

𝜇𝐴(𝑥𝑖), 𝜂𝐴(𝑥𝑖), 𝜈𝐴(𝑥𝑖) ≤ 1. The same holds 𝜇𝐵(𝑥𝑖), 𝜂𝐵(𝑥𝑖), 𝜈𝐵(𝑥𝑖). Therefore, the maximum possible 

absolute difference for any membership degree is 1. Hence, for each 𝑖 and 𝑝 ∈ ℕ:  

|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 ≤ 1, |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 ≤ 1, |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝 ≤ 1. 

Summing these three terms for a given 𝑖, 

|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝 ≤ 3. 

Now sum over all  𝑖 = 1,2, … , 𝑛: 

∑  

𝑛

𝑖=1

|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝 ≤ 3𝑛. 

Divide both sides by 3: 

1

3𝑛
∑  

𝑛

𝑖=1

|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝 ≤ 1. 

Finally, take the 𝑝-th root of both sides. Since the 𝑝-th root function is monotonically increasing for non-

negative arguments: 

𝑑𝑝(𝐴, 𝐵) = (
1

3𝑛
∑  𝑛

𝑖=1 |𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝)

1
𝑝

≤ 1
1
𝑝 = 1 

Thus, 𝑑𝑝(𝐴, 𝐵) ≤ 1.  

From the arguments above, it follows that 0 ≤ 𝑑𝑝(𝐴, 𝐵) ≤ 1 for all 𝐴, 𝐵 ∈ 𝑃𝐹𝑆(𝑋), and 𝑝 ∈ ℕ. ∎ 

Theorem 3. Let 𝐴, 𝐵, 𝐶 ∈ 𝑃𝐹𝑆(𝑋) with 𝐴 ⊆ 𝐵 ⊆ 𝐶 then 𝑑𝑝(𝐴, 𝐵) ≤ 𝑑𝑝(𝐴, 𝐶) and 𝑑𝑝(𝐵, 𝐶) ≤ 𝑑𝑝(𝐴, 𝐶). 

Proof. Let 𝐴, 𝐵, 𝐶 ∈ 𝑃𝐹𝑆(𝑋) with 𝐴 ⊆ 𝐵 ⊆ 𝐶 then 𝜇𝐴(𝑥𝑖) ≤ 𝜇𝐵(𝑥𝑖) ≤ 𝜇𝐶(𝑥𝑖), 𝜂𝐴(𝑥𝑖) ≤ 𝜂𝐵(𝑥𝑖) ≤ 𝜂𝐶(𝑥𝑖) 

and 𝜈𝐴(𝑥𝑖) ≥ 𝜈𝐵(𝑥𝑖) ≥ 𝜈𝐶(𝑥𝑖). Consequently, 
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𝑑𝑝(𝐴, 𝐵) = (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐵(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐵(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐵(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

≤ (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

= 𝑑𝑝(𝐴, 𝐶) 

and  

𝑑𝑝(𝐵, 𝐶) = (
1

3𝑛
∑(|𝜇𝐵(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐵(𝑥𝑖) − 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐵(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

≤ (
1

3𝑛
∑(|𝜇𝐴(𝑥𝑖) − 𝜇𝐶(𝑥𝑖)|𝑝 + |𝜂𝐴(𝑥𝑖) − 𝜂𝐶(𝑥𝑖)|𝑝 + |𝜈𝐴(𝑥𝑖) − 𝜈𝐶(𝑥𝑖)|𝑝)

𝑛

𝑖=1

)

1
𝑝

 

= 𝑑𝑝(𝐴, 𝐶). ∎ 

Corollary 4. Let 𝐴, 𝐵, 𝐶 ∈ 𝑃𝐹𝑆(𝑋) with 𝐴 ⊆ 𝐵 ⊆ 𝐶 then 
𝑑𝑝(𝐴,𝐵)+𝑑𝑝(𝐵,𝐶)

2
≤ 𝑑𝑝(𝐴, 𝐶) 

Proof. Based on Theorem 3 and metric properties. 

3.2 Implementation Generalized Picture Fuzzy Distance Measure (PFDM) 

3.2.1 Definition of the Research Topic Universe  

The domain of potential research topics is defined based on the core concentrations within the 

Mathematics study program. The set of alternatives 𝑇 = {𝑇1, 𝑇2, 𝑇3, 𝑇4, 𝑇5, 𝑇6}  comprises the following six 

major fields: 𝑇1 = Algebra, 𝑇2 = Analysis, 𝑇3 = Statistics, 𝑇4 = Computational Mathematics, 𝑇5 = Applied 

Mathematics, and 𝑇6 = Financial Mathematics.  

3.2.2 Criteria Definition and Data Collection as Picture Fuzzy Numbers (PFNs)  

The suitability of a topic for a student is evaluated based on three primary criteria. All data will be 

converted into Picture Fuzzy Numbers (PFNs) to effectively handle the inherent uncertainty and hesitancy in 

human preferences. Let a PFN for a criterion 𝐶𝑖 be denoted as (𝜇𝑖 , 𝜂𝑖 , 𝜈𝑖), where 𝜇𝑖 is the positive 

membership (agreement), 𝜂𝑖 is the neutral membership (hesitancy), and 𝜈𝑖 is the negative membership 

(disagreement). The three primary criteria are student interest, student competence, and supervisor suitability.  

Student interest data (𝐶1) is gathered through a questionnaire comprising 24 statements, each rated on a 5-

point Likert scale. The statements are designed to probe the student’s interest in the six defined mathematical 

fields.  

Table 1. Linguistic Terms for Picture Fuzzy Number (PFN)  

Linguistic Term PFN (𝜇, 𝜂, 𝜈) 

Very Suitable (0.85, 0.10, 0.05) 

Suitable (0.55, 0.30, 0.15) 

Neutral (0.25, 0.50, 0.25) 

Unsuitable (0.15, 0.30, 0.55) 

Very Unsuitable (0.05, 0.10, 0.85)  

Each of the 24 statements features response options ranging from very suitable, suitable, neutral, 

unsuitable, and very unsuitable, which are subsequently converted into Picture Fuzzy Numbers (PFNs) 

according to Table 1. Among these 24 statements, four are dedicated to representing interest in each 
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respective topic. The PFN for each topic is computed by aggregating the four corresponding items using the 

arithmetic mean (average), i.e., each component (𝜇, 𝜂, 𝜈) of the resulting PFN is the average of the respective 

components from the four items. Accordingly, the PFN values representing student interest, denoted as 𝐶1, 

are derived and presented in Table 2. 

Table 2. Picture Fuzzy Number of Student Interest (PFN C1)  

No 
𝑻𝟏 𝑻𝟐 𝑻𝟑 𝑻𝟒 𝑻𝟓 𝑻𝟔 

𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  

1 0.8 0.2 0.1 0.5 0.3 0.2 0.5 0.2 0.3 0.7 0.2 0.1 0.7 0.2 0.1 0.2 0.5 0.3 

2 0.2 0.5 0.3 0.2 0.4 0.4 0.4 0.4 0.2 0.3 0.4 0.4 0.3 0.3 0.5 0.3 0.4 0.4 

3 0.1 0.2 0.8 0.1 0.2 0.8 0.2 0.2 0.7 0.3 0.4 0.4 0.2 0.3 0.6 0.7 0.1 0.3 

4 0.2 0.3 0.6 0.3 0.3 0.5 0.4 0.3 0.4 0.3 0.5 0.3 0.3 0.4 0.3 0.8 0.2 0.1 

5 0.3 0.5 0.2 0.2 0.4 0.4 0.3 0.5 0.3 0.3 0.5 0.2 0.3 0.4 0.3 0.3 0.5 0.3 

6 0.3 0.5 0.3 0.3 0.5 0.3 0.4 0.4 0.2 0.5 0.4 0.2 0.4 0.4 0.2 0.4 0.4 0.2 

7 0.2 0.3 0.6 0.3 0.3 0.5 0.6 0.3 0.2 0.2 0.2 0.6 0.4 0.4 0.3 0.6 0.3 0.1 

8 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 

9 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 0.3 0.5 0.3 

10 0.2 0.4 0.4 0.2 0.4 0.4 0.2 0.5 0.3 0.3 0.5 0.3 0.2 0.4 0.4 0.5 0.4 0.2 

11 0.4 0.4 0.2 0.3 0.5 0.2 0.4 0.4 0.2 0.4 0.4 0.2 0.5 0.4 0.2 0.6 0.3 0.2 

12 0.2 0.5 0.3 0.6 0.3 0.2 0.3 0.5 0.2 0.3 0.5 0.2 0.8 0.2 0.1 0.6 0.3 0.2 

Academic competence (𝐶2) is derived from the student’s official transcript, focusing on grades from 

relevant courses aligned with the six research topics. The average value of students’ Grade Point Average 

(GPA) for each topic is then translated into Picture Fuzzy Numbers (PFNs) using the following membership 

function of PFS students’ GPA: 

𝜇𝐺𝑃𝐴(𝑥) = {
𝑥 − 1

3
, 1 < 𝑥 ≤ 4

0, 0 < 𝑥 ≤ 1
, 

𝜂𝐺𝑃𝐴(𝑥) =
|𝑥 − 4|

4
, 𝑥 ∈ [0,4], 

𝜂𝐺𝑃𝐴(𝑥) = {
0, 3 ≤ 𝑥 ≤ 4
3 − 𝑥

3
, 0 ≤ 𝑥 < 3

. 

The conversion of student GPAs for each topic, utilizing the membership function for the Picture Fuzzy Set 

(PFS) of student GPA, yielded the PFN 𝐶2 as presented in Table 3. 

Table 3. Picture Fuzzy Number of Student Grade Point Average (PFN C2)  

No 
𝑻𝟏 𝑻𝟐 𝑻𝟑 𝑻𝟒 𝑻𝟓 𝑻𝟔 

𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  

1 0.7 0.3 0.0 0.4 0.6 0.0 0.3 0.7 0.0 0.3 0.7 0.0 0.7 0.4 0.0 0.4 0.7 0.0 

2 0.6 0.1 0.0 0.5 0.0 0.0 0.8 0.0 0.0 0.6 0.0 0.0 0.5 0.2 0.0 0.9 0.1 0.0 

3 0.5 0.5 0.0 0.3 0.7 0.0 0.4 0.7 0.0 0.5 0.5 0.0 0.5 0.4 0.1 0.8 0.3 0.0 

4 0.8 0.2 0.0 0.8 0.2 0.0 0.9 0.2 0.0 0.8 0.2 0.0 0.9 0.1 0.1 0.9 0.1 0.0 

5 0.3 0.6 0.1 0.1 0.8 0.1 0.3 0.7 0.1 0.3 0.7 0.1 0.4 0.6 0.1 0.4 0.6 0.1 

6 0.5 0.5 0.0 0.0 1.0 0.0 0.3 0.7 0.0 0.4 0.7 0.0 0.7 0.2 0.1 0.4 0.6 0.0 

7 0.5 0.3 0.2 0.1 0.7 0.2 0.5 0.5 0.1 0.8 0.2 0.1 0.4 0.4 0.2 0.9 0.2 0.0 

8 0.6 0.3 0.0 0.2 0.4 0.0 0.4 0.4 0.0 0.4 0.4 0.0 0.8 0.2 0.0 0.4 0.4 0.0 
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No 
𝑻𝟏 𝑻𝟐 𝑻𝟑 𝑻𝟒 𝑻𝟓 𝑻𝟔 

𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  

9 0.3 0.5 0.0 0.3 0.5 0.0 0.3 0.5 0.0 0.3 0.6 0.0 0.3 0.5 0.0 0.3 0.5 0.0 

10 0.1 0.4 0.1 0.0 0.4 0.0 0.1 0.4 0.1 0.1 0.5 0.1 0.1 0.5 0.1 0.2 0.4 0.1 

11 0.5 0.2 0.0 0.4 0.3 0.0 0.5 0.2 0.0 0.2 0.5 0.0 0.7 0.1 0.0 0.4 0.4 0.0 

12 0.4 0.5 0.0 0.2 0.8 0.0 0.3 0.8 0.0 0.3 0.6 0.2 0.7 0.3 0.1 0.5 0.5 0.0 

Data on supervisor suitability (𝐶3) is collected directly via a specialized questionnaire where students 

provide their perceptions. This questionnaire is designed to yield PFNs directly, asking students to distribute 

their level of agreement (𝜇), neutrality (𝜂), and disagreement (𝜈) regarding a potential supervisor’s expertise 

and mentoring style for a given topic, with the constraint 𝜇 + 𝜂 + 𝜈 ≤ 1. If the sum is less than 1, the 

remaining value 𝜉 = 1 − (𝜇 + 𝜂 + 𝜈) represents the refusal degree, indicating the portion of uncertainty or 

unwillingness to respond. In this study, refusal agreements are treated as excluded from distance calculation. 

The PFN values based on supervisor suitability are presented in Table 4. 

Table 4. Picture Fuzzy Number of Supervisor Suitability (PFN 𝑪𝟑)  

No 𝑻𝟏 𝑻𝟐 𝑻𝟑 𝑻𝟒 𝑻𝟓 𝑻𝟔 

𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  𝝁 𝜼 𝝂  

1 1.0 0.0 0.0 0.8 0.2 0.0 0.8 0.2 0.0 1.0 0.0 0.0 0.7 0.3 0.0 0.7 0.3 0.0 

2 0.9 0.1 0.0 0.7 0.3 0.0 0.9 0.2 0.0 1.0 0.0 0.0 1.0 0.0 0.0 0.8 0.2 0.0 

3 0.6 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 

4 0.9 0.1 0.0 1.0 0.0 0.0 0.8 0.2 0.0 0.9 0.1 0.0 1.0 0.0 0.0 0.8 0.2 0.0 

5 0.4 0.4 0.1 0.3 0.5 0.2 0.4 0.4 0.1 0.7 0.3 0.0 0.7 0.3 0.0 0.3 0.5 0.2 

6 0.6 0.3 0.0 0.7 0.3 0.0 0.6 0.3 0.0 0.8 0.2 0.0 0.7 0.3 0.0 0.4 0.4 0.1 

7 1.0 0.0 0.0 1.0 0.0 0.0 0.9 0.1 0.0 1.0 0.0 0.0 1.0 0.0 0.0 0.9 0.1 0.0 

8 0.8 0.2 0.0 0.7 0.3 0.0 0.7 0.3 0.0 0.9 0.2 0.0 1.0 0.0 0.0 0.8 0.2 0.0 

9 0.6 0.4 0.1 0.7 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 0.7 0.3 0.0 

10 0.8 0.2 0.0 0.7 0.3 0.0 0.8 0.2 0.0 0.8 0.2 0.0 0.7 0.3 0.0 0.5 0.4 0.1 

11 0.3 0.5 0.2 0.3 0.5 0.2 0.3 0.5 0.2 0.6 0.4 0.1 0.7 0.3 0.0 0.0 0.3 0.6 

12 0.9 0.1 0.0 1.0 0.0 0.0 0.8 0.2 0.0 0.9 0.1 0.0 1.0 0.0 0.0 0.9 0.1 0.0 

3.2.3 Application of the Picture Fuzzy Distance Measure for Recommendation 

For each student and each potential research topic 𝑇𝑖 the following process is executed: 

Step 1. Construct the Ideal PFS 

An ideal profile 𝐼𝑗 for topic 𝑇𝑗 is defined as the PFS with maximum positive membership, zero neutral 

membership, and zero negative membership across all three criteria, i.e., 

𝐼𝑗= ⟨(1,0,0), (1,0,0), (1,0,0)⟩. 

 

Step 2. Construct the Student PFS 

The student’s profile 𝑆𝑗 for topic 𝑇𝑗 is constructed from the collected PFNs: 

𝑆𝑗= ⟨𝑃𝐹𝑁𝐶1, 𝑃𝐹𝑁𝐶2, 𝑃𝐹𝑁𝐶3⟩. 

Step 3. Calculate Distance (Suitability Score) 

The proposed Generalized PFDM from Theorem 1 with 𝑝 = 3 is used to calculate the distance 𝑑3(𝑆𝑗, 𝐼𝑗) 

between the student’s profile and the ideal profile for each topic. The formula is defined as follows: 

𝑑3(𝑆𝑗, 𝐼𝑗) = (
1

3𝑛
∑ (|𝜇𝑆𝑗

(𝑥𝑖) − 𝜇𝐼𝑗
(𝑥𝑖)|

3
+ |𝜂𝑆𝑗

(𝑥𝑖) − 𝜂𝐼𝑗
(𝑥𝑖)|3 + |𝜈𝑆𝑗

(𝑥𝑖) − 𝜈𝐼𝑗
(𝑥𝑖)|3)𝑛

𝑖=1 )

1

3

,  
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where 𝑛 = 3 (number of criteria: 𝐶1 = student interest, 𝐶2 = academic competence, 𝐶3 = supervisor 

suitability), 𝑆𝑗 is the student’s PFS for topic 𝑇𝑗, 𝐼𝑗 is the ideal PFS for topic 𝑇𝑗 defined as (1,0,0) for each 

criterion. 

Since the ideal profile 𝐼𝑗 has 𝜇 = 1, 𝜂 = 0, 𝜈 = 0 for all criteria, the formula simplifies to: 

𝑑3(𝑆𝑗, 𝐼𝑗) = (
1

9
∑ (|𝜇𝑆𝑗

(𝑥𝑖) − 1|
3

+ |𝜂𝑆𝑗
(𝑥𝑖)|3 + |𝜈𝑆𝑗

(𝑥𝑖)|3)

3

𝑖=1

)

1
3

. 

The results of the distance calculation between the students’ PFS and the ideal PFS are presented in Table 5. 

Table 5. PFDM 𝒅𝟑 Values between Student Profile and Ideal Profile for Each Topic, along with the 

Recommended Topic 

No 
𝑻𝟏 𝑻𝟐 𝑻𝟑 𝑻𝟒 𝑻𝟓 𝑻𝟔 

Topic 

Recommendation 

1 0.218472 0.384043 0.460009 0.431286 0.261597 0.513111 𝑇1 

2 0.422399 0.449794 0.325498 0.391666 0.420748 0.38086 𝑇3 

3 0.57135 0.615936 0.545516 0.439885 0.484223 0.243611 𝑇6 

4 0.450182 0.395316 0.345062 0.400914 0.36516 0.147449 𝑇6 

5 0.529691 0.632745 0.544285 0.496789 0.46926 0.546682 𝑇5 

6 0.469509 0.66246 0.492841 0.438859 0.350858 0.479292 𝑇5 

7 0.470256 0.555001 0.358141 0.436304 0.400477 0.205864 𝑇6 

8 0.413951 0.503458 0.463647 0.451458 0.402137 0.455225 𝑇5 

9 0.502202 0.497948 0.497192 0.497953 0.505624 0.493927 𝑇6 

10 0.539833 0.571361 0.554187 0.554029 0.552165 0.469125 𝑇6 

11 0.459292 0.50208 0.45328 0.485372 0.315359 0.559822 𝑇5 

12 0.465647 0.521834 0.520001 0.489062 0.211533 0.346667 𝑇5 

 

Step 4. Ranking and Recommendation 

The topics are ranked in ascending order based on their calculated distance. A smaller distance indicates a 

higher degree of similarity to the ideal profile, and thus a stronger recommendation for that student. The top-

ranked topics are presented as personalized recommendations. The primary research topic recommendation 

for each student corresponds to the smallest 𝑑3 PFDM value, which is indicated in bold in Table 5, and the 

corresponding recommended topic are presented in the rightmost column (Topic Recommendation). 

 

Step 5. Comparison of Recommendation Results for Different 𝑝 values 

To determine the optimal parameter, the recommendation outcomes for 𝑝 = 1,2,3,4,5 were compared using 

the same student data. The ranking order of the six research topics for each student was determined based on 

their PFDM values across different 𝑝 parameters. As shown in Table 6, the ranking sequence for each student 

is presented for 𝑝 = 1,2,3,4,5 where the topics are ordered from the most suitable (left) to the least suitable 

(right). 

Table 6. Ranking Order of Research Topics for Each Student Across Different 𝒑 Values 

No 
𝒑 = 𝟏 

(Hamming) 

𝒑 = 𝟐 

(Euclidean) 
𝒑 = 𝟑 𝒑 = 𝟒 𝒑 = 𝟓 

1 𝑇1, 𝑇5, 𝑇4, 𝑇3, 𝑇2, 𝑇6 𝑇1, 𝑇5, 𝑇2, 𝑇4, 𝑇3, 𝑇6 𝑇1, 𝑇5, 𝑇2, 𝑇4, 𝑇3, 𝑇6 𝑇1, 𝑇5, 𝑇2, 𝑇4, 𝑇3, 𝑇6 𝑇1, 𝑇5, 𝑇2, 𝑇4, 𝑇3, 𝑇6 

2 𝑇3, 𝑇6, 𝑇4, 𝑇5, 𝑇1, 𝑇2 𝑇3, 𝑇6, 𝑇4, 𝑇1, 𝑇5, 𝑇2 𝑇3, 𝑇6, 𝑇4, 𝑇5, 𝑇1, 𝑇2 𝑇3, 𝑇6, 𝑇4, 𝑇5, 𝑇1, 𝑇2 𝑇3, 𝑇6, 𝑇4, 𝑇5, 𝑇1, 𝑇2 

3 𝑇6, 𝑇5, 𝑇4, 𝑇3, 𝑇1, 𝑇2 𝑇6, 𝑇4, 𝑇5, 𝑇3, 𝑇1, 𝑇2 𝑇6, 𝑇4, 𝑇5, 𝑇3, 𝑇1, 𝑇2 𝑇6, 𝑇4, 𝑇5, 𝑇3, 𝑇1, 𝑇2 𝑇6, 𝑇4, 𝑇5, 𝑇3, 𝑇1, 𝑇2 

4 𝑇6, 𝑇5, 𝑇4, 𝑇3, 𝑇2, 𝑇1 𝑇6, 𝑇3, 𝑇5, 𝑇2, 𝑇4, 𝑇1 𝑇6, 𝑇3, 𝑇5, 𝑇2, 𝑇4, 𝑇1 𝑇6, 𝑇3, 𝑇5, 𝑇2, 𝑇4, 𝑇1 𝑇6, 𝑇3, 𝑇5, 𝑇2, 𝑇4, 𝑇1 

5 𝑇5, 𝑇4, 𝑇1, 𝑇3, 𝑇6, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇3, 𝑇6, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇3, 𝑇6, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇3, 𝑇6, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇6, 𝑇3, 𝑇2 
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No 
𝒑 = 𝟏 

(Hamming) 

𝒑 = 𝟐 

(Euclidean) 
𝒑 = 𝟑 𝒑 = 𝟒 𝒑 = 𝟓 

6 𝑇5, 𝑇4, 𝑇1, 𝑇3, 𝑇6, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇4, 𝑇1, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇4, 𝑇6, 𝑇1, 𝑇3, 𝑇2 

7 𝑇6, 𝑇4, 𝑇3, 𝑇5, 𝑇1, 𝑇2 𝑇6, 𝑇3, 𝑇4, 𝑇5, 𝑇1, 𝑇2 𝑇6, 𝑇3, 𝑇5, 𝑇4, 𝑇1, 𝑇2 𝑇6, 𝑇3, 𝑇5, 𝑇4, 𝑇1, 𝑇2 𝑇6, 𝑇3, 𝑇5, 𝑇4, 𝑇1, 𝑇2 

8 𝑇5, 𝑇1, 𝑇4, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇1, 𝑇4, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇1, 𝑇4, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇1, 𝑇4, 𝑇6, 𝑇3, 𝑇2 𝑇5, 𝑇1, 𝑇4, 𝑇6, 𝑇3, 𝑇2 

9 𝑇4, 𝑇6, 𝑇2, 𝑇5, 𝑇3, 𝑇1 𝑇6, 𝑇4, 𝑇2, 𝑇3, 𝑇5, 𝑇1 𝑇6, 𝑇3, 𝑇5, 𝑇4, 𝑇1, 𝑇2 𝑇6, 𝑇3, 𝑇1, 𝑇2, 𝑇4, 𝑇5 𝑇1, 𝑇6, 𝑇3, 𝑇2, 𝑇4, 𝑇5 

10 𝑇6, 𝑇3, 𝑇4, 𝑇1, 𝑇2, 𝑇5 𝑇6, 𝑇1, 𝑇3, 𝑇4, 𝑇5, 𝑇2 𝑇6, 𝑇1, 𝑇5, 𝑇4, 𝑇3, 𝑇2 𝑇6, 𝑇1, 𝑇5, 𝑇4, 𝑇3, 𝑇2 𝑇6, 𝑇1, 𝑇5, 𝑇4, 𝑇3, 𝑇2 

11 𝑇5, 𝑇3, 𝑇1, 𝑇4, 𝑇2, 𝑇6 𝑇5, 𝑇3, 𝑇1, 𝑇4, 𝑇2, 𝑇6 𝑇5, 𝑇3, 𝑇1, 𝑇4, 𝑇2, 𝑇6 𝑇5, 𝑇3, 𝑇1, 𝑇4, 𝑇2, 𝑇6 𝑇5, 𝑇3, 𝑇1, 𝑇2, 𝑇4, 𝑇6 

12 𝑇5, 𝑇6, 𝑇2, 𝑇1, 𝑇4, 𝑇3 𝑇5, 𝑇6, 𝑇1, 𝑇4, 𝑇2, 𝑇3 𝑇5, 𝑇6, 𝑇1, 𝑇4, 𝑇3, 𝑇2 𝑇5, 𝑇6, 𝑇1, 𝑇4, 𝑇3, 𝑇2 𝑇5, 𝑇6, 𝑇1, 𝑇4, 𝑇3, 𝑇2 

 

Step 6. Validation with the Student Satisfaction Questionnaire 

To evaluate which 𝑝 value yields the most satisfactory recommendations, a post-implementation 

questionnaire was administered to the 12 participating students. Students rated the suitability of the 

recommended topics for each 𝑝 value on a 5-point Likert scale (1 = very unsuitable, 5 = very suitable). The 

average satisfaction scores are presented in Table 7. 

Table 7. Average Student Satisfaction Scores for Different 𝒑 Values 
𝒑 Value Average Satisfaction Score (out of 5) 

𝑝 = 1 (Hamming) 3.75 

𝑝 = 2 (Euclidean) 4.17 

𝑝 = 3 4.83 

𝑝 = 4 4.58 

𝑝 = 5 4.42 

 
The results indicate that  𝑝 = 3  yielded the highest average satisfaction score of 4.83 out of 5, with 10 

out of 12 students rating the recommendation as “suitable” or “very suitable”. Therefore, 𝑝 = 3 was selected 

as the optimal parameter for the proposed PFDM-based recommendation system. 

3.2.4 Interpretation and Practical Implications 

The proposed Picture Fuzzy Distance Measure (PFDM) generates varied recommendations, showing 

that students’ interest alone is insufficient when competence or supervisor suitability is low. The analysis 

topic (𝑇2) was never ranked first due to consistently low scores across all three criteria, though it often 

appeared in subsequent positions. These findings suggest a student’s preference for applied mathematics over 

foundational topics. Accordingly, to balance supervisory workload, a strategy based on top-2 rankings or 

applying a similarity threshold (e.g., 𝑑3 ≤ 0.3) is proposed, aligning with existing student-supervisor 

allocation models that emphasize workload balance [23], [24]. 

4. CONCLUSION 

This study has proven that the proposed Picture Fuzzy Distance Measure (PFDM) satisfies all metric 

axioms and generalizes the Hamming and Euclidean distances through a flexible parameter 𝑝 ∈ ℕ. Empirical 

validation with 12 fifth-semester mathematics students from UIN Walisongo Semarang showed that 𝑝 = 3 

yields the closest alignment with user satisfaction. The PFDM-based recommendation system successfully 

generates personalized research topic suggestions by integrating student interest, academic competence, and 

supervisor suitability. However, the findings are limited by the small sample size, single-institution data, 

subjective PFN inputs, and the absence of comparison with existing methods. Future work should validate 

the approach with larger, more diverse samples, benchmark against other fuzzy distance measures, and 

incorporate machine learning for adaptive weighting. 
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