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ABSTRACT

A digrundy coloring of a graph is a vertex coloring in which every vertex assigned a higher
color is adjacent to vertices assigned all smaller colors. The maximum number of colors
that can be realized in such a coloring of an acyclic directed graph is called the digrundy
number. This paper determines the digrundy numbers of several classes of acyclic directed
graphs, namely directed star graphs, directed banana tree graphs, directed fireworks
graphs, and directed coconut tree graphs. The analysis is based on structural properties of
the graphs and combinatorial arguments derived from digrundy coloring constraints. The
results show that the digrundy number of directed star graphs m is 2 under orientations
where the central vertex satisfies d,;(v) # 0 and d;;,(v) # 0. For directed banana tree
graphs E’ with a specified orientation H', the digrundy number is 2 for s = 2 and 3 for
s = 3. Under arbitrary orientations, directed fireworks graphs F(2,c¢) have digrundy
number 2, while for directed coconut tree graphs CT (h, 4), the digrundy number is bounded
by 2 < dG(CT(h,4)) < 3. These findings provide exact values of the digrundy number for
the graph classes considered and highlight the role of structural constraints in governing
digrundy coloring behavior.

This article is an open access article distributed under the terms and
conditions of the Creative Commons Attribution-ShareAlike 4.0
International License.

How to cite this article

Raventino and F. Fran, “DIGRUNDY NUMBER OF DIRECTED STAR, BANANA TREE, FIREWORKS, AND COCONUT TREE
GRAPHS”, BAREKENG: J. Math. & App., vol. 20, no. 4, pp. 3213-3222, Dec, 2026.

Copyright © 2026 Author(s)
Journal homepage: https://ojs3.unpatti.ac.id/index.php/barekeng/
Journal e-mail: barekeng.math@yahoo.com; barekeng.journal@mail.unpatti.ac.id

Research Article -

Open Access

3213



http://creativecommons.org/licenses/by-sa/4.0/
http://creativecommons.org/licenses/by-sa/4.0/
mailto:raventino@fmipa.untan.ac.id
https://orcid.org/0009-0006-5920-0199
mailto:fransiskusfran@math.untan.ac.id
https://orcid.org/0009-0000-6794-1129

3214 Raventino, et al. DIGRUNDY NUMBER OF DIRECTED STAR, BANANA TREE, ...

1. INTRODUCTION

Graph coloring is a central topic in graph theory with wide applications in optimization, scheduling,
and network analysis [1], [2], [3]. Graphs provide a mathematical framework for modeling complex systems
through vertices and edges [4], [5], [6]. Within this framework, vertex coloring assigns colors to vertices such
that adjacent vertices receive distinct colors, forming the basis for numerous theoretical developments [7],
[8], [9]. Over time, this classical notion has been extended through various constrained coloring models to
better capture structural properties of graphs [10], [11], [12].

Among these extensions, stronger coloring constraints have been introduced to enforce interactions
between color classes. Variants such as injective and dynamic coloring impose additional adjacency
requirements and have been investigated in different combinatorial contexts [13], [14]. Another important
refinement is complete coloring, which requires adjacency relations between distinct color classes and has
been studied in directed graph settings [15]. These developments naturally lead to more restrictive coloring
frameworks that combine structural and ordering constraints.

A prominent example is digrundy coloring, in which colors are assigned with an inherent order such
that each vertex assigned a higher color is adjacent to vertices assigned all smaller colors. This concept has
been formalized for digraphs, where the maximum number of colors that can be realized defines the digrundy
number [16]. Existing studies have primarily examined general properties, computational aspects, and
variants of Grundy-type colorings [17], [18], [19], while further work highlights their combinatorial
complexity and extensions [20].

Despite these developments, the behavior of the digrundy number for structured acyclic digraphs
remains only partially understood. Several graph families have been investigated from structural and applied
perspectives, including star graphs [21], which have been widely used as fundamental models in graph theory
[22], as well as banana tree graphs [23], fireworks graphs [24], and coconut tree graphs [25], [26]. However,
their digrundy numbers have not been systematically characterized, particularly when different edge
orientations are considered. In parallel, recent results on diachromatic numbers show that coloring parameters
in digraphs are highly sensitive to both graph structure and orientation [27]. Although the digrundy number
is related to the diachromatic number, the two parameters do not generally coincide, and their relationship is
not yet fully clarified [16].

These observations motivate a closer examination of how structural configurations and edge
orientations influence digrundy colorings in acyclic digraphs. In particular, it becomes essential to determine
whether consistent patterns arise for specific graph families and to what extent orientation affects the
attainable number of colors.

Motivated by this direction, the present study determines the digrundy numbers of several classes of
acyclic directed graphs, namely directed star graphs, directed banana tree graphs, directed fireworks graphs,
and directed coconut tree graphs. The analysis distinguishes between specific and arbitrary orientations,
enabling a precise characterization of their impact on digrundy coloring. The main contribution of this work
is the derivation of exact digrundy numbers for these graph classes, providing a clearer understanding of the
interplay between graph structure, orientation, and digrundy coloring constraints.

2. RESEARCH METHODS

This study is conducted within a rigorous theoretical framework based on the structural analysis of
directed acyclic graphs and the properties of digrundy coloring. Let G be a digraph with a coloring function
f: V(@) - {Ty, Ty, ..., T, }. A coloring is said to be greedy if, for every vertex assigned color Tj, there exists
adjacent vertices colored T; for all i < j, in accordance with the definition of digrundy coloring. The
determination of the digrundy number is established through a unified analytical strategy that combines
constructive realization and structural limitation. A lower bound is obtained by explicitly constructing a
coloring that satisfies the greedy condition for a prescribed number of colors, ensuring the existence of such
a coloring. In contrast, an upper bound is derived by demonstrating that any attempt to extend the coloring to
a higher number of colors necessarily violates the greedy condition. This impossibility is rigorously justified
by exploiting intrinsic structural constraints of the graph, particularly adjacency limitations and degree
restrictions, as formalized in Lemma 1 and Lemma 2.
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Accordingly, if a digrundy coloring with m colors exists while no valid digrundy coloring can be

constructed with m + 1 colors, then it follows that dG(@) = m. This principle is applied consistently across
all graph classes considered, ensuring that each result is derived as an exact value supported by both
constructive evidence and structural impossibility. Furthermore, the analysis explicitly incorporates arbitrary
orientations. The arguments are formulated independently of edge directions and rely solely on adjacency
relationships, guaranteeing that the obtained results hold uniformly for all possible orientations of the
underlying graph. This orientation-invariant approach strengthens the generality of the results and ensures
their applicability beyond specific directional configurations.

3. RESULTS AND DISCUSSION

This section commences with the formal definitions of several graph classes that constitute the primary
focus of the study, namely star graphs, banana tree graphs, fireworks graphs, and coconut tree graphs.
Subsequently, foundational concepts are introduced, including the definitions of digrundy coloring and the
digrundy number, along with associated lemmas derived from these definitions. The section concludes with
the determination of the digrundy numbers for all the defined graph classes.

Definition 1. [21] The graph K; , witha € N and a > 2, is astar graph whose vertex and edge sets are given,
respectively, by

V(Kl,a) ={v,y|l1 <i<a}
and
E(Kiq) ={vwll <i<a}.

Definition 2. [23] The graph B, s where a > 1 and s > 2, is a banana tree graph whose vertex and edge sets
are defined, respectively, as

V(Bys) = v, byvijl1<i<al<j<s—1}
and
E(Bys) ={hvijl1<i<al1<j<s—1s=2}Uf{vyv|l<i<a}.

Definition 3. [24] The graph F(a,c) with a,c = 2, is a fireworks graph whose vertex and edge sets are
defined, respectively, as

V(F(a,0)={b,vjll<i<al<j<c-—1}
and
E(F(a,0))={bvjl1<i<al1<j<c—-1}U{vyvgell <i<a-—1}

Definition 4. [25] The graph CT(h, a) where h,a € N, is a coconut graph whose vertex and edge sets are
given, respectively, by

V(CT(h,a)) ={b,vj|1<i<al<j<h}
and
E(CT(h,@)) = {bibiy1l1 < i<a—-1}U{bvjlt =max{i},1<i<al<j<h}

Definition 5. [18] A digrundy coloring of a graph G is a vertex coloring f:V(G) — {Ty, Ty, ..., Ty} such that,
for every j and for each i < j, every vertex v € V(G) with f(v) = T; has a neighbor u € V(G) with f(u) =
T;.

Moreover, as shown in [18], a coloring f is a digrundy coloring if and only if f satisfies the greedy coloring

condition. Hence, in the subsequent discussion, digrundy coloring is used interchangeably with greedy
coloring.

Lemma 1. Consider a directed graph G,and letm represent the number of distinct colors used in a digrundy
coloring of G. Suppose f: V(G) — T is a digrundy coloring function, where V(G ) denotes the set of vertices
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and T the set of color types. Under this coloring, the number of ordered color pairs ,,,P, must satisfy the
inequality ,,P, < |A(G)|, where A(G) is the set of edge in G.

Proof. Let f be a digrundy coloring as in Definition 5. Then, for every j and each i < j, every vertex colored
T; has a neighbor colored T;. Hence, for every pair of distinct color types T; and T; with i < j, there exists an

arc whose endpoints receive these colors. Thus, all pairs of distinct color types are realized on adjacent
vertices, implying that f is a complete coloring; see [18]. Since a complete coloring with m color types

require at least one arc for each ordered pair of distinct colors, and the number of such pairs is ,,,P, = m(m —
1), it follows that ,,,P, < |A(5)| in accordance with the bound for complete coloringsin [17]. m

Lemma 2. Let G be a directed acyclic graph, and let f: V(G) — {Ty, Ty, Ts, ..., T,.} be a digrundy coloring,
where n € N. If a vertex v € V(G) satisfies gy, (v) + din(v) < n — 1, then it follows that f(v) # T,.

Proof. Let v € V(5) satisfy d,.:(v) + din(v) < n — 1. Suppose that f(v) = T,. Since f is a digrundy
coloring as in Definition 5, for each i < n, there exists a vertex u; € V((f) such that u; is adjacent to v and
f(u;) =T;. Thus, v is adjacent to at least n — 1 distinct vertices. In a directed graph, each such adjacency
contributes to either d,,+ (v) or d;,, (v), and therefore d,,: (v) + d;,(v) = n — 1. This contradicts the initial
condition d .+ (v) + di,(v) <n—1.Hence, f(v) # T,,. m

Definition 6. [18] The digrundy number of a graph G, denoted by dG(ﬁ), is defined as the maximum number
of colors that can be assigned to the vertices of G using a greedy coloring.

Example 1. Given CT(7,4) be a directed coconut tree graph as defined in Definition 4, where we know the
vertex set V (CT(7,4)) = {by, by, b3, by, V1,V,,V3,V,,Vs5,V6, V7,3 and edge set A (CT(7,4)) =

{blbz, b2b3, b3 b4,, b4v1, 172b4_, b4173, v4,b4, b4v5, U6b4' b4177}. An illustration of this graph is pI‘OVIded in Flg
1.

OO O

g frq fh-;\‘ @ @

OO0

Figure 1. Coconut Tree Graph €T(7,4)

We now determine the digrundy number of the directed coconut tree graph CT(7,4). First, let T =
{T,, T,}. A digrundy coloring exists by assigning g,(b,) = g1(b,) = T, and all remaining vertices by T;.
Hence, dG(CT(7,4)) = 2. Next, let T' = {T,T,, T3}, and suppose g,:V(CT(7,4)) = T' is a digrundy
coloring. Without loss of generality (wlog), take g,(b,) = T5. By Definition 5, a vertex colored T; must be
adjacent to vertices colored T; and T,. Thus, b, must have a neighbor colored T,. For each leaf v;, i =
1,2,...,7, we have d;,(v;) + doye(v)) =1 < 2. By Lemma 2, g,(v;) # T5. Moreover, since each v; is
adjacent only to b,, assigning T, to v; does not satisfy Definition 5, as no adjacent vertex provides color T;.
Hence, g,(v;) = T, for all i. Therefore, none of the leaves can supply a neighbor of b, with color T,. The
remaining vertices by, by, b; form a path and cannot fulfill this requirement without violating the greedy
condition at some vertex. Thus, a digrundy coloring with three colors is not feasible. Hence, dG (CT(7,4)) =
2. A visualization of this coloring is provided in Fig. 2.
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Figure 2. lllustrates the Coconut Tree Graph CT(7,4) Colored Using Two Distinct Colors According to The
Digrundy Coloring Method

It is observed that the digrundy number of the coconut tree graph CT(7,4) is 2, while [26] earlier
findings established that the diachromatic number of the same graph is 3. This discrepancy highlights the
existence of a structural difference between the diachromatic number and the digrundy number, even when
applied to the same graph. Motivated by this distinction, the present study focuses on determining the
digrundy numbers of the star graph and the banana tree graph under specific orientations, and subsequently
extends the analysis to the fireworks graph and coconut tree graph under arbitrary orientations.

Theorem 1. Let K 4 be a star graph as defined in Definition 1, with the center vertex v, and assume that the

orientation satisfies d,,;(v) # 0 and d;,,(v) # 0. The digrundy number of the graph E—a' is 2, dG(E’) =
2.

Proof. Consider the directed star graph m Since dyye (v) # 0 and dy, (v) # 0, there exist two leaves u;, u;
such that (v,u;) € A(K14) and (uj, v) € A(Ky,). Hence, a digrundy coloring with two colors exists by
assigning f(v) =T, and all leaves T;. Thus, dG(m) > 2. Next, consider T = {Ty, T,, T3}, and suppose
g: V(m) — T is a digrundy coloring. We examine the possibility of assigning color T;. First, let g(v) =
T5. By Definition 5, v must be adjacent to vertices colored T; and T,. Hence, there exists at least one leaf u
with g(u) = T,. However, every leaf has degree one, so d;;,, (1) + dyy: (W) = 1 < 2. By Lemma 2, u cannot
be assigned color T,. Therefore, g(v) # T5. Next, let g(u) = T5 for some leaf u. By Definition 5, u must be
adjacent to vertices colored T, and T,. Since u is adjacent only to v, this requirement cannot be satisfied.
Hence, no leaf can be assigned color T5. Thus, no vertex in m can be assigned color T5. Therefore, a
digrundy coloring with three colors is not feasible, and it follows that dG(m) =2.m

Let the orientation H' of the directed banana tree graph B—Z; be defined as follows.
For the two central vertices b; and b,, all incident edges are directed outward, so that
doye(b1) = doys(b) = s —1 and d;,(b1) = din(b,) = 0. The root vertex v satisfies d,,:(v) = 2 and
din(v) = 0, with edges directed from v to v;; and v,;. Foreach i = 1, 2, the vertex v;; satisfies d,,:(vi1) =
0 and d;,,(v;1) = 2, receiving edges from both v and b;. Furthermore, foreachi = 1,2andj = 2,3, ...,5s —
1, the vertices v;; satisfy d,,,¢(v;;) = 0 and d;;, (v;j) = 1, with edges directed from b; to v;;. This orientation
is defined for s > 2 and is constructed to control the distribution of in-degrees and out-degrees, which is
essential for analyzing the feasibility of digrundy colorings and determining the digrundy number.

LLemma 3. Consider the directed banana tree graph 2{; as defined in Definition 2, with orientation specified
by H'. For s > 3, the digrundy number of B, is found to be 3, dG(B,,) = 3.

Proof. First, we show that a digrundy coloring with three colors exists. Let T = {T;,T,, Tz}, and define
digrundy coloring g; by g:(v) =Ty, g1(b2) =Tz, g1(b1) =Tz, 91(v11) =Tz, g1(v21) =T5, and
g1(v;j) =Ty for j = 2. By Definition 5, each vertex colored T is adjacent to vertices colored T; and T, and
each vertex colored T, is adjacent to a vertex colored T;. Hence, g, is a digrundy coloring and dG(@) > 3.
Next, suppose a digrundy coloring g, uses four colors T’ = {Ty, T,, T5, T, }. By Lemma 2, only vertices with
total degree at least 3 can receive color T,; thus, only b; or b, may be colored T,. Wlog, let g,(b;) = T,. By
Definition 5, by must be adjacent to vertices colored T;, T, and T5. However, all its neighbors v;; have
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degree 1, so assigning them T, or T violates the greedy condition. Hence, all v,; must be colored T;, and no
neighbor of b; can provide colors T, or T5. Thus, a digrundy coloring with four colors is not feasible.
Therefore, dG(B,,) = 3. m

LLemma 4. Consider the directed banana tree graph E defined according to Definition 2 and oriented as
specified by H'. Under this orientation, the digrundy number of B is found to be 2, dG(B,,) = 2.

Proof. Let E) be as stated. Since |A(m)| = 4, it follows from Lemma 1 that any digrundy coloring with
m colors must satisfy ,,P, < 4. For m = 3, we obtain 3P, = 6 > 4, hence a digrundy coloring with three
colors is not possible. Therefore, dG(E) < 2. Next, we show that a digrundy coloring with two colors
exists. Let T = {Ty,T,} and define g:V(B,;) = T by g(by) = Ty, g(by) = T, g(v) = T,, and assign all
remaining vertices the color T;. Under this assignment, every vertex v € V(E) with g(v) =T, has a
neighbor u € V(E) such that g(u) =Ty, in accordance with the definition of digrundy coloring.
Meanwhile, vertices colored T; trivially satisfy the condition. Hence, g is a valid digrundy coloring using
two colors, and therefore dG(EZ) > 2. Therefore, the digrundy number of E is exactly two, that is,
dG(By;) =2.m

Theorem 2. Let E) be the directed banana tree graph defined according to Definition 2, with orientation
specified by H', where s > 2. The digrundy number of ﬂs’ is given by:

— 2 :;8s=2,
dG(BZ'S)={3 ;§23.

Proof. The result is an immediate consequence of Lemma 3 and Lemma 4. By Lemma 4, dG(B,) = 2. For
s =3, Lemma3yields dG(B,,) = 3. These cases exhaust all admissible values of s > 2, thereby completely
characterizing the digrundy number of @ under the orientation H'.

Theorem 3. Let F(2,c) be the directed fireworks graph as defined in Definition 3, with an arbitrary
orientation. The digrundy number of F(2, ¢) is equal to 2, dG (F(Z, c)) = 2.

Proof. Let F (2, c) be arbitrarily oriented, with internal vertices b,, b, and pendant vertices v, j, v,, Each has

a total degree of one. Define a coloring g4: V(F(z,c)) — {T;, T,} by assigning g,(b;) = Ty, g1(by) =Ty,
g1(vyj) = Ty, and g, (v,) = Ty for all j. Then every vertex colored T, is adjacent to a vertex colored T;, so

g1 1s a digrundy coloring. Hence, dG(F(Z, c)) > 2. Now suppose there exists a digrundy coloring

92:V(F(2,¢)) - {Ty, Ty, T5}. By definition, every vertex colored T; must be adjacent to vertices colored T,
and T,. Wlog, if both b; and b, are assigned color T3, then each pendant vertex, having only one neighbor,
cannot support the existence of a vertex colored T, that is adjacent to a vertex colored T;, so the greedy
condition is not satisfied. On the other hand, if a vertex of degree one is assigned color T3, then it cannot be
adjacent simultaneously to vertices colored T; and T,, which again violates the greedy condition. These
situations represent all possibilities up to recoloring of vertices. Therefore, no digrundy coloring with three

colors exists, and hence dG(F(2,c)) < 2. Consequently, dG(F(2,c)) =2. =

Theorem 4. Let CT(h,4) be the directed coconut tree graph as defined in Definition 4, with an arbitrary
orientation. Then the digrundy number that satisfies CT (h,4) is 2 < dG (CT(h, 4)) <3.

Proof. First, we show that dG(CT(h, 4)) > 2. Since CT(h,4) contains at least one edge, there exist two
adjacent vertices that can be assigned distinct colors T; and T, and the digrundy coloring condition for T, is
satisfied. Hence, a digrundy coloring with two colors always exists. Next, we establish that dG(CT(h, 4)) <
3. Suppose that there exists a digrundy coloring using four colors, that is, a function f: V(CT(h, 4)) -
{T,, T,, T3, T,}. Then any vertex assigned color T, must be adjacent to vertices colored T;, T,, and T;.

However, by the structural constraints of CT (h, 4), no vertex has a neighborhood rich enough to support three
distinct lower colors. In particular, leaf vertices have degree one and cannot realize colors beyond T,, while
backbone vertices have limited adjacency that prevents the simultaneous occurrence of three distinct lower
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colors in their neighborhoods. This violates the necessary condition for color T,, and thus a digrundy coloring
with four colors is not possible. Therefore, dG(CT(h, 4)) < 3. Finally, the exact value depends on the chosen
orientation. In orientations where the adjacency structure allows a vertex to be adjacent to vertices colored
T; and T,, a digrundy coloring with three colors can be constructed, yielding dG(CT(h, 4)) = 3. Otherwise,
the coloring is restricted to two colors, and dG(CT(h, 4)) = 2. Hence, for arbitrary orientation, 2 <
dG(CT(h,4)) < 3. m

4. CONCLUSION

This study determines the digrundy numbers of several classes of acyclic digraphs by exploiting
structural properties and the constraints imposed by digrundy coloring. The results are obtained through a
combination of explicit constructions and structural arguments, ensuring that each value is rigorously justified
in accordance with the definition of digrundy coloring.

1. For directed star graphs K_l_;with a = 2, under orientations satisfying d,,:(v) # 0 and d;;,,(v) # 0,
the digrundy number is

dG(Kig) = 2.

2. For directed banana tree graphs ﬁ with orientation H', the digrundy number is given by

— 2, s=2,
dG(Bys) = {3, s> 3.
3. For directed fireworks graphs F(2, c¢), the analysis shows that two colors are sufficient, while any
extension violates the greedy condition, yielding

dG(F(2,c)) = 2.

4. Finally, for directed coconut tree graphs CT (h, 4), it is established that three colors can be realized
through a valid digrundy coloring, whereas any attempt to extend to four colors fails, hence

2<dG(CT(h,4)) < 3.

These results demonstrate that the digrundy number is governed not merely by the size of the graph,
but by the structural capacity of its adjacency configuration to sustain successive digrundy coloring levels. In
particular, while branching components impose strong local constraints, backbone structures may enable the
propagation of higher color levels, leading to nontrivial distinctions between graph families. The conclusions
are restricted to the graph classes and orientations explicitly analyzed in this work. Further research is needed
to extend these results to broader classes of acyclic digraphs and to develop a more comprehensive
characterization of how structural parameters influence the digrundy number under varying orientations. This
work suggests that the digrundy number serves as a sensitive structural invariant, capturing the extent to
which local adjacency constraints permit the global escalation of digrundy coloring levels.
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