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ABSTRACT

The ability of banks to extend credit and meet their obligations to depositors can be
significantly affected by the presence of non-performing loans (NPL). The intermediation
process, in which deposits are transformed into loans, can be represented through a
predator—prey modeling framework. In this study, we formulate and analyze a system of three
nonlinear ordinary differential equations representing deposits as the prey and two
categories of loans, individual loans and company loans, as predators within a single banking
system. The model incorporates the effect of NPLs as factors that reduce effective loan
performance and influence system interactions. The analytical results show that the system
possesses five equilibrium points. The equilibrium corresponding to the absence of deposits
and loans is unstable, while the remaining four equilibria are globally asymptotically stable
under specific parameter conditions, particularly those related to loan growth rates and NPL
levels. The stability analysis indicates that higher NPL rates tend to reduce the stability
region of equilibria and may destabilize the banking system. Furthermore, numerical
simulations are conducted to support and illustrate the analytical findings. These results
provide insight into the long-term dynamic behavior of deposits and loans, emphasizing the
role of NPLs in determining banking system stability.
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1. INTRODUCTION

The stability and resilience of banking systems are fundamental to sustaining modern economies |[1].
Banks function as key financial intermediaries, transforming deposits into loans that support investment,
consumption [2], and long-term economic growth [3]. Through this intermediation, banks facilitate capital
flows, reduce transaction costs, and enhance economic efficiency [4]. However, this process is often disrupted
by the presence of non-performing loans (NPL), which represent a persistent vulnerability within the financial
sector [5], [6]. NPL, defined as loans in which the borrower has failed to make scheduled payments for a
specified period [ 7], [8], resulting in reduced income and deteriorated asset quality for banks.

High levels of NPL pose serious risks to banking performance and financial stability. They reduce
profitability by lowering interest income and increasing provisioning costs [9], [10], while also limiting
banks’ ability to provide new credit to borrowers [11], [12], [13]. This restriction on lending weakens
investment and economic activity, erodes confidence, and ultimately threatens both bank solvency and the
stability of the financial system [14]. These challenges underscore the need for effective risk management
and strong regulatory measures to control NPL growth and safeguard the stability of banking intermediation
in supporting economic development.

These concerns have motivated extensive research on mathematical models of banking system
dynamics. In recent years, mathematical modeling has been increasingly applied to study the dynamics of
banking systems, particularly to better capture the interaction between deposits, loans, and systemic risks. A
widely used approach is the predator-prey framework, which treats deposits as the “prey” serving as the
resource base, and loans as the “predators” competing for these funds. This perspective provides a systematic
way to analyze how lending activities evolve and how external shocks, such as non-performing loans (NPL),
shape system stability. Several variations of this approach have been explored. Several studies have applied
this approach in different ways. A loan-deposit interaction model was first introduced using the classical
Lotka—Volterra predator-prey framework |15]. Later, other researchers developed and extended this model,
which subsequently became an important reference for many studies in this field [16], [17]. Building on this,
other researchers developed a bank balance sheet model that explicitly incorporates non-performing loans,
emphasizing the impact of credit risk [18]. In the realm of predator-prey studies, a two-predator one-prey
model was proposed to capture the competition between two loan types for a deposit [ 19]. A subsequent study
extended this framework by modeling two loan categories within a single bank and incorporating mechanisms
such as non-performing loans and withdrawals [20]. Nevertheless, the explicit dynamical impact of non-
performing loans on system stability remains insufficiently investigated. Therefore, further investigation is
needed to understand how non-performing loan dynamics influence the stability and long-term behavior of
multi-loan banking systems.

Despite these developments, most existing models focus either on a single loan category within a
predator-prey structure or on multiple loan types without explicitly analyzing how non-performing loans alter
the qualitative stability structure of the system. In particular, the combined effect of loan competition and
NPL-induced performance deterioration on equilibrium configuration and stability regions has not been
systematically investigated. Consequently, it remains unclear whether introducing multiple loan categories
together with explicit NPL dynamics generates new stability patterns compared to single-loan or non-
competitive frameworks.

To address this gap, this paper contributes to the existing literature by developing a mathematical
framework that explicitly incorporates two categories of loans, individual and company, within a single
banking institution. First, unlike single-loan models, the proposed framework captures the competitive and
interactive effects of individual and company loans on deposit utilization and system performance. Second,
it explicitly incorporates non-performing loans (NPL) into the model and rigorously analyzes their impact on
equilibrium behavior and stability of the banking system. Finally, through analytical results supported by
numerical simulations, the study demonstrates how increasing NPL levels may destabilize the system and
constrain lending capacity, thereby providing insights that may support credit risk management and policy
formulation in the banking sector.

The structure of the paper is organized as follows: Section 2 presents the construction of the
mathematical model, followed by an examination of the existence, uniqueness, non-negativity, and
boundedness of the model’s solutions. Section 3 provides a comprehensive dynamical analysis, including the
identification of equilibrium points, their local and global stability, and numerical simulations that verify the
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results and illustrate the impact of NPL on deposits and loans. Finally, Section 4 presents the conclusion of
the study.

2. RESEARCH METHODS

In this paper, the deposit-loan model [ 15], which consists of deposit volume (D) and loan volume (L)
is developed by dividing the loan volume into two categories: loans for individuals (L) and loans for
companies (L) utilized in line with [20]. In [ 18], the effect of non-performing loans on loan volumes was
considered; thus, this model incorporates the non-performing loan parameter (n;) for both loan types [18].
The model for deposits and two types of loans with the influence of non-performing loans is as follows:

d_D D (1 _2) _ p1DL4 _ p2DL,
ac k) bD+1 b,D+1’
dL, p,DL, ,
2t bDx1 (01 + )Ly —c; (1 — py)Ly — B1L4Ly — hy L, 1)
1
dL, p,DL, ,
o m — (02 + nx)Ly — (1 — pp)Ly — BaLyLy — hyL3,

with D(0),L;(0),L,(0) = 0. The first equation describes deposit dynamics, where deposits grow
logistically in the absence of lending and decrease due to loan allocation to individual and company sectors.
The second and third equations describe the evolution of individual and company loans, whose growth
depends on deposit availability as the main funding source. The non-performing loan parameters represent
credit deterioration that reduces effective loan growth, while the interaction and quadratic terms capture
competition effects and internal limiting mechanisms within the banking system. The parameter definition is
presented in Table 1, where i = 1 for individual loans and i = 2 for company loans. Some analyses follow
the studies in [19] and [20], while extending their framework by explicitly incorporating non-performing loan
effects into the two-loan system.

Table 1. Parameter Definitions

Parameter Definition

b; Saturation coefficient representing borrowing constraints
C; Return payment rate on loan funds

hy Competition rate among individual loans

h, Competition rate among company loans

k Maximum deposit capacity of the banking system

n; Loan deterioration rate due to non-performing loans

i Maximum effective lending rate from deposits to loans
By Competition rate of two loans affecting individual loan
B, Competition rate of two loans affecting company loan
y The deposit inflow rate driven by interest rate

Ui Proportion of Non-Performing Loans (NPL)

o; Interest rate of loan

3. RESULTS AND DISCUSSION

In this section, the existence, uniqueness, non-negativity, and boundedness of the solution are given to
confirm the feasibility of the model. The dynamical behaviour around each equilibrium point will be
determined through local and global stability analysis.

3.1 The Existence and Uniqueness of the Solution

The existence and uniqueness of the solution are first established to ensure that the proposed model is
mathematically well-posed and reliable for further analysis.

We establish the existence and uniqueness of solutions to system (5.1) in the region Q X [0, c0), where
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Q={(D,Ly,L,) € R3U{0}:max{| D |,| Ly I,| L, I} < M},

for some sufficiently large constant M. The existence of such a bound will follow from the boundedness of
the solutions, which is proven in the subsequent subsection. In addition, we assume that the state variables
remain nonnegative, i.e., D(t), L, (t), L,(t) = 0 for all t = 0; this property will also be verified in the next
subsection.

Let X = (D,Ly,L,) and X = (D, Ly, L;) . The vector field F(X) = (F;(X), F,(X), F3(X)), where

D p1DL4 p.DL,

X)) = D(l——)— - :
1) 4 k) b D+1 bD+1

p1DL4
F(X) = — (o4 +ny)Ly — ¢, (1 — py)Ly — B1L1Ly — hy I3,
2 b1D+1 1 151 1 141 11452 1~1

p.DL,
F3(X) = — (03 + ny)Ly — c;(1 — )Ly — BoLyLy — hyL3.
3 b2D+1 2 2 2 2 2)H2 2412 252

Then, for any X € (2, we have
IF(X) — F(X)|l = |F1(X% 7WF1()?)| +|F(X) — KX + |F3(X) — F3(X)|
< <y+yT+ 2p M + 2p2M) |D — D|

+(2piM + Hg + B1M + 2 M + B,M)|L; — L]
+(2p,M + Hg + B1M + 2hyM + B,M)|L, — Ly |
= K1|D = D| + K,|Ly — Ly| + K;5]L, — Ly ~
=X(D —=D|+|Ly — Li| + |L; — L,|) = K|IX — XII,

where
2yM
jCl == Y+T+2p1M+2p2M,
K, = Hs+MQp;+p1+2h + ),
K3 = Hg+MQ2p;+ By +2hy + B3),
.7( == max{?(l, j(z, ng},
Hs = oy+n;+c(1— ),
H6 = 0-2 +n2 +C2(1—ll2).

Referring to a lemma in [21], it can be established that the function F(X) satisfies the Lipschitz condition,
thereby guaranteeing the existence and uniqueness of solutions of Eq. (1) exist and are unique in {2 X [0, o).

3.2 The Non-Negativity and Boundedness Solution

To establish the mathematical and economic consistency of the proposed banking model in Eq. (1), it is
essential to demonstrate that all state variables remain non-negative and ultimately bounded. In a financial
context, deposit and loan volumes cannot take negative values, and their growth is naturally constrained by
market capacity and regulatory frameworks.

It will be shown that if the initial conditions satisfy D(0) = 0, L,(0) = 0, and L,(0) = 0, then the
solutions remain nonnegative for all t > 0; that is, D(t) = 0, L,(t) = 0, and L, (t) = 0. Assuming that D(t)
is allowed to be negative, it follows that there exists t; > 0 such that D(t) > 0 for 0 < t < t4, equals zero
at t = t;, and becomes negative for t > t;. From Eq. (1), it follows that

dD

e -0
dt li=¢,

which indicates that the deposit fund exhibits no rate of increase at t = t; . This result contradicts the earlier
assumption that D(t) < 0 for t > t;. Hence, the supposition is false, and it can be concluded that D(t) = 0
for all t > 0. By applying the same reasoning, it can similarly be established that L, (t) > 0 and L,(t) = 0
forany t > 0. Economically, this confirms that the banking activities described by the model will never result
in negative fund volumes, maintaining the realism of the financial intermediation process.

Next, we establish the boundedness of the solutions to ensure that the system remains well-defined
forall t = 0. Define V(t) = D(t) + L,(t) + L,(t). The first derivative of V (t) is then given by
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v D<1 D) piDLy _ DLy piDLy
T k) b,D+1 b,D+1 @ bD+1

—(oy +ny)Ly —c; (1 —py)Ly

p.DL,
—p1L1L, — hyL§ + D+l (0, + 1)Ly — c;(1 — pup)Ly — BolqLy — byl
D? :
=yD — o + (c1py — 1 — 0y —ny)Ly + (Coup — ¢ — 03 —My) L,

-+ ﬁzz)L1L2 — hyL3 — h,L3

Y
<yD - 0 + (c1py — ¢4 — 01 —ny)Ly + (Capp — €2 — 03 — Mp) L.

Then, for any positive constant &, it follows that

av yD?
E+(’(V <yD —T+ (cipty — ¢y — 01 —ng)Ly + (capiy — ¢z — 03 =)Ly +E(D + Ly + L)
yD?
=y +&D —T+(E+C1M1 — ¢y — 0y —ny)Ly + (& + caup — ¢ — 0, —ny) L.
By choosing ¢ < min{c¢; (1 — uy) + 01 + nqy, ¢, (1 — y) + 0, + n,}, we obtain
yD?  k(y +$)?
kK 4y

&v.

av
E-FfVS (‘}/+f)D—
av _ k(y + &)?
dt — 4y
It is evident that the solution of the corresponding first-order differential inequality is given by
k(y +&)? k(y + %\ g,
= 7 27 ) e-ét

Vi) < 4¢y 4¢y

+ <V(0) —

k(y+§)?
48y

It follows that V (t) — ,as t — oo, Therefore, the region of Eq. (1) is

k(y + 6)2}
4y )

Hence, all solutions of Eq. (1) are non-negative and ultimately bounded for any non-negative initial condition
D(0),L1(0), and L, (0).

From an economic perspective, boundedness represents the bank’s carrying capacity. A banking
institution cannot expand its deposits or credit offerings infinitely due to market saturation (represented by
the capacity parameter k), capital adequacy constraints, and the inherent risks associated with non-performing
loans (NPL). The existence of this region {2 confirms that the system is mathematically well-posed and stays
within a domain that reflects the finite nature of financial resources and banking infrastructure.

Q= {{D(t),Ll(t), L,()} e R3 U {0}: V(D) <

3.3 The Existence of The Equilibrium Points

The equilibrium points of Eq. (1) are determined when
dD dL, dL,
dt  dt  dt
By solving the system in Eq. (2), we obtain five equilibrium points representing different operational

conditions of the banking system, including the absence of activity, partial lending activity, and full banking
operation, as follows:

(2)

1. The equilibrium point without deposit and loan activities, E, = (0,0,0), that always exists.

2. The loan-free equilibrium point, E; = (k, 0,0), that always exists.

3. The individual loan-free equilibrium point, E, = (D(z), 0,L, (2)) where

1 ( p2D(2)

o = -0
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= p2D(2)
Y@ T 1+ byDiyy’
H6 = 0y + n, + Cz(l - ‘le).

Since L, @ includes D,y and D ) are the roots of the following cubic equation
D¢yy +3B1 Dy + 3B, D5y + B3 = 0,

where
_ hybyy(kb, — 2)

o 3yh,b% '
B = —yh,(2kb; — 1) + kp,(p, — Heby)
2 3yh,b? ’
_ k(yhy + p2He)
By=————7—
Yhab;

Therefore, based on Cardan’s criterion [22], the existence of D, can be guaranteed as in [20]. So, the
third equilibrium point E, exist if H4,(2) > Hg and satisfies one of Cardan’s criteria.

4. The company’s loan-free equilibrium point, E3 = (D(3), Ly @)’ 0). The existence of this equilibrium
point also uses Cardan’s criterion [22] in the same way as E,. So that, E; exist if H3 @ > Hs and
satisfies one of Cardan’s criteria where

1 [ piD@)
13 = h_l(m_ (0'1 + nq + Cl(l - ‘Ll.l)) ,
e = P1D(3)
3(3) 1 + le(3) ’

HS =04 + nq + Cl(l - ,Lll)
5. The equilibrium point with deposit and loan activities, E* = (D*, L}, L}), where

. _ p1hy(D* + byD*?) — B1p,(D* + b1 D**) 4+ (1 + by D*)(1 + b,D*)[B1Hg — Hsh;]
! (14 b;D*)(1 + by D*)(hyhy — B18;) ’

and

. _ p2hyi(D* + byD**) — Bop1(D* + b,D*?) + (1 + by D*)(1 + b,D*)[B,Hs — Hehi]
: (1+ b, D7)(A + by D) (hahy = 1)
L7 and L} exist if they satisfy either Eq. (3) or Eq. (4) given below.

a. Ifhih, > B10,, then it must satisfy
h, H;—H
2>t b ba. (3)
B H;—Hs hy

b. If hyh, < f51B,, then it must satisfy

h, Hi=He 5,

< — < —=. (4)
B H;—Hs hy
The existence of D*reduces to finding positive real roots of the following polynomial equation:
GoD*® + G;D** + G,D** + G3D*? + G,D* + G5 = 0, (5)

where

Go = —y(hihy — .31.32)17%1922:

Gy = y(hihy — B1B2)byby[kbiby — 2(by + by)],

G, = y(hahy — B1B2)[2kb,by(by + by) — (b + b3 + 4byb,)]
+kp1by[b1by(hyHs — B1Hg) + bip,(By + B2) — p1b2h,]
+kpyby[b1by(hiHg — B2Hs) — p2bihy],
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Gz = y(hahy — B1B2)[k(bF + b3 + 4b;by) — 2(by + by)]
+kp1[(2b1b, + b3)(hyHs — B1He) + p2(By + B2) (b1 + by) — 2p1byhy]
+kp,[(2b1b, + b?)(hyHg — BoHs) — 2p,bihy ],
Gy = y(hihy — B1B2)[2k(by + by) — 1]
+kp1[(by + 2by)(hyHs — B1Hg) + p2(B1 + B2) — p1h2]
+kp,[(2by + by)(hyHg — BoHs) — p2hy],
Gs = yk(hihy — B1B2) + klp1 (hoHs — B1Hg) + po(hyHe — B2 Hs)].

By numerical simulation in sub section 3.6, Eq. (5) will have at least one positive real root, thereby
confirming the existence of the equilibrium point E™.

Since the model describes banking quantities, only equilibria with non-negative components are
economically meaningful. The positivity conditions will be further examined in the stability and numerical
analysis sections.

3.4 Local Stability Analysis of The Equilibrium Points

In the banking context, local stability means that small deviations in deposits or loan volumes will
naturally return to their equilibrium points. This property can be analyzed mathematically by linearizing Eq.
(1) around an equilibrium point. The resulting Jacobian matrix is obtained by evaluating the partial derivatives
of Eq. (1) with respect to the state variables D, L, and L,, as given below.

1 —Hj3 —H,
](D; L1'L2) = (Hl J2 —31L1>,
Hy, —B,L; I3

where
2D
h=y(1=Z2)=Hi—Hy,  Jo=Hs—Hs=filo=2hili,  Js = Hy = He = Boly = 2hols,
b, =P __bela __PD __PD
17 (bD + 12’ 27 (byD 4+ 1)?’ " bhD+1’ * T bh,D+1’

Hs =01 +ny + ¢ (1 — py), He = 03 + ny + ¢;(1 — wp).

Theorem 1. For the system in Eq. (1), the equilibrium point without deposit and loan activities Eq is always
unstable.

Proof. The Jacobian matrix at Ej is given by

14 0 0
](0'0'0) =10 —01— Ny — Cl(l - .u'l) 0
0 0 —0; — Ny — (1 — uz)

It follows that the eigenvalues are
Al =Y > 0 )
Ay =—01—ny—c;(1—py) <O.
A3 = —0; —ny — (1 — pp) <0,
Consequently, the equilibrium point E, without deposit and loan activities remains unstable under all
conditions.
Theorem 2. For the system in Eq. (1), the loan-free equilibrium point E; is locally asymptotically stable if

p1k D2k
< He and —— < Hg.
bik+1 5 byk+1 6

Proof. The Jacobian matrix at E; is given by

_ _ p1k _ p2k
V' Thk+1 bok + 1
Joo=| 0o PR 0
bk + 1

k
\ 0 0 P2 Hg/
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It is clear that the eigenvalues are 4y = -y <0 , 4, = bp;il — Hs, and A3 = % — Hg. When the
1 2

< Hg are satisfied, both 4, and 15 become negative, implying that E; is

p2k
byk+1
locally asymptotically stable. Otherwise, E; is an unstable point. This result indicates that the loan-free
equilibrium remains stable when loan growth rates are insufficient to overcome the corresponding loss and
repayment rates.

.. k
conditions 22— < Hs and
bik+1

Theorem 3. For the system in Eq. (1), the individual loan-free equilibrium point E, is locally asymptotically
stable ifH3(2) — Hg < [31L2(2) and% > Ha,, b, where Hy and Hs , are stated in the proof.

Proof. The Jacobian matrix at E, can be written as

D@y (Hz(z)bz - %) —Hs,, —Hyg, \
J (D(Z)'O' LZ(z)) - \ 0 Hj, —Hs — BiLy,, 0 /'
HZ(Z) _ﬁZLz(Z) _hZLZ(Z)
where
Ha) = etz 2 M= aLe ’ 4@ = Poe ’
(bsD ez + 1) biDg) + 1 Dz + 1

Hs =0, +ny +¢,(1— ), Hg = 03 + np + (1 — pp).

The characteristic equation of the Jacobian matrix J(E,) is given by

(Hsg = Hs = Bilzg, = A) ey — M| = 0,

where

14
De (H2(2>b2 - E) —Ha,

J2) =
Ha g _hZLZ(z)

The first eigenvalue is 1; = Hj, — Hs — BILZ(Z) which will be negative if Hj, —Hs < ﬁle(Z)-
Furthermore, if % > H, (z)bZ’ then tr(] (2)) <0 and| J (2)| >0 which means the other two eigenvalues 4, < 0
and A3 < 0, so that E, is locally asymptotically stable.

Theorem 4. For the system in Eq. (1), the company loan-free equilibrium point E5 is locally asymptotically
stable, ifH4(3) — Hg < ,82L1(3) and% > Hl(a)bl, where
P1lq,, p1D(3) P2Ds)
Hy,, = 2 Mg =37 1’ @) = p,D 1’
(byDsy + 1) 1M + O
Hs =01 +ny + (1 — py), Hg = 03 + 1y + ¢ (1 — o).

The proof follows the same procedure as in Theorem 3 by evaluating the Jacobian matrix at E3 and analyzing
the eigenvalues using the trace—determinant conditions.

Theorem 5. For the system in Eq. (1), the equilibrium point with deposit and loan activities E* is locally
asymptotically stable if a; > 0,a; > 0 and a,a, — az > 0 where a,,a, and az are stated in the proof.

Proof. The Jacobian matrix at E™ is respresented by

D%waugm—£) —H;  —H,
J(D*, LY, Ly) = H; -h L7 =Bl |
H; —B2L;  —hyL
where
p1li x 2% * p1D” * p2D”

H*=—; H=—; H=—I H:—,
L7 (byD* +1)? 27 (byD* +1)2 37 D +1 * T p,D*+1
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Hs =01 +ny + ¢ (1 — py), He = 03 + ny + (1 — wp).
The characteristic equation of the matrix J(E™) is derived by evaluating |J(E*) — AI| = 0 as follow.
AB+aA2+aA+a; =0, (6)

where

a; =jz +js = Jju

Ay = j2js + HoHy + HiH3 — j1j2 — jiJs — Jaja

az = j1jzja + j2HzHy + jsH{H3 — jijajs — jsHoH3z — jaHiHy,

ji=D" (Hikb1 + H3b, —£);

Jo=mL1>0, j3=pL1>0, jo=pL53>0, js=hyL;>0.

Applying the Routh—Hurwitz criterion [23], one concludes that Eq. (6) has roots with negative real parts if
and only if a; > 0,a; > 0 and a;a, — a3 > 0. Hence, E* is locally asymptotically stable.

3.5 Global Stability Analysis of The Equilibrium Points

The global stability analysis is performed in the positively invariant region £ defined in the previous
subsection. To establish global stability, we construct Lyapunov functions of logarithmic type. This class of
functions is widely used in nonlinear dynamic systems because it is positive definite with respect to the
equilibrium point and naturally defined in the nonnegative region. Moreover, its structure allows the time
derivative to be expressed in quadratic form, which facilitates the application of LaSalle’s invariance
principle. The global stability properties of each equilibrium point are presented in the following theorems.

Theorem 6. Global asymptotic stability (GAS) of E1 holds if p; D1y < Hs and p,D (1) < Hg.
Proof. We define the Lyapunov function as follows
D
U=D-— D(l) - D(l) In <—> + Ll + L2-
D)
The first derivative of U with respect to t is obtained as

dlu yDauy vD p1Lq p2L, ( p1DL4
—=(D-=D _r=
dt ( (1))( ) b,D + 1

( p2DL,

k k bD+1 b,D+1
b Hela = Balala = 13 )

Y 2 p1Di p2D 1
= —E(D - D(1)) + (le _(|_)1 - H5) Ly + (ﬁ - He) Ly — (B1 + B2)L1Ly — by L5 — hyL3

Y
< _E(D - D(1))2 + (P1D(1) - HS)Ll + (PZD(1) - He)Lz — (B1+ B2)L1Ly — L5 — hyL3.

= Hsly = Bulaly = 1)

If py D4y < Hs and p, D4y < Hg, then % < 0 forall (D, L4,L,) € Q with equality 2—7; = 0 occuring only at
(D,Lq,Ly) = (D(l), 0,0) . By applying LaSalle’s invariance principle [24], it follows that E; is GAS.

Theorem 7. E, is GAS under the conditions% > pabyLyzy and p1D ) + v1P2Lo2) < Hs.

Proof. Consider the following Lyapunov function.

D L,
Vl =D — D(Z) - D(Z) In <—> + L1 + 21 (Lz - L2(2) - L2(2) 11’1< ))
Dz La@)

where v; = b,D () + 1. We obtain the first derivative of V; as follows.

dv, yYD(y) P2Lz, yD p1lq p2L;
= (D - D(z) ( +

dar k ' bDgy+1 k bD+1 bD+1

( p1DLq
b;D +1

p2D P2Dz)
+v; (Lz - Lz(z)) (sz +1 bDg + 1 + hala ) — BoLi — haLy

~ Hsly = frlaly = ln13)
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2
y 5 2 pzszZ(z)(D — D)
=——(D-D - hy (L, =L

( @)~ 2( 2 2(”) * (b2Dz) +1)(b2D + 1)

R (D - Dz)) (Lz Lzm) [v1 = (b2D(z) +1)]
(b2D 2y + 1)(b,D + 1)
— Hs + 171.32L2(2)) Ly — 13

— (V182 + B1)L1 L,

( p1D(2)
biD +1

< —%(D — D)’ = vihy (L2 — Lz(z))2 +p2bsLag, (D — D)’
P (D = D) (Lo = Log, ) [1 = (b:Dz) + 1))
(b2D(z) + 1)(byD + 1)
+ (P1D(2) — Hs + V1ﬁ2L2(2)) Ly — hy 3.

Recalling that v; = b,D (2 + 1, it can be expressed as:

— (V1B2 + B1)L41 L,

av. 4 2 2
dtl < (E - szsz(z)) (D =D))" = vih, (Lz - Lz(z)) — (V1P + B1)L1L,

+ (PlD(z) — Hs + Vlﬁsz(z)) Ly — by 3.

IfZ > prZLZ(z) and p1D ;) + vlﬂsz(z) < Hs, it follows that % < 0 for all (D, Lq,L,) € Q with equality

dd—t = 0 holding at (D, L1, L) = (D(z), 0,L, (2)) Consequently, accordmg to the LaSalle invariance principle

n[24], E, is GAS.
Theorem 8. E3 is GASif% > p1b1L1(3) and pyD 3y + V2 B1L1(3) < Hg where v, = byD(5y + 1.

Proof. The proof follows the same Lyapunov construction and steps as in Theorem 7, and is therefore omitted
for simplicity.

Theorem 9. Global asymptotic stabilily (GAS) of the equilibrium E* holds under the conditions £>

_ B 2hy—P1
2hy—B; < < B2

Proof. Take the Lyapunov function as follows

L=D-D*"-D" ln(D)+v3 Li—L1—Liln L* +v| Ly, — L5 —L5]n L*

where v; = b;D* + 1 and v, = b,D* + 1. The first order derivative of £ is

dL Y . Dp1(L1(b1D* + 1) — Ly(b1D + 1))
- PP )<_E(D_D )= (b,D + 1)(bD* + 1) >

p1b1L1 + pabyL5 and 0 < —— ———, Where v and v, are defined in the proof.

o (D2(La(b,D* + 1) — Ly(b,D + 1))
~(b=D )< (b,D + 1)(b,D* + 1) )
gy — 1) [P =P) gy k- 1)
U3(Lq 1 (D + (b D" + 1) 1L 2 1Ly 1
p2(D — D*)

Y . o (P1[b1L1(D — D) — (Ly — L1)(b:D” + 1)]
__E(D_D)2+(D_D)< (byD + 1) (b,D* + 1) )
2 (b — oy (P20 = D) = Uy — L)(aD" + DI\ | wypy(D = D)(Ly = L)
(b,D + 1)(b,D* + 1) (b,D + D(b,D* + 1)
D —D*)(L, — L;
e D by — 13 — wihay — 13)°

—(w3P1 + vafr) Ly — L) (L, — L3)

+v,(Ly — L) <
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b,L;(D — D*)? b,L5(D — D*)?
=—Z(D—D*)2+ p1b1L3( ) N p2boL5( )
k (byD + 1)(byD*+1) (b,D+ 1)(b,D*+ 1)
p1(D =D)Ly — LD[vs — (b1D* + 1)]  po(D —D")(Ly — Ly)[vy — (b, D" + 1)]
(byD + 1)(byD*+ 1) (b,D +1)(b,D* + 1)
—v3hy(Ly — L3)? — vyhy(Ly — L5)* — (03P + vaBr) (L — LE)(LZ - )Ez) N > )
Y n ez e im ez  in ez p1(D —D*)(Ly — L})[vs — (b1D* +1
p2(D — D*)(Ly — Ly)[vy — (b, D" + 1)] o2 N2
+ ,D + D(b,D" + 1) v3hy(Ly — L1)* — vahy(Ly — L3)
—(1;/3& + vu2)(Ly — L) (Ly — L)
= - (E —p1b L7 — szzLE) (D - D*)z —v3hy(Lq — DZ —v4hy (L, — 3)2
— (31 + vaBr)(Ly — L) (L — L3).
Suppose

IA

P = ”351;‘”452 (Ll _ ?) and Q = V351‘;V4-ﬂ2 (LZ _ L*Z)a

it follows that
P?+Q*—(P+Q)*> =-2PQ = —(v3B; + vaBr)(Ly — L)) (L, — L),

and consequently

dL V * * *\ 2 *\2 *\2
ES —(E—P1b1ll1 —szsz) (D —D*)* —v3hy(Ly — L7)* — v4hy(Ly — L)
17331 + 17432 17331 + 17432

D2+ - Ly)?

V3P + 17432 )+ 173/))1 4.32 9
’ 1 ; L,

(T —p1b1L7 — szsz) (D-D )2 —v3hy (L — L1)2 —vhy(Ly — Lz)z

+U]?fﬁ1 ‘2|‘ V42 (L, — L5)? + V31 ‘2|' V42 (L, — L3)?
== (% —p1b1Li — szzL*z) (D -D*)* - (U3h1 - M) (Ly = L})?
— <v4h2 — M) (LZ _ ’5)2
Under the conditions ¥ > p,b; L% + p,b,L5 and 0 < by < < 2k~ Bl, it holds that £ < 0 for all
k 2h, =P, B> dt

(D, L4, L) € Q, with the equalityE = Oonlyat (D,Lq,L,) = (D* ,Ll, L3). By LaSalle’s invariance principle
at princip
in [24], the equilibrium E* is GAS.

3.6 Numerical Simulation

The outcomes of numerical simulations for the model in Eq. (1) are presented in this section. Since
empirical data are unavailable, all parameter values were assigned hypothetically. To compute the solutions,
the classical fourth-order Runge-Kutta method was employed, a scheme widely recognized in the literature
for analyzing dynamical system models. All numerical simulations were performed using MATLAB
software. Its effectiveness in solving first-order ordinary differential equations has been highlighted in several
previous studies [25], [26], and in this work, it is applied to validate and illustrate the theoretical results.
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Table 2. Parameters Values

Parameter y k P1 P2 n, n, by b, o, o c; ¢z PB1 B2 hi h [ 120 ' P

Simulation1 0.4 3 015 02 017 023 08 09 02 0.2 02 025 05 04 0.1 0.1 015 02

Simulation2 04 1.75 0.25 08 017 02 08 07 02 0.1 02 02 05 04 0.1 0.1 015 0.1

Simulation3 04 175 0.8 035 017 023 038 09 0.1 0.5 02 025 05 04 0.1 0.1 015 02

Simulation4 04 1.75 08 08 017 02 09 095 02 015 0.15 02 01 015 03 025 015 02

Table 2 provides the specific parameter values employed in the model in Eq. (1) . For the simulations,
three distinct sets of initial conditions were considered, (D (0), L, (0), L,(0)) = {(7,3,2),(10,4,6), (14,5,7)}.
Using the parameters listed in the “simulation 1” column, the first numerical experiment demonstrates that
the system’s solution converges asymptotically to the loan-free equilibrium point E; = (3,0,0). This behavior
isillustrated in Fig. 1, which presents the phase portrait of the system and simultaneously reveals the existence
of the trivial equilibrium point E noted in the preceding analysis. Moreover, this numerical experiment serves
as a verification of Theorem 6. The parameter set employed in simulation 1 satisfies p; D ;) = 0.45 < 0.54 =
Hs and p,D(qy = 0.6 < 0.63 = H,, thereby guaranteeing global asymptotic stability. This confirms that the
convergence toward the loan-free equilibrium point E; is fully consistent with the theoretical prediction. From
an economic perspective, this equilibrium represents an undesirable state for banks, since the absence of loan
activity eliminates interest income, thereby limiting their ability to meet operational costs and to remunerate
depositors.

Noj,

N(0),

14

Figure 1. Numerical Simulation for E
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Figure 2. Numerical Simulation for E,

The subsequent simulations provide further insight into the model’s dynamical behavior under varying
parameter conditions listed in Table 2. In the second simulation, which utilized the parameters in the
simulation 2 column, the system’s trajectory converges asymptotically to the individual loan-free equilibrium
point, E;, = (1.1544,0,0.3077). This outcome is illustrated in Fig. 2, where both the trivial equilibrium E,
and the loan-free equilibrium E; also remain present. This simulation also confirms the analytical result of
Theorem 7. The parameter set in simulation 2 fulfills the following stability conditions required for global
stability,

]E/ =0.23>0.17 = prZLZ(Z) and plD(Z) + Ulﬁsz(z) =0.51<0.54 = H5.
Hence, the convergence toward the equilibrium point E, is not only numerically observed but also
analytically confirmed to be globally asymptotically stable. Proceeding to the third simulation, based on the
parameters from the simulation 3 column, the results indicate asymptotic stability at the company loan-free
equilibrium point E3 = (1.1259,0.3389,0), as illustrated in Fig. 3. This figure also highlights the coexistence
of E and E, in addition to the stability of E3. This behavior is consistent with the analytical result established
in Theorem &. Substituting the parameter values from simulation 3 into the derived stability criteria confirms
that the parameter set fulfills the following conditions.
% =0.22>0.21 = p1b1L1(3) and pzD(3) + v2B1L1(3) =0.54<0.58 = H6

Consequently, the company’s loan-free equilibrium point E; is analytically verified to be globally
asymptotically stable, in agreement with the numerical findings.

Finally, the last simulation, corresponding to the simulation 4 column in Table 2, demonstrates that
the system approaches the coexistence equilibrium E* = (1.8597,0.2322,0.2405), where deposits and both
types of loans remain active. Fig. 4 confirms the global asymptotic stability of this equilibrium. This
simulation also reveals the simultaneous existence of all four equilibria Ey, E;, E5, and E3. This result is
consistent with the analytical conclusion stated in Theorem 9. By substituting the parameter values from
simulation 4 into the derived stability criteria, it can be verified that the parameter set fulfills the following
conditions.

Y 20.22 > 0.09 = p, by L. + pybyLsand 0 < 0.29 = —P1 < 1,03 = % < 333 = 2ah

k 2hy—B> V3 B2
Consequently, the coexistence equilibrium E™ is analytically confirmed to be globally asymptotically stable,
in agreement with the numerical simulation. Economically, this case reflects the most desirable scenario for
banks, where lending to both individuals and companies is sustained. The findings indicate that a strong
capacity to convert deposits into loans ensures stability, making the equilibrium E* the optimal state of the

banking system.
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N(0),

N(O)g

Figure 3. Numerical Simulation for E3

Ep ;

04 05 D

Figure 4. Numerical Simulation for E*
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Figure 5. The Impact of Fluctuations in Individuals’ NPL Rates (1) on the Volumes of (a) Deposit, (b)
Individual Loan, and (¢) Company Loan

Fig. 5 presents an analysis of the impact of fluctuations in individual NPL rates (n,) on the volume of
(a) deposits, (b) individual loans, and (c) company loans. From graph (a), it is evident that an increase in the
individual NPL rate (n,) leads to a decrease in deposit volume. For instance, at n; = 0.13 (green line),
deposit volume reaches its highest level, whereas at n; = 0.20 (magenta line), deposit volume is the lowest
after reaching an equilibrium point. Furthermore, in graph (b), which illustrates the volume of individual
loans, an increase in nq correlates with a decrease in the volume of individual loans. The volume of individual
loans is highest when n; = 0.13 and lowest when n; = 0.20. This behavior is consistent with the structure
of the model, where the parameter n, appears as a reduction factor in the effective growth term of individual
loans, thereby lowering their equilibrium level. Finally, graph (c) depicts the impact of individual NPL on
the volume of company loans. In contrast to the previous two graphs, an increase in n, leads to an increase
in the volume of company loans. This occurs because both loan types interact through shared deposits in the
model, so a reduction in individual loan growth allows a greater proportion of deposits to be utilized by
company loans.

Fig. 6 illustrates how variations in the company’s NPL rate (n,) influence the dynamics of (a) deposit
volume, (b) individual loan volume, and (c) company loan volume. Graph (a) reveals that a higher company
NPL rate correlates with a decrease in the overall deposit volume. For instance, the green line (n, = 0.15)
shows the highest steady-state deposit volume, while the magenta line (n, = 0.23) indicates the lowest
deposit volume as n, increases. Moving to graph (b), which depicts individual loan volume, an upward trend
in n, corresponds to an increase in the volume of individual loans. This effect arises from the competitive
interaction terms in the model, where a reduction in company loan effectiveness due to higher n, indirectly
allows individual loans to utilize more of the available deposits. Finally, graph (c) examines the impact of n,
on company loan volume. As the company's NPL rate (n,) rises, there is a clear reduction in the volume of
company loans. This result follows directly from the model structure, in which higher NPL reduces the
effective loan growth, leading to a lower equilibrium point. In summary, fluctuations in NPL significantly
affect deposit and loan volumes, as reflected in the mathematical structure of the model, where NPL
parameters act as reduction factors in loan growth and influence the equilibrium distribution of deposits
between loan types.
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Figure 6. The Impact of Fluctuations in Company’s NPL Rates (n,) on the Volumes of (a) Deposit, (b)
Individual Loan, and (¢) Company Loan

4. CONCLUSION

This paper presents a mathematical model constructed to analyze two distinct types of loans, those for
individuals and those for companies, within a single banking institution. The model draws an analogy to a
two-predator-one-prey system. We have rigorously established the existence and uniqueness of the model’s
solution, alongside demonstrating the non-negativity and boundedness of its outcomes. Our analysis reveals
the presence of five distinct equilibrium points within the model. These include a point where no deposit or
loan activities occur, a scenario where loans are absent, and specific points for the absence of individual
loans, company loans, and a final point representing active deposit and loan operations. Significantly, the
equilibrium point characterized by the absence of both deposit and loan activities is consistently found to be
unstable, indicating that such a condition is not sustainable in real banking systems. In contrast, the remaining
four equilibrium points demonstrate the potential for stability under specific conditions, suggesting that the
balance between loan distribution and non-performing loan dynamics plays an important role in maintaining
banking stability. These results provide insight into how different loan structures and credit risk conditions
may influence the long-term performance of a banking institution. However, this model has limitations, as it
is developed based on theoretical assumptions and has not yet been calibrated using empirical banking data.
Therefore, future research may focus on empirical calibration using real banking data, particularly individual
and company non-performing loan data, to enhance the model’s practical applicability and validation.

Author Contributions

Onik Febria Damayanti: Conceptualization, Formal Analysis and Investigation, Writing—Original Draft
Preparation, Resources, Visualization. Isnani Darti: Conceptualization, Writing—Review and Editing,
Supervision, Validation. Agus Suryanto: Conceptualization, Methodology, Writing—Review and Editing,
Supervision. Nur Shofianah: Conceptualization, Writing—Review and Editing, Supervision. Trisilowati:



BAREKENG: J. Math. & App., vol. 20(4), pp. 3223 - 3240, Dec. 2026. 3239

Methodology, Writing-Review and Editing, Visualization. All authors discussed the results and contributed
to the final manuscript.

Funding Statement

Part of this research was funded by Internal Funds of the Faculty of Mathematics and Natural Sciences,
University of Brawijaya, based on agreement letter Number: 02115.02/UN10.F0901/B/PG/2025 dated April
8, 2025.

Acknowledgment

The authors are very grateful to the Department of Mathematics, Faculty of Mathematics and Natural
Sciences, Universitas of Brawijaya, for their provided facilities, which helped to improve the quality of this
work.

Declarations

The authors declare that there are no conflict of interests regarding the publication of this paper.

Declaration of Generative AI and Al-assisted Technologies

Generative Al tools (e.g., ChatGPT) were used solely for language refinement, including grammar, spelling,
and clarity. The scientific content, analysis, interpretation, and conclusions were developed entirely by the
authors. All final text was reviewed and approved by the authors.

REFERENCES

[1] X. Chen, Y. Wu, Y. Ding, and T. Zhang, “EXPLORING THE NEXUS OF LIQUIDITY REGULATION, BANK RISK-
TAKING, AND SHADOW BANKING: A COMPREHENSIVE ANALYSIS OF CHINESE COMMERCIAL BANKS,” J.
Knowl. Econ., pp. 601-629, 2024. doi: https://doi.org/10.1007/s13132-024-02013-9.

[2] N. Sumarti and M. F. Ansori, MODEL MATEMATIKA PERBANKAN. ITB Press, 2022.

[3] C. Zheng, A. Das Gupta, and S. Moudud-Ul-hug, “EFFECT OF HUMAN CAPITAL EFFICIENCY ON BANK RISK-
TAKING BEHAVIOR AND CAPITAL REGULATION: EMPIRICAL EVIDENCE FROM A DEVELOPING
COUNTRY,” Asian Econ. Financ. Rev., vol. 8, no. 2, pp. 231-247, 2018. doi:
https://doi.org/10.18488/journal.aefr.2018.82.231.247.

[4] S. Ullah, S. I. Hussain, A. A. Nabi, and K. A. Mubashir, “ROLE OF REGULATORY GOVERNANCE IN FINANCIAL
STABILITY: A COMPARISON OF HIGH AND LOW INCOME COUNTRIES,” J. Cent. Bank. Theory Pract., vol. 11,
no. 1, pp. 207-226, 2022. doi: https://doi.org/10.2478/jcbtp-2022-0009.

[5] A. Das Gupta, N. Sarker, and M. Rifat Rahman, “RELATIONSHIP AMONG COST OF FINANCIAL INTERMEDIATION,
RISK, AND EFFICIENCY: EMPIRICAL EVIDENCE FROM BANGLADESHI COMMERCIAL BANKS,” Cogent Econ.
Financ.,vol. 9, no. 1,2021. doi: https://doi.org/10.1080/23322039.2021.1967575.

[6] T. M. Yhip and B. M. D. Alagheband, THE PRACTICE OF LENDING: A GUIDE TO CREDIT ANALYSIS AND CREDIT
RISK. 2020. doi: https://doi.org/10.1007/978-3-030-32197-0.

[7] M. Naili and Y. Lahrichi, “THE DETERMINANTS OF BANKS’ CREDIT RISK: REVIEW OF THE LITERATURE AND
FUTURE RESEARCH AGENDA,” Int. J. Financ. Econ., vol. 27, no. 1, pp. 334-360, 2022. doi:
https://doi.org/10.1002/ijfe.2156.

[8] H. van Greuning and S. Brajovic Bratanovic, ANALYZING BANKING RISK (3RD EDITION). 2009. doi:
https://doi.org/10.1596/978-0-8213-7728-4.

[9] M. Yurttadur, E. Celiktas, and E. Celiktas, “THE PLACE OF NON-PERFORMING LOANS IN THE TURKISH
BANKING SECTOR,” Procedia Comput. Sci., vol. 158, pp. 766771, 2019. doi:
https://doi.org/10.1016/j.procs.2019.09.113.

[10] S. Sochib, F. S. Liyundira, and A. Yulianti, “THE EFFECT OF LDR, NPL, CAR ON RETURN ON ASSET OF
CONVENTIONAL NATIONAL COMMERCIAL BANK IN INDONESIA,” Int. J. Account. Manag. Res., vol. 3, no. 2, pp.
51-59, 2022. doi: https://doi.org/10.30741/ijamr.v4i1.1104

[11] A. Sanchez Serrano, “THE IMPACT OF NON-PERFORMING LOANS ON BANK LENDING IN EUROPE: AN
EMPIRICAL ANALYSIS,” North Am. J. Econ. Financ., vol. 55, mno. December 2019, 2021. doi:
https://doi.org/10.1016/j.najef.2020.101312.

[12] Q. T. Phung, H. Van Vu, and H. P. Tran, “DO NON-PERFORMING LOANS IMPACT BANK EFFICIENCY?,” Financ.
Res. Lett., vol. 46, no. PB, p. 102393, 2022. doi: https://doi.org/10.1016/].fr.2021.102393.

[13] M. Karadima and H. Louri, “ECONOMIC POLICY UNCERTAINTY AND NON-PERFORMING LOANS: THE
MODERATING ROLE OF BANK CONCENTRATION,” Financ. Res. Lett., vol. 38, no. February 2020, p. 101458, 2021.
doi: https://doi.org/10.1016/5.1r1.2020.101458.

[14] S. K. Singh, B. Basuki, and R. Setiawan, “THE EFFECT OF NON-PERFORMING LOAN ON PROFITABILITY:



https://doi.org/10.1007/s13132-024-02013-9
https://doi.org/10.18488/journal.aefr.2018.82.231.247
https://doi.org/10.2478/jcbtp-2022-0009
https://doi.org/10.1080/23322039.2021.1967575
https://doi.org/10.1007/978-3-030-32197-0
https://doi.org/10.1002/ijfe.2156
https://doi.org/10.1596/978-0-8213-7728-4
https://doi.org/10.1016/j.procs.2019.09.113
https://doi.org/10.30741/ijamr.v4i1.1104
https://doi.org/10.1016/j.najef.2020.101312
https://doi.org/10.1016/j.frl.2021.102393
https://doi.org/10.1016/j.frl.2020.101458

3240

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

[23]
[24]

[25]

[26]

Damayanti, etal. DYNAMICAL ANALYSIS OF TWO LOAN CATEGORIES IN A BANKING SYSTEM ...

EMPIRICAL EVIDENCE FROM NEPALESE COMMERCIAL BANKS,” J. 4sian Financ. Econ. Bus., vol. 8, no. 4, pp.
709-716, 2021. doi: https://doi.org/10.13106/jafeb.2021.v018.n04.0709.

N. Sumarti, R. Nurfitriyana, and W. Nurwenda, “A DYNAMICAL SYSTEM OF DEPOSIT AND LOAN VOLUMES
BASED ON THE LOTKA-VOLTERRA MODEL,” AIP Conf. Proc., vol. 1587, no. 1, pp. 92-94, 2014. doi:
https://doi.org/10.1063/1.4866541.

N. Sumarti and H. Fansuri, “NUMERICAL ANALYSIS ON THE STABILITY BEHAVIOR OF A DYNAMICAL
SYSTEM ON THE DEPOSIT AND LOAN OF A BANK,” Proc. 3rd Int. Conf. Comput. Sci. Technol., vol. 5, pp. 125-128,
2015. doi: https://doi.org/10.2991/iccst-15.2015.24.

A. Fadhlurrahman and N. Sumarti, “IMPLEMENTATION OF THE DYNAMICAL SYSTEM OF THE DEPOSIT AND
LOAN GROWTH BASED ON THE LOTKA-VOLTERRA MODEL AND THE IMPROVED MODEL,” AIP Conf. Proc.,
vol. 1723, 2016. doi: https://doi.org/10.1063/1.4945065.

M. F. Ansori, K. A. Sidarto, N. Sumarti, and I. Gunadi, “DYNAMICS OF BANK’S BALANCE SHEET: A SYSTEM OF
DETERMINISTIC AND STOCHASTIC DIFFERENTIAL EQUATIONS APPROACH,” Int. J. Math. Comput. Sci., vol.
16, no. 3, pp. 871-884, 2021.

Y. Long, L. Wang, and J. Li, “UNIFORM PERSISTENCE AND MULTISTABILITY IN A TWO-PREDATOR-ONE-
PREY SYSTEM WITH INTER-SPECIFIC AND INTRA-SPECIFIC COMPETITION,” J. Appl. Math. Comput., vol. 68,
no. 2, pp. 767-794, 2022. doi: https://doi.org/10.1007/s12190-021-01551-8.

O. F. Damayanti, . Darti, and A. Suryanto, “DYNAMICS OF DEPOSIT AND LOAN VOLUMES MODEL WITH NON-
PERFORMING LOAN AND DEPOSIT WITHDRAWAL FACTORS,” Eur. J. Pure Appl. Math., vol. 18, no. 1, pp. 1-24,
2025. doi: https://doi.org/10.29020/nybg.ejpam.v18i1.5643.

L. Perko, DIFFERENTIAL EQUATIONS AND DYNAMICAL SYSTEMs, vol. 7. Springer Science \& Business Media, 2013.
Y. Cai, C. Zhao, W. Wang, and J. Wang, “DYNAMICS OF A LESLIE-GOWER PREDATOR-PREY MODEL WITH
ADDITIVE ALLEE EFFECT,” Appl. Math. Model., vol. 39, no. 7, pp. 2092-2106, 2015. doi:
https://doi.org/10.1016/j.apm.2014.09.038.

J. D. Murray, MATHEMATICAL BIOLOGY: I. AN INTRODUCTION, vol. 17. Springer Science & Business Media, 2007.
G. C. Layek, AN INTRODUCTION TO DYNAMICAL SYSTEMS AND CHAOS. 2015. doi: https://doi.org/10.1007/978-81-
322-2556-0.

H. F. Romli, A. Suryanto, and I. Darti, “DYNAMICS OF FOOT-AND-MOUTH DISEASE SPREAD MODEL FOR
CATTLE WITH CARRIER, VACCINATION, AND ENVIRONMENTAL TRANSMISSION,” Commun. Math. Biol.
Neurosci., vol. 2023, 2023. doi: https://doi.org/10.28919/cmbn/8207.

A. Suryanto, 1. Darti, and Trisilowati, “DYNAMIC BEHAVIOR OF A HARVESTED LOGISTIC MODEL
INCORPORATING FEEDBACK CONTROL,” Commun. Math. Biol. Neurosci., vol. 2024, no. 1, pp. 1-11, 2024, doi:
https://doi.org/10.28919/cmbn/8227.



https://doi.org/10.13106/jafeb.2021.vol8.no4.0709
https://doi.org/10.1063/1.4866541
https://doi.org/10.2991/iccst-15.2015.24
https://doi.org/10.1063/1.4945065
https://doi.org/10.1007/s12190-021-01551-8
https://doi.org/10.29020/nybg.ejpam.v18i1.5643
https://doi.org/10.1016/j.apm.2014.09.038
https://doi.org/10.1007/978-81-322-2556-0
https://doi.org/10.1007/978-81-322-2556-0
https://doi.org/10.28919/cmbn/8207
https://doi.org/10.28919/cmbn/8227


   ( D )


  ( L )


    L 1


    L 2


    n  i


    d D  d t = 𝛾 D  ( 1 −   D  k ) −     p 1 D   L 1    b 1 D + 1 −     p 2 D   L 2    b 2 D + 1   ,


  𝑫  ( 𝟎 ) ,     𝑳  𝟏  ( 𝟎 ) ,     𝑳  𝟐  ( 𝟎 ) ≥ 𝟎 .


  𝒊 = 𝟏


  𝒊 = 𝟐


    b  i


    c  i


   h 1


   h 2


  k


    n  i


    p  i


    𝛽 1


    𝛽 2


  𝛾


    𝜇  i


    𝜎  i


   Ω × [ 0 , ∞ )


  Ω = { ( D ,   L 1 ,   L 2 ) ∈  ℝ + 3 ∪ {  0 → } : max ⁡ { ∣ D ∣ , ∣   L 1 ∣ , ∣   L 2 ∣ } ≤ M } ,


  M


  D ( t ) ,   L 1 ( t ) ,   L 2 ( t ) ≥ 0


  t ≥ 0


  X =    ( D ,   L 1 ,   L 2 )  


    X - =    (   D - ,     L 1 - ,     L 2 - )  


  F  ( X ) =  (   F 1  ( X ) ,   F 2  ( X ) ,   F 3  ( X ) )


       F 1  ( X )  =  𝛾 D  ( 1 −   D  k ) −     p 1 D   L 1    b 1 D + 1 −     p 2 D   L 2    b 2 D + 1 ,                                                                                           F 2  ( X )  =      p 1 D   L 1    b 1 D + 1 −  (   𝜎 1 +   n 1 )   L 1 −   c 1  ( 1 −   𝜇 1 )   L 1 −   𝛽 1   L 1   L 2 −  h 1   L 1 2 ,     F 3  ( X )  =      p 2 D   L 2    b 2 D + 1 −  (   𝜎 2 +   n 2 )   L 2 −   c 2  ( 1 −   𝜇 2 )   L 2 −   𝛽 2   L 1   L 2 −  h 2   L 2 2 .


  X ∈ 𝛺


   ‖ F  ( X ) − F  (   X - ) ‖ =  |   F 1  ( X ) −   F 1  (   X - ) | +  |   F 2  ( X ) −   F 2  (   X - ) | +  |   F 3  ( X ) −   F 3  (   X - ) |


       𝒦 1  =  𝛾 +   2 𝛾 M  k + 2   p 1 M + 2   p 2 M ,                     𝒦 2  =    H 5 + M  ( 2   p 1 +   𝛽 1 + 2  h 1 +   𝛽 2 ) ,     𝒦 3  =    H 6 + M  ( 2   p 2 +   𝛽 1 + 2  h 2 +   𝛽 2 ) ,     𝒦    =    m a x ⁡   {   𝒦 1 ,   𝒦 2 ,   𝒦 3 } ,                                                       H 5  =    𝜎 1 +   n 1 +   c 1  ( 1 −   𝜇 1 ) ,                                      


  F  ( X )


  𝛺 × [ 0 , ∞ )


  D ( 0 ) ≥ 0


    L 1 ( 0 ) ≥ 0


    L 2 ( 0 ) ≥ 0


  t > 0


  D ( t ) ≥ 0


    L 1 ( t ) ≥ 0


    L 2 ( t ) ≥ 0 .


  D  ( t )


    t 1 > 0


  D ( t ) > 0


  0 < t <   t 1


  t =   t 1


  t >   t 1


       d D  d t |  t =   t 1 = 0


  t =   t 1


  D  ( t ) < 0


  t >   t 1


  D  ( t ) ≥ 0


  t > 0


    L 1  ( t ) ≥ 0


    L 2  ( t ) ≥ 0


  t > 0


  t ≥ 0


  V  ( t ) = D  ( t ) +   L 1  ( t ) +   L 2  ( t )


  V  ( t )


    d V  d t = 𝛾 D  ( 1 −   D  k ) −     p 1 D   L 1    b 1 D + 1 −     p 2 D   L 2    b 2 D + 1     +     p 1 D   L 1    b 1 D + 1 −  (   𝜎 1 +   n 1 )   L 1 −   c 1  ( 1 −   𝜇 1 )   L 1


  𝜉


    d V  d t + 𝜉 V ≤ 𝛾 D −   𝛾   D 2  k +  (   c 1   𝜇 1 −   c 1 −   𝜎 1 −   n 1 )   L 1   +    (   c 2   𝜇 2 −   c 2 −   𝜎 2 −   n 2 )   L 2 + 𝜉  ( D +   L 1 +   L 2 )  


  𝜉 <  min ⁡ {   c 1  ( 1 −   𝜇 1 ) +   𝜎 1 +   n 1 ,   c 2  ( 1 −   𝜇 2 ) +   𝜎 2 +   n 2 }


    d V  d t + 𝜉 V ≤  ( 𝛾 + 𝜉 ) D −   𝛾   D 2  k   =   k    ( 𝛾 + 𝜉 ) 2  4 𝛾   ,


  V  ( t ) ≤   k    ( 𝛾 + 𝜉 ) 2  4 𝜉 𝛾 +  ( V  ( 0 ) −   k    ( 𝛾 + 𝜉 ) 2  4 𝜉 𝛾 )   e  − 𝜉 t .


  V  ( t ) →   k    ( 𝛾 + 𝜉 ) 2  4 𝜉 𝛾


  t → ∞


  Ω =  { { D  ( t ) ,   L 1  ( t ) ,   L 2  ( t ) } ∈   R +  𝟛 ∪ {  0 → } : V  ( t ) ≤   k    ( 𝛾 + 𝜉 ) 2  4 𝜉 𝛾 } .


  D  ( 0 ) ,   L 1  ( 0 ) ,


    L 2  ( 0 )


  k


  𝛺


       d D  d t =   d   L 1  d t =   d   L 2  d t = 0 #  ( 2 )


  2


    E 0 =  ( 0 , 0 , 0 )


    E 1 =  ( k , 0 , 0 )


    E 2 =  (   D   ( 2 ) , 0 ,   L   2   ( 2 ) )


    L   2   ( 2 ) =  1   h 2  (     p 2   D   ( 2 )  1 +   b 2   D   ( 2 ) −  (   𝜎 2 +   n 2 +   c 2  ( 1 −   𝜇 2 ) ) ) ,  


  


    L   2   ( 2 )


    D   ( 2 )


    D   ( 2 )


    D   ( 2 ) 3 + 3   B 1   D   ( 2 ) 2 + 3   B 2   D   ( 2 ) +   B 3 = 0


    B 1 = −    h 2   b 2 𝛾  ( k   b 2 − 2 )  3 𝛾  h 2   b 2 2 ,  


    D 2


    E 2


    H   4   ( 2 ) >   H 6


    E 3 =  (   D   ( 3 ) ,   L   1   ( 3 ) , 0 )


    E 2


    E 3


    H   3   ( 3 ) >   H 5


    L   1   ( 3 ) =  1   h 1  (     p 1   D   ( 3 )  1 +   b 1   D   ( 3 ) −  (   𝜎 1 +   n 1 +   c 1  ( 1 −   𝜇 1 ) ) ) ,  


    E ∗ =  (   D ∗ ,   L 1 ∗ ,   L 2 ∗ )


   h 1  h 2 >   𝛽 1   𝛽 2


   h 1  h 2 <   𝛽 1   𝛽 2


    L 1 ∗ =     p 1  h 2  (   D ∗ +   b 2   D  ∗ 2 ) −   𝛽 1   p 2  (   D ∗ +   b 1   D  ∗ 2 ) +  ( 1 +   b 1   D ∗ )  ( 1 +   b 2   D ∗ )  [   𝛽 1   H 6 −   H 5  h 2 ]   ( 1 +   b 1   D ∗ )  ( 1 +   b 2   D ∗ )  (  h 1  h 2 −   𝛽 1   𝛽 2 ) ,


    L 2 ∗ =     p 2  h 1  (   D ∗ +   b 1   D  ∗ 2 ) −   𝛽 2   p 1  (   D ∗ +   b 2   D  ∗ 2 ) +  ( 1 +   b 1   D ∗ )  ( 1 +   b 2   D ∗ )  [   𝛽 2   H 5 −   H 6  h 1 ]   ( 1 +   b 1   D ∗ )  ( 1 +   b 2   D ∗ )  (  h 1  h 2 −   𝛽 1   𝛽 2 ) .


    L 1 ∗


    L 2 ∗


        h 2    𝛽 1 >     H 4 ∗ −   H 6    H 3 ∗ −   H 5 >     𝛽 2   h 1 . #  ( 3 )


        h 2    𝛽 1 <     H 4 ∗ −   H 6    H 3 ∗ −   H 5 <     𝛽 2   h 1 . #  ( 4 )


    D ∗


       G 0   D  ∗ 5 +   G 1   D  ∗ 4 +   G 2   D  ∗ 3 +   G 3   D  ∗ 2 +   G 4   D ∗ +   G 5 = 0 ,   #  ( 5 )


    G 0 = − 𝛾  (  h 1  h 2 −   𝛽 1   𝛽 2 )   b 1 2   b 2 2 ,  


  


    E ∗


  D ,   L 1 ,


    L 2


  J  ( D ,   L 1 ,   L 2 ) =  (      J 1  −   H 3  −   H 4     H 1    J 2  −  β 1   L 1     H 2  −  β 2   L 2    J 3 ) ,


    J 1 = 𝛾  ( 1 −   2 D  k ) −   H 1 −   H 2   ,       J 2 =   H 3 −   H 5 −   𝛽 1   L 2 − 2  h 1   L 1   ,       J 3 =   H 4 −   H 6 −   𝛽 2   L 1 − 2  h 2   L 2 ,  


    E 0


    E 0


  J  ( 0 , 0 , 0 ) =  (    𝛾  0  0   0  −   𝜎 1 −   n 1 −   c 1  ( 1 −   𝜇 1 )  0   0  0  −   𝜎 2 −   n 2 −   c 2  ( 1 −   𝜇 2 ) ) .


    𝜆 1 = 𝛾 > 0   ,


    E 0


  ,  


    E 1


      p 1 k    b 1 k + 1 <   H 5


      p 2 k    b 2 k + 1 <   H 6


    E 1


  J  ( k , 0 , 0 ) =  (    − 𝛾  −     p 1 k    b 1 k + 1  −     p 2 k    b 2 k + 1   0      p 1 k    b 1 k + 1 −   H 5  0   0  0      p 2 k    b 2 k + 1 −   H 6 ) .


    𝜆 1 = − 𝛾 < 0


    𝜆 2 =     p 1 k    b 1 k + 1 −   H 5


    𝜆 3 =     p 2 k    b 2 k + 1 −   H 6


      p 1 k    b 1 k + 1 <   H 5


      p 2 k    b 2 k + 1 <   H 6


    𝜆 2


    𝜆 3  


    E 1


    E 1


    E 2


    H   3   ( 2 ) −   H 5 <   𝛽 1   L   2   ( 2 )


    𝛾  k >   H   2   ( 2 )   b 2


    H   2   ( 2 )


    H   3   ( 2 )


    E 2


  J  (   D   ( 2 ) , 0 ,   L   2   ( 2 ) ) =  (      D   ( 2 )  (   H   2   ( 2 )   b 2 −   𝛾  k )  −   H   3   ( 2 )  −   H   4   ( 2 )   0    H   3   ( 2 ) −   H 5 −   𝛽 1   L   2   ( 2 )  0     H   2   ( 2 )  −   𝛽 2   L   2   ( 2 )  −  h 2   L   2   ( 2 ) ) ,


    H   2   ( 2 ) =     p 2   L   2   ( 2 )     (   b 2   D   ( 2 ) + 1 ) 2 ,       H   3   ( 2 ) =     p 1   D   ( 2 )    b 1   D   ( 2 ) + 1 ,       H   4   ( 2 ) =     p 2   D   ( 2 )    b 2   D   ( 2 ) + 1 ,  


  J  (   E 2 )


   (   H   3   ( 2 ) −   H 5 −   𝛽 1   L   2   ( 2 ) − 𝜆 )  |   J   ( 2 ) − 𝜆 I | = 0 ,


    J   ( 2 ) =  (      D   ( 2 )  (   H   2   ( 2 )   b 2 −   𝛾  k )  −   H   4   ( 2 )     H   2   ( 2 )  −  h 2   L   2   ( 2 ) ) .


    𝜆 1 =   H   3   ( 2 ) −   H 5 −   𝛽 1   L   2   ( 2 )


    H   3   ( 2 ) −   H 5 <   𝛽 1   L   2   ( 2 )


    𝛾  k >   H   2   ( 2 )   b 2


  t r  (   J   ( 2 ) ) < 0  


   |   J   ( 2 ) | >


    𝜆 2 < 0


    𝜆 3 < 0


    E 2


    E 3


    H   4   ( 3 ) −   H 6 <   𝛽 2   L   1   ( 3 )


    𝛾  k >   H   1   ( 3 )   b 1


    H   1   ( 3 ) =     p 1   L   1   ( 3 )     (   b 1   D   ( 3 ) + 1 ) 2 ,       H   3   ( 3 ) =     p 1   D   ( 3 )    b 1   D   ( 3 ) + 1 ,       H   4   ( 3 ) =     p 2   D   ( 3 )    b 2   D   ( 3 ) + 1 ,  


    E 3


    E ∗


    a 1 > 0 ,   a 3 > 0


    a 1   a 2 −   a 3 > 0


    a 1 ,   a 2


    a 3


    E ∗


  J  (   D ∗ ,   L 1 ∗ ,   L 2 ∗ ) =  (      D ∗  (   H 1 ∗   b 1 +   H 2 ∗   b 2 −   𝛾  k )  −   H 3 ∗  −   H 4 ∗     H 1 ∗  −  h 1   L 1 ∗  −   𝛽 1   L 1 ∗     H 2 ∗  −   𝛽 2   L 2 ∗  −  h 2   L 2 ∗ ) ,


    H 1 ∗ =     p 1   L 1 ∗     (   b 1   D ∗ + 1 ) 2 ,       H 2 ∗ =     p 2   L 2 ∗     (   b 2   D ∗ + 1 ) 2 ,       H 3 ∗ =     p 1   D ∗    b 1   D ∗ + 1 ,       H 4 ∗ =     p 2   D ∗    b 2   D ∗ + 1   ,


    H 5 =   𝜎 1 +   n 1 +   c 1  ( 1 −   𝜇 1 ) ,       H 6 =   𝜎 2 +   n 2 +   c 2  ( 1 −   𝜇 2 ) .


  J  (   E ∗ )


   | J  (   E ∗ ) − 𝜆 I | = 0


       𝜆 3 +   a 1   𝜆 2 +   a 2 𝜆 +   a 3 = 0 , #  ( 6 )


    a 1 =   j 2 +   j 5 −   j 1 ,  


    a 1 > 0 ,   a 3 > 0


    a 1   a 2 −   a 3 > 0


    E ∗


  Ω


    E 1


    p 1   D   ( 1 ) ≤   H 5


    p 2   D   ( 1 ) ≤   H 6


  𝒰 = D −   D   ( 1 ) −   D   ( 1 )  ln ⁡   (   D    D   ( 1 ) ) +   L 1 +   L 2 .


  𝒰


  t


    d 𝒰  d t =  ( D −   D   ( 1 ) )  (   𝛾   D   ( 1 )  k −   𝛾 D  k −     p 1   L 1    b 1 D + 1 −     p 2   L 2    b 2 D + 1 ) +  (     p 1 D   L 1    b 1 D + 1 −   H 5   L 1 −   𝛽 1   L 1   L 2 −  h 1   L 1 2 )


    p 1   D   ( 1 ) ≤   H 5


    p 2   D   ( 1 ) ≤   H 6


    d 𝒰  d t ≤ 0


   ( D ,   L 1 ,   L 2 ) ∈ Ω


    d 𝒰  d t = 0


   ( D ,   L 1 ,   L 2 ) =  (   D   ( 1 ) , 0 , 0 )


    E 1


    E 2


    𝛾  k >   p 2   b 2   L  2  ( 2 )


    p 1   D   ( 2 ) +   v 1   𝛽 2   L  2  ( 2 ) ≤   H 5


    𝒱 1 = D −   D   ( 2 ) −   D   ( 2 )  ln ⁡   (   D    D   ( 2 ) ) +   L 1 +   v 1  (   L 2 −   L  2  ( 2 ) −   L  2  ( 2 )  ln ⁡   (     L 2    L  2  ( 2 ) ) )


    v 1 =   b 2   D   ( 2 ) + 1


    𝒱 1


    d   𝒱 1  d t =  ( D −   D   ( 2 ) )  (   𝛾   D   ( 2 )  k +     p 2   L   2   ( 2 )    b 2   D   ( 2 ) + 1 −   𝛾 D  k −     p 1   L 1    b 1 D + 1 −     p 2   L 2    b 2 D + 1 )


  


    v 1 =   b 2   D   ( 2 ) + 1


    d   𝒱 1  d t ≤ −  (   𝛾  k −   p 2   b 2   L   2   ( 2 ) )    ( D −   D   ( 2 ) ) 2 −   v 1  h 2    (   L 2 −   L   2   ( 2 ) ) 2   −  (   v 1   𝛽 2 +   𝛽 1 )   L 1   L 2


    𝛾  k >   p 2   b 2   L   2   ( 2 )


    p 1   D   ( 2 ) +   v 1   𝛽 2   L   2   ( 2 ) ≤   H 5


    d   𝒱 1  d t ≤ 0


   ( D ,   L 1 ,   L 2 ) ∈ Ω


    d   𝒱 1  d t = 0


   ( D ,   L 1 ,   L 2 ) =  (   D   ( 2 ) , 0 ,   L   2   ( 2 ) )


    E 2


    E 3


    𝛾  k >   p 1   b 1   L  1  ( 3 )


    p 2   D   ( 3 ) +   v 2   𝛽 1   L  1  ( 3 ) ≤   H 6


    v 2 =   b 1   D   ( 3 ) + 1 .


    E ∗


    𝛾  k >   p 1   b 1   L 1 ∗ +   p 2   b 2   L 2 ∗


  0 <     𝛽 1  2  h 2 −   𝛽 2 <     v 4    v 3 <   2  h 1 −   𝛽 1    𝛽 2


    v 3


    v 4


  ℒ = D −   D ∗ −   D ∗  ln ⁡   (   D    D ∗ ) +   v 3  (   L 1 −   L 1 ∗ −   L 1 ∗  ln ⁡   (     L 1    L 1 ∗ ) ) +   v 4  (   L 2 −   L 2 ∗ −   L 2 ∗  ln ⁡   (     L 2    L 2 ∗ ) ) ,


    v 3 =   b 1   D ∗ + 1


        v 4 =   b 2   D ∗ + 1


  ℒ


    d ℒ  d t =  ( D −   D ∗ )  ( −   𝛾  k  ( D −   D ∗ ) −     p 1  (   L 1  (   b 1   D ∗ + 1 ) −   L 1 ∗  (   b 1 D + 1 ) )   (   b 1 D + 1 )  (   b 1   D ∗ + 1 ) )


  


  P =      v 3   𝛽 1 +   v 4   𝛽 2 2  (   L 1 −   L 1 ∗ )


  Q =      v 3   𝛽 1 +   v 4   𝛽 2 2  (   L 2 −   L 2 ∗ )


    P 2 +   Q 2 −    ( P + Q ) 2 = − 2 P Q = −  (   v 3   𝛽 1 +   v 4   𝛽 2 )  (   L 1 −   L 1 ∗ )  (   L 2 −   L 2 ∗ ) ,


    d ℒ  d t ≤ −  (   𝛾  k −   p 1   b 1   L 1 ∗ −   p 2   b 2   L 2 ∗ )    ( D −   D ∗ ) 2 −   v 3  h 1    (   L 1 −   L 1 ∗ ) 2 −   v 4  h 2    (   L 2 −   L 2 ∗ ) 2  


    𝛾  k >   p 1   b 1   L 1 ∗ +   p 2   b 2   L 2 ∗


  0 <     𝛽 1  2  h 2 −   𝛽 2 <     v 4    v 3 <   2  h 1 −   𝛽 1    𝛽 2


    d ℒ  d t ≤ 0


   ( D ,   L 1 ,   L 2 ) ∈ Ω


    d ℒ  d t = 0


   ( D ,   L 1 ,   L 2 ) =  (   D ∗ ,   L 1 ∗ ,   L 2 ∗ )


    E ∗


  𝜸 


  


  


  


  


  


  


  


  


  


  


  


  


  


  


  


  


  


   ( D ( 0 ) ,   L 1 ( 0 ) ,   L 2 ( 0 ) ) = {  ( 7 , 3 , 2 ) ,    ( 10 , 4 , 6 ) ,  ( 14 , 5 , 7 ) }


    E 1 =  ( 3 , 0 , 0 )


    E 0


    p 1   D   ( 1 ) = 0 . 45 < 0 . 54 =   H 5


    p 2   D   ( 1 ) = 0 . 6 < 0 . 63 =   H 6


    E 1


    𝑬  𝟏


    𝐄  𝟐


    E 2 =  ( 1 . 1544 , 0 , 0 . 3077 )


    E 0


    E 1


    𝛾  k = 0 . 23 > 0 . 17 =   p 2   b 2   L  2  ( 2 )


    p 1   D   ( 2 ) +   v 1   𝛽 2   L  2  ( 2 ) = 0 . 51 < 0 . 54 =   H 5 .


    E 2


    E 3 =  ( 1 . 1259 , 0 . 3389 , 0 )


    E 0


    E 1


    E 3


    𝛾  k = 0 . 22 > 0 . 21 =   p 1   b 1   L  1  ( 3 )


    p 2   D   ( 3 ) +   v 2   𝛽 1   L  1  ( 3 ) = 0 . 54 < 0 . 58 =   H 6


    E 3


    E ∗ =  ( 1 . 8597 , 0 . 2322 , 0 . 2405 )


    E 0 ,     E 1 ,     E 2 ,


    E 3


    𝛾  k = 0 . 22 > 0 . 09 =   p 1   b 1   L 1 ∗ +   p 2   b 2   L 2 ∗


  0 < 0 . 29 =     𝛽 1  2  h 2 −   𝛽 2 < 1 . 03 =     v 4    v 3 < 3 . 33 =   2  h 1 −   𝛽 1    𝛽 2 .


    E ∗


    E ∗


    𝑬  𝟑


    𝑬 ∗


    𝒏  𝟏


   (   n 1 )


   (   n 1 )


    n 1 = 0 . 13


    n 1 = 0 . 20


    n 1


    n 1 = 0 . 13


    n 1 = 0 . 20


    n 1


    n 1


   (   n 2 )


   (   n 2 = 0 . 15 )


   (   n 2 = 0 . 23 )


    n 2


    n 2


    n 2


    n 2


   (   n 2 )  


    𝒏  𝟐

