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Hierarchical item response data require a multilevel approach to capture the diversity of

Article History: respondent abilities and item characteristics by separating variations between examinees

Received: 8™ October 2025 and schools to make item parameter and ability estimates more precise. This study aims to
Revised: 27" March 2026 develop a two-parameter logistic multilevel item response theory (MIRT 2PL) model,
Accepted: 31 May 2026 employing the maximum marginal likelihood method with Gauss-Hermite quadrature
Available online: 1 July 2026 (MML-GHQ) to estimate the rank order of examinees’ abilities. This study specifically

investigates the efficiency and accuracy of the MIRT 2PL model with MML-GHQ to predict
the ability rankings of examinees. The research incorporates both simulated and empirical

Keywords: data. The simulation study generated item response data under a two-level hierarchical
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Hierarchical Data; schools, with 20-30 students per school and five items. Each examinee’s ability was
Maximum Marginal Likelihood; modelled as a combination of school-level and individual-level effects, under two

Multilevel Item Response Theory. ~ conditions of school variabilizy: high (z = 1.2) and low (t = 0.6). Random samples were
drawn from the population, and the sampling process was repeated 10 times to assess
consistency. The analysis included estimating item parameters, variance components, and
examinees’ abilities using the EAP approach. Model performance was evaluated using
RMSE, Spearman correlation, and computation time. Results indicated that MML-GHQ
produced accurate and consistent rank estimates, particularly under high school
variability. Using PISA data, increasing the number of schools, students, and items in the
empirical data yielded results consistent with the simulation study. In conclusion, the MIRT
2PL model with MML-GHQ offers an effective and efficient alternative for estimating
ability rankings in hierarchical item response data.
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1. INTRODUCTION

Measurement in education requires an instrument in the form of a collection of test items used to
measure test participants’ abilities. Data on test participants’ answers to each test item is called item response
data. The analysis of item response data based on its objectives uses two approaches, namely, the
measurement approach and the explanatory approach. The measurement approach aims to determine the
abilities of test participants. Meanwhile, the explanatory approach analyzes predictors that significantly
influence test participants’ abilities. Item response data with a categorical measurement scale is analyzed
using the Item Response Theory (IRT) model [1]. The measurement of test participants’ abilities in the IRT
model is unidimensional, meaning that only one ability underlies each test participant’s answer [2]. The IRT
model explains the probability of test participants’ answers on a test item as a function of the test participants’
ability characteristics and the characteristics of the test item [3]. The IRT model requires two stages of
analysis to complete the analysis with an explanatory approach, namely the measurement approach and the
explanatory approach, because predictors cannot be used directly in the model. The IRT model’s limitations
can be overcome using the Generalized Linear Mixed Models (GLMM) approach [4]. Previous research has
also formulated an IRT model from a Hierarchical Generalized Linear Model (HGLM) perspective, with item
response data (level 1) nested within examinees (level 2) [5]-[7]. The hierarchical data structure arises from
the population condition where sample units can be grouped at higher levels.

Hierarchically structured data does not meet the assumption of independence between observations.
Previous research has shown that ignoring hierarchical structure in data can lead to biased parameter estimates
[8]. The same applies to hierarchically structured item response data; ignoring the hierarchical structure in
the model has negative consequences for the estimated standard error [9]. The hierarchical structure in the
data is accounted for using a multilevel model [10]. The IRT model, combined into a multilevel model
structure, is called the multilevel IRT (MIRT) model. MIRT measures examinees’ ability by explaining
differences at different ability levels. Response variables are at level 1, and explanatory predictors can be
added at all levels [11]. MIRT modeling with examinee predictors on purely hierarchically structured data is
modeled from a generalized multilevel perspective as a three-level multilevel model [12]. The three-level
MIRT 1PL model in educational data testing examines examinees and item parameters and local
dependencies between examinees [13]. The MIRT 1PL model assumes all items have equal discrimination
power. One study found that differences in item discrimination power across levels influence the correlation
between individual and group abilities [14], [15].

Previous researchers have researched the MIRT 2PL model. Examinees’ ability parameters in the
MIRT 2PL model can be estimated using the PLmixed package in RStudio [16]. Previous research has
considered the hierarchical structure of item response data, but there has been no study on estimating
examinees’ ability rankings. Studies on examinees’ ability rankings are essential during the selection and
evaluation process in education. Researchers are interested in examining the stability and consistency of
examinees’ ability rankings using the MIRT 2PL model with the Maximum Marginal Likelihood (MML)
method. The marginal likelihood function is approximated using the Gauss-Hermite Quadrature (GHQ)
numerical method [17]. Researchers proposed the Maximum Marginal Likelihood method with the Gauss-
Hermite Quadrature numerical method, or MML-GHQ, to see the consistency of the estimated examinees’
ability ranking order compared to the actual ranking order.

The real problem of this research is modeling item response data in the Programme for International
Student Assessment (PISA). The PISA participant population is children aged 15 years who are currently
studying. PISA sampling is carried out in two stages. The first stage is carried out by randomly selecting
schools, and in the second stage, examinees are randomly selected in each sample school. Consequently,
examinees are nested within schools, creating a hierarchical data structure that may influence response
patterns and the distribution of abilities across groups. This sampling process requires a multilevel model to
separate variation in ability between exams and schools because school factors (e.g., resources, learning
environment, or policies) can systematically influence students’ achievement. Therefore, accounting for this
structure is necessary to obtain efficient and accurate estimation under the MIRT 2PL model with MML-
GHQ and to ensure that the resulting ability rankings are reliable. Examinees’ ability estimates become more
precise by including the random effect of school because they account for the influence of different learning
environments across schools. This study analyzes explicitly item response data in the mathematics domain,
where the ability measured is mathematical literacy. This study aims to estimate the ranking order of students’
mathematical literacy abilities using the MIRT 2PL model with the MML-GHQ method. By including the
random effect of school, the ability estimates become more precise because they account for the influence of
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different learning environments across schools. The model can show how much of the variance in ability
stems from differences between schools. The MIRT 2PL model allows each item to have its own discriminant
and difficulty level, making the analysis more realistic and sensitive to differences in PISA item
characteristics. It can also identify quality gaps between schools in education policy analysis.

2. RESEARCH METHODS

Based on the study’s background and objectives, this research began with the development of the
MIRT 2PL model using the MML-GHQ method. Next, the researcher conducted simulations and empirical
studies on the developed model. The tool used in this study was RStudio.

2.1 Development of the Two-Parameter Logistic MIRT Model

The two-Parameter Logistic IRT (IRT 2PL) model has two item parameters: the item difficulty with a
value between 0.00 and 2.00, and the item discrimination with a value between -3.00 and +3.00. The IRT
2PL model is formulated in the form of an intercept (a;) and an item loading (4;), which are unique [1], [3].
The IRT 2PL model is written as Eq. (1).

eai+/1i9j

P(}’ij = 1|9j'“i'li) = 1 4 e@itAib;’

(1)

With:
6;: the ability of the j-th examinee;
A;: item discrimination parameters and ;—“‘ = the difficulty of test items.

1

The IRT 2PL model for item response data with examinee ability dependent on the random effect of school
is called the MIRT 2PL model.

logit[P(yijk = 1)] = a; + 4,0,
Ok = 6 + Oy, with 8, ~N(0,02) and 8, ~N (s, T%),
With:
8;x: a random effect of the ability of the j-th examinee in the k-th school;
8k a random effect of students within a school;
&y, : arandom effect of the school;
P(yi ik = 1): the probability that the j-th examinee at the k-th school answers correctly on the i-th item
MIRT 2PL in the GLMM approach is stated as Eq. (2).

lOgit [P(yljk = 1)] = a; + /‘Ll(é‘]k + 6k) (2)

2.2 Simulation Study

The Simulation data were generated based on two-level hierarchical item response data, where test
participants are nested within schools. This study used two scenarios: school population data with high and
low levels of diversity. Item response data population with high school diversity (t = 1.2) and low school
diversity (t = 0.6). The procedure for generating item response data with high school diversity (t = 1.2) is
as follows:

1. Population data generation

a. Generating population data from 50 schools, with the number of test participants varying
randomly between 20 and 30 test participants for each school, each test participant answers five
questions.

b. Determine the actual population parameter values, namely us = 0.5 (mean school effect), T =
1.2 (standard deviation of school effect), and ¢ = 0.3 (standard deviation of test participant effect)
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c. Generate the school effect (8,) using Normal distribution (0.5,1.2) and the examinee effect
within schools (8j) using Normal distribution (0, 0.3). Calculate the test taker’s ability (6);)
USing ij = 6jk + Sk'

d. Determine the parameter values for 5 test items, with the first item serving as a reference item
with parameter values a = 0 (item difficulty level) and A = 1 (item discrimination power). The
a parameters for the other four items were generated randomly from the Uniform distribution
[—2,2], and the A parameters for the other four items were generated through exponential
transformation of the Uniform distribution [—0.7,0.8].

e. Generate response data for each examinee (y;j,) by calculating the probability of correctly
answering the i-th item using the 2PL IRT model

P(yl]k) = logit_l(cxi + Aigjk)’
Yijx Was generated using the Bernoulli distribution.

f.  Store population data in “Population” and “Examinee’s Ability”. The “Population” data contains
the school’s ID, examinee’s ID, examinee’s ability score (TrueTheta), and examinee’s response
to each question item. The “Examinee’s Ability” data stores the examinee’s ability scores
(TrueTheta), school, and individual effects.

2. Sampling procedure

Take a random sample of 20 schools from the school population. All variables in the population
data for each sample school are also stored in two data frames. Namely “Sample” and “Sample of
Examinee’s Ability”.

3. Data analyst
a. Prepare the item response data structure for the sample data.
b. Estimate the parameters of the MIRT 2PL model using the MML-GHQ method.

c. Analyze the estimated parameters, namely the item parameters @; and b;, the random effect
diversity parameters o2 and 2.

d. Estimate the examinee’s ability parameters using EAP.

e. Determine the RMSE value and Spearman correlation between the estimated examinee’s ability
parameter values and the actual examinee’s ability value.

f.  Observe the computation time of the MIRT 2PL model using the MML-GHQ method.

0. Repeat data analysis steps 1 through 6 by repeating the random sampling of schools 10 times to
evaluate model performance.

To generate item response data under the low school diversity (7 = 0.6), we repeated the same
simulation procedure used for the high school diversity, changing only the school-level variance parameter
to represent weaker between-school differences. Specifically, in the population data generation stage in step
2, we set T = 0.6, while keeping all other model parameters and simulation steps unchanged. This design
ensures that differences between conditions are attributable solely to the magnitude of school-level
heterogeneity.

2.3 Empirical Study

The empirical data analysis in this study aims to estimate students’ mathematical literacy abilities using
the MIRT 2PL model with the MML-GHQ method. The empirical data used in this study are the 2018
Indonesian PISA data. The PISA participant population was 85% of Indonesian children aged 15 [18].
Student sampling was done in two stages, so we had hierarchically structured item response data with students
nested in schools. The total sample in this study was 1302 students from 381 schools. The items used were
from the mathematics domain because the researcher focused on determining students” mathematical literacy
abilities. The researcher determined that the item response data used were answers to 9 mathematics
guestions. The item response data in this study were binary with two possible answers for each item: a score
of 1 if the student’s answer was correct and a score of 0 if the student’s answer was incorrect.
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The stages of empirical data analysis for the MIRT 2PL model using the MML-GHQ method are as follows:

1. Prepare the item response data structure, item ID, student ID, and school ID in wide-form format
for analysis using the MML-GHQ method.

2. Estimate the item parameters @;, b;, and students’ mathematical literacy ability using the MML-
GHQ method.

3. Analyze and interpret the estimated MIRT 2PL model parameters obtained using the MML-GHQ
method.

3. RESULTS AND DISCUSSION

3.1 Development of the MIRT 2PL Model Using The MML-GHQ Method

The MIRT 2PL model is needed when the item response data is hierarchical. Eq. (2) states the IRT
2PL model as in Eq. (1) in the GLMM approach. The likelihood function of the item parameters and the
random effect variance, assumed to be conditionally independent between responses. The likelihood function
is stated as Eq. (3).

K Mk

L(a, i, 0,7|yiji) = HHHP(yukwjk) (3)

=1 j=1 i=
With:

K :number of schools;

nj, - number of examinees in the k-th school;

I :number of items;

P(yijk|9jk) : the chance of an examinee’s answer being correct depends on their ability.

The ability of the j-th examinee in the k-th school (6;) cannot be observed directly and is modeled as
a random variable. Parameter estimation using the MML method assumes that the test participant’s ability is
normal; errors in determining this distribution can result in bias [19], [20]. The MML approach integrates
random effects into the MIRT 2PL model. The likelihood function is marginalized against the distribution of
the random effects 6;;, and 6. The marginal likelihood function is written as £q. (4).

L(ai, /11', a, T|yijk) =

1—[ njk eyuk["‘l“L (8jk+8k)] 1 _ik 1 _(8k—ns)*
f V2o

z . z
1+e0‘l+1 (8jic+6k) a\/ﬁe 27" Ao e B A, )

with &;;,~N (0, 02) and 6k~N(y5,rz), The value of the log marginal likelihood is written as Eq. (5).

IOgL (ai,)ll-, O',T|yijk) =

eyuk[‘)‘l*'/1 (8jk+61)] 1 _‘i’k 1 _(Bk—us)?
1ofﬂf e 207 Ay, | ——e" 22 do|. (5
Z & 1+e“l+l(5zk+5k) oV2m Ll ™2 ! § ®)
With:

K :number of schools;

nj, - number of examinees in the k-th school;

I :number of items;

A; @ item discrimination parameters and _/1—“‘ = the difficulty of test items
L

Yijk - an examinee’s answer (0 or 1);
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8ji- a random effect of students within a school, 8;,,~N (0, EDR

5y . arandom effect of the school, §,~N (us, 2).

The integral of the marginal likelihood function is not in closed form; the integral value is approximated
using the Gauss-Hermite Quadrature (GHQ) numerical method [17], as in Eq. (6).

f e‘xzf(x)dx ~ z Wy f(xq). (6)
- k=1

With:
m : number of quadrature points;
x4 - roots of the Hermite polynomial Hy, (x);
w, - weight associated with a point x,,.

The model assumptions are structured at the examinee and school levels. The examinee’s ability is
Ok = 6k + 0 zji; zj,~N(0,1), and the school effect is modeled as 8, = us + V2tvy; v~N(0,1). After
transforming the inner and outer integrals of the marginal likelihood function into the standard GHQ form,
the likelihood values are obtained as in Eq. (7).

K 1 m Nk m I eyijk[ai+li(\/iaxq+ﬂ5+ﬁ TZT)]

lOgL ~ Zlog —Z vrl_[ qu—[ . (7)
i li 2 2 T
L 77:7,:1 L4 L[4 + e@itAi(V2oxg+us+v2 tzy)

Point z, and weight v,; r = (1, ..., R) for school-level integration.
Point x, and weight w,; g = (1, ..., Q) for examinee-level integration.
Quadrature point transformation as 5\ = ps + V2 7z, and Hj(kr) =20x, + us + V2 12,

The Expected A Posteriori (EAP) approach estimates the examinees’ ability parameters. The school
effect is estimated using Eqg. (8).

B0+ Z0)- oo g, + o (u15)

5 = R ™) ®)
D=1 €XP (log v+ XjlogP (uj|6k ))
while the examinee’s ability is estimated using Eq. (9).
Q @ (@
. Zq:l Bj,f - exp (logP (uj|9j,? )) ‘Wq
jk = ) (9)

ZS=1 exp (log P (ujlej(,f))) "Wy
with
Bj(,g) =5, + a\/izq.

Integration is done numerically with the number of points GHQ R and Q equal to 15.

3.2 Simulation Study

The MIRT 2PL model parameter estimation accuracy using the MML-GHQ method was analyzed
based on the RMSE value, the Spearman correlation value between the actual ability and the estimated ability
from the model, and the computation time. The results of the simulation data analysis with 10 sampling times
from two different populations are shown in Fig. 1. The average RMSE of examinees’ ability from a
population with a school diversity parameter of 1.2 was 0.39, while the population with a school diversity
parameter of 0.6 was 0.34.
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Figure 1. The Results of The Simulation Data Analysis
(a) RMSE, (b) Computing Time

Fig. 1 (a) shows that the RMSE of examinees’ abilities with high heterogeneous school effects has a
higher RMSE value than that of low heterogeneous school effects. The RMSE value indicates that high
diversity in the population results in the estimated ability of test participants being more dispersed, so that
the RMSE value increases, resulting in the estimated ability of test participants being less precise. A lower
school diversity value indicates that the influence of schools on examinees’ abilities has a smaller source of
diversity, so the estimated ability of the examinee is more accurate.

The performance of the MML-GHQ method is also assessed based on computational time. Fig. 1 (b)
shows the computational time required to analyze simulated data with 10 samplings from two different
populations. The analysis results indicate that the average difference in computational time for the two-
sample data is only 1.69 seconds. Changes in the school’s diversity value do not affect the computational
burden in the parameter estimation process.

After determining the accuracy of the parameter estimates through the RMSE value and computational
time efficiency, the researchers then analyzed the ability rankings to answer the objectives of this study.
Spearman correlation measures the relationship between two estimated examinees’ ability rankings and their
actual abilities. Correlation analysis was performed on each estimated result of simulated data with 10
samples from two different populations. The data analysis results show that the average Spearman correlation
value for examinees’ abilities from the population with the parameter T = 1.2 was 0.94, while the population
with parameter T = 0.6 was 0.82. A higher Spearman correlation value in the MIRT 2PL model with the
MML-GHQ method indicates that the estimated order of examinees’ abilities is more in line with the actual
order of test participants’ abilities. The graph of the suitability of the estimated rank of examinees’ ability
rankings for the two population data scenarios is shown in Fig. 2.

Estimated rank of the examinee's ability

Actual rank of the examinee's ability

Total examinee -

25 50 75 100

@)
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Actual rank of the examinee's abilty
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123 45
_ . o) . .
Figure 2. Graph Of Examinee Ability Rankings from Two Population Scenarios
(a) School Effect Diversity Is 1.2, (b) School Effect Diversity Is 0.6

Fig. 2 (a) shows that the ability rankings of examinees from a population with high school diversity
have a more minor deviation from the red line compared to Fig. 2 (b), which has a larger deviation. MIRT
2PL modelling using the MML-GHQ method better predicts the ability rankings of examinees from a
population with high school diversity than from a population with low school diversity. These conditions are
because more homogeneous schools have fewer minor differences in ability between examinees, so errors in
the estimator can distort the ability rankings of examinees.

Fig. 2 (a) shows that higher ability heterogeneity (t = 1.2) yields a larger RMSE than lower
heterogeneity (t = 0.6). In contrast, Fig. 2 indicates that higher heterogeneity leads to more accurate rank-
order predictions (Spearman’s p = 0.94 vs. 0.82). Specifically, RMSE reflects the magnitude of estimation
error on the original scale between estimated and true values. As ability heterogeneity increases (higher 1),
the distribution of true abilities becomes more dispersed, with more extreme values. Under limited
measurement information (e.g., nine items), posterior estimates tend to exhibit shrinkage toward the mean,
which can increase deviations for extreme true values and therefore increase RMSE. In contrast, Spearman’s
correlation evaluates rank-order consistency and is primarily sensitive to whether relative ordering is
preserved rather than to the exact numerical closeness of estimates to true values. When t is larger, the
separation in true ability across individuals (and, consequently, across schools) becomes more pronounced,
making the ordering more robust to measurement noise. Thus, even if absolute scale error increases, fewer
rank reversals occur, resulting in a higher Spearman’s correlation.

3.3 Empirical Study

The MIRT 2PL model parameter estimates characteristics of item difficulty, item discriminability, and
the mathematical literacy ability of PISA participants. The item difficulty parameter describes the value at
which a PISA participant has a 50% chance of answering a question correctly. The item discriminability
parameter indicates how well an item can differentiate PISA participants based on their ability levels. Table
1 shows that the MIRT 2PL model analysis results show that question number 7 is the most challenging
question, followed by questions 8 and 9. These three questions have excellent item discrimination parameters.

The answers to 9 mathematics domain questions from 1302 PISA 2018 participants yielded 182
response patterns. These item response data will demonstrate Indonesian PISA participants’ mathematical
literacy achievement. Data analysis using the MIRT 2PL model with the MML-GHQ method yielded 1171
levels of students’ mathematical literacy abilities. Fig. 3 shows the distribution of PISA participants’
mathematical literacy abilities based on the MIRT 2PL model using the MML-GHQ method.
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Table 1. Parameter of Item with MIRT 2PL Using The MML-GHQ Method
Item Difficulty parameter Discriminability parameter

1 0.00 1.00
2 1.22 1.16
3 1.10 1.84
4 1.88 0.92
5 1.83 2.46
6 217 0.37
7 3.35 2.12
8 2.13 2.65
9 2.13 2.04

The parameter estimation results of the MIRT 2PL model indicate that the average ability at the school
level is 0.76, with a deviation between schools of 0.74 and between students within schools of 0.57.
Comparing the variance between schools and the total variance in ability yields an Intraclass Correlation
Coefficient (ICC) of 0.63. It means that 63% of the total variation in student ability stems from differences
between schools, while approximately 37% stems from differences between students within the same school.
In other words, school effects are strong in explaining differences in mathematical literacy abilities among
PISA participants.

An ICC of 0.63 is exceptionally high for educational achievement data, indicating that most of the
variation in mathematical literacy lies between schools rather than within schools. Substantively, this suggests
strong between-school stratification, consistent with socioeconomic sorting across schools, where advantaged
and disadvantaged students are concentrated in different schools. Such sorting may widen achievement gaps
because schools can differ systematically in instructional quality, teacher quality and availability, facilities,
learning environments, and academic support.

3.5

3

2.5

2

Z 15
£

< 1

0.5

0

0.5

1

Examinee

Figure 3. The Distribution of PISA Participants’ Mathematical Literacy Abilities

The results of this study prove that school effects influence the mathematical literacy abilities of PISA
participants. The 397 sample schools of PISA represent the mathematical literacy abilities of students from
85368 schools in Indonesia [18]. It is necessary for us to prioritize paying attention to socio-economic
inequality at the school level because one study stated that socio-economic inequality is negatively correlated
with student learning outcomes [21]. Equitable distribution of school resources is a significant challenge for
Indonesia, so that we can improve the mathematical literacy achievements.



3268 Dwinata, etal. MULTILEVEL ITEM RESPONSE THEORY MODEL USING MML-GHQ METHOD FOR ...

4. CONCLUSION

The development of the MIRT 2PL model using the proposed method (MML-GHQ) has performed
well in predicting the rank order of test takers’ abilities. Based on simulation results, the greater the effect of
school diversity, the more accurate the prediction of the rank order of test takers’ abilities. The MML-GHQ
method is also efficient in terms of computation time. Increasing the number of schools, students, and test
items in the empirical data produces findings that align with the simulation data. The study’s results using
the MIRT 2PL model with the MML-GHQ method yielded 1171 levels of students’ mathematical literacy
abilities. 63% of the variation in PISA participants’ mathematical literacy abilities is due to school effects
and 37% to student effects. Future studies will extend the MIRT 2PL model with MML-GHQ by
incorporating explanatory covariates at both the student and school levels, thereby providing a more realistic
representation of educational measurement conditions.
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