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Article Info ABSTRACT 

Article History: 
This paper develops a Small Area Estimation Mixed Model Neural Network (SAE-MNN) 

for unit-level estimation of area-level proportions under clustered binary responses. The 
method is motivated by a limitation of conventional generalized linear mixed model 

(GLMM)-based small area estimation, namely the linear specification of the fixed-effects 

component on the latent scale, which may be inadequate when auxiliary variables exhibit 

nonlinear effects and higher-order interactions. The proposed model replaces the linear 
predictor with a neural-network-based nonlinear function while retaining area-level 

random effects within a likelihood-based mixed-model framework. Thus, SAE-MNN 

combines nonlinear function approximation with the borrowing-strength mechanism 

required for coherent small area inference. The method is evaluated through a controlled 
simulation study and a real-data application. The simulation study considers four scenarios 

generated by combining two predictor structures (linear and interaction-based nonlinear) 

with two levels of between-area heterogeneity (small and large), and compares SAE-MNN 

with a conventional GLMM and a standard deep neural network (DNN). SAE-MNN 
performs robustly across all scenarios and is especially effective when nonlinear 

interaction and substantial area-level heterogeneity coexist. In the most complex scenario, 

SAE-MNN attains the lowest median RRMSE (8.389%), compared with 11.474% for 

GLMM and 18.826% for DNN, while maintaining empirical coverage between 0.89 and 
0.94. In the real-data application, using KSA segment-level harvest proportions to estimate 

subdistrict-level monthly harvest proportions, SAE-MNN shows the closest overall 

agreement with the direct estimator, reproduces the main temporal pattern more faithfully 

than GLMM, and yields moderate shrinkage without excessive smoothing. Overall, the 
results indicate that SAE-MNN provides a principled compromise between the rigidity of 

GLMM and the purely predictive character of DNN, thereby extending hybrid small area 

estimation methodology to binary and proportional outcomes in data-rich settings with 

nonlinear auxiliary information and area-level heterogeneity. 
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1. INTRODUCTION 

Estimating reliable statistics for small geographic or administrative domains is a central task in official 

statistics and many applied fields, because policy and planning decisions increasingly require information at 

disaggregated levels. Small Area Estimation (SAE) has been developed to improve the precision of domain-

specific estimates when direct survey estimators are unreliable due to limited sample sizes [1], [2], [3], [4]. 

In practice, SAE combines survey data with auxiliary information obtained from census, administrative, or 

geospatial sources in order to borrow strength across areas and increase estimation efficiency. Classical SAE 

methodology has been particularly successful for continuous outcomes through area-level and unit-level 

mixed models, such as the Fay–Herriot and Battese–Harter–Fuller frameworks [1], [4], [5]. 

When the response of interest is binary or proportional, however, the modeling problem becomes more 

challenging. A common approach is to use generalized linear mixed models (GLMMs), especially logistic 

mixed models, which allow domain-specific random effects and provide a coherent framework for empirical 

best prediction and uncertainty estimation [6], [7], [8], [9]. These models are attractive because they preserve 

the core inferential principles of SAE, namely borrowing strength across areas and accounting for hierarchical 

variability [10], [11], [12]. Nevertheless, GLMM-based SAE relies on a restrictive specification of the fixed-

effects component, which is typically linear on the latent scale [13], [14], [15]. In many contemporary 

applications, especially those involving remote sensing or high-dimensional auxiliary data, such an 

assumption may be too rigid. Complex predictor structures, nonlinear effects, and higher-order interactions 

may not be adequately captured by a conventional linear predictor, which can lead to model misspecification, 

degraded predictive performance, and unreliable inference [16], [17]. 

To overcome this limitation, recent studies have explored machine learning approaches in SAE. Tree-

based methods, random forests, and other predictive models offer greater flexibility and reduced sensitivity 

to parametric misspecification [18], [19], [20], [21]. In particular, mixed-effects random forest approaches 

such as MERF and its extensions demonstrate that combining nonlinear learners with hierarchical random 

effects can improve estimation in small area contexts [20], [22], [23], [24]. However, most existing machine-

learning-based SAE approaches have focused either on continuous responses or on tree-based methods, while 

standard deep neural networks, when used directly, typically ignore the clustering structure induced by areas 

and therefore do not naturally preserve the inferential borrowing-strength mechanism that is fundamental in 

SAE [19], [24], [25], [26]. As a result, purely predictive deep learning models may capture nonlinear covariate 

patterns well, but they may also yield unstable domain-level predictions and underestimated uncertainty when 

hierarchical dependence is present. 

A related line of work has emerged in the broader literature on mixed-effects neural networks. Several 

studies have shown that neural networks can be integrated with random-effects structures to model clustered 

or correlated data more effectively [27], [28]. These developments indicate that neural networks need not be 

restricted to independent observations, and that mixed-model principles can be embedded within likelihood-

based learning frameworks. Among these, the Linear Mixed Model Neural Network (LMMNN) proposed by 

Simchoni and Rosset provides an important conceptual foundation by showing how random effects can be 

incorporated into neural-network-based models through a likelihood-based objective [29]. Likewise, MeNets 

and Bayesian deep GLMM-type approaches illustrate the broader feasibility of combining nonlinear 

representation learning with hierarchical modeling [28], [30]. Despite this progress, the literature still lacks a 

framework specifically tailored to unit-level small area estimation of proportions that simultaneously 

addresses nonlinear covariate–response relationships, area-level random effects, and SAE-oriented prediction 

and uncertainty evaluation. 

This gap motivates the present study. The problem addressed in this paper is not simply one of 

prediction accuracy, but of developing a model that remains compatible with the inferential logic of SAE 

while being flexible enough to handle nonlinear auxiliary information. In the context of harvested-area 

estimation using satellite-derived predictors, for example, the relationship between vegetation indicators and 

the probability of harvest is unlikely to be adequately represented by a purely linear predictor. At the same 

time, observations within the same small area are not independent, since they may share unobserved local 

characteristics such as soil conditions, irrigation patterns, or management practices. Therefore, a suitable 

model for this setting must combine nonlinear learning capability with hierarchical variance modeling. 

The contribution of this paper is threefold. First, we propose a modified Small Area Estimation Mixed 

Model Neural Network (SAE-MNN) for unit-level proportion estimation, in which the fixed-effects 

component of a logistic mixed model is replaced by a neural-network function while the area-specific random 
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effects are retained within a likelihood-based framework. Second, we adapt this formulation to the SAE 

setting by presenting the corresponding prediction strategy for area-level proportions, including empirical 

best prediction and synthetic prediction under the proposed model. Third, we evaluate the method through a 

controlled simulation study designed to assess its performance under varying levels of between-area 

heterogeneity and nonlinear covariate interaction, and compare it with benchmark alternatives represented by 

a conventional GLMM-based SAE approach and a standard deep neural network without random effects [9], 

[20], [24], [29]. 

It is important to note that the present study is intended primarily as a methodological investigation 

rather than as an empirical case study. The main objective is to evaluate whether the proposed SAE-MNN 

framework can appropriately capture and exploit nonlinear covariate–response relationships together with 

random-effects-driven hierarchical dependence, which constitute the main motivation for its development. In 

this context, a controlled simulation design provides a more suitable basis for methodological assessment 

than a real-data application, because the underlying data-generating mechanism in empirical datasets is 

unknown and cannot be verified with certainty. By contrast, simulation enables the systematic control of 

nonlinearity, between-area heterogeneity, and sample-size imbalance, which are central features in small area 

estimation [20], [24]. For this reason, the present paper focuses on a carefully structured simulation study as 

a first step in establishing the methodological validity of the proposed approach. 

The remainder of this paper is organized as follows. Section 2 reviews the conventional unit-level 

logistic mixed model and develops the proposed SAE-MNN framework, including its likelihood-based 

estimation strategy, prediction procedures, and uncertainty assessment. Section 3 presents the simulation 

design and discusses the comparative performance of the proposed method against existing alternatives. The 

final section concludes with the main findings, limitations, and directions for future research. 

2. RESEARCH METHODS 

2.1 Conventional Unit-Level Logistic Mixed Model 

Classical unit-level small area estimation for binary or proportional outcomes is commonly based on a 

logistic mixed model [8], [9]. Let 𝑦𝑑𝑗 denote the binary response for unit 𝑗 in area 𝑑, with 𝑑 = 1, … , 𝐷 and 

𝑗 = 1, … , 𝑛𝑑. Conditional on an area-specific random effect, the response is modeled as a Bernoulli variable, 

𝑦𝑑𝑗 ∣ 𝑣𝑑 ∼ Bernoulli(𝑝𝑑𝑗),   𝑑 = 1, … , 𝐷,  𝑗 = 1, … , 𝑛𝑑 .  (1) 

The conventional logistic mixed model specifies 

𝑙𝑜𝑔𝑖𝑡(𝑝𝑑𝑗) = log (
𝑝𝑑𝑗

1−𝑝𝑑𝑗
) = 𝑥𝑑𝑗

⊤ 𝛽 + ϕ𝑣𝑑 ,     (2) 

where 𝑥𝑑𝑗  is the vector of auxiliary variables, β is the vector of fixed-effect parameters, ϕ > 0 is a scale 

parameter, and 𝑣𝑑 is the area-specific random effect, commonly assumed to follow a standard normal or 

Gaussian distribution after appropriate scaling [8], [9]. The conditional Bernoulli probability can therefore 

be written as 

𝑝𝑑𝑗 =
exp{𝑥𝑑𝑗

⊤ 𝛽+𝜙𝑣𝑑}

1+exp{𝑥𝑑𝑗
⊤ 𝛽+ϕ𝑣𝑑}

.     (3) 

This formulation is attractive because it preserves the hierarchical borrowing-strength mechanism 

central to SAE. However, its fixed-effects structure remains linear on the latent logit scale. In applications 

involving complex auxiliary information, such as spectral indices derived from satellite imagery, this linearity 

assumption may be too restrictive and may fail to capture nonlinear effects and interactions among predictors 

[16], [17], [24]. 

2.2 Proposed Method: Small Area Estimation Mixed Model Neural Network (SAE-MNN) 

To address this limitation, we propose a modified Small Area Estimation Mixed Model Neural 

Network (SAE-MNN) for unit-level estimation of binary outcomes. The key idea is to replace the linear 

fixed-effects component in the logistic mixed model by a neural-network function while retaining the area-

level random effects required for valid small area estimation. 
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Let 𝑦𝑑𝑖 denote the binary response for unit 𝑖 in area 𝑑. The proposed model is 

𝑦𝑑𝑖 ∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝜋𝑑𝑖), 𝑖 = 1, … , 𝑛𝑑 ,    (4) 

with 

logit(π𝑑𝑖) = 𝑓θ(𝑥𝑑𝑖) + 𝑢𝑑 ,      (5) 

where 𝑓θ(⋅) is a feed-forward neural network parameterized by θ, 𝑥𝑑𝑖 is the covariate vector, and 𝑢𝑑 ∼
𝑁(0, σ𝑢

2 ) is the area-specific random intercept. Under this formulation, the neural network flexibly captures 

nonlinear covariate-response relationships, while 𝑢𝑑 accounts for unobserved between-area heterogeneity. 

Thus, the unit-level success probability becomes 

𝜋𝑑𝑖(𝑢𝑑) =
ex p{𝑓𝜽(𝒙𝑑𝑖)+𝑢𝑑}

1+ex p{𝑓𝜽(𝒙𝑑𝑖)+𝑢𝑑}
.      (6) 

Conditional on 𝒖𝒅, the observations within area 𝑑 are independent Bernoulli trials, so the conditional 

likelihood for area 𝑑 is 

𝐿𝑑( 𝑦𝑑 ∣∣ 𝒖𝒅 ) = ∏ π𝑑𝑖(𝒖𝒅)𝑦𝑑𝑖[1 − π𝑑𝑖(𝒖𝒅)]1−𝑦𝑑𝑖
𝑛𝑑
𝑖=1 .   (7) 

Because 𝑢𝑑 is latent, the marginal likelihood for area 𝑑 is obtained by integrating over the random-effects 

distribution, 

𝐿𝑑(𝑦𝑑; θ, σ𝑢
2 ) = ∫ 𝐿𝑑( 𝒚𝒅 ∣∣ 𝑢𝑑 )𝜙(𝑢𝑑; 0, 𝜎𝑢

2)𝑑𝑢𝑑 ,    (8) 

where 𝜙(𝑢𝑑; 0, 𝜎𝑢
2) denotes the Gaussian density with mean 0 and variance σ𝑢

2 . The full marginal log-

likelihood is then 

𝑙(θ, σ𝑢
2 ) = ∑ log 𝐿𝑑 (𝑦𝑑; θ, σ𝑢

2 )𝐷
𝑑=1     (9) 

The corresponding objective function is the negative log-likelihood, 

ℒ(θ, σ𝑢
2 ) = − ∑ log 𝐿𝑑 (𝑦𝑑; θ, σ𝑢

2 )𝐷
𝑑=1     (10) 

which is minimized with respect to the neural-network parameters θ and the variance component σ𝑢
2 . 

Since the integral in Eq. (8) does not admit a closed-form solution, we approximate it using Gauss-

Hermite quadrature [8], [9]. Let {𝑧𝑘, 𝑤𝑘}𝑘=1
𝐾  denote the quadrature nodes and weights. Then the area-specific 

marginal likelihood is approximated by 

𝐿𝑑(𝑦𝑑; θ, σ𝑢
2 ) ≈ ∑ 𝑤𝑘

𝐾
𝑘=1 ∏ 𝜋𝑑𝑖(√2𝜎𝑢𝑧𝑘)

𝑦𝑑𝑖
[1 − 𝜋𝑑𝑖(√2𝜎𝑢𝑧𝑘)]

1−𝑦𝑑𝑖𝑛𝑑
𝑖=1   (11) 

Equivalently, in log-likelihood form, 

l𝑑(θ, σ𝑢
2 ) ≈ log[∑ 𝑤𝑘 exp{∑ [𝑦𝑑𝑖η𝑑𝑖𝑘 − log(1 + exp(η𝑑𝑖𝑘))]𝑛𝑑

𝑖=1 }𝐾
𝑘=1 ],  (12) 

where 

η𝑑𝑖𝑘 = 𝑓θ(𝑥𝑑𝑖) + √2σ𝑢𝑧𝑘     (13) 

In practice, the network is trained by minimizing Eq. (10) using a gradient-based optimizer such as 

Adam. In our implementation, 𝑓θ(⋅) is a feed-forward neural network with one or two hidden layers and 

ReLU activation, followed by a linear output layer producing the latent logit component. Regularization may 

be introduced through dropout and/or weight decay when necessary. 
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Figure 1. Schematic Diagram of the Proposed SAE-MNN Framework for Unit-Level Proportion Small Area 

Estimation. The Framework Combines a Neural-Network-Based Nonlinear Fixed-Effects Component with an Area-

Level Random Effect to Model Clustered Binary Responses 

Fig. 1 illustrates the overall structure of the proposed SAE-MNN framework. Unit-level auxiliary 

covariates are first processed through a neural-network component, 𝑓𝜽(𝐱𝒅𝒊), which flexibly captures 

nonlinear effects and interactions among predictors. This nonlinear fixed-effects component is then combined 

with an area-level random effect, 𝑢𝑑 ∼ 𝑁(0, σ𝑢
2 ), to form the linear predictor η𝑑𝑖 = 𝑓𝛉(𝒙𝑑𝑖) + 𝑢𝑑 . The 

resulting predictor is transformed through the logistic link to obtain the unit-level probability 𝜋𝒅𝒊 , from which 

the binary response is modeled. Estimation is carried out through a likelihood-based approach using Gauss-

Hermite quadrature, and the fitted model is subsequently used for empirical best prediction, synthetic 

prediction, and bootstrap-based uncertainty estimation. 

2.2.1 Prediction of Area-Level Proportions 

Let 𝑁𝑑  denote the population size of area 𝑑. The target small area proportion is 

𝑃𝑑 =
1

𝑁𝑑
∑ 𝜋𝑑𝑖

𝑁𝑑
𝑖=1       (14) 

where 𝜋𝑑𝑖 is the probability of success for unit 𝑖 in area 𝑑. Since 𝑢𝑑 is unobserved, the empirical best predictor 

of 𝑃𝑑 is defined as the conditional expectation given the observed data, 

𝑃̂𝑑
,𝐸𝐵𝑃 = 𝐸( 𝑃𝑑 ∣∣ 𝐲𝐝, 𝐗𝐝 )     (15) 

Substituting the model formulation, this becomes 

SMALL AREA ESTIMATION OUTPUTS 

• Empirical Best Prediction (EBP) 

• Synthetic prediction 

• Parametric bootstrap MSE and confidence intervals 

UNIT-LEVEL AUXILIARY COVARIATES 

𝑥𝑑𝑖 = (𝑥1, 𝑥2, … , 𝑥𝑝) 

Examples: spectral indices, vegetation indicators, 

moisture-related covariates, and other auxiliary 

features 

NEURAL NETWORK COMPONENT 

𝑓𝜃(𝑥𝑑𝑖) Hidden layer(s) with nonlinear activation 

functions to capture nonlinear effects and 

interactions 

AREA-LEVEL RANDOM EFFECT 

𝑢𝑑~𝑁(0, 𝜎𝑢
2) 

Captures between-area heterogeneity and 

hierarchical dependence 

LINEAR PREDICTOR 

𝜂𝑑𝑖 = 𝑓𝜃(𝒙𝑑𝑖) + 𝑢𝑑 

𝜋𝑑𝑖 = 𝑙𝑜𝑔𝑖𝑡−1(𝜂𝑑𝑖) 

𝒚𝑑𝑖~𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝜙𝑑𝑖) 

LIKELIHOOD-BASED ESTIMATION 

Marginal likelihood approximation using 

Gauss-Hermite quadrature and gradient-

based optimization 
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𝑃̂𝑑
,𝐸𝐵𝑃 =

1

𝑁𝑑
∑ ∫ 𝜋𝑑𝑖(𝑢𝑑)𝑁𝑑

𝑖=1 𝑝( 𝑢𝑑 ∣∣ 𝐲𝐝, 𝐗𝐝; 𝜽̂, 𝜎̂𝑢
2 )𝑑𝑢𝑑  (16) 

where 𝑝( 𝑢𝑑 ∣∣ 𝐲𝐝, 𝐗𝐝; 𝜽̂, 𝜎̂𝑢
2 ) is the posterior density of the random effect. Using Gauss-Hermite quadrature, 

Eq. (16) is approximated by 

𝑃̂𝑑
,𝐸𝐵𝑃 ≈

1

𝑁𝑑
∑ ∑ 𝑤̃𝑑𝑘𝜋𝑑𝑖(𝑢̂𝑑𝑘)𝑲

𝒌=1
𝑁𝑑
𝒊=1     (17) 

where 𝑤̃𝑑𝑘 are normalized posterior quadrature weights and 𝑢̂𝑑𝑘 denotes the corresponding quadrature-based 

support points. 

2.2.2 Uncertainty Estimation 

A crucial component of SAE is the estimation of uncertainty associated with small area predictors. For the 

empirical best predictor, the mean squared error (MSE) is 

𝑀𝑆𝐸(𝑃̂𝑑
𝐸𝐵𝑃) = 𝐸 ((𝑃̂𝑑

𝐸𝐵𝑃 − 𝑃𝑑)
2

) 

Because a closed-form MSE expression is generally unavailable under the proposed model, we adopt 

a parametric bootstrap approach. For bootstrap replication 𝑏 = 1, … , 𝐵, the following steps are performed: 

1. Generate bootstrap random effects 

𝑢𝑑
∗(𝑏)

∼ 𝑁(0, 𝜎̂𝑢
2).      (18) 

2. Simulate bootstrap outcomes 

𝑦𝑑𝑖
∗(𝑏)

∼ Bernoulli (𝜋𝑑𝑖 (𝑢𝑑
∗(𝑏)

)) ,  𝑏 = 1, … , 𝐵   (19) 

3. Refit the model on each bootstrap sample to obtain 𝑃̂𝑑
𝐸𝐵𝑃∗(𝑏)

. 
4. Estimate the MSE as 

MSÊ(𝑃̂𝑑
𝐸𝐵𝑃) =

1

𝐵
∑ (𝑃̂𝑑

𝐸𝐵𝑃∗(𝑏)
− 𝑃𝑑

∗(𝑏)
)

2
𝐵
𝑏=1    (20) 

where 𝑃𝑑
∗(𝑏)

 is the true proportion computed from the 𝑏-th bootstrap population. 

This bootstrap estimator captures both sampling variation and model-estimation uncertainty, and is consistent 

with the model-based uncertainty assessment commonly used in SAE [8], [9], [20], [24]. 

2.3 Simulation Design 

The simulation study was designed to evaluate the proposed SAE-MNN under controlled settings that 

reflect key challenges in small area estimation: between-area heterogeneity, nonlinear predictor-response 

relationships, and limited area-level information. Following the general simulation logic adopted in recent 

model-based SAE studies [20], [24], we considered four scenarios formed by the combination of two 

dimensions: 

1. Predictor structure: 

Normal: predictors enter without nonlinear interaction terms; 

Interaction: predictors enter through nonlinear interaction structures. 

2. Between-area heterogeneity: 

Small: low random-effect variance (σ𝑢
2 = 0.1); 

Large: high random-effect variance (σ𝑢
2 = 1.0). 

3. For each area 𝑑 = 1, … , 𝐷, an area random effect was generated as 

𝑢𝑑 ∼ 𝑁(0, σ𝑢
2 )      (21) 

Next, covariates 𝑥1 and 𝑥2 were generated independently from a standard normal distribution, 

𝑥1, 𝑥2 ∼ 𝑁(0,1)      (22) 

The latent predictor η and the success probability μ were then defined under four scenarios: 

i. Normal-Small 

η = 0.5 − 0.8𝑥1 − 0.6𝑥2 + 𝑢𝑑 ,   μ = sigmoid(η)   (23) 

ii. Interaction-Small 
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𝜂 = 1 − 𝑥1𝑥2 − 0.6𝑥1
2 + 𝑢𝑑 ,   𝜇 = sigmoid(𝜂)   (24) 

iii. Normal-Large 

𝜂 = 0.5 − 0.1𝑥1 − 0.2𝑥2 + 𝑢𝑑 ,   𝜇 = sigmoid(𝜂)   (25) 

iv. Interaction-Large 

𝜂 = 1 − 𝑥1𝑥2 − 0.6𝑥1
2 + 𝑢𝑑 ,   𝜇 = sigmoid(𝜂)  (26) 

Finally, the binary response was generated from 

𝑦𝑑𝑖 ∼ Bernoulli(μ𝑑𝑖)     (27) 

This design allows direct assessment of how different methods behave under linear versus nonlinear 

fixed-effect structures and under weak versus strong area-level heterogeneity. Such controlled simulation 

settings are particularly appropriate for a methodological study, since they make the nonlinear signal and 

hierarchical dependence explicitly verifiable. 

Three competing estimators were compared: 

1. GLMM-based SAE, using a conventional logistic mixed model with linear fixed effects, 

2. Standard DNN, using a feed-forward neural network without random effects, 

3. Proposed SAE-MNN, using a neural network with area-level random effects. 

For fairness, the DNN and SAE-MNN models used the same basic feed-forward architecture, differing only 

in the inclusion of the random-effects structure and the likelihood-based training criterion. 

2.4 Performance Measures 

The performance of the competing methods was evaluated by comparing estimated area proportions 

with the true simulated area proportions. Let μ̂𝑑
(𝑚)

 denote the estimated proportion for area 𝑑 in replication 

𝑚, and let μ̂𝑑
(𝑚)

 denote the corresponding true proportion. Over 𝑀 simulation replications, the following 

criteria were used. 

The relative bias (RB) is defined as 

𝑅𝐵𝑑 =
1

𝑀
∑ (

𝜇̂𝑑
(𝑚)

−𝜇𝑑
(𝑚)

𝜇𝑑
(𝑚) )𝑀

𝑚=1 ,     (28) 

The relative root mean squared error (RRMSE) is 

𝑅𝑅𝑀𝑆𝐸𝑑 =
√ 1

𝑀
∑ (𝜇̂𝑑

(𝑚)
−𝜇𝑑

(𝑚)
)

2
𝑀
𝑚=1

1

𝑀
∑ 𝜇𝑑

(𝑚)𝑀
𝑚=1

     (29) 

To assess the quality of MSE estimation, we also considered the relative bias of the RMSE estimator, 

𝑅𝐵-𝑅𝑀𝑆𝐸𝑑 =
√

1

𝑀
∑ 𝑀𝑆𝐸𝑒𝑠𝑡𝑑

(𝑚)𝑀
𝑚=1 −𝑅𝑀𝑆𝐸𝑒𝑚𝑝𝑑

𝑅𝑀𝑆𝐸𝑒𝑚𝑝𝑑

    (30) 

and the relative RMSE of the RMSE estimator, 

𝑅𝑅𝑀𝑆𝐸-𝑅𝑀𝑆𝐸𝑑 =

√ 1

𝑀
∑ (√𝑀𝑆𝐸𝑒𝑠𝑡𝑑

(𝑚)
−𝑅𝑀𝑆𝐸𝑒𝑚𝑝𝑑

)

2
𝑀
𝑚=1

𝑅𝑀𝑆𝐸𝑒𝑚𝑝𝑑

.    (31) 

In addition, uncertainty calibration was evaluated using empirical coverage probability and average 

confidence interval width, both computed over areas and replications. These performance measures are 

basically from [31], [32] and modified based on [8], [9], [20], [24] for simulation-based comparison of SAE 

estimators and uncertainty estimators. 

2.5 Computational Complexity 

The computational complexity of the proposed SAE-MNN is driven by three main components: 
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1. forward and backward propagation through the neural network, 

2. Gauss-Hermite quadrature over the area-level random effects, and 

3. bootstrap-based uncertainty estimation. 

Let 𝑁 = ∑ 𝑛𝑑
𝐷
𝑑=1  denote the total number of observed units, 𝐾 the number of quadrature points, and 

𝑃 the effective number of neural-network parameters. The cost of a single likelihood evaluation is 

approximately of order 

𝑂(𝑁𝐾𝑃),      (32) 

since each quadrature node requires evaluation of the network and the Bernoulli likelihood contributions over 

the observed units. The total training cost depends additionally on the number of optimization epochs. For 

uncertainty estimation, if 𝐵 bootstrap replications are used, the total complexity increases approximately to 

𝑂(𝐵𝑁𝐾𝑃)      (33) 

excluding constant factors associated with repeated optimization. Therefore, SAE-MNN is computationally 

more demanding than a conventional GLMM and substantially more demanding than a standard DNN 

without quadrature or bootstrap. However, this additional cost is the consequence of explicitly retaining the 

hierarchical likelihood structure required for valid small area inference. In the present study, the method is 

intended as a methodological proof-of-concept, and future work may consider more efficient approximation 

and optimization strategies for larger-scale applications. 

3. RESULTS AND DISCUSSION 

3.1 Simulation Study Results 

3.1.1 Point Estimation Performance 

Fig. 2 compares the empirical RMSE of the competing methods for area-level proportion estimates 

under the four simulation scenarios. A clear pattern emerges across settings. Under Normal-Small, where the 

predictor structure is relatively simple and between-area heterogeneity is limited, both DNN and SAE-MNN 

outperform the conventional GLMM, with DNN showing a slight numerical advantage. A similar result is 

observed under Interaction-Small, where nonlinear interaction terms are present but the between-area 

variance remains low. In this case, SAE-MNN achieves the lowest RMSE, while DNN remains competitive 

and GLMM performs worst. These findings indicate that when the domain-level random effect is weak, 

modeling flexibility becomes the dominant factor, favoring neural-network-based methods over a strictly 

linear mixed model [20], [24], [29]. 

The pattern changes substantially when between-area heterogeneity increases. Under Normal-Large 

and Interaction-Large, where σ𝑢
2 = 1.0, SAE-MNN consistently provides the best point estimation 

performance, followed by GLMM, whereas DNN exhibits markedly higher RMSE. This result highlights the 

importance of explicitly incorporating area-level random effects when domain heterogeneity is substantial. 

In such settings, the ability to borrow strength across areas becomes essential, and a model that ignores 

hierarchical dependence loses stability. SAE-MNN performs well because it combines the representational 

flexibility of neural networks with the hierarchical variance structure required in SAE [8], [9], [24]. 

 
(a) (b) 
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Figure 2. Empirical RMSE Comparison of Point Estimates for Area-Level Proportions under Four Simulation 

Scenarios (a) Normal–Small, (b) Interaction–Small, (c) Normal–Large, (d) Interaction–Large 

Table 1 supports this interpretation through the area-level summaries of relative bias (RB) and relative 

root mean squared error (RRMSE). Under Normal-Small, GLMM shows substantial negative bias and the 

largest RRMSE, whereas DNN and SAE-MNN both achieve much smaller errors. Under Interaction-Small, 

GLMM again performs worst, reflecting its difficulty in accommodating nonlinear interactions within the 

linear predictor. In contrast, SAE-MNN and DNN remain substantially more accurate, with SAE-MNN 

slightly outperforming DNN in median and mean RRMSE. This suggests that the neural-network component 

successfully captures the nonlinear structure while the random-effects component does not impose excessive 

shrinkage when heterogeneity is weak. 

Table 1. Mean and Median of RB and RRMSE over Areas for Point Estimates 

Scenario Model RB [%] RRMSE [%] 

Median Mean Median Mean 

Normal–Small 

GLMM -4.360 -4.252 7.247 7.266 

MNN 0.217 0.263 2.778 2.797 

DNN -0.406 -0.407 2.674 2.675 

Interaction–Small 

GLMM 1.516 1.571 3.959 3.996 

MNN 0.153 0.187 2.606 2.628 

DNN -0.289 -0.295 2.576 2.593 

Normal–Large 

GLMM -0.013 -0.079 9.955 10.022 

MNN 1.665 1.703 9.965 10.088 

DNN 13.893 15.236 31.098 31.369 

Interaction–Large 

GLMM 2.502 2.441 11.474 11.411 

MNN 0.579 0.485 8.389 8.388 

DNN 3.810 4.063 18.826 19.292 

Under Normal-Large, both GLMM and SAE-MNN remain stable, while DNN deteriorates sharply. 

Although GLMM and SAE-MNN have similar RRMSE in this setting, SAE-MNN remains competitive while 

allowing a more flexible functional form. Under Interaction-Large, SAE-MNN clearly outperforms both 

GLMM and DNN, achieving the smallest bias and lowest RRMSE. This is the most relevant scenario for the 

proposed method, since it combines strong nonlinear effects with pronounced area-level heterogeneity. The 

results show that neither GLMM nor DNN alone is sufficient in this setting: GLMM preserves borrowing 

strength but lacks nonlinear flexibility, while DNN captures complex patterns but fails to account for the 

hierarchical structure. SAE-MNN is effective precisely because it addresses both requirements 

simultaneously. 

Taken together, the point-estimation results reveal a central trade-off. When heterogeneity is low, 

neural-network-based methods dominate because flexibility is more important than shrinkage. When 

heterogeneity is high, however, the inclusion of random effects becomes critical. SAE-MNN performs 

robustly across all scenarios and is especially advantageous when nonlinear covariate effects and hierarchical 

variation coexist. This is consistent with the broader literature arguing that hybrid models are needed when 

neither classical mixed models nor purely predictive machine learning methods can adequately represent the 

full data-generating structure [20], [24], [28], [29]. 

 



3330 Riyawan et al.     MODIFYING MIXED MODEL NEURAL NETWORKS FOR UNIT-LEVEL …  

 

 

3.1.2 Performance of Bootstrap MSE Estimators 

Point estimation alone is not sufficient in small area estimation, where uncertainty quantification is 

equally important. Table 2 summarizes the performance of the bootstrap MSE estimators in terms of RB-

RMSE and RRMSE-RMSE across areas. These measures evaluate how well the estimated MSE reflects the 

empirical RMSE observed across simulation replications. Table 2 shows bootstrap MSE estimator 

performance varies across scenarios. Normal-Small scenario, in this low-variability and well-specified 

setting, both GLMM and MNN perform very well. Their RB–RMSE values are small (around −1 % for 

GLMM, −6 % for MNN), indicating nearly unbiased MSE estimation. The corresponding RRMSE–RMSE 

values (≈ 10–11 % for GLMM and ≈ 38 % for MNN) show that GLMM produces slightly more stable 

estimates but MNN remains acceptable. In contrast, DNN exhibits very large negative RB–RMSE (−43 %) 

and inflated RRMSE–RMSE (≈ 61 %), confirming severe underestimation of the true uncertainty. This 

pattern highlights that when random effects are weak, conventional mixed models outperform purely 

predictive neural networks in variance estimation. 

Under Normal-Small, both GLMM and SAE-MNN perform reasonably well, with small RB-RMSE 

values and acceptable dispersion. GLMM yields slightly more stable MSE estimation, while SAE-MNN 

remains close enough to indicate satisfactory uncertainty quantification. By contrast, DNN shows very large 

negative RB-RMSE and inflated RRMSE-RMSE, indicating severe underestimation of uncertainty. Even 

though DNN performs well in point estimation under low heterogeneity, it does not provide reliable model-

based uncertainty measures. This difference is important: strong predictive accuracy does not automatically 

translate into valid inference. 

Table 2. Performance of Bootstrap MSE Estimators In Model-Based Simulation: Mean and Median of RB-RMSE and 

RRMSE-RMSE Over Areas 

Scenario Model 
RB-RMSE [%] RRMSE-RMSE [%] 

Median Mean Median Mean 

Normal–Small 

GLMM -0.73 -1.15 10.13 10.91 

MNN -5.97 -6.25 38.09 38.76 

DNN -43.29 -44.23 61.09 61.30 

Interaction–Small 

GLMM -34.83 -34.60 79.47 79.84 

MNN -4.28 -4.57 37.82 38.31 

DNN -25.83 -24.36 63.17 62.35 

Normal–Large 

GLMM -1.07 -1.19 8.15 9.11 

MNN -3.27 -2.64 8.70 9.38 

DNN -98.36 -98.35 98.37 98.36 

Interaction–Large 

GLMM 0.52 0.76 9.74 10.53 

MNN -3.63 -3.06 9.86 10.65 

DNN -90.11 -90.06 90.41 90.37 

Under Interaction-Small, the effect of model misspecification becomes more visible. GLMM displays 

strong negative bias in MSE estimation and much larger dispersion, reflecting the inability of a linear latent 

predictor to account for nonlinear interactions. SAE-MNN performs substantially better, with markedly 

smaller bias and lower dispersion, indicating that the neural-network component improves not only prediction 

but also the accuracy of the uncertainty estimates. DNN again remains unstable, showing that flexible 

prediction without structured variance modeling is insufficient for valid interval estimation. 

Under Normal-Large, both GLMM and SAE-MNN achieve near-unbiased MSE estimation with very 

low relative dispersion, whereas DNN collapses almost completely. Under Interaction-Large, GLMM and 

SAE-MNN again show strong performance, but SAE-MNN maintains slightly better balance between 

flexibility and inferential stability. DNN continues to produce severely biased and unstable uncertainty 

estimates. This reinforces the conclusion that uncertainty estimation in SAE requires explicit hierarchical 

modeling and cannot be recovered adequately from a purely predictive neural model without random effects 

[6], [8], [24]. 

Across all scenarios, SAE-MNN achieves the most favorable compromise. It remains close to GLMM 

under settings where the mixed-model structure is correctly specified, while substantially outperforming 

GLMM when nonlinear interactions are present. This is a key result of the study: the proposed method does 
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not merely improve point prediction, but also preserves inferential stability to a much greater extent than 

standard DNN. From a methodological SAE perspective, this is crucial, because the usefulness of a model-

based estimator depends not only on bias and RMSE but also on whether its uncertainty measures are 

trustworthy [8], [9], [16]. 

3.1.3 Confidence Interval Coverage and Width 

Fig. 3 and Table 3 summarize the inferential behavior of the competing methods through empirical 

coverage probability and average confidence interval width. A narrow interval is desirable only if it still 

achieves acceptable coverage; otherwise, it reflects overconfidence rather than inferential efficiency. Under 

Normal-Small, GLMM and SAE-MNN both achieve coverage close to the nominal level, with GLMM 

producing wider intervals and SAE-MNN producing narrower but still reasonably valid intervals. DNN, on 

the other hand, produces the narrowest intervals but with clear under-coverage. This shows that DNN’s 

apparently precise intervals are misleading, since they do not adequately reflect the true uncertainty. The 

result also illustrates the difference between predictive sharpness and inferential validity. 

Under Interaction-Small, GLMM coverage drops sharply, indicating misspecification under nonlinear 

interactions. SAE-MNN, however, maintains high coverage with relatively narrow intervals. This is an 

important finding: the proposed model is able to accommodate nonlinear structure without sacrificing interval 

validity. DNN still underestimates uncertainty, with intervals that remain too narrow. Thus, in this scenario 

SAE-MNN clearly dominates both alternatives by achieving a better balance between flexibility and valid 

uncertainty estimation. 

 
(a) (b) 

 
(c) (d) 

Figure 3. Confidence interval (CI) plots across 10 domains of four simulation scenarios 

(a) Normal–Small, (b) Interaction–Small, (c) Normal–Large, (d) Interaction–Large 

Under Normal-Large, both GLMM and SAE-MNN achieve nearly identical and near-nominal 

coverage, with similar interval widths. In this setting, the two methods are inferentially comparable, but SAE-

MNN retains the advantage of a more flexible fixed-effects structure. DNN again performs poorly, with 

extremely low coverage and unrealistically narrow intervals. Under Interaction-Large, both GLMM and SAE-

MNN achieve excellent coverage, but SAE-MNN does so with narrower intervals. This indicates a genuine 

efficiency gain: unlike DNN, which produces narrow but invalid intervals, SAE-MNN achieves narrower 

intervals without compromising coverage. 
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Table 3. Performance of Bootstrap MSE Estimators in Model-Based Simulation: Mean of Coverage and Width of 

Confidence Interval Over Areas 
 Normal-Small Interaction-Small 

DNN GLMM MNN DNN GLMM MNN 

Coverage 0.60 0.94 0.89 0.68 0.49 0.89 

CI’s width 0.03 0.16 0.06 0.04 0.05 0.05 

 Normal-Large Interaction-Large 

DNN GLMM MNN DNN GLMM MNN 

Coverage 0.02 0.93 0.93 0.14 0.94 0.94 

CI’s width 0.01 0.23 0.23 0.04 0.22 0.15 

The contrast among methods illustrates the fundamental trade-off between predictive flexibility and 

inferential validity. GLMM remains the most conservative method, often producing wider intervals that 

ensure reliable coverage. DNN is the opposite: it may fit nonlinear patterns well, but it lacks a principled 

variance structure and therefore produces unreliable confidence intervals. SAE-MNN occupies the middle 

ground in the most favorable sense: it preserves the hierarchical mixed-model mechanism required for valid 

uncertainty quantification, while also introducing nonlinear flexibility through the neural-network 

component. This is precisely the type of balance needed in modern SAE applications involving complex 

auxiliary information [6], [24], [28], [29]. 

3.1.4 Overall Discussion of Simulation Results 

The results across all simulation scenarios consistently support the methodological rationale of the 

proposed SAE-MNN. First, when nonlinear relationships are present but area-level heterogeneity is weak, 

neural-network-based approaches outperform GLMM in point estimation because they are able to adapt to 

the true predictor-response structure more effectively. Second, when between-area heterogeneity is strong, 

methods that explicitly incorporate random effects are clearly superior, since they stabilize small area 

estimates by borrowing strength across domains. Third, only SAE-MNN is able to perform well across both 

dimensions simultaneously, because it integrates nonlinear representation learning with hierarchical variance 

modeling. 

These findings are aligned with recent developments in hybrid machine-learning-based SAE, 

especially those emphasizing that flexibility alone is not sufficient without an explicit mechanism for 

handling clustered dependence [20], [24]. At the same time, the results also show that inferential performance 

cannot be inferred from point-estimation accuracy alone. Standard DNN performs competitively in some 

low-heterogeneity settings, but its uncertainty estimates and confidence intervals are consistently unreliable. 

Conversely, GLMM remains inferentially stable but may lose efficiency or become biased when nonlinear 

interactions are ignored. SAE-MNN overcomes this dichotomy by retaining the small area estimation logic 

of mixed models while replacing the restrictive linear fixed-effects structure with a learned nonlinear 

function. 

From a methodological standpoint, the simulation study confirms that the proposed approach is 

especially relevant for unit-level proportion estimation problems in which auxiliary variables have complex 

nonlinear effects and domain-level clustering cannot be ignored. In such settings, SAE-MNN provides a 

principled alternative to both classical GLMM-based SAE and purely predictive deep learning methods. The 

overall evidence therefore supports the view that mixed-model neural-network frameworks are a promising 

direction for extending SAE methodology to data-rich environments characterized by nonlinear structure and 

hierarchical dependence [8], [9], [24], [29]. 

3.2 Real-Data Application: Estimation of Subdistrict-Level Harvest Proportions 

3.2.1 Overall Comparison with the Direct Estimator 

Table 4 summarizes the overall agreement of the competing EBP-based estimators with the direct 

estimator across all subdistrict-month combinations. Because the true area-level harvest proportions are not 

observed in the real data, the direct estimator is used here as an empirical benchmark rather than as a ground 

truth. Therefore, the reported correlation, RMSE, MAE, and mean signed difference should be interpreted as 

measures of empirical agreement with the direct estimator, rather than as accuracy relative to a known truth. 
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Table 4. Summary of Comparison EBP-Based Estimators with The Direct Estimator 

Method Corr RMSE MAE 
Mean 

Signed Diff 

Mean 

Estimate 

SD 

Estimate 

Mean 

Direct 

SD 

Direct 

SAE-MNN 0.776 0.167 0.128 -0.007 0.234 0.166 0.241 0.259 

GLMM 0.551 0.239 0.206 0.094 0.335 0.103 0.241 0.259 

DNN 0.738 0.177 0.135 -0.007 0.233 0.164 0.241 0.259 

 

The results show that SAE-MNN provides the closest overall agreement with the direct estimator. 

Among the three competing methods, SAE-MNN achieves the highest correlation with the direct estimator 

(0.7756), together with the lowest RMSE (0.1672) and MAE (0.1283). The standard DNN ranks second, with 

a correlation of 0.7380, RMSE of 0.1769, and MAE of 0.1352. By contrast, GLMM shows the weakest 

agreement with the direct benchmark, with a substantially lower correlation (0.5510) and the largest RMSE 

(0.2390) and MAE (0.2065). These results indicate that SAE-MNN is better able to preserve the empirical 

area-level pattern observed in the direct estimator while still operating within a model-based estimation 

framework. 

A similar pattern is observed in the signed differences and in the overall dispersion of the estimates. 

Both SAE-MNN and DNN yield mean estimates that are only slightly below the mean direct estimator, with 

mean signed differences of approximately -0.007, indicating relatively mild downward shrinkage. In contrast, 

GLMM produces a notably higher mean estimate than the direct benchmark, with a mean signed difference 

of about +0.094, suggesting a much stronger systematic deviation. In terms of variability, the direct estimator 

exhibits the largest dispersion across subdistrict-month combinations (SD = 0.2590), whereas GLMM yields 

the smallest dispersion (SD = 0.1034), reflecting the strongest smoothing effect. SAE-MNN and DNN occupy 

an intermediate position (SD = 0.1659 and 0.1641, respectively), indicating that both methods regularize the 

direct estimator while still preserving substantially more empirical variation than GLMM. 

Overall, these findings suggest that SAE-MNN achieves the most favorable balance between empirical 

fidelity and model-based stabilization in the real-data application. Compared with GLMM, SAE-MNN 

follows the direct estimator much more closely while avoiding the excessive smoothing implied by the linear 

mixed-model structure. Compared with DNN, SAE-MNN also shows slightly better agreement with the direct 

estimator across all overall measures. Thus, at the level of overall subdistrict-month comparison, the real-

data results support SAE-MNN as a compromise estimator that remains close to the empirical benchmark 

while still preserving the borrowing-strength mechanism required in small area estimation. 

3.2.2 Monthly Pattern of Area-Level Estimates 

Fig. 4 presents the monthly mean of subdistrict-level harvest proportions obtained from the direct 

estimator, SAE-MNN, GLMM, and DNN over the twelve months of 2024. The figure reveals that all three 

model-based estimators broadly capture the temporal pattern of harvest dynamics, but they differ substantially 

in their level and smoothness relative to the direct estimator. 

 
Figure 4. Monthly Mean of Subdistrict-Level Harvest Proportions 

Overall, SAE-MNN and DNN track the direct estimator much more closely than GLMM. Across most 

months, the trajectories of SAE-MNN and DNN lie near the direct series and reproduce the main turning 

points of the observed harvest pattern, including the sharp increase from March to May, the decline from June 
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to July, and the subsequent rise toward October–November. In contrast, GLMM remains consistently above 

the direct estimator in nearly all months and produces a smoother, more elevated trajectory. This pattern 

suggests that the linear mixed-model structure induces stronger regularization and a more pronounced upward 

shift in the real-data application, whereas the nonlinear methods preserve the empirical monthly movement 

more closely. 

A closer inspection shows that SAE-MNN provides a favorable compromise between fidelity to the 

direct estimator and temporal stabilization. In January to April, SAE-MNN almost overlaps with DNN and 

remains very close to the direct estimator, indicating that both nonlinear approaches are able to reproduce the 

low-to-moderate harvest proportions observed early in the year. In May, when the direct estimator reaches a 

local peak, SAE-MNN and DNN both remain below the direct value, but the difference is notably smaller 

than that observed for GLMM, which overshoots the direct benchmark. During July to September, when the 

direct estimator stays at a moderate level, SAE-MNN continues to follow the direct trajectory closely, 

whereas GLMM remains systematically higher. In October and November, all methods rise sharply, but SAE-

MNN and DNN show a steeper adjustment toward the direct pattern, while GLMM again appears more 

conservative and smoothed. In December, SAE-MNN remains closer to the direct estimator than GLMM, 

although all three model-based estimators lie above the direct benchmark. 

The comparison between SAE-MNN and DNN is also informative. Their monthly mean trajectories 

are very similar throughout the year, which indicates that the nonlinear predictive component is the dominant 

driver of the observed temporal pattern. However, SAE-MNN generally appears slightly more regular while 

still remaining close to the direct benchmark. This behavior is consistent with the role of the area-level 

random effect in SAE-MNN, which introduces hierarchical borrowing strength without forcing the estimates 

toward the stronger smoothing pattern observed in GLMM. 

Taken together, the monthly mean comparison supports the same conclusion obtained from the overall 

agreement measures: SAE-MNN preserves the main empirical temporal pattern of the direct estimator more 

closely than GLMM, while offering a more structured small-area model than DNN. Thus, at the aggregate 

monthly level, SAE-MNN achieves a useful balance between nonlinear adaptability and model-based 

stabilization in estimating subdistrict-level harvest proportions. 

3.2.3 Shrinkage Behavior Relative to the Direct Estimator 

Table 5 summarizes the shrinkage behavior of the competing EBP-based estimators relative to the 

direct estimator. In this context, shrinkage is assessed through the mean and median absolute deviation from 

the direct estimator, as well as through the relative dispersion of the model-based estimates compared with 

the dispersion of the direct benchmark. These measures are useful for evaluating how strongly each method 

regularizes the direct estimator in the real-data application. 

Table 5. Summarizes of The Shrinkage behavior of EBP-Based Estimators Relative to The Direct Estimator  

Method Mean Absolute Median Absolute 
Standard Dev 

Estimate 

Standard Dev 

Direct 

SD Ratio 

Estimate to direct 

SAE-MNN 0.128 0.094 0.166 0.259 0.640 

GLMM 0.206 0.207 0.103 0.259 0.399 

DNN 0.135 0.099 0.164 0.259 0.635 

The results show that GLMM induces the strongest shrinkage among the three competing methods. It 

has the largest mean absolute deviation from the direct estimator (0.2065) and the largest median absolute 

deviation (0.2074), indicating that its area-level estimates depart more substantially from the direct 

benchmark than those of the nonlinear approaches. This stronger shrinkage is also reflected in its much 

smaller standard deviation (0.1032) compared with the direct estimator (0.2590), corresponding to a variance 

ratio of only 0.3985. Thus, GLMM produces the most compressed distribution of area-level estimates, which 

is consistent with the smoother and systematically elevated trajectory observed in the monthly mean 

comparison. 

By contrast, SAE-MNN and DNN exhibit substantially weaker shrinkage and remain much closer to 

the direct estimator. SAE-MNN yields the smallest mean absolute deviation (0.1283) and the smallest median 

absolute deviation (0.0943), while DNN shows slightly larger values (0.1352 and 0.0985, respectively). In 

terms of dispersion, both methods preserve considerably more of the empirical variability of the direct 

estimator than GLMM, with standard deviations of 0.1657 for SAE-MNN and 0.1643 for DNN. Their 
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corresponding variance ratios relative to the direct estimator are 0.6400 and 0.6345, respectively, indicating 

that both nonlinear approaches retain a substantially larger share of area-level variation. 

These results suggest that SAE-MNN provides the most balanced shrinkage behavior in the real-data 

application. Compared with GLMM, it avoids excessive compression of the area-level estimates and remains 

much closer to the empirical direct pattern. Compared with DNN, SAE-MNN yields slightly smaller deviation 

from the direct estimator while maintaining a very similar level of dispersion. Therefore, the shrinkage 

analysis supports the interpretation that SAE-MNN achieves a useful compromise between borrowing 

strength and local adaptability: it regularizes the direct estimator enough to stabilize area-level estimates, but 

not so strongly that meaningful empirical variation is suppressed. 

Taken together with the overall agreement measures and the monthly mean comparison, the shrinkage 

results reinforce the conclusion that SAE-MNN is the most favorable compromise estimator among the three 

competing methods. GLMM appears overly conservative in the real-data setting, whereas DNN preserves 

local variation but lacks the explicit hierarchical structure of a mixed model. SAE-MNN, in contrast, 

combines nonlinear flexibility with moderate and interpretable model-based shrinkage, making it well suited 

for estimating subdistrict-level harvest proportions from segment-level KSA data. 

3.2.4 Overall Interpretation of the Real-Data Application 

Taken together, the real-data results show a consistent pattern across the three comparative 

perspectives—overall agreement with the direct estimator, monthly temporal behavior, and shrinkage relative 

to the direct benchmark. In all three aspects, SAE-MNN emerges as the most balanced estimator. It achieves 

the closest overall agreement with the direct estimator, reproduces the main monthly harvest pattern more 

faithfully than GLMM, and exhibits moderate shrinkage that stabilizes the area-level estimates without 

excessively compressing their variability. By contrast, GLMM produces the strongest smoothing effect and 

departs most substantially from the direct benchmark, indicating that the linear mixed-model structure may 

be overly restrictive in the present real-data setting. DNN follows the direct estimator more closely than 

GLMM and preserves local variation well, but its behavior remains purely predictive and does not explicitly 

incorporate the hierarchical borrowing-strength mechanism required in small area estimation. Therefore, the 

real-data application supports the same general conclusion obtained from the simulation study: SAE-MNN 

provides a useful compromise between nonlinear adaptability and model-based regularization, making it a 

promising approach for estimating subdistrict-level harvest proportions from KSA segment-level data with 

complex auxiliary covariates. 

3.3 General Discussion 

The simulation study and the real-data application lead to a consistent overall conclusion. In the 

simulation setting, the controlled data-generating mechanisms show that the main challenge in unit-level 

proportion small area estimation is not only to capture nonlinear predictor-response relationships, but also to 

preserve the hierarchical borrowing-strength mechanism required for stable area-level estimation. Neural-

network-based methods perform well when between-area heterogeneity is weak, because their flexibility 

allows them to adapt to nonlinear effects more effectively than GLMM. However, when area-level 

heterogeneity becomes substantial, methods that ignore the hierarchical dependence structure deteriorate 

noticeably. This confirms that flexibility alone is not sufficient in modern SAE problems. 

The real-data application reinforces this conclusion from an empirical perspective. Although the true 

area-level proportions are unknown and the direct estimator serves only as an empirical benchmark, the same 

pattern remains visible. SAE-MNN shows the closest overall agreement with the direct estimator, reproduces 

the monthly harvest pattern more faithfully than GLMM, and exhibits more moderate shrinkage than the 

linear mixed-model benchmark. DNN also follows the direct pattern relatively closely, but it does so without 

explicitly preserving the hierarchical borrowing-strength mechanism central to small area estimation. Thus, 

the real-data results suggest that predictive closeness alone is not enough; the estimator must also retain an 

interpretable model-based structure for stabilizing area-level inference. 

Taken together, the results clarify the roles of the three competing approaches. GLMM provides a 

stable inferential benchmark, but its linear fixed-effects formulation may be too restrictive when auxiliary 

variables exhibit strong nonlinear interactions. DNN offers greater predictive flexibility, but without explicit 

random effects it remains essentially a predictive tool rather than a full SAE estimator. SAE-MNN occupies 

the methodologically important middle ground by combining nonlinear adaptability with hierarchical 
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regularization. In this sense, the proposed method should not be viewed simply as a more flexible prediction 

model, but as an extension of the SAE framework itself to settings where classical parametric assumptions 

are no longer adequate. 

Overall, the study highlights a fundamental trade-off between predictive flexibility and inferential 

validity. DNN emphasizes flexibility but lacks an explicit mechanism for hierarchical variance modeling, 

while GLMM preserves inferential structure but may lose efficiency under nonlinear misspecification. SAE-

MNN addresses this trade-off by integrating both components in a single framework. Accordingly, the 

proposed method is especially relevant for unit-level small area estimation problems characterized by 

complex auxiliary information, nonlinear covariate-response relationships, and non-negligible area-level 

heterogeneity. 

4. CONCLUSION 

This study proposes a modified Small Area Estimation Mixed Model Neural Network (SAE-MNN) 

for unit-level proportion estimation under clustered binary data. By replacing the linear fixed-effects 

component of the conventional logistic mixed model with a neural-network-based nonlinear function while 

retaining area-level random effects, SAE-MNN addresses a key limitation of classical GLMM-based small 

area estimation in representing complex nonlinear covariate-response relationships. The simulation results 

show that SAE-MNN achieves a favorable balance between predictive flexibility and inferential validity. It 

performs robustly across all scenarios and is especially advantageous when nonlinear interactions and 

substantial between-area heterogeneity coexist. Unlike a standard DNN, SAE-MNN improves not only point 

estimation but also the reliability of bootstrap-based uncertainty estimates and confidence interval coverage. 

The real-data application leads to a consistent conclusion: using KSA segment-level harvest proportions to 

estimate subdistrict-level monthly harvest proportions, SAE-MNN shows the closest overall agreement with 

the direct estimator, reproduces the temporal pattern more faithfully than GLMM, and provides moderate 

shrinkage without excessive smoothing. 

Overall, the findings confirm that neither a purely linear mixed model nor a purely predictive neural 

model is sufficient for unit-level small area estimation of proportions when the underlying process combines 

nonlinear fixed effects with area-level dependence. SAE-MNN addresses this gap by integrating nonlinear 

representation learning with area-level random effects in a coherent mixed-model framework, thereby 

extending hybrid SAE methodology to binary and proportional outcomes. Nevertheless, the study remains 

limited by its primary reliance on controlled simulation for methodological validation, the relatively high 

computational burden of the proposed method, and the use of a simple random-intercept area structure. Future 

research may therefore consider broader real-data applications, more efficient estimation strategies, richer 

hierarchical structures, alternative uncertainty approximation methods, and extensions to other non-Gaussian 

response types. 
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