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ABSTRACT

Analysis of poverty rates at the small area level, especially at the village level, often faces
obstacles due to limited sample sizes. As a result, the use of direct estimates has large
variances, making them less reliable. One solution to this problem is to use the Small Area
Estimation (SAE) method. This study aims to apply the Beta-Binomial Small Area Estimation
(SAE-BB-APHL) model by utilizing a second-order Laplace approach to estimate fixed
effects that were fixed in the previous model, namely SAE-BB-HL. The SAE-BB-APHL model
was applied to the case of poverty rates in each village in Bengkulu City. The results show a
decrease in Mean Squared Error (MSE) in estimating the poverty rate when using SAE-BB-
APHL compared to direct estimation and SAE-BB-HL. The MSE values produced by the
direct estimation method in several villages were 0.20638 in village 1, 0.04865 in village 2,
and 0.04865 in village 46. Meanwhile, the SAE-BB-APHL method successfully reduced the
MSE to 0.00524 in village 1, 0.00493 in village 2, and 0.00630 village 46. In addition, the
MSE in SAE-BB-APHL is also smaller than SAE-BB-HL as evidenced in Table 3. This
decrease in MSE indicates that bias is reduced by using the SAE-BB-APHL method.
Therefore, this approach can be a superior alternative in poverty analysis at the village level.
More accurate estimation results are expected to assist the government in designing more
targeted poverty alleviation policies.
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1. INTRODUCTION

To estimate population parameters, such as districts, cities, subdistricts, or villages, various surveys
usually apply a direct estimation approach. Accurate direct estimation requires a sufficiently large sample
size. However, when the sample size is inadequate or even non-existent, this approach provides inaccurate
estimates and produces high variance. Therefore, small area estimation (SAE) was developed to overcome
this problem [1].

Small Area Estimation (SAE) is a statistical method for estimating parameters in a subpopulation with
a small number of examples or even none at all, known as a “small area.” SAE works by increasing the
accuracy of prediction results through indirect estimation by “borrowing strength” from explanatory
information and using the relationship between explanatory variables and the variables being studied [2].
SAE model-based estimation has received much attention from statisticians. Based on the type of data
available, small area models are classified into two types, namely area level models and unit level models.

The SAE model can be applied to data with continuous or discrete response variables, such as binary
data. The SAE model for binary data is prone to overdispersion. According to [3], overdispersion can be
overcome by using a mixed distribution, namely beta-binomial. Rao and Molina [2] have developed a beta-
binomial SAE model. The proposed beta-binomial model is a covariate-free model with parameter estimation
through a Bayesian approach. Meanwhile, according to [4], parameter estimation in the beta-binomial model
can be done through Hierarchical Likelihood (HL). This method is claimed to be better than the Bayesian
approach in terms of analytics and computation.

However, SAE-BB-HL still has bias in estimating fixed effects () and random effects (v). This bias
in estimation results in inaccurate estimation results, thereby reducing the accuracy and quality of the
modeling results. Statistically, this condition is reflected in a high Mean Squared Error (MSE) value,
indicating that the estimated results are no longer representative of the actual population parameter values.
When these biased estimates are applied in real-world situations, the flawed data will mislead stakeholders
and lead to critical errors in policy-making. Therefore, it is necessary to develop a method for reducing bias
in the estimation of fixed effects () and random effects (v) [5]. The development of a bias reduction method
in SAE-BB-HL uses a second-order Laplace approximation to estimate fixed effects. This method is called
SAE-BB-APHL [6]. The SAE-BB-APHL method can be implemented in various disciplines, one of which
is in the socio-economic field, namely poverty.

Poverty is a condition in which an individual is unable to meet their own basic needs. The percentage
of the poor population (Household Head Index) is an indicator that measures the proportion of the population
with expenditures below the poverty line relative to the total population in a given region. The Central
Statistics Agency (BPS) defines the poverty line as the minimum expenditure required to meet basic food and
non-food needs [7]. In Indonesia, poverty remains one of the country’s most significant challenges, despite
having experienced substantial economic growth over the past few decades. Although poverty rates have
gradually decreased, millions of people still live below the poverty line, particularly in remote areas [8].
Globally, the urgency of the poverty issue is evident in the fact that poverty is one of the main targets in the
Sustainable Development Goals (SDGs) agenda, namely the eradication of poverty [9].

Analysis of the poverty rate at the small regional level, particularly at the sub-district or village level,
often faces obstacles due to limited sample sizes. As a result, the use of direct estimators produces large
variances, making the estimation results less reliable. The solution to this is to use the Beta-Binomial SAE
model with parameter estimation through Hierarchical Likelihood (HL). In previous studies [6] and [10], the
Beta-Binomial SAE model with parameter estimation via Hierarchical Likelihood (HL) was applied;
simulation results showed that the estimates of the fixed parameters, as well as the overdispersion parameter,
were biased. Therefore, this study aims to develop a method to reduce bias in the SAE-BB-HL model by
using a second-order Laplace approximation approach to estimate fixed effects, thereby improving the
accuracy of the estimation results. The SAE-BB-APHL method was applied to the case of poverty rates in
each subdistrict or village in Bengkulu City in 2022. More accurate estimation results are expected to assist
the government in designing more targeted poverty alleviation policies.
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2. RESEARCH METHODS

2.1 Direct Estimation

Direct estimation methods are statistical techniques used to estimate population parameters directly
from survey data. These methods are particularly useful in survey sampling where the goal is to obtain reliable
estimates for a specific region or subpopulation. This method is a classic approach to estimating a population
based on a sample design. A direct estimator for an area uses only variables obtained from the sample units
of that area. Direct estimation consists of several methods, one of which is simple random sampling (SRS),
used in this study, which has equal weights because the probability of sample selection in each area unit is
the same. The direct estimator for the SRS method is obtained using the following formula [2]:

R N €

ni j=1
where Y575 is the i-th direct estimate, n; is the i-th observation, and Y;; are the i-th and j-th observations for
i=12,..andj =1,2,...,n;. Because this study follows a binomial distribution and the predicted results

are expressed as proportions, Eq. (1) is modified as follows:
p =2 (2

ni

where p; is the proportion of the i-th area, y; is the sum of the responses for area i-th, and n; is the sum of the
observations for area i-th. The SRS direct estimator for an infinite (unknown) population can be estimated
using the formula:

st S, (ry- 7588’

MSE(VFS) =L g2 == ———— @)

i n;i—1

where s? is the sample variance of the direct estimator SRS. Eq. (3) is then modified as follows:
F(o)
MSE(p;) =120, 5P () = pi+ (1= po) @)
where s?(p;) is the variance of the binomial distribution.

2.2 Small Area Estimation (SAE)

A small area is a subset of the population whose sample size is small with a variable of concern.
Parameter estimation in a small area can be done by direct or indirect estimation. Direct estimation is an
estimation based on sample data from the area. The result of direct estimation in a small area is an unbiased
estimator but has a significant variance. This is because the estimated parameters are obtained from small
samples. Therefore, the indirect estimation method is more appropriate for utilizing the strength of the
surrounding area and data sources inside or outside the area whose statistics are to be obtained [2]. A small
area estimation model has been developed by several researchers [10], [11], [12].

Based on the basic model, the small area model consists of two types: based on the area level and the
unit level. The model used as the basis for developing the proposed model is the SAE Level Area Fay-Herriot
model (1979), which is defined as follows: y; = x;B, + v; + ¢;, for i = 1, ..., m. The random variable area
v; is assumed to be normally distributed with zero expected value and variance 2. Meanwhile, the
observation error is assumed to be normally distributed with zero expectation value and known variance oZ.
Then the variables v;, e;, and y; are assumed to be independent. The next model is the Beta-Binomial Model
[13]. The definition of this model is y;|p;~Binomial (n;, p;) and p;|v;~Beta(a,y) where ¢ > 0,y > 0 are
known.

The proposed model is a development of the compilation of the Fay-Herriot model and the Beta-Binomial
Model, which is defined as follows [10]:

yi|pi~Binomial (n;,p;),i =1,2,...,m

p;lv;, y~iid Beta(a,y),a >0,y >0

log ({25-) = & = xiB + v (5)
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where y; is the response variable of the i-th area, the parameter p; is the proportion of the i-area. At the same
time, v; is an i-area random variable assuming v;~N (0, 6:2). The covariate x; of size p X m is a constant
covariate. The parameter B, is a fixed effect parameter of size p x 1. Then v; and y;|p; are assumed to be
independent. Parameters y are assumed to be fixed.

2.3 Hierarchical Likelihood (HL) Method

Estimating the parameters of the proposed model was done by maximizing the HL function and the
Adjusted Profile Hierarchical Likelihood (APHL) function. GLMM is extended to HGLM by accommodating
non-normal distributions for random effects [14]. They use HL to avoid complex integration. This method
uses the logarithm of the probability density function with two variables (y, v) [10]. HL is a probability
function with Henderson if both distributions are normal. If one or both distributions are not normal, the HL
is a generalization of the joint probability. The function is determined by [6]. The HL formula can be written
as follows:

h=ho+hy =logli(B,$; ylv) + logl,(4;v) (6)

where I (B, ¢; y|v) and [, (4; v) are conditional probability functions y|v and probability functions v. Vector
B is a canonical parameter, (¢, 1) denotes the dispersion parameter, and A is the distribution parameter v. Let
v(.) be the corresponding link function that defines HL such that v = v(u). In the HL form, the selection
ofthe random effect scale is essential in that the scale change requires Jacobian adjustment. Suppose that v =
v(w) is used to show the scale in which the random effect of v is assumed to be linear, and the predictor is
linear. Using the score function of HL, the parameter v is estimated as follows [5]:

oh oh

ﬁ = O,E =0 (7)

Therefore, the estimator (B, , v) obtained through iterations of the Fisher Scoring algorithm as follows:
(T) ! ! -1
(px ) _ (pz ) N [x SUSX  X'SUS (w;,) @)
v v

SUSX WwWS+D1 u
v
Where S = diag[p;(1 — p;)], WS = diag(p;(1 — p)[wip;(1 — p;) — (1 = 2p)]), D = 051, and

Uy . 0]
0 .. upy

Furthermore, the estimated dispersion parameter 7 = (cf) 63) is the maximization solution of the APHL
function APHL p, g_(h) which is defined as follows:

ppo(h) = (h+ %log(ZHH‘l))|ﬁ:Rv:ﬁ )

(r+1)

U=

XWX X'W,Z ] _ (om)? -1 _ oy
Where H = [z’wlx ZW,Z+W, Wy = (an) (pV(w) ,and W, = 302

In this study, predictions of the estimated proportion of the proposed model will also be carried out through
the formula bellows [6]:

AHL eXp(xEﬁx"'Vi)
i _1+exp(x§[2x+vi) (10)

fori = 1, ..., m. the i-th MSE estimator of /" as follows:
" 1 5
mse;(3;) = = Tb-1(pi — p™)? (11)

2.4 Development of SAE-BB-APHL Model

The SAE-BB-APHL model is an improved version of the SAE-BB-HL model for estimating biased
fixed effects parameters. The SAE-BB-HL model was developed in [9]. This is consistent with the opinions
of previous researchers. For binary data analysis, joint maximization (v, 8,) of the biased h function is used
to estimate B,. This problem can be overcome by using the APHL function p,,(h) to estimate 8, [5].
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The function of p,,(h) useful for obtaining APHL by eliminating random influences v. Scale p,,(h) =~
£ in the first order. Using the Laplace approach, we obtain [4]:

po(h) = (h 3 logdet(Wy +W2)/(2n)| _, (12)
For example,

hy = h—logdet (W1 + W;)/(21)) (13)
hy, =h —%logdet(Wl + W,)/(2m))

. [log {(5)} + Z5 1og(i + k) + TRy log(1 - pi + k) — Ti' log(1 + k)| +

_1 ’ ws+D™1
log [2naf]7%) - 2073108 (=) (14)
Estimator B, obtained by maximizing the function h,. Note the following equation:
dh 7] i~y -
e 6I¥x( [log{( D} Zho log(pi + k) + Ty log(1 — pi + kep) — Tty log(1+
1 |WS+D 1
kd)]) =55 Gloe () (15)
o USX—3e (16)

Estimator B, is obtained by maximizing the function 22 ﬁ 2 which is not closed form. Meanwhile, the

random effect estimation still uses v in HL. Therefore, iterative estimation using the Delta algorithm is
necessary. Next, the second derivative of the function h;, with respect B, is determined.

azhb _ 1
[T 7 osx—3 e} (n
62hb v/ _l
5g = X'SUSX -2 Q (18)
where
a(er[(ws+p-1)7"
tr(M,) (e ; D)
x1
ety -
a(tr |[(ws+D™ 1) 4
B tr(Mp) J
Thus, the estimator B, use the Fisher Scoring algorithm is calculated using the following equation:
A1) _ (k.) a2rp 1L (onp)
x -2 () (20)
MSE is used as a model evaluation metric in SAE-BB-APHL using the following formula:
~APHL
mse;(p""") = 125, (pi — A7) (21)

fori =1,...,m,B = 500, and p;FH* is the MSE SAE-BB-APHL estimator for the i-th region.

2.5 Poverty Rates

Poverty is a condition that occurs as a result of the inability to meet basic needs such as food, clothing,
education, health, and housing or shelter. Poverty can also be caused by a scarcity of the means to meet basic
needs and the complexity of accessing education and employment [15].

Ability to meet basic needs. With this approach, poverty is viewed as an inability from an economic
perspective to meet basic food and non-food needs as measured from an expenditure perspective. The method
used is to calculate the Poverty Line (GK), which consists of two components, namely the Food Poverty Line
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(GKM) and the Non-Food Poverty Line (GKNM). The calculation of the Poverty Line is carried out
separately for urban and rural areas [16], and [17].

2.6 Auxiliary Variables

SKTM (Certificate of Indigency) Recipients SKTM is a letter from the village/sub-district organization
to the poor community, which is then taken to the sub-district office to be stamped so that it can be used. This
SKTM allows the community to receive free medical treatment and care at local hospitals and SKTM
services. In addition, SKTM can also be used to reduce education costs and other needs that require SKTM
[18].

Health facilities are places or institutions that provide various health services, such as promotive,
preventive, curative, and rehabilitative services, which can be in the form of medical centers, community
health centers, clinics, hospitals, pharmacies, and laboratories.

Educational facilities are the resources and infrastructure that support teaching and learning activities
to achieve educational goals. These facilities include classrooms, libraries, laboratories, and sports fields, as
well as equipment such as computers, projectors, and textbooks [19].

A disaster is an event that cannot be predicted when it will occur and can cause injuries and fatalities,
as well as damage and losses. A disaster is a series of events that threaten and disrupt the lives and livelihoods
of communities, caused by natural and/or non-natural factors or human factors, resulting in fatalities, damage
to the environment, property losses, and psychological impacts. Disasters can be grouped into two categories,
namely natural and non-natural disasters. Natural disasters are caused by nature, such as earthquakes,
tsunamis, volcanic eruptions, floods, droughts, tornadoes, landslides, and so on. Meanwhile, non-natural
disasters are caused by epidemics, outbreaks, and so on [20].

The Equivalency Package Program consists of several levels, namely Package A, Package B, and
Package C. Package A is equivalent to elementary school level, Package B is equivalent to junior high school
level, and Package C is equivalent to senior high school level. With this program, it is hoped that the dropout
rate can be reduced and those who have dropped out of school can obtain an equivalent education. According
to one source, the government provides equivalency school programs, such as Kejar Package A, as part of its
efforts to address the issue of school dropouts. This program provides opportunities for those who have
dropped out of school to complete an education equivalent to the elementary school level [21].

The Community Reading Park (TBM) is an institution that was created by and for the community,
which has the potential to empower citizens (the general public) to learn and obtain information/knowledge
to improve their standard of living [19].

2.7 Data Sources

The empirical data comes from Statistics of Bengkulu Province Indonesia, Response Variable come
from The National Socio-economic Survey (SUSENAS) and Auxiliary Variables comes from Village
Potential (PODES) in 2022. This study made predictions the Proportion of poor people at the village level in
Bengkulu City, Bengkulu Province in 2022. Then, this study using R Studio to visualization data, analysis
data and prediction. The variables used can be seen in Table 1.

Table 1. The Research Variables

Variables Code Unit Source
Response  The proportion of poor people Y SUSENAS 2022
Auxiliary  Certificate of Indigency Recipients (Jumlah Penerima SKTM)  X;  Household PODES 2022
Variables  Sum of Health Facilities X, Unit PODES 2022
Sum of Education Facilities X3 Unit PODES 2022
Sum of Natural Disaster Posts X, Unit PODES 2022
Sum of Package A/B/C Education Programs Xs Program PODES 2022
Sum of Community Reading Parks X, Unit PODES 2022

2.8 Analysis Stage
The step of analysis in this study are as follows:

1. Descriptive statistics of the research variables
2. Estimating model parameters
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i.  Determining the likelihood function: h = 2(B,, ¢, 02|y, vi, z)
ii. Determine the Adjusted Profile H-Likelihood (APHL) using the formula given in Eq. (14).
iii. Maximizing the function h and APHL for parameter estimation:

Pt = (B, 0,9,67)

'S P
_— . . . A ‘B,+0;
Prediction of the model’s proportion estimate using the formula p/* = _exP(zibrtDi)

bi = 1+exp(z{B,+9;)
Calculating the MSE using the bootstrap method: MSE (pf*) = %fo:l(pi - ﬁi’“)z
Summarizing the findings.

3. RESULTS AND DISCUSSION

Bengkulu City is an urban area in Bengkulu Province, with an administrative government structure
consisting of 9 sub-districts and 67 villages. Each village has distinct characteristics, both geographically,
socially, and economically. Generally, villages in Bengkulu City can be grouped into two large areas: coastal
villages and non-coastal villages [19]. In the 2022 SUSENAS data, 46 villages were selected as samples.
Direct estimates of poverty rates per sub-district from the SUSENAS sample are presented below.

Distribution of Poverty Rates in Subdistrict 1
Histogram of Poverty Rates by village

20

]

Distribution of Variables X1-X8 in Sub-district 1

=

—

Frequency
=

0.0 01 0.2 0.3
Poverty Rates

(@ (b)

Figure 1. (a) Distribution of Poverty Rates in subdistrict 1, (b) Distribution of Variable X in the sub-district 1

Based on Fig. 1, the distribution of Poverty Rates in Sub-district 1 shows that most villages are in the
low to medium poverty rate range, which is around 0.05 — 0.10 and the medium level at 0.20 — 0.30. The
frequency of villages with poverty rates below 0.05 and above 0.30 is relatively small. The box plot for
variables X; to X, shows that variable X; to X5 have a relatively stable distribution, although X, and X5 have
a narrow distribution. The variable X, is more constant with no variation. The variables X; and X, have a
wider distribution with values that are much higher than the others.

2.0

Frequency
s o

=
o

Distribution of Poverty Rates in Subdistrict 2
Histogram of Poverty Rates by village

Distribution of Variables X1-X6 in Sub-district 2

04 0.5 0.6
Poverty Rates

@

(b)

Figure 2. (a) Distribution of Poverty Rates in subdistrict 2, (b) Distribution of Variable X in the sub-district 2
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Based on Fig. 2, The distribution of Poverty Rates in Sub-district 2 shows that most villages are in the
medium to high poverty rate range, around 0.40 — 0.70. The highest frequency is seen in villages with
poverty rates approaching 0.70, while the number of villages with poverty rates below 0.40 is relatively small.
Meanwhile, the box plot results for variables X; to X show that variable X; has a fairly wide spread with a
relatively high median. Variables X,, X,, X5, and Xg appear constant with no significant variation, making
them less informative for further analysis. Variable X5 shows a slight variation although its spread is still
narrow. Thus, in Sub-district 2, only X; and X5 provide information on inter-village variation, while the other
variables tend to be irrelevant due to minimal variation.

Distribution of Variables X1-X6 in Sub-district 3

Distribution of Poverty Rates in Subdistrict 3 . .
Histogram of Poverty Rates by village : )

2.0

2

]

Frequency
=

=
wn

0.0

0.10 0.15 0.20
Poverty Rates

@ (b)
Figure 3. (a) Distribution of Poverty Rates in subdistrict 3, (b) Distribution of Variable X in the sub-district 3

Based on Fig. 3, the distribution of poverty rates in Sub-district 3 shows variation among villages, with
Poverty Rate values spread in the range of approximately 0.3 — 0.7. Most villages are in the 0.6 — 0.7 range,
which means the majority of villages in this sub-district have a moderate to high poverty rate, although there
are still villages with a lower poverty rate. Meanwhile, the distribution of variables X; — X, shows a fairly
clear difference in scale. Variables X; and X, have relatively large values compared to the other variables,
while X,, X5, and X, tend to be small with a narrower variation. Variables Xs and X, are at a medium level
with a moderate spread. This condition again highlights the need for data standardization so that further
analysis can provide balanced results when assessing the contribution of each variable to the poverty rate.

Distribution of Poverty Rates in Subdistrict 4

. . Distrtndion af Vasiables X136 In Sub-disrict &
Histogram of Poverty Rates by village oo ar anables RIS In Subde

2.0

o

- m| m

Frequency
:

o
o

| i i

0.20 025 .30 035 0.40 | _ i
Poverty Rates

(a) (b)
Figure 4. (a) Distribution of Poverty Rates in subdistrict 4, (b) Distribution of Variable X in the sub-district 4

Based on Fig. 4, the distribution of Poverty Rates in Sub-district 4 is in the range of 0.18 to 0.40. The
distribution shows that the villages in this sub-district have a medium to relatively high poverty rate. Many
villages are concentrated in the 0.30 — 0.40 range, while only a few villages are at a lower poverty rate. This
indicates a tendency for inequality among villages, with most falling into the higher poverty group. From the
box plot of variables X; to Xg, it is evident that variables X;, X,, X3, X5, and X, show a fairly clear variation
among villages, with X, and X having a wider range. Meanwhile, variable X, is almost constant,
approaching zero, making it less informative. This condition illustrates that the explanatory factors in Sub-
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district 4 are relatively more varied compared to the previous sub-districts, particularly for variables X, and
Xs.

Distribution of Variables X1-X6 in Sub-district 5

Distribution of Poverty Rates in Subdistrict 5
Histogram of Poverty Rates by village — H — f :

2.0

E

Frequency
P

o
@

0.0

0.1 02 03 0.4 0.5
Poverty Rates

(@ (b)
Figure 5. (a) Distribution of Poverty Rates in subdistrict 5, (b) Distribution of Variable X in the sub-district 5

Based on Fig. 5, The distribution of Poverty Rates in Sub-district 5 shows a value range between 0.08
and 0.50. The distribution pattern appears quite varied, with one village at a low poverty rate, two villages at
a high poverty rate around 0.40, and one village at a very high poverty rate around 0.50. This condition
highlights the existence of a gap among villages within the sub-district, from those that are relatively
prosperous to those facing a quite serious poverty level. From the box plot of variables X; — X, it's evident
that X3, X,, and X5 have a relatively widespread, indicating a variation in conditions among villages. Variable
X, tends to be constant, while X5 and X, show a wider distribution, especially X, which has extreme values
in some villages. This indicates that explanatory factors, such as those represented by X5 and X, , play an
important role in explaining the variation in poverty in Sub-district 5.

Distribution of Variables X1-X6 in Sub-district 6

Distribution of Poverty Rates in Subdistrict 6 .
Histogram of Poverty Rates by village : B =

1.00

=)
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(@) (b)
Figure 6. (a) Distribution of Poverty Rates in subdistrict 6, (b) Distribution of Variable X in the sub-district 6

Based on Fig. 6 in Sub-district 6, the distribution of Poverty Rates shows a greater variation, with
values spread evenly from 0.4 to 1.0. This pattern indicates a significant diversity in poverty conditions
among villages, ranging from low to very high. Meanwhile, variables X; to X, show a similar pattern to Sub-
district 5, where X; and X, have the highest values, while the other variables are relatively low. However,
the variation in the intermediate variables, such as Xz and X, is more visible, reflecting differences in
characteristics among the villages.
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Distribution of Variables X1-X6 in Sub-district 7
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Figure 7. (a) Distribution of Poverty Rates in subdistrict 7, (b) Distribution of Variable X in the sub-district 7

Based on Fig. 7, the distribution of Poverty Rates in Sub-district 7 is in the range of 0.23 to 0.32, with
a relatively narrow pattern. This indicates that the poverty rate among villages in this sub-district tends to be
uniform at a medium level, with no villages being significantly left behind or very advanced. On the box plot
of variables X; — X, it is visible that X;, X,, and X5 have a clearer variation compared to the other variables.
X, in particular shows a wider spread, while X, and X5 appear constant with no significant variation. Variable
X, has a medium distribution with some differences among villages. Overall, Sub-district 7 shows a
homogeneous poverty condition, with few internal factors driving differences among villages.

Distribution of Variables X1-X6 in Sub-district 8
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Figure 8. (a) Distribution of Poverty Rates in subdistrict 8, (b) Distribution of Variable X in the sub-district 8

Based on Fig. 8, the distribution of Poverty Rates in Sub-district 8 is in the range of 0.15 to 0.40 with
a relatively even spread. This shows that the poverty rate among villages varies from low to medium, without
any villages experiencing extreme poverty. From the box plot of variables X; — X, it is visible that X; —
X5 have a clear spread, with X, showing higher variation than the others. In contrast, X, and X; appear
constant with no variation, while X, has a more limited spread. This condition indicates that some socio-
economic factors in Sub-district 8 are quite diverse, although there are variables that tend to be uniform
among villages.
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Distribution of Variables X1-X6 in Sub-district 9
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Figure 9. (a) Distribution of Poverty Rates in subdistrict 9, (b) Distribution of Variable X in the sub-district 9

Based on Fig. 9, The distribution of Poverty Rates in Sub-district 9 ranges from 0.05 to 0.55 with a
wider pattern compared to the previous sub-districts. Most villages are at a low to medium level, but there
are also villages with a fairly high poverty rate. This reflects the existence of a gap between villages within
this sub-district. On the box plot of variables X; — X, it's visible that X; — X5 have a clear variation with a
relatively balanced data distribution. Variable X, appears constant, while X5 shows a widespread, and X is
at a medium level with limited variation. Overall, Sub-district 9 shows higher heterogeneity in terms of both
poverty and the characteristics of its explanatory variables.

Table 2. Prediction of Poverty Rates Using the SAE-BB-APHL Model

Sub- . Sample ~ Sub- . Sample ~
District Village P s Vi District Village g N ¢

1 1 20 0.4112 0.5672 5 24 10 0.2246 -2.2151
1 2 20 0.3328 -0.0957 5 25 8 0.2275  -1.9775
1 3 20 0.1341 -1.1956 5 26 9 0.0179 -5.2578
1 4 40 0.3539 0.2506 5 27 10 0.7462 -0.457

1 5 10 0.4409 -0.0473 6 28 19 0.6649  -0.0765
1 6 18 0.0177 -2.9943 6 29 10 0.0479 -3.402

2 7 40 0.4936 0.1684 6 30 10 0.8111 1.89512
2 8 19 0.5602 1.3327 6 31 10 0.3056 -2.1924
2 9 10 0.5261 0.9915 6 32 10 0.6345  -0.9406
2 10 19 0.4632 0.179 7 33 10 0.8335 0.57743
2 11 20 0.4387 -0.0942 7 34 10 0.5125 -0.9848
3 12 20 0.2557 0.4508 7 35 10 1 8.79186
3 13 10 0.2775 0.5303 7 36 9 0.9906 2.61029
3 14 8 0.2625 0.7781 8 37 19 0.7602  0.45898
3 15 10 0.3573 0.481 8 38 10 0.6108 -1.1686
3 16 9 0.1586 -0.3316 8 39 10 0.2409 -1.1344
4 17 10 0.3628 0.3077 8 40 10 0.5047 -1.1511
4 18 10 0.7065 1.2916 9 41 10 0.1857 -2.2328
4 19 20 0.5473 0.3073 9 42 10 0.4463  -0.7237
4 20 10 0.3681 0.4868 9 43 18 0.0411 -3.8121
4 21 20 0.4955 1.2369 9 44 10 0.9617 3.31105
4 22 10 0.3573 0.538 9 45 9 0.8586 1.35424
4 23 10 0.5074 0.8023 9 46 20 0.0242 -3.4477

Fig. 10 presented shows a comparison of poverty rate estimates in 46 villages using three different
approaches: direct estimation, the SAE-BB-APHL and SAE-BB-HL method. The graph is divided into two
panels; the first panel displays the results for villages 1-23, while the second panel shows the results for
villages 24-46. The horizontal axis indicates the village number, while the vertical axis represents the
proportion of poverty rates (Poverty Rates) on a scale ranging from 0 to approximately 0.7.

In general, the direct estimation results show considerable variation between villages. Extreme
fluctuations in values in some regions reflect the weaknesses of the direct estimation method, which is highly
dependent on sample size and data diversity at the local level. In areas with limited sample sizes, direct
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estimates tend to have high variance, making them less reliable in depicting true population conditions [2].
This is evident in several villages, such as Village 7 and Village 31, where the direct estimate values are much
higher than those in other villages. This high variability has the potential to bias conclusions about
socioeconomic conditions at the micro level.

In contrast, the SAE-BB-APHL method exhibits a more stable, consistent, and realistic estimation
pattern across regions. The turquoise bars representing the SAE estimation results appear to have a more
uniform distribution, indicating that this approach can reduce estimation uncertainty. One of the advantages
of the SAE method is its ability to utilize additional information from other areas through the borrowing
strength mechanism, thus improving estimates in areas with small sample sizes [6]. Thus, the SAE-BB-APHL
method produces more efficient and reliable estimates than direct estimation.

1-23

Poverty Rates

24 25 26 27 28 29 30 H 32 33 )

¥® 36 7 38 39 40 41 42 43 44 45 46
Village

. DE . SAE-BE-APHL . SAE-BB-HL
Figure 10. Comparison of Poverty Rates Prediction SAE-BB-APHL, SAE-BB-HL, and DE Estimation

Several interesting patterns can be observed from the graph. In Village 18, for example, the SAE
estimate yields higher results than the direct estimate. This phenomenon can occur when the SAE model
captures area effects not fully represented in the direct survey data, such as collective economic factors,
spatial linkages, or social dynamics that indirectly influence poverty levels [2]. Conversely, the large
differences between the two methods in certain villages, such as Village 7 and Village 31, may indicate
sampling error or extreme local conditions that cause the direct estimate to deviate significantly from the true
value.

Overall, these results reinforce the findings of various previous studies that the SAE method,
particularly with the Bayesian approach or empirical best linear unbiased prediction (EBLUP), can produce
more accurate and stable estimates than the direct method [2]. The application of the SAE-BB-APHL method
to village poverty estimation has been shown to produce smoother and more consistent results across regions.
With higher-quality estimates, this approach can be a crucial tool in supporting evidence-based policymaking,
particularly in poverty alleviation programs at the local level.

Therefore, the use of the SAE-BB-APHL method not only contributes to improving the quality of
poverty statistics but also strengthens the national statistical system by providing more accurate and reliable
micro-level information. This approach can be a strategic solution for statistical institutions and local
governments to overcome the limitations of macro-level surveys, which often fail to capture the diversity of
poverty conditions at the village or sub-district level

The accuracy of the poverty rate estimates obtained using SAE-BB-APHL can be assessed using an
evaluation matrix, namely Mean Squared Error (MSE). In Table 3 and Fig. 11 comparing the MSE of SAE-
BB-APHL, SAE-BB-HL, and Direct Estimates.
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Table 3. MSE Poverty Rates via SAE-BB-APHL, SAE-BB-HL, and Direct Estimation

3365

Sub- Village MSE MSE MSE Sub- Village MSE MSE MSE
District APHL HL DE District APHL HL DE
1 1 0.00524  0.00602 0.20638 5 24 0.00524  0.00532 0.24974
1 2 0.00493  0.00565 0.04865 5 25 0.00526  0.00485 0.10122
1 3 0.00250  0.00540 0.04986 5 26 0.00512  0.00523 0.24221
1 4 0.00511  0.00603 0.15727 5 27 0.00510  0.00613 0.24000
1 5 0.00561  0.00537 0.19037 6 28 0.00498  0.00551 0.18750
1 6 0.00068  0.00457 0.00000 6 29 0.00549  0.00578 0.12493
2 7 0.00562  0.00585 0.24113 6 30 0.00268  0.00551 0.00000
2 8 0.00575  0.00551 0.25000 6 31 0.00615  0.00573 0.22222
2 9 0.00451  0.00518 0.22222 6 32 0.00543  0.00541 0.24654
2 10 0.00522  0.00578 0.23842 7 33 0.00491  0.00534 0.18075
2 11 0.00525  0.00567 0.22633 7 34 0.00493  0.00474 0.18408
3 12 0.00474  0.00534 0.07002 7 35 0.00565  0.00408 0.21302
3 13 0.00520  0.00476 0.12856 7 36 0.00521  0.00616 0.20250
3 14 0.00517  0.00577 0.16000 8 37 0.00505  0.00575 0.13081
3 15 0.00534  0.00520 0.12620 8 38 0.00557  0.00519 0.23669
3 16 0.00332  0.00570 0.09275 8 39 0.00555  0.00590 0.23222
4 17 0.00541  0.00597 0.18750 8 40 0.00590  0.00611 0.20816
4 18 0.00493  0.00524 0.24143 9 41 0.00592  0.00562 0.12245
4 19 0.00537  0.00586 0.22222 9 42 0.00562  0.00563 0.12620
4 20 0.00538  0.00593 0.16000 9 43 0.00553  0.00517 0.22383
4 21 0.00594  0.00574 0.24356 9 44 0.00236  0.00555 0.10122
4 22 0.00579  0.00555 0.20215 9 45 0.00583  0.00304 0.24306
4 23 0.00568  0.00594 0.22837 9 46 0.00630  0.00582 0.18595

Fig. 11 shows a comparison of the Mean Squared Error (MSE) values between the SAE BB APHL,
SAE BB HL method, and Direct Estimation. The results indicate that the MSE of the SAE BB APHL and
SAE BB HL method is much smaller than the DE MSE in almost all villages. The DE MSE values are
relatively more varied compared to the APHL and HL MSE, which is more consistent and falls within the
0.00 — 0.01 range. The SAE-BB-APHL method demonstrates stability and superiority by being able to
reduce the variability of estimates. However, there are a few villages with a different pattern, where the MSE
of both methods is almost the same or the difference is relatively small. This pattern confirms that the use of
SAE APHL can significantly increase the accuracy and efficiency of poverty estimation at the village level
compared to direct estimation, especially in areas with small sample sizes.
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Figure 11. Comparison of MSE SAE BB APHL, SAE BB HL, and Direct Estimates
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The overall visual pattern shows a striking difference between the three estimation techniques. The
MSE for the Direct Estimation (DE) method (shown by the red bars) is significantly higher in all villages,
mostly ranging between 0.10 and 0.25, and peaking around 0.25 in several villages, such as villages 8, 24,
and 32. In contrast, the MSE of both Small Area Estimation (SAE) methods, namely as SAE-BB-APHL
(green bars) and SAE-BB-HL (blue bars), remains consistently low, generally fluctuating between 0.00 and
0.01. This striking difference indicates that both SAE methods produce estimates with significantly lower
error variance, suggesting that they provide more stable and accurate parameter estimates for small-area-level
data.

From a methodological perspective, these results underscore the superiority of model-based estimation
(SAE) over direct estimation (DE). The graph compares two variations of the SAE model: SAE-BB-HL
(Hierarchical Likelihood) and SAE-BB-APHL (Adjusted Profile Hierarchical Likelihood). Both incorporate
a Beta-Binomial distribution framework with a hierarchical likelihood structure, which effectively addresses
the problem of overdispersion. This structure allows the model to incorporate random effects that capture
region-specific variability. The key difference in the APHL approach is the "adjusted profile” function, which
is designed to provide more robust parameter estimates and variance stabilization compared to the HL
method. By leveraging additional information, both SAE methods employ a "borrowing-strength™ mechanism
that improves estimation reliability.

In contrast, the DE approach relies solely on observed sample data in each region. Consequently, its
performance is highly sensitive to sample variability and data scarcity, resulting in much larger MSE values,
as observed in the figure. The high degree of MSE fluctuation among direct estimates further highlights their
instability and lack of precision. This finding reinforces a widely recognized limitation of direct estimation
in small-area applications: its inability to produce statistically reliable results when local sample sizes are
insufficient.

The observed superiority of the SAE-BB-APHL approach is consistent with the theoretical framework
of Small Area Estimation (SAE) as articulated by [6]. According to their findings, model-based SAE methods
particularly those incorporating a hierarchical likelihood component in the Beta-Binomial model offer
substantial improvements in precision and efficiency compared to traditional design-based estimators. The
integration of the Beta-Binomial distribution and adjusted profile likelihood in the SAE-BB-APHL model
provides a flexible and computationally stable solution for addressing non-normality and heterogeneity in
small area data. This makes it particularly suitable for poverty mapping and similar applications where micro-
level precision is crucial for evidence-based policymaking.

In summary, the figure provides clear empirical evidence that the SAE-BB-APHL method outperforms
the Direct Estimation approach in terms of accuracy and stability, as demonstrated by its consistently lower
MSE values across villages. These results demonstrate that the SAE-BB-APHL framework not only improves
estimation efficiency but also ensures greater robustness to data limitations common in small area analysis.
Therefore, the application of the SAE-BB-APHL method represents a significant methodological
improvement for producing accurate and reliable poverty estimates, offering valuable insights for
policymakers and researchers involved in targeted regional development and poverty reduction initiatives.

4. CONCLUSION

The findings of this study clearly demonstrate the performance of the Small Area Beta-Binomial
Estimation with Adjusted Profile Hierarchical Likelihood (SAE-BB-APHL) method compared to the Direct
Estimation (DE) approach in producing reliable poverty estimates at the village level. Furthermore, when
comparing SAE-BB-HL and SAE-BB-APHL, based on the estimation results, SAE-BB-APHL does indeed
still produce overestimates when predicting the poverty rate. However, the MSE value for SAE-BB-APHL
tends to be lower than that of SAE-BB-HL. This reduction in MSE is evidence of reduced bias and improved
prediction accuracy. The SAE-BB-APHL method demonstrates its ability to produce estimates with higher
precision and lower variability, even under conditions of limited or unbalanced sample data. These results
reinforce the theoretical foundation of the model-based estimation framework, which leverages additional
information and hierarchical structure to address the sampling limitations inherent in traditional design-based
estimators. This indicates that SAE-BB-APHL is a suitable method for estimating poverty rates in Bengkulu
City. These poverty estimation results are expected to assist policymakers in regional planning, particularly
in remote areas within Bengkulu City. Future research plans include conducting a more thorough analysis of
overestimation and bias reduction.
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