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Article Info ABSTRACT 

Article History: 
Rainfall often varies across time and space, with sudden and irregular changes that are difficult 

to capture. These variations are commonly linked to residual heteroskedasticity and spatial 

dependence, both of which can reduce the accuracy of statistical modeling when ignored. This 

study considers a semi-heteroskedastic setting, where residuals at one location remain stable 
while those at another show varying variance. To accommodate this mixed structure, we 

construct a covariance matrix that reflects both conditions. A hybrid model is then proposed by 

combining the Generalized Space-Time Autoregressive (GSTAR) framework with the 

Generalized Autoregressive Conditional Heteroskedasticity (GARCH) process. The GARCH 
component is used because it generalizes ARCH through a more flexible lag structure, allowing 

for better representation of volatility persistence and long-term fluctuations. The approach is 

applied to monthly average rainfall data retrieved from the NASA POWER database for two 

sites in Tasikmalaya Regency, Indonesia, which differ in distributional patterns and variability. 
The results show that the GSTAR-GARCH model can effectively capture spatial and temporal 

dependencies as well as volatility dynamics, performing consistently in both estimation and 

validation stages. 
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1. INTRODUCTION 

The GSTAR model not only accounts for the influence of past observations at the same location but also 

incorporates dependencies with neighboring locations [1], [2]. In data analysis, the temporal dimension 

typically highlights changes that occur over time [3], whereas spatial analysis emphasizes geographical 

relationships among objects or phenomena across locations [4]. Integrating these two approaches is therefore 

crucial for understanding phenomena that are simultaneously affected by spatial and temporal factors [5], [6]. 

To represent spatial dependence and variations in characteristics across locations, GSTAR employs a weight 

matrix [7], [8]. The selection of appropriate weights plays a major role in enhancing prediction accuracy [9], 

[10]. Nevertheless, GSTAR still assumes constant residual variance, whereas in reality, such variance can vary 

and exhibit instability across locations [11]. 

In the GSTAR framework, residual variance across locations may differ due to spatial dependence. 

Distinct local characteristics, such as microclimatic conditions, can influence residual fluctuations. Ignoring 

these characteristics may result in inefficient model estimation and potentially less accurate predictions [12]. 

Such inefficiency arises because the fundamental assumption of diagnostic tests, such as homoskedasticity, is 

violated, indicating that heteroskedastic effects remain present in the data [13]. To accommodate this condition, 

an approach that can dynamically capture changes in residual variance is required [14]. One such approach is 

the concept of volatility, defined as the degree of dispersion of a random variable over time and commonly 

measured using conditional variance [15], [16]. This concept has been widely applied in finance to explain 

data dispersion over time [17], [18], [19] and is equally relevant for modeling variance dynamics in rainfall 

data. 

To more accurately represent the dynamics of residual variance, the Autoregressive Conditional 

Heteroskedasticity (ARCH) model introduced by [20] and its extension, the Generalized ARCH (GARCH) 

model by [21], can be employed as alternative approaches. These models assume that residual variance evolves 

over time in response to past squared residuals, thus providing a more flexible framework for modeling 

heteroskedastic patterns [22]. In the context of spatiotemporal data such as those modeled using GSTAR, the 

application of ARCH can enhance estimation efficiency and prediction accuracy by capturing both spatial and 

temporal variance fluctuations [23]. This approach is particularly important when residual variance cannot be 

assumed to be constant [24], as is frequently the case with rainfall data. Consequently, combining GSTAR 

with GARCH results in a GSTAR-GARCH framework that simultaneously represents spatiotemporal 

dependence and captures heteroskedastic dynamics in rainfall data. 

Several previous studies have developed GSTAR models integrated with ARCH-based 

heteroskedasticity models to address non-constant residual variance. [25] developed GSTAR(1,1) with residual 

variance that accounts for heteroskedastic effects in the application of stock prices. [26] subsequently proposed 

GSTAR with ARCH effects and estimated the parameters using the maximum likelihood method. [14] 

introduced the GSTARI-X-ARCH model with the inclusion of exogenous variables and a data-mining 

approach to predict climate phenomena in West Java, allowing for more effective handling of big data. 

Furthermore, [27] developed GSTARIMA-ARCH for rainfall modeling in Java and demonstrated more 

accurate predictions compared with conventional models. In addition, [24] applied GSTARI-ARCH to 

inflation analysis in several cities in North Sumatra, using parameter estimation based on Generalized Least 

Squares (GLS). The application of GSTARI-ARCH was further extended by [28] for modeling Covid-19 

positive case data in West Java and by [12] for predicting cyclone events in the United States. These studies 

highlight the considerable potential of integrating GSTAR and ARCH in modeling spatiotemporal data with 

heteroskedasticity. However, the limited flexibility of ARCH indicates the need for further development using 

more adaptive heteroskedasticity models such as GARCH. 

Although numerous studies have successfully integrated GSTAR with ARCH models as described 

above, limitations remain regarding the flexibility of the heteroskedasticity modeling [29]. ARCH models tend 

to capture only short-term heteroskedastic effects and assume that variance depends entirely on past residual 

values [30]. As a result, they are less effective in representing long-lasting volatility or more complex 

heteroskedasticity patterns [21], [31]. In contrast, GARCH models offer a more flexible approach by 

incorporating lag effects of the variance itself, thus capturing more persistent and complex volatility dynamics 

[32]. Therefore, the development of a GSTAR model integrated with GARCH-based heteroskedasticity 

becomes essential to improve predictive performance and accuracy in spatiotemporal data modeling, 

particularly for phenomena with high volatility and dynamic changes, such as extreme rainfall. 
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This study addresses heteroskedasticity in the GSTAR framework by integrating a GARCH based 

conditional variance specification. Unlike previous GSTAR ARCH extensions, which restrict volatility 

dynamics to depend solely on past squared residuals, the proposed model incorporates location specific 

variance persistence through lagged conditional variances. The primary contribution lies in the formulation of 

a diagonal conditional covariance matrix with heterogeneous GARCH variance dynamics across spatial units. 

Under this specification, the model adopts a semi-heteroskedastic structure, allowing certain locations to 

exhibit conditional heteroskedasticity while others remain conditionally homoscedastic. Mathematically, the 

conditional covariance matrix is explicitly constructed as a diagonal matrix whose elements evolve according 

to location-specific GARCH recursions, while conditional cross-location covariances are constrained to zero. 

Consequently, heterogeneity arises from differences in variance persistence across spatial locations rather than 

from dynamic covariance interactions. The proposed formulation strictly generalizes the GSTAR-ARCH 

model as a nested special case when the variance persistence parameters are set to zero. Furthermore, the 

proposed specification differs from diagonal BEKK type formulations in its construction. Volatility evolves 

independently for each location and does not involve quadratic matrix recursions or dynamic cross location 

covariance interactions. From a multivariate volatility perspective, the GSTAR GARCH formulation can 

therefore be interpreted as a restricted diagonal representation of the BEKK framework. In this formulation, 

the conditional variance dynamics are integrated within the GSTAR mean structure through spatial weighting. 

Cross location variance correlations are intentionally excluded to maintain model parsimony. This yields a 

parsimonious yet mathematically explicit semi-heteroskedastic covariance structure that remains fully 

compatible with the spatial dependence specified in the GSTAR mean equation. 

From a practical perspective, an improved characterization of rainfall volatility enhances risk assessment 

in Indonesia, particularly in detecting periods of extreme rainfall that may affect flood mitigation, agricultural 

planning, and water resource management. By jointly modeling spatial dependence and time-varying variance, 

the proposed framework captures not only mean rainfall dynamics but also volatility persistence across 

locations. These quantitative measures of conditional variance can serve as early indicators of heightened 

rainfall uncertainty and may be incorporated into forecasting and early warning systems. The remainder of this 

article is organized as follows. Section 2 presents the methodology, model specification, and construction 

procedure of the GSTAR-GARCH model. Section 3 describes the research data, the method for selecting the 

spatial weight matrix, parameter estimation, and model evaluation steps, including diagnostic testing and 

prediction validity assessment. Section 4 provides the conclusions and the key implications of the study. 

2. RESEARCH METHODS 

This study implements an analytical approach that integrates spatiotemporal modeling with volatility 

modeling. The initial stage begins with a descriptive analysis to identify general patterns in the rainfall data. 

Subsequently, the GSTAR model is applied to simultaneously capture spatial dependencies across locations 

and temporal dynamics. Once the spatiotemporal model is established, the analysis proceeds to the residuals 

to evaluate the presence of heteroskedastic effects. If the residual variance exhibits instability, ARCH or 

GARCH models are employed as a follow-up approach to model such volatility. This methodological 

framework is designed to account for both the mean pattern and the variance instability in the data. The overall 

analytical process is systematically illustrated in Fig. 1 in the form of a flowchart. 
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Figure 1. Research Flow Chart for Modeling and Forecasting Using GSTAR–GARCH Approach 

 

2.1 The GSTAR Model  

The GSTAR model was developed by [33] to simultaneously capture spatial and temporal dependencies. 

Unlike the Space-Time Autoregressive (STAR) model, which assumes uniform parameters across all regions, 

GSTAR allows parameters to vary at each observation point. This feature provides greater flexibility in 

representing spatial variation. The spatial structure is represented through a weight matrix that indicates the 

extent to which one location is influenced by other locations, while temporal relationships are captured through 

dependence on past values. This flexibility makes GSTAR well suited for modeling complex spatiotemporal 

phenomena that cannot be adequately addressed by classical time series models. 

Let {𝑌𝑖,𝑡} be a mean-centered stochastic process at location 𝑖 = 1,2,… ,𝑁 and time 𝑡 = 𝑝 + 1, 𝑝 +

2, … , 𝑇. This process follows a GSTAR model of temporal order 𝑝 and spatial orders 𝜆1, 𝜆2,…, 𝜆𝑝 , denoted as 

GSTAR(𝑝; 𝜆1, 𝜆2,…, 𝜆𝑝), if it satisfies the following equation: 

𝑌𝑖,𝑡  =  ∑ (𝜙𝑘0
(𝑖)

𝑌𝑖,𝑡−𝑘 + ∑𝜙𝑘ℓ
(𝑖)

𝑤𝑖𝑗
(ℓ)

 𝑌𝑗,𝑡−𝑘

𝜆𝑘

𝑙=1

) 

𝑝

𝑘=1

+ 𝜀𝑖,𝑡 (1) 

where 𝜙𝑘0
(𝑖)

 and 𝜙𝑘𝑙
(𝑖)

 are location-specific autoregressive parameters, and 𝑤𝑖𝑗
(ℓ)

denotes the (𝑖, 𝑗)-th element of 

the spatial weight matrix 𝑊(ℓ), which measures the influence of location 𝑗 on location 𝑖 at spatial order ℓ. In 

vector form, Eq. (1) can be written equivalently as: 

𝒀𝑡  =  ∑ (𝚽k0
 𝒀 𝑡−𝑘 + ∑𝚽𝑘ℓ

 𝑾 
(ℓ) 𝒀 𝑡−𝑘

𝜆𝑘

𝑙=1

) 

𝑝

𝑘=1

+ 𝜺𝑡 , (2) 

where:  
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𝒀𝑡  : The observation vector at time 𝑡,  
𝚽𝑘0

   : The diagonal matrix of temporal autoregressive coefficients at lag 𝑘 

 𝚽𝑘0 = diag (𝜙𝑘0
(1)

, 𝜙𝑘0
(2)

, … , 𝜙𝑘0
(𝑁)

), 

𝚽𝑘𝑙
   : The diagonal matrix of spatial autoregressive coefficients at temporal lag 𝑘 and spatial order ℓ 

 𝚽𝑘ℓ = diag (𝜙𝑘ℓ
(1)

, 𝜙𝑘ℓ
(2)

, … , 𝜙𝑘ℓ
(𝑁)

), 

𝑾(ℓ)  : The spatial weight matrix of order ℓ, 𝑾(ℓ)  ∈ ℝ𝑁×𝑁, with zero diagonal elements and row sums 

equal to one for ℓ > 0, while 𝑊(0) = 𝐼𝑁 denotes the identity matri,x 

 𝜺𝑡  : The vector of disturbance terms. 

In the classical GSTAR framework, the disturbance vector  𝜺𝑡 is assumed to follow a multivariate normal 

distribution  𝜺𝑡~𝒩(𝟎, 𝜎2𝑰𝑁), where 𝟎 is an 𝑁 × 1 zero vector, 𝜎2 > 0 is a scalar constant representing a 

common innovation variance across all locations and time, and 𝐼𝑁 is an  𝑁 × 𝑁 identity matrix. This 

assumption implies homoskedasticity and contemporaneous independence across spatial locations, i.e., 

Cov(𝜀𝑖,𝑡 , 𝜀𝑗,𝑡) = 0 for all 𝑖 ≠ 𝑗. While this assumption simplifies estimation and inference, it may be restrictive 

in applications where residual variance varies across locations or evolves over time. In the presence of 

heteroskedasticity, ignoring such variance dynamics may lead to inefficient parameter estimates and 

misleading inference. For this reason, the homoskedastic and uncorrelated disturbance assumption is relaxed 

in Section 2.3 through the introduction of a structured heteroskedastic covariance specification based on 

GARCH dynamics. 

The GSTAR model has continued to evolve, both theoretically and in its applications across various 

fields. From a theoretical perspective, research has focused on strengthening stationarity properties through 

the Inverse Autocovariance Matrix approach [34], as well as developing new methods such as the kernel 

approach [35], [1], minimum spanning tree [23], [9], and the integration with kriging methods [36]. In addition, 

GSTAR has been studied in the context of correlated residuals [37], [38], the presence of outliers [39], [40], 

and discrete data [41]. Other studies have examined the invertibility of the kernel GSTAR model [42], the use 

of weight matrices such as Queen Contiguity [43], and comparisons of different types of weight matrices [44]. 

These developments demonstrate that GSTAR theory has not only advanced conceptually but has also 

continuously adapted to the increasing complexity of spatial and temporal data. 

These theoretical advancements have laid the foundation for a wide range of GSTAR applications in 

practice. The model has been applied to diverse cases, including economic analysis [45], tea plantation yields 

[46], [38], palm oil production [47], and red chili commodity prices [48]. In the health sector, GSTAR has 

been used to analyze dengue fever cases [49] and Covid-19 spread [50], [23]. Other applications include crime 

prediction in Medan [37], air quality assessment [51], temperature variation analysis [52], coffee pest 

infestations [53], and rainfall prediction [10]. The model has also been utilized in peat soil studies [54], the 

distribution of copper and gold content [55], climate data modeling [56], [57], and forest fire prediction [58], 

[59]. These successful applications highlight the flexibility of GSTAR in handling a wide range of data types 

and real-world problems, reinforcing its relevance in both research and practice. 

2.2 The ARCH and GARCH Model  

In the conventional GSTAR model, residuals are assumed to follow a normal distribution with zero mean 

and constant variance (homoskedasticity). However, in practice, residual variance is often not constant and 

may change over time (heteroskedasticity). Ignoring this condition can lead to biased and inefficient parameter 

estimates. To address this issue, heteroskedastic models such as ARCH and GARCH are employed, as they 

are specifically designed to model time-varying residual variance. The ARCH model was first introduced by 

[20] to account for conditional variance, or volatility (ℎ𝑡), in time series data. Subsequently, GARCH was 

developed by [21] as a more flexible version to capture volatility clustering. This model has become a standard 

approach in volatility analysis, particularly in the field of finance, and is now applied to enhance the GSTAR 

framework, allowing it to more accurately represent variance instability. 

A process {𝜀𝑡} is said to follow model if the conditional distribution of {𝜀𝑡} given the available information, 

ℱ𝑡−1, up to 𝑡 − 1 time epoch can be represented as: 

𝜀𝑡 = √ℎ𝑡𝜂𝑡; 𝜂𝑡~ 𝑁(0,1), (3) 
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with ℎ𝑡 = 𝑉𝑎𝑟 (𝜀𝑡|ℱ𝑡−1) denoting the conditional variance (volatility) of 𝜀𝑡 given the information set available 

up to time 𝑡 − 1. The formula for ℎ𝑡 is derived from a stochastic heteroskedastic model. The term 𝜂𝑡 refers to 

the innovation process, which is assumed to be independently and identically distributed (i.i.d.) with zero mean 

and unit variance [31]. The ARCH(1) model is one of the most basic models used to describe time-varying 

volatility. In this model, ℎ𝑡 is determined by the squared residual from the previous period. The mathematical 

form of ℎ𝑡 in the ARCH(1) model is given as follows: 

ℎ𝑡 = 𝛼0 + 𝛼1𝜀𝑡−1
2 , (4) 

where 𝛼0 > 0 and 𝛼1 ≥ 0. The parameter 𝛼1 measures the short-term impact of shocks on volatility, and the 

condition 0 ≤ 𝛼1 < 1 ensures covariance stationarity. The ARCH model relies solely on past squared 

residuals. To capture persistent volatility patterns, a high order is required, which makes the model complex, 

computationally demanding, and potentially yields negative variance, thereby violating the non-negativity 

assumption [60]. The GARCH model addresses this limitation by incorporating past variances into the 

specification [21]. This structure allows GARCH to represent the gradual decay of volatility without 

introducing an excessive number of parameters. In a GARCH(1,1) model, conditional variance is defined as: 

   ℎ𝑡 = 𝛼0 + 𝛼1𝜀𝑡−1
2 + 𝛽1ℎ𝑡−1, (5) 

where 𝛼0 > 0, 𝛼1 ≥ 0, and 𝛽1 ≥ 0. The model is weakly stationary if and only if 𝛼1 + 𝛽1 < 1. In this 

specification, 𝛼1 captures the short-run impact of shocks, while 𝛽1 reflects the persistence of volatility over 

time. This univariate ARCH/GARCH framework serves as the fundamental building block for the multivariate 

and location-specific heteroskedastic structure introduced in Section 2.3, where conditional variance dynamics 

are extended to the spatio-temporal GSTAR setting. 
 

2.3 The GSTAR - GARCH Model  

This section explicitly constructs the proposed semi-heteroskedastic GSTAR–GARCH model by 

defining a diagonal conditional covariance matrix with location-specific GARCH variance dynamics. The 

construction formalizes how heterogeneity in conditional variance arises across spatial locations while 

maintaining zero conditional cross-location covariances under an explicit assumption of conditional 

independence. The GSTAR-GARCH model extends the conventional spatio-temporal autoregressive 

framework by incorporating a GARCH specification into the residual structure. This integration allows the 

model to jointly capture spatial interactions across locations, temporal dynamics, and volatility clustering 

within a unified specification. Unlike most existing studies that employ ARCH-type extensions and restrict the 

conditional variance to past squared residuals, the proposed GSTAR-GARCH formulation enhances the 

volatility dynamics by incorporating both lagged innovations and past conditional variances. Consequently, it 

provides a more flexible and robust framework for modeling complex spatio-temporal processes. 

Formally, the GSTAR-GARCH model extends the GSTAR framework in Eq. (2) by allowing the 

residual variance to follow a GARCH process, as defined in Eq. (5).  Within this framework, 𝛆𝑡 ∈ ℝ𝑁×1 

denotes the disturbance vector. These residuals are assumed to follow a multivariate normal distribution with 

covariance matrix 𝛀𝑡 = 𝑉𝑎𝑟(𝛆𝑡 ) ∈ ℝ𝑁×𝑁. The proposed GSTAR(𝑝; 𝜆1, 𝜆2,…, 𝜆𝑝) - GARCH(r, s) model is 

formulated as 
 

𝐘𝑡 = ∑ (𝚽𝑘0𝐘𝑡−𝑘 + ∑𝚽𝑘ℓ𝐖
(ℓ)𝐘𝑡−𝑘

𝜆𝑘

ℓ=1

) + 𝐃𝑡𝛈𝑡

𝑝

𝑘=1

, (6) 

where 𝐘𝑡 = (𝑌1,𝑡 , 𝑌2,𝑡 , . . . , 𝑌𝑁,𝑡)
′
∈ ℝ𝑁×1 is the observation vector, and 𝛈𝑡~𝒩(𝟎,  𝑰𝑁) denotes standardized 

innovations of dimension 𝑁 × 1. The disturbance term is scaled by the diagonal scaling matrix 𝐃𝑡 ∈ ℝ𝑁×𝑁 

𝐃𝑡 = diag(√ℎ1,𝑡 , √ℎ2,𝑡 ,  … , √ℎ𝑁,𝑡), (7) 

so that, element-wise, 

η𝑖,𝑡 =
𝜀𝑖,𝑡

√ℎ𝑖,𝑡

, 𝑖 = 1,2, . . . , 𝑁. (8) 
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This formulation implies that each location has its own conditional variance h𝑖,𝑡, and the standardized 

innovation η𝑖,𝑡 represents the residual normalized by this local volatility. This relation clarifies the role of 

conditional variance in standardizing each innovation. In this setting, 𝜀𝑖,𝑡 represents the raw disturbance at 

location i, while the collection 𝜺𝑡 = (𝜀1,𝑡 , 𝜀2,𝑡 , … , 𝜀𝑁,𝑡)
′ denotes the corresponding disturbance vector across 

all spatial locations. Here, 𝐡𝑡 = (ℎ1,𝑡 , ℎ2,𝑡 , … , ℎ𝑁,𝑡)′ ∈ ℝ𝑁×1 denotes the vector of conditional variances, while 

h𝑖,𝑡 refers to its 𝑖-th element. The dynamics of 𝐡𝑡 follow a multivariate GARCH recursion: 

𝐡𝑡 = 𝜶0 + ∑ 𝜶𝑚 ⨀ 𝜺𝑡−𝑚
⨀2 +

𝑟

𝑚=1

∑ 𝜷𝑛⨀ 𝒉𝑡−𝑛,

𝑠

𝑛=1

 (9) 

with ⨀ denoting the Hadamard (element-wise) product, where 𝜺𝑡−𝑚
⨀2 ∈ ℝ𝑁×1 denotes the element-wise square 

of the residual vector, i.e., 𝜺𝑡−𝑚
⨀2  = (𝜀1,𝑡−𝑚

2 , 𝜀2,𝑡−𝑚
2 , . . . , 𝜀𝑁,𝑡−𝑚

2 )′. As an illustration, for the case 𝑁 = 3, the 

Hadamard product can be written explicitly as 

𝜶𝑚⨀ 𝜺𝑡−𝑚
⨀  = [

𝛼1,𝑚

𝛼2,𝑚

𝛼3,𝑚

]⨀ [

𝜀1,𝑡−𝑚
2

𝜀2,𝑡−𝑚
2

𝜀3,𝑡−𝑚
2

] = [

𝛼1,𝑚𝜀1,𝑡−𝑚
2

𝛼2,𝑚𝜀2,𝑡−𝑚
2

𝛼3,𝑚𝜀3,𝑡−𝑚
2

]. 

This example clarifies that the Hadamard operator acts component-wise, contrasting with conventional 

matrix multiplication. This compact representation highlights the integration of spatio-temporal dependence 

(through 𝚽𝑘0, 𝚽𝑘ℓ, and spatial weight matrices 𝐖(ℓ)) with volatility dynamics (through the GARCH process 

of 𝐡𝑡). From Eq. (7) and Eq. (8) the conditional covariance matrix of the error process is defined as 

𝛀𝑡 = Var( 𝜺𝑡 ∣∣ ℱ𝑡−1 ) = 𝑫𝑡𝑫𝑡
′ . (10) 

Hence, the conditional covariance structure becomes 

𝛀𝑡=diag(ℎ1,𝑡 , ℎ2,𝑡 , … , ℎ𝑁,𝑡), (11) 

so that 

𝐸(𝜀𝑖,𝑡𝜀𝑗,𝑡 ∣ ℱ𝑡−1) = {
ℎ𝑖,𝑡 , 𝑖 = 𝑗,

0, 𝑖 ≠ 𝑗.
 (12) 

This formulation implies that the proposed framework allows heterogeneous and time-varying 

conditional variances across spatial locations, while maintaining zero conditional cross-covariances. 

Therefore, the heterogeneity arises from differences in the conditional variance dynamics at each location 

rather than from cross-location covariance interactions. Mathematically, each variance component follows a 

univariate GARCH-type recursion, 

ℎ𝑖,𝑡 = 𝛼𝑖0 + 𝛼𝑖1𝜀𝑖,𝑡−1
2 + 𝛽𝑖1ℎ𝑖,𝑡−1, (13) 

so that volatility persistence and shock effects are modeled individually for each spatial unit. This structure 

extends the previously used GSTAR-ARCH specification, which is obtained as a special case when 𝛽𝑖1 = 0 

for all 𝑖. Consequently, the proposed model strictly generalizes the ARCH-based semi-heteroskedastic GSTAR 

framework by incorporating conditional variance persistence. 

Comparatively, the proposed formulation is structurally distinct from diagonal BEKK type multivariate 

GARCH models. In the diagonal BEKK model introduced by Baba, Engle, Kraft, and Kroner, the conditional 

covariance matrix evolves through quadratic matrix recursions involving lagged covariance matrices and outer 

products of residual vectors. In contrast, the present framework constructs the conditional covariance matrix 

through independent location specific variance recursions and does not employ quadratic matrix updating 

mechanisms. The resulting difference therefore arises from the variance generation mechanism rather than 

from parameter restrictions alone. In summary, the novelty of the proposed semi heteroskedastic GSTAR 

framework lies in integrating spatial dependence in the mean structure with location specific persistent 

volatility processes. This formulation yields a diagonal yet heterogeneous conditional covariance structure that 

generalizes GARCH based GSTAR specifications. It can be interpreted as a restricted diagonal representation 

within the multivariate GARCH class under an explicit assumption of conditional independence across 

locations. 



3376 Nurhayati et al.    SPATIO-TEMPORAL MODELING OF SEMI-HETEROSKEDASTIC RAINFALL DATA USING …  

 

For the entire sample, residuals are stacked across both time and space into 𝜺 = (𝜺1, 𝜺2, … , 𝜺𝑁)′ ∈

ℝ𝑁(𝑇−𝑝)×1, where 𝜺𝑖 ∈ ℝ𝑁(𝑇−𝑝)×1 collects the residuals of location 𝑖 from 𝑡 =  𝑝 + 1 to 𝑡 =  𝑇. The 

corresponding covariance matrix expands to 𝛀𝑡 ∈ 𝑁(𝑇 − 𝑝) × 𝑁(𝑇 − 𝑝), whose diagonal structure depends 

on the assumed heteroskedasticity pattern. Specifically, (i) under homoskedasticity, the variance is constant 

across locations and time; (ii) under semi-heteroskedasticity, the variance differs across locations but remains 

constant over time; and (iii) under full heteroskedasticity, the variance varies across both dimensions. These 

cases, summarized in Table 1, are reflected in the diagonal of 𝛀𝑡, while the off-diagonal elements are set to 

zero, implying no cross-correlation either across time or space. Selecting the appropriate variance structure is 

therefore crucial for obtaining consistent parameter estimates and valid inference in the GSTAR framework. 

Table 1. Dimensions Residual Covariance Matrix Structures Based on Location 

 Homoskedastic Semi-Heteroskedastic  

 

  

 

Heteroskedastic  

 

 

3. RESULTS AND DISCUSSION 

3.1 Data Visualization and Preliminary Analysis 

Understanding the characteristics of the dataset is a crucial first step before developing an appropriate 

spatio-temporal model. Therefore, this section outlines the data source, observation sites, temporal coverage, 

and data partitioning applied for model construction and validation. To capture the rainfall characteristics of 

the study area, the analysis begins with data visualization and an initial exploratory assessment. The dataset 

consists of monthly average rainfall in Tasikmalaya Regency, West Java, obtained from NASA POWER 

(https://power.larc.nasa.gov/data-access-viewer/, accessed on August 15, 2024). Observations were conducted 

at two sites, Mount Satria (location 1) and Cacaban Salopa (location 2), with their geographic coordinates 

provided in Table 2 and Fig. 2. The data span the period from January 2000 to December 2023, comprising a 

total of 288 monthly observations. Approximately 91.67% of the data (264 observations), corresponding to 

January 2000 - December 2021, were used as training data to construct the short-term forecasting model, while 

the remaining 8.33% (24 observations), covering January 2022–December 2023, were used as testing data to 

evaluate model performance. 

Table 2. Geographical Coordinates of Observation Sites 

No. Observation Site 
Geographical Coordinates 

Latitude Longitude 

1. Mount Satria −7.249 108.008 

2. Cacaban Salopa −7.514 108.279 
 

Data source: NASA POWER 
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As summarized in Table 2, the two observation sites are located in different sub-regions of Tasikmalaya 
Regency, with Mount Satria situated in the western area and Cacaban Salopa in the eastern area. This spatial 
separation allows the analysis to capture differences in rainfall patterns across locations. To provide a clearer 
geographical perspective, their positions are illustrated in Fig. 2. 

 
Figure 2. Map of the Selected Rainfall Observation Sites in Tasikmalaya Regency 

(Map source: Geospatial Information Agency (BIG), Indonesia) 

Fig. 2 presents the map of Tasikmalaya Regency highlighting the locations of Mount Satria and Cacaban 

Salopa. This visualization helps contextualize the spatial distribution of the study sites and provides an 

overview of their relative positions within the regency. 

Subsequently, Fig. 3 illustrates the dynamics of the monthly average rainfall at Mount Satria and 

Cacaban Salopa over 288 observation periods. The displayed patterns indicate that both locations experience 

considerable rainfall fluctuations, albeit with distinct characteristics. Mount Satria exhibits relatively uniform 

fluctuations over time with a generally stable intensity. In contrast, Cacaban Salopa demonstrates an upward 

trend in rainfall accompanied by several extreme spikes, particularly after the 200th observation. The rainfall 

peak at Cacaban Salopa exceeds 30 mm, whereas Mount Satria reaches only around 25 mm. These differences 

highlight that, despite being located within the same region, the rainfall dynamics of the two sites are not 

entirely homogeneous. 
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Figure 3. Plots of Monthly Average Rainfall 

(Application source: Plots were generated using MATLAB R2024b software) 

These visual differences are further supported by the summary statistics presented in Table 3. The mean 
rainfall at Cacaban Salopa is higher and exhibits greater variability compared to Mount Satria. Similarly, the 
variance and standard deviation indicate that rainfall at Cacaban Salopa experiences more pronounced 
fluctuations. Skewness and kurtosis also provide important insights regarding the distribution of rainfall values. 
The positive skewness observed at both sites indicates that most of the data fall within the low-to-moderate 
range, while a smaller proportion represents rainfall values considerably higher than the mean. This pattern 
reflects a right-skewed distribution, where higher values occur more frequently but are not dominant. 
Furthermore, the higher kurtosis at Cacaban Salopa suggests the presence of more extreme events relative to a 
normal distribution. These findings are corroborated by the results of the Kolmogorov–Smirnov (KS) test, 
which indicates that the data at Cacaban Salopa deviate from normality at the 5% significance level. In contrast, 
both datasets are confirmed to be stationary based on the results of the Augmented Dickey–Fuller (ADF) test. 

Table 3. Summary Statistics of Monthly Rainfall 

Statistic Mount Satria Cacaban Salopa 

Observation 288 288 

Mean 6.763 8.318 

Variance 20.913 37.450 

Std. Dev. 4.573 6.119 

Skewness 0.391 0.758 

Kurtosis 2.645 3.362 

KS (P-value) 0.077 (0.063) 0.089 (0.019) 
ADF (P-value) −3.846 (0.001) −3.747 (0.001) 

                       

The spatial relationship between the two sites is clearly evident from the scatter plot and correlation 

analysis shown in Fig. 4. The correlation coefficient between Mount Satria and Cacaban Salopa is 0.9012 and 

statistically significant at the 1% level, indicating a very strong and positive association. This implies that the 

rainfall patterns at both locations tend to move in the same direction. When high rainfall occurs at Mount 

Satria, a similar event is likely to occur at Cacaban Salopa. This pattern is further reinforced by the data points 

in the scatter plot, which are concentrated along the diagonal line, reflecting co-movement between the two 

sites. These findings provide a critical basis for employing spatial models, particularly GSTAR, as rainfall at 

one location cannot be fully separated from rainfall at the other. 
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Figure 4. Scatter and correlation plots of rainfall between the two observation sites 

(Application source: Plots were generated using MATLAB R2024b software) 

3.2 GSTAR Modeling 

In this study, spatial dependence is represented through a spatial weight matrix. Since the data consist 

of only two rainfall observation sites, each location has exactly one neighboring site. Under this configuration, 

any positive weighting scheme such as uniform weights, inverse distance, or inverse distance squared becomes 

equivalent after row normalization, because the single off-diagonal element in each row is scaled to one. 

Consequently, the relative spatial influence is invariant to the specific choice of weighting function in a two-

location setting. From an identification perspective, the spatial parameter in the GSTAR model is therefore not 

sensitive to alternative weighting schemes, as no competition among multiple neighbors exists. For this reason, 

a binary spatial weight matrix with zeros on the main diagonal and ones on the off-diagonal elements is adopted 

to provide a parsimonious and transparent representation of spatial interaction. 

It should be noted that this simplification is specific to the two-location structure of the present study. 

For datasets involving a larger number of spatial units, geographically informed weighting schemes such as 

inverse distance or contiguity-based matrices may yield substantively different spatial dynamics. The spatial 

weight matrix used in this study is presented in Eq. (14) 

𝐖(1) = [
0 1
1 0

]. (14) 

Once the spatial weight matrix is determined, the model identification process is carried out by analyzing 

the Space-Time Autocorrelation Function (STACF) and the Space–Time Partial Autocorrelation Function 

(STPACF) plots. The identification of the GSTAR(𝑝; 𝜆1, 𝜆2, . . . , 𝜆𝑝) model can be performed by observing the 

STACF pattern, which typically exhibits either an exponential decay toward zero or a damped sinusoidal 

oscillation, as well as the STPACF pattern, which displays a cut-off after the 𝑝-th temporal lag and the 𝜆𝑝-th 

spatial lag. Fig. 5 presents the STACF and STPACF plots used as the basis for the model identification process. 
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(a) (b) 

Figure 5. Plots of STACF and STPACF for Spatial Lags 0 and 1 

(a) STACF, (b) STPACF 

(Application source: Plots were generated using R software version 4.3.1) 

Based on Fig. 5 the STACF analysis for spatial lags 0 and 1, a consistent periodic oscillation pattern is 
observed, indicating the presence of cyclic or seasonal behavior in the data. Meanwhile, the STPACF plot 
exhibits a clear cut-off after the first lag for spatial lag 0. For spatial lag 1, the partial correlations drop sharply 
and become insignificant after the initial lag, suggesting that the spatial influence is limited to the nearest 

neighboring locations. Based on these findings, the GSTAR model with temporal order 𝑝 = 1 and spatial lag 

𝜆 = 1, namely GSTAR(1;1), is considered the most appropriate model structure. Subsequently, parameter 
estimation for the GSTAR(1;1) model begins with Ordinary Least Squares (OLS) to obtain initial mean 
parameter estimates by minimizing the sum of squared residuals. The variance parameters of the GARCH 
components are then estimated using conditional maximum likelihood estimation via an iterative numerical 
optimization procedure. The estimation follows an alternating framework in which the conditional covariance 
matrices obtained from the GARCH step are incorporated into a feasible generalized least squares (FGLS) re-
estimation of the mean parameters. The procedure is repeated iteratively until convergence, which is assessed 
based on a predefined tolerance for successive changes in both the mean and variance parameter estimates. 
The final parameter estimates are presented in Table 4. 

In the rainfall analysis for Mount Satria and Cacaban Salopa, three GSTAR(1;1) model specifications 
were considered. The baseline assumes homoskedastic innovations with constant conditional variance. 
Diagnostic checks revealed distinct variance behaviors between the two locations: residuals at Mount Satria 
show no heteroskedasticity, whereas those at Cacaban Salopa exhibit conditional heteroskedasticity. 
Consequently, ARCH(1) and GARCH(1,1) processes were considered for modeling the conditional variance 
at Cacaban Salopa, while Mount Satria retains a constant variance. The selection between ARCH(1) and 
GARCH(1,1) was based on the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC), 
with GARCH(1,1) providing the best balance between model fit and parsimony. Higher-order GARCH models 
were not considered to maintain consistency with the GSTAR(1,1) mean structure and to avoid unnecessary 
model complexity given the sample size. 

𝜀𝑖,𝑡 = √ℎ𝑖,𝑡𝜂𝑖,𝑡 ,  𝜂𝑖,𝑡~𝑁(0,1), (15) 

where ℎ1,𝑡 = 𝜎2 follows the homoskedastic component for Mount Satria and  ℎ2,𝑡 follows ARCH/GARCH 

dynamics for Cacaban Salopa. In this context, the term “semi-heteroskedastic” is used descriptively to indicate 

that only Cacaban Salopa exhibits conditional heteroskedasticity. The semi-heteroskedastic framework is 

employed to allow heterogeneous volatility behavior across locations while maintaining a joint spatial-

temporal structure in the conditional mean. Although conditional heteroskedasticity is only detected at Cacaban 

Salopa, the GSTAR formulation remains necessary to capture cross-location dependence that would be ignored 

under separate univariate models. An evaluation relative to independent univariate time series modeling 

indicates that local rainfall dynamics can indeed be represented individually. However, the spatial framework 

provides a more coherent representation of joint rainfall dynamics by explicitly accounting for cross-location 

dependence between the two sites. Based on these specifications, the parameter estimates for the three 

scenarios are summarized below. 
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Table 4. Parameter Estimation Results and Diagnostic Test Statistics 

Model 
Variance 

Assumption 

Parameter Estimates 

Location 

Diagnostics Tests 

Parameter Estimate 
ARCH 

Test 

K-S 

Test 

L-B 

Test 

GSTAR(1;1) Homoskedastic 

𝜙10
(1)

 0.563 
Mount Satria 0.078 0.122 < 0.000 

𝜙11
(1)

 0.079 

𝜙10
(2)

 0.600 
Cacaban Salopa 0.005 0.001 0.220 

𝜙11
(2)

 0.053 

GSTAR(1;1)-

ARCH(1) 

Semi-

Heteroscedastic 

𝜙10
(1)

 0.563 
Mount Satria 0.078 0.122 < 0.000 

𝜙11
(1)

 0.079 

𝜙10
(2)

 0.662 
Cacaban Salopa 0.011 0.003 0.355 

𝜙11
(2)

 −0.012 

GSTAR(1;1)-

GARCH(1,1) 

Semi-

Heteroskedastic  

𝜙10
(1)

 0.563 
Mount Satria 0.078 0.122 < 0.000 

𝜙11
(1)

 0.079 

𝜙10
(2)

 0.707 
Cacaban Salopa 0.872 0.031 0.172 

𝜙11
(2)

 −0.059 

Based on the parameter estimation results presented in Table 4, the explicit form of each model can be 

expressed as follows. 

GSTAR(1;1) Model (Homoskedastic) 

𝑌1,𝑡 = 0.563𝑌1,𝑡−1 + 0.079𝑌2,𝑡−1 + 𝜀1,𝑡, ℎ1,𝑡 = 𝜎2,  (16) 
𝑌2,𝑡 = 0.600𝑌2,𝑡−1 + 0.053𝑌1,𝑡−1 + 𝜀2,𝑡,    ℎ2,𝑡 = 𝜎2.  

 

GSTAR(1;1)-ARCH(1) Model (Semi-Heteroskedastic) 

𝑌1,𝑡 = 0.563𝑌1,𝑡−1 + 0.079𝑌2,𝑡−1 + 𝜀1,𝑡,     ℎ1,𝑡 = 𝜎2,  (17) 
𝑌2,𝑡 = 0.662𝑌2,𝑡−1 − 0.012𝑌1,𝑡−1 + 𝜀2,𝑡,    ℎ2,𝑡 = 20.083 + 0.092𝜀2,𝑡−1

2 . 
 

GSTAR(1;1)-GARCH(1,1) Model (Semi-Heteroskedastic) 

𝑌1,𝑡 = 0.563𝑌1,𝑡−1 + 0.079𝑌2,𝑡−1 + 𝜀1,𝑡,     ℎ1,𝑡 = 𝜎2,  (18) 
𝑌2,𝑡 = 0.707𝑌2,𝑡−1 − 0.059𝑌1,𝑡−1 + 𝜀2,𝑡,    ℎ2,𝑡 = 0.159 + 0.066𝜀2,𝑡−1

2 + 0.933ℎ2,𝑡−1. 
 

Analysis of Table 4 together with Eqs. (15)-(17) highlights distinct dynamics across locations. At Mount 

Satria, parameter estimates remain stable under all specifications, reflecting a relatively consistent rainfall 

pattern that is primarily influenced by local persistence. Diagnostic checks confirm the absence of strong 

heteroskedasticity, and the residuals approximate normality, though minor autocorrelation persists. As a result, 

augmenting the model with ARCH(1) or GARCH(1,1) effects does not yield substantial changes or 

improvements at this site. By contrast, rainfall at Cacaban Salopa exhibits greater variability. When conditional 

heteroskedasticity is explicitly modeled, the local rainfall coefficient increases, while the cross-location effect 

changes sign from positive to negative. This shift may reflect underlying climatic or geographic mechanisms, 

such as orographic influences or prevailing wind patterns. Moreover, diagnostic tests indicate that the standard 

GSTAR(1;1) specification fails to capture the volatility structure, whereas ARCH(1) and GARCH(1,1) terms 

stabilize conditional variance and reduce residual autocorrelation. In the GARCH(1,1) case, the persistence 

parameter satisfies the stationarity condition (𝛼 + 𝛽 < 1) but is very close to unity, indicating highly persistent 

volatility. 

Despite the diagnostic improvements shown in Table 4, predictive accuracy remains constrained. As 

presented in Table 5, the testing error metrics (MSE, MAE, RMSE) for GSTAR(1;1)-ARCH(1) and 

GSTAR(1;1)-GARCH(1,1) exceed those of the baseline GSTAR(1;1), particularly at Cacaban Salopa, where 

testing RMSE increases by approximately 60%. This apparent discrepancy reflects the fundamental distinction 

between modeling conditional variance and optimizing point forecasts. ARCH and GARCH components 

improve residual properties by stabilizing time-varying variance; however, forecast accuracy measures such 

as MSE and RMSE evaluate mean prediction performance, which is governed solely by the conditional mean 

equation. At Cacaban Salopa, the estimated GARCH(1,1) parameters indicate highly persistent volatility (𝛼 +
𝛽 close to unity), suggesting near-integrated behavior. Such persistence may increase parameter uncertainty 
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and reduce adaptability in short out-of-sample periods, thereby weakening generalization performance. In 

contrast, rainfall variability at Mount Satria is relatively stable, and conditional variance remains nearly 

constant, resulting in minimal differences in forecasting performance across specifications. Therefore, 

improved heteroskedasticity diagnostics do not necessarily translate into superior predictive accuracy, 

especially in finite samples with limited testing observations. 

Table 5. Training and Testing Performance Metrics of GSTAR-Based Models 

Location Model 
Training Testing 

MSE MAE RMSE MSE MAE RMSE 

Mount 
Satria 

GSTAR(1;1) 12.179 2.730 3.490 7.684 2.485 2.772 
GSTAR(1;1)-ARCH(1) 12.184 2.727 3.491 7.613 2.461 2.759 

GSTAR(1;1)-GARCH(1,1) 12.179 2.730 3.490 7.684 2.485 2.772 

Cacaban 

Salopa 

GSTAR(1;1) 22.071 3.542 4.698 22.758 3.944 3.214 
GSTAR(1;1)-ARCH(1) 22.134 3.543 4.705 26.356 4.017 5.134 

GSTAR(1;1)-GARCH(1,1) 22.155 3.537 4.708 26.426 4.019 5.141 
 

Based on the diagnostic results presented in Table 4, the GSTAR(1;1)-GARCH(1,1) model effectively 

reduces heteroskedasticity, as indicated by ARCH test significance values that mostly exceed 0.05. However, 

the assumption of residual normality is not fully satisfied, as reflected in the Kolmogorov-Smirnov (K-S) test 

results, and autocorrelation remains an issue at Mount Satria according to the Ljung-Box (L-B) test. Although 

the residual normality assumption is violated, this does not invalidate the parameter estimation. Under the 

quasi-maximum likelihood framework, GARCH estimators remain consistent and asymptotically normal even 

when innovations deviate from Gaussianity, provided finite second moments exist. Nevertheless, non-

normality may reduce estimation efficiency and affect inference accuracy, particularly in the presence of 

heavy-tailed behavior. Given that rainfall data are typically skewed and leptokurtic, such deviations from 

normality are not unexpected. The presence of residual autocorrelation at Mount Satria suggests that some 

temporal dependence may remain unexplained by the GSTAR(1,1) specification. Higher-order GSTAR 

models or seasonal components could potentially capture this remaining dependence; however, they were not 

explored in this study to maintain model parsimony and to focus on the proposed semi-heteroskedastic 

framework. These findings indicate that, although GSTAR(1;1)-GARCH(1,1) is effective in modeling 

conditional heteroskedasticity, limitations remain in capturing the full distributional characteristics of rainfall 

residuals. Alternative specifications, such as GARCH models with Student’s 𝑡 or skewed innovation 

distributions, as well as non-parametric approaches, may provide more robust representations and are 

suggested for future research. Therefore, the forecasting results should be interpreted with caution and are 

presented primarily to illustrate model behavior rather than for direct decision-making. 

Figs. 6 and 7 presents the rainfall prediction results for the two study locations, Mount Satria and 
Cacaban Salopa. The graphs in the upper row depict the predictions during the training period, where the black 
solid line represents the observed data, and the red dashed line indicates the model’s predicted values. The 
graphs in the lower row show the predictions during the testing period, with the black solid line representing 
the observed data and the orange dashed line representing the model predictions. 

 

 

 

 

 

 

 

 

(a) (b) 

Figure 6. Actual and Predicted Rainfall Plots for the Training Period 

(a) Mount Satria, (b) Cacaban Salopa 

(Application source: Plots were generated using R software version 4.3.1) 
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(a) (b) 

Figure 7. Actual and Predicted Rainfall Plots for the Testing Period 

(a) Mount Satria, (b) Cacaban Salopa 

(Application source: Plots were generated using R software version 4.3.1) 

Based on Fig. 7, the five-step-ahead forecasts produced by the GSTAR(1,1)-GARCH(1,1) model exhibit 

similar declining trend patterns at both Mount Satria and Cacaban Salopa, which are consistent with the 

observed seasonal behavior of rainfall. These forecasts are presented to illustrate the dynamic behavior of the 

proposed GSTAR-GARCH framework rather than to provide comprehensive practical validation. No 

benchmarking against naive forecasts, climatological means, or alternative spatio-temporal methods was 

conducted, and model evaluation was limited to absolute error measures (MSE, MAE, and RMSE). 

Consequently, the practical forecasting performance should be interpreted with caution, and more extensive 

comparative validation using relative accuracy metrics is left for future research. 

 

 

 

 

 

 

 

(a) (b) 

Figure 8. Actual and Forecasted Rainfall Using the GSTAR-GARCH Approach for the Testing Period 

(a) Mount Satria, (b) Cacaban Salopa 

(Application source: Plots were generated using R software version 4.3.1) 

The five-step-ahead forecasts produced by the GSTAR(1;1)-GARCH(1,1) model show a gradual decline 

in rainfall at both study sites, Mount Satria and Cacaban Salopa. The decrease is steady and matches 

climatological expectations. The observed data end in December 2023 during the rainy season while the 

forecast period covers January to May 2024, marking the transition from the rainy to the dry season. The 

model’s forecasted downward trend aligns with the typical seasonal dynamics of tropical regions like 

Indonesia. No anomalies such as constant or extreme values are observed and the forecast curves maintain the 

natural variability seen in the historical data. Overall, these results indicate that the model effectively captures 

both the spatio-temporal patterns and the inherent dynamics of rainfall at the study sites. 

The results of this study confirm that rainfall dynamics differ substantially across the two locations. At 

Mount Satria, residual variance is relatively stable, making the basic GSTAR(1;1) specification adequate. In 

contrast, Cacaban Salopa exhibits pronounced volatility, violating the homoskedasticity assumption. 

Incorporating the GARCH(1,1) component effectively mitigates conditional heteroskedasticity, as indicated 

by the ARCH-LM test results. Thus, the primary contribution of the GSTAR(1;1)-GARCH(1,1) model lies in 
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improving variance specification and inferential adequacy rather than enhancing short-term point forecasting 

accuracy. Although diagnostic properties improve, testing performance at Cacaban Salopa deteriorates. This 

outcome is consistent with the theoretical distinction between modeling conditional variance and optimizing 

conditional mean forecasts. The highly persistent volatility (𝛼 + 𝛽 close to unity) suggests near-integrated 

behavior, which may increase parameter uncertainty and reduce adaptability in a short out-of-sample window. 

Therefore, improved residual diagnostics do not necessarily translate into superior predictive performance, 

particularly in finite samples. 

Compared to previous research integrating GSTAR(1;1) with ARCH(1) [12], [14], [24], [25], [26], [27], 

[28], this study extends the framework by allowing persistent volatility through GARCH(1,1). While this 

enhances volatility representation and inferential accuracy, predictive performance for the testing data at 

Cacaban Salopa remains constrained. From an application perspective, five-step-ahead forecasts indicate a 

declining rainfall trend, consistent with seasonal patterns in tropical regions, though residual assumptions are 

not fully satisfied. Consequently, forecasts should be interpreted as illustrative rather than prescriptive. The 

main limitation lies in residuals’ deviation from normality, which restricts the model’s capacity to capture 

extreme rainfall variations. Future research should explore more flexible heteroskedastic models, such as GJR-

GARCH, and incorporate non-normal residual distributions to yield more adaptive models and reliable rainfall 

forecasts in regions with high weather variability. 

The main limitation of this study lies in the residuals’ deviation from normality, which restricts the 

model’s capacity to capture extreme rainfall variations. Prediction accuracy is also lower at locations with 

highly fluctuating rainfall, reflecting the model’s sensitivity to spatio-temporal volatility. Although 

GSTAR(1;1)-GARCH(1,1) effectively mitigates heteroskedasticity and models spatio-temporal dependencies, 

it still struggles with extreme events and non-normal residual distributions. Future research should explore 

more flexible heteroskedastic models, such as GJR-GARCH, and incorporate non-normal residual 

distributions. Such approaches are expected to yield more adaptive models and more reliable rainfall forecasts, 

particularly in regions characterized by high weather variability. 

4. CONCLUSION 

This study proposes a spatio-temporal rainfall modeling framework that integrates GSTAR dynamics 

with conditional heteroskedastic volatility through a GSTAR(1;1)-GARCH(1,1) specification. The model 

captures both cross-location dependence in the mean structure and time-varying variance behavior across 

spatial units. The main novelty of this work lies in extending GSTAR modeling by incorporating a semi-

heteroskedastic GARCH(1,1) process, allowing persistent spatial-temporal volatility to be represented—a 

feature not systematically addressed in previous studies. Empirical results demonstrate that adding the GARCH 

component improves residual diagnostics, particularly at Cacaban Salopa, where rainfall exhibits highly 

variable patterns. Despite these improvements in variance modeling, residuals remain non-normal, and out-of-

sample prediction errors increase relative to the baseline GSTAR(1;1), illustrating the well-known forecasting 

paradox: improving variance representation enhances inferential adequacy but does not guarantee superior 

point forecast accuracy. The highly persistent volatility (𝛼 + 𝛽 close to unity) further limits short-term 

predictive adaptability, especially in finite testing samples. 

The analysis employs a simple binary spatial weight matrix due to the two-location dataset. While this 

choice provides a parsimonious and transparent representation of spatial interactions, more complex spatial 

weighting schemes would be required to capture richer spatial dependence in larger networks. Five-step-ahead 

forecasts reveal a declining rainfall tendency consistent with seasonal transition from the rainy to the dry 

period, confirming that the model reproduces observed temporal dynamics, albeit without fully satisfying 

residual normality assumptions. The main limitations of this study lie in residual non-normality and the limited 

spatial scope, which constrain the model’s ability to capture extreme events and complex cross-location 

variance interactions. Future research should explore more flexible heteroskedastic models, such as GJR-

GARCH, incorporate non-normal innovation structures, and evaluate higher-dimensional spatial 

configurations to improve robustness and potential gains in predictive performance. Overall, the GSTAR(1;1)-

GARCH(1,1) framework provides a valuable tool for understanding rainfall uncertainty and volatility, even if 

short-term predictive accuracy remains constrained. 
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