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Article Info ABSTRACT 

Article History: 
This study presents an analysis of the basic state of nanofluid bioconvection in 

a horizontal finite-depth layer containing gyrotactic microorganisms. To 
enhance the physical realism of the system, zero-nanoparticle flux boundary 

conditions are incorporated for the nanoparticle fraction. The basic-state 

solution refers to a simplified, time-independent configuration that serves as the 

reference or background state for analysing perturbations in stability analysis. 
In this case, the quiescent flow has zero velocity, while other state variables - 

such as temperature, nanoparticle concentration, and microorganism density - 

vary only in the vertical direction. The resulting system of ordinary differential 

equations is solved to obtain analytical solutions while the effects of key 
parameters on the steady-state profiles are investigated. The results show that 

the swimming strength parameter mainly influences microorganism 

accumulation near the upper boundary. Both the swimming strength parameter 

and the bioconvection Rayleigh number have only a limited effect on the 
pressure profile. In contrast, the thermal Rayleigh number and modified 

diffusivity ratio produce the most noticeable pressure variations, indicating that 

thermal and thermophoretic effects play the dominant role in shaping the basic-

state pressure distribution. Overall, the pressure profile remains nearly linear. 
The findings provide insight into the role of zero-nanoparticle flux boundary 

conditions in finite-depth nanofluid bioconvection systems. 
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1. INTRODUCTION 

Bioconvection arises from hydrodynamic instabilities caused by the biased swimming of 

microorganisms, leading to the formation of motion patterns [1]. Hydrodynamic instabilities primarily arise 

from the accumulation of microbial cells with varying buoyancy, which results in inconsistent density 

distributions, or from the interaction between an unstable fluid velocity field and cell concentration. First 

observed in the 19th century [2], the term “bioconvection” was introduced by Platt in 1961 [3]. Hill et al. [4] 

developed the foundational model for bioconvection in gyrotactic suspensions, considering dilute 

suspensions of motile microorganisms influenced by gravitational torque and viscous resistance in a finite 

depth layer. They formulated governing equations and performed a linear stability analysis to investigate flow 

characteristics and the onset of instability. Today, it remains an active research area in numerical heat transfer, 

with applications in bioreactors [5], biofuel production [6], and microfluidic devices [7].  

Nanofluids, which are suspensions of nanoparticles in base fluids such as water, offer enhanced 

thermophysical properties over conventional fluids. Choi and Eastman [8] introduced this concept, followed 

by two key models: Tiwari and Das [9], emphasizing the nanoparticle volume fraction, and Buongiorno [10], 

focusing on two major slip mechanisms, which are thermophoresis and Brownian motion. Nield and 

Kuznetsov’s [11] incorporated the Buongiorno model in their studies on nanofluid natural convection studies. 

Kuznetsov [12] further extended this framework of Nield and Kuznetsov [11] by introducing gyrotactic 

microorganisms, adapting Hill et al.’s model [4]. These progressive developments have significantly 

advanced the understanding of nanofluid dynamics and their applications in heat transfer enhancement. 

Since the emergence of the nanofluid bioconvection model, numerous studies have explored various 

physical effects and boundary conditions based on this framework. More recent research has further advanced 

it by incorporating variable-viscosity fluids such as third-grade nanofluid [13], Carreau [14], Cross [15], 

Sutterby [16], [17], Eyring-Powell [18], [19], micropolar [20], Williamson [21], Casson [22], Jeffrey [23], 

Oldroyd-B fluids [24], Maxwell [25], [26] and Darcy-Forchheimer porous medium [27]. It is important to 

note that all the aforementioned studies typically considered a fluid domain with a sufficiently large 

(effectively infinite) depth. Such configuration is easier to analyse due to the applicability of boundary layer 

approximations and the use of similarity transformations in the governing equations. 

In contrast to infinite-depth layers, some studies have also investigated finite-depth configurations, 

accounting for factors such as small particles [28], [29], thermo-bioconvection [30], [31], vertical vibration 

[32], [33], inclined temperature gradient [34], and magnetic field [35], [36]. The consideration of a finite-

depth domain is more practical than the infinite-depth setting, as it more accurately reflects real-world 

applications, particularly in biofuel cultivation systems, which involve open and stagnant biofuel ponds with 

shallow depths. Unlike open flow studies, finite-depth configurations require a different approach that 

involves directly solving the system for the basic steady-state profile before performing stability analysis. 

The steady state profile serves as the base state for introducing small perturbations in the linearised system. 

The onset of bioconvection in finite-depth geometries is typically analysed using linear stability theory, 

employing methods like Galerkin approximations [28], [30], [31], [32], [33], collocation [34], and Chebyshev 

pseudospectral techniques [35], [36] to estimate critical Rayleigh numbers. More recently, nonlinear models 

such as the Lorenz approach [37] have been used to understand the chaotic behaviour in gyrotactic 

bioconvection. Avramenko et al. [38] revisited Hill et al.’s model [4], applied the Lorenz approach to explore 

low-dimensional dynamics. 

Despite these advances, a comprehensive analytical treatment of the basic state for nanofluid 

bioconvection in a finite-depth layer under zero-nanoparticle flux boundary conditions is still lacking. 

Kuznetsov [12] extended the nanofluid convection model of Nield and Kuznetsov [11] by incorporating 

gyrotactic microorganisms, thereby establishing a nanofluid bioconvection framework, but no basic-state 

analysis was presented in these studies. Subsequently, Kuznetsov [39], also developed based on [12], 

examined a case involving two different species of microorganisms. However, the basic-state analysis was 

only brief, since the main emphasis of [39] was on linear stability analysis. Hence, there remains a need for 

a dedicated analytical study of the basic-state profiles, on extending the work of Kuznetsov [12] under the 

revised zero-nanoparticle flux boundary conditions introduced by Nield and Kuznetsov [40]. 

Motivated by this gap, the present study investigates the basic state of nanofluid bioconvection in a 

horizontal finite-depth layer containing gyrotactic microorganisms under the zero-nanoparticle flux boundary 

conditions proposed by Nield and Kuznetsov [40]. Despite the strong recent emphasis on open-flow 

problems, finite-depth analysis remains relevant and has continued to appear in recent studies [35, 36]. Its 
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continued interest arises not only from physical considerations, but also from its mathematical significance 

in clarifying the structure of coupled transport processes in bounded configurations. In this study, the 

governing equations are transformed into a nondimensional form using appropriate characteristic scales. 

Under the assumption of a quiescent base state, steady-state solutions are derived analytically. The influence 

of key physical parameters on the pressure profile is then analysed in detail. The results provide physical 

insight into the relative roles of thermal buoyancy, thermophoretic nanoparticle transport, and microorganism 

dynamics in shaping the basic-state structure, and they establish a foundation for future linear stability 

analysis of the system. 

2. RESEARCH METHODS 

2.1 Governing Equations  

The governing equations for nanofluid bioconvection in a horizontal layer with gyrotactic 

microorganisms are adapted from Kuznetsov [12], building on Hill et al.’s foundational work [4] and the 

nanofluid model by Nield and Kuznetsov [40], which incorporates zero-nanoparticle flux boundary 

conditions. The model follows Kuznetsov [12] with several simplifying assumptions. The nanofluid 

suspension is considered dilute, allowing the neglect of microorganism interactions, and the fluid is assumed 

to be incompressible. Chemical reactions and particle aggregation are ignored. Nanoparticle transport 

accounts for both Brownian diffusion and thermophoresis, while microorganism motion follows gyrotactic 

behaviour driven by viscous and gravitational torques. Buoyancy effects due to temperature, concentration 

of nanoparticles, and density of microorganisms are included via the Boussinesq approximation. The fluid 

layer has a finite vertical depth, is horizontally infinite, and is bound by rigid, impermeable, thermally 

controlled surfaces. 

The governing equations include continuity, momentum, thermal energy, conservation of 

nanoparticles, and conservation of microorganisms within the suspension [12]. In the following formulation, 

variables denoted with a bar represent dimensional quantities, and the vector 𝐯̅ = (𝑢̅, 𝑣̅, 𝑤̅) denotes the 

components of nanofluid velocity in the 𝑥, 𝑦, and 𝑧 directions.  

∇ ∙ 𝐯̅ = 0, (1) 

𝜌𝑓0 (
𝜕𝐯̅

𝜕𝑡̅
+ 𝐯̅ ⋅ ∇𝐯̅) = −∇𝑝̅ + 𝜇∇2𝐯̅ + [

𝜙̅𝜌𝑛𝑝 + (1 − 𝜙̅)𝜌𝑓0 − 𝜌𝑓0𝛽(𝑇̅ − 𝑇𝑐̅) +

(𝜌𝑛𝑝 − 𝜌𝑓0)(𝜙̅ − 𝜙̅0) + 𝑛̅𝜃̅∆𝜌
]g, (2) 

(𝜌𝑐)𝑓 (
𝜕𝑇̅

𝜕𝑡̅
+ 𝐯̅ ⋅ ∇𝑇̅) = ∇ ∙ (𝑘∇𝑇̅) + (𝜌𝑐)𝑛𝑝 (𝐷𝐵∇𝜙̅ ∙ ∇𝑇̅ + 𝐷𝑇

∇𝑇̅ ∙ ∇𝑇̅

𝑇̅𝑐
), (3) 

𝜕𝜙̅

𝜕𝑡̅
+ 𝐯̅ ∙ ∇𝜙̅ = ∇ ∙ [𝐷𝐵∇𝜙̅ +

𝐷𝑇

𝑇̅𝑐
∇𝑇̅], (4) 

𝜕𝑛̅

𝜕𝑡̅
= −∇ ∙ 𝐣,̅ (5) 

where 𝑝̅ is the pressure, 𝑡̅ is the time, and 𝜌 is the density. The subscripts 𝑛𝑝, 𝑓0, and 𝑓 refer to nanoparticles, 

base fluid, and nanofluid, respectively. Here, 𝑇̅ is the nanofluid temperature, 𝑇𝑐̅  is the temperature of the 

upper wall, 𝜙̅ is the volume fraction of nanoparticle, 𝜙̅0 is the reference value of the nanoparticle volume 

fraction, 𝛽 is the volumetric coefficient of thermal expansion of the base fluid, 𝑛̅ is the concentration of 

gyrotactic microorganisms, 𝜃̅ is the average volume of the microorganisms, ∆𝜌 = 𝜌𝑐𝑒𝑙𝑙 − 𝜌𝑓0 represents the 

density difference between a microorganism cell and the base fluid, g is the vector of gravitational force, 𝑘 

is the thermal conductivity, and 𝜇  is the viscosity of the suspension. The symbols 𝐷𝐵  and 𝐷𝑇  are the 

Brownian and thermophoretic diffusion coefficients, respectively,  𝑐𝑓  is the specific heat capacity for 

nanofluid, and 𝑐𝑛𝑝 is the specific heat capacity for nanoparticles. 

The term 𝐣 ̅in Eq. (5) is defined as 

𝐣̅ = 𝑛̅𝐯̅ + 𝑛̅𝑊𝑐p̂ − 𝐷𝑚∇𝑛̅, (6) 

which describes the behaviour of gyrotactic microorganisms inside a suspension, provided by Hill et al. [4]. 

The three terms on the right-hand side of Eq. (6) represents the total flux of microorganisms due to fluid 
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convection, swimming movement driven by the microorganism’s own propulsion, and diffusion, 

respectively. 𝑊𝑐p̂ is the vector denoting the microorganism’s average swimming velocity relative to the 

nanofluid, where 𝑊𝑐 is a constant while 𝐷𝑚 is the diffusivity of microorganisms. 

The physical model of this system is illustrated in Fig. 1. Here, 𝐻 represents the height of the finite 

depth layer configuration. We consider a rigid-rigid boundaries configuration and assume that both the 

temperature and the volumetric fraction of the nanoparticles are constant on the upper and lower boundaries 

of suspension layer. At the bottom of the layer, the boundary conditions are 

𝑤̅ = 0,
𝜕𝑤̅

𝜕𝑧̅
= 0, 𝑇̅ = 𝑇̅ℎ, 𝐷𝐵

𝜕𝜙̅

𝜕𝑧̅
+

𝐷𝑇

𝑇c̅
 
𝜕𝑇̅

𝜕𝑧̅
= 0, 𝐣̅ ∙ 𝐤̂ = 0, (7) 

at 𝑧̅ =  0, where 𝑇̅ℎ is the temperature of the lower layer. The unit vector 𝐤̂ represents the direction of the 

vertical axis, pointing upward. The boundary conditions for the upper layer are 

𝑤̅ = 0,
𝜕𝑤̅

𝜕𝑧̅
= 0, 𝑇̅ = 𝑇̅𝑐 , 𝐷𝐵

𝜕𝜙̅

𝜕𝑧̅
+

𝐷𝑇

𝑇c̅
 
𝜕𝑇̅

𝜕𝑧̅
= 0, 𝐣̅ ∙ 𝐤̂ = 0. (8) 

at 𝑧̅ =  𝐻.  

Hill et al. [4] noted that the upper boundary is unlikely to be entirely stress-free, even when exposed 

to air, because microorganisms tend to aggregate near the surface, forming a densely packed layer. 

Consequently, the no-slip condition is imposed at the upper wall. The boundary conditions in Eqs. (7) and 

(8) are adapted from Kuznetsov [12] with a minor adjustment to the nanoparticle volume fraction 𝜙̅, in 

accordance with the zero-nanoparticle flux boundary formulation introduced by Nield and Kuznetsov [40]. 

The zero-nanoparticle flux boundary condition represents zero net nanoparticle flux at the impermeable 

boundaries. Physically, this means that nanoparticles cannot enter or leave the layer through the walls. 

Instead, the Brownian diffusion of nanoparticles is balanced by their thermophoretic migration induced by 

the temperature gradient. As a result, the boundaries only influence how nanoparticles are redistributed within 

the layer, rather than fixing their concentration at the walls. 

 
Figure 1. Physical Configuration and Coordinates for the Model. 
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2.2 Nondimensionalization 

The variables that involved in Eqs. (1)-(8) are then nondimensionalized using appropriate characteristic scales 

adapted from Nield and Kuznetsov [40] and Kuznetsov [39]: 

𝑥 =
1

𝐻
𝑥̅, 𝑦 =

1

𝐻
𝑦̅, 𝑧 =

1

𝐻
𝑧̅, 𝑢 =

𝐻

𝛼𝑓
𝑢̅, 𝑣 =

𝐻

𝛼𝑓
𝑣̅, 𝑤 =

𝐻

𝛼𝑓
𝑤̅, 

  𝑡 =
𝛼𝑓

𝐻2
𝑡̅, 𝑝 =

𝐻2

𝜇𝛼𝑓
𝑝̅, 𝜙 =

𝜙̅ − 𝜙̅0

𝜙̅0

, 𝑇 =
𝑇̅ − 𝑇̅𝑐

Δ𝑇
, 𝑛 =

𝑛̅

𝑛̅avg
, 

(9) 

where 𝛼𝑓 = 𝑘 (𝜌𝑐)𝑓⁄  refers to the thermal diffusivity of the nanofluid and Δ𝑇 = 𝑇̅ℎ − 𝑇̅𝑐 is the temperature 

difference between two boundaries of lower and upper layers. Upon applying the dimensionless expressions 

Eq. (9), Eqs. (1)-(5) become 

∇ ∙ 𝐯 = 0, (10) 

1

Pr
(

𝜕𝐯

𝜕𝑡
+ 𝐯 ∙ ∇𝐯) = −∇𝑝 + ∇2𝐯 − Rm 𝐤̂ + Ra 𝑇 𝐤̂ − Rn 𝜙 𝐤̂ −

Rb

Lb
𝑛 𝐤̂, (11) 

𝜕𝑇

𝜕𝑡
+ 𝐯 ∙ ∇𝑇 = ∇2𝑇 +

NB

Le
∇𝜙 ∙ ∇𝑇 +

NA NB

Le
∇𝑇 ∙ ∇𝑇, (12) 

𝜕𝜙

𝜕𝑡
+ 𝐯 ∙ ∇𝜙 =

1

Le
∇2𝜙 +

NA

Le
∇2𝑇, (13) 

𝜕𝑛

𝜕𝑡
= −∇ ∙ (𝑛 𝐯 +

Q

Lb
𝑛 𝐩 −

1

Lb
∇𝑛), (14) 

The dimensionless form of the boundary conditions Eqs. (7) and (8) now becomes 

𝑤 = 0,
𝜕𝑤

𝜕𝑧
= 0, 𝑇 = 1,

𝜕𝜙

𝜕𝑧
+ NA

𝜕𝑇

𝜕𝑧
= 0, 𝑛 =

1

Q

𝑑𝑛

𝑑𝑧
, (15) 

when 𝑧 =  0, and 

𝑤 = 0,
𝜕𝑤

𝜕𝑧
= 0, 𝑇 = 0,

𝜕𝜙

𝜕𝑧
+ NA

𝜕𝑇

𝜕𝑧
= 0, 𝑛 =

1

Q

𝑑𝑛

𝑑𝑧
, (16) 

when 𝑧 =  1. 

In Eqs. (10)-(16), the dimensionless parameters are defined as follows: 

Pr =
𝜇

𝜌𝑓0𝛼𝑓
, Le =

𝛼𝑓

𝐷𝐵
, Lb =

𝛼𝑓

𝐷𝑚
, Q =

𝑊𝑐𝐻

𝐷𝑚
,   

(17) 

Ra =
𝜌𝑓0𝑔𝛽𝐻3Δ𝑇

𝜇𝛼𝑓
, Rm =

[𝜌𝑛𝑝𝜙̅0 + 𝜌𝑓0(1 − 𝜙̅0)]𝑔𝐻3

𝜇𝛼𝑓
, 

Rn =
(𝜌𝑛𝑝 − 𝜌𝑓0)𝜙̅0𝑔𝐻3

𝜇𝛼𝑓
, Rb =

∆𝜌𝑔𝑛̅avg𝜃̅𝐻3

𝜇𝐷𝑚
, 

NA =
𝐷𝑇Δ𝑇

𝐷𝐵𝑇𝑐̅𝜙̅0
, NB = 𝜙̅0

(𝜌𝑐)𝑛𝑝

(𝜌𝑐)𝑓
. 

Eq. (17) defines the physical parameters as follows: 𝑔 represents the gravitational acceleration; Pr 

denotes the Prandtl number; Le is the Lewis number associated with Brownian diffusion of nanoparticles; Lb 

is the bioconvection Lewis number; Q corresponds to the bioconvection Péclet number; Ra, Rm, Rn, and Rb 

are the thermal, basic-density, nanoparticle concentration, and bioconvection Rayleigh numbers, respectively. 

The parameters NA  and NB  represent the modified diffusivity ratio and the modified particle-density 

increment. 
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2.3 Basic-State Equations 

To analyse the underlying steady-state structure of the bioconvective nanofluid system, we begin by 

considering Eqs. (1) – (5) under the assumption of a quiescent basic state. In this configuration, the velocity 

field 𝐯 is taken to be zero, and all dependent variables, namely temperature 𝑇, nanoparticle concentration 𝜙, 

and microorganism density 𝑛 are assumed to vary only in the vertical coordinate 𝑧, given by 

𝐯 = (𝑢, 𝑣, 𝑤) = 0, 𝑝 = 𝑝𝑏(𝑧), 𝑇 = 𝑇𝑏(𝑧), 𝜙 = 𝜙𝑏(𝑧), 𝑛 = 𝑛𝑏(𝑧). (18) 

Upon disregarding both time and convective contributions, substitution of Eq. (18) into Eqs. (10)-(14) yields 

a system of coupled ordinary differential equations: 

−
𝑑𝑝𝑏(𝑧)

𝑑𝑧
− Rm + Ra 𝑇𝑏(𝑧) − Rn 𝜙𝑏(𝑧) −

Rb

Lb
𝑛𝑏(𝑧) = 0, (19) 

𝑑2𝑇𝑏(𝑧)

𝑑𝑧2 +
NB

Le
(

𝑑𝜙𝑏(𝑧)

𝑑𝑧
) (

𝑑𝑇𝑏(𝑧)

𝑑𝑧
) +

NA NB

Le
(

𝑑𝑇𝑏(𝑧)

𝑑𝑧
)

2

= 0, (20) 

𝑑2𝜙𝑏(𝑧)

𝑑𝑧2 + NA

𝑑2𝑇𝑏(𝑧)

𝑑𝑧2 = 0, (21) 

𝑑𝑛𝑏(𝑧)

𝑑𝑧
− Q𝑛𝑏(𝑧) = 0, (22) 

subject to the boundary conditions: 

𝑇𝑏 = 1,
𝑑𝜙𝑏

𝑑𝑧
+ NA

𝑑𝑇𝑏

𝑑𝑧
= 0, 𝑛𝑏 =

1

Q

𝑑𝑛𝑏

𝑑𝑧
, (23) 

when 𝑧 =  0, and 

𝑇𝑏 = 0,
𝑑𝜙𝑏

𝑑𝑧
+ NA

𝑑𝑇𝑏

𝑑𝑧
= 0, 𝑛𝑏 =

1

Q

𝑑𝑛𝑏

𝑑𝑧
. (24) 

when 𝑧 =  1. 

Following the notation of Kuznetsov [39], the pressure gradient profile is expressed as negative, 

−
𝑑𝑝𝑏(𝑧)

𝑑𝑧
, to reflect the direction of pressure variation along the vertical axis. Hence, the subsequent results 

will present −𝑝𝑏(𝑧) for consistency. 

3. RESULTS AND DISCUSSION 

This section presents the analytical solutions of basic-state Eqs. (19)-(22) under the boundary conditions 

specified in Eqs. (23) and (24). 

3.1 Analytical Solutions of Basic-State Equations 

To obtain an analytical solution, we first integrate Eqs. (21) once and, using the boundary conditions in Eqs. 

(23) and (24), arrive at the following expression: 

𝑑𝜙𝑏

𝑑𝑧
+ NA

𝑑𝑇𝑏

𝑑𝑧
= 0, (25) 

which has the same form as the boundary condition for 𝜙𝑏 in Eqs. (23) and (24). Rewrite Eq. (25) into this 

form: 

𝑑𝜙𝑏

𝑑𝑧
= −NA

𝑑𝑇𝑏

𝑑𝑧
, (26) 

Then. substitute Eq. (26) into Eq. (20). After simplifying it, we obtain: 

𝑑2𝑇𝑏

𝑑𝑧2 = 0. (27) 
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Eq. (27) has a general solution in the form of 𝐶1𝑧 + 𝐶2. Applying the boundary conditions Eqs. (23) and (24), 

the exact solution for temperature profile is then obtained, 

𝑇𝑏(𝑧) = 1 − 𝑧. (28) 

We now proceed to solve Eq. (25). The first derivative of Eq. (28) is simply −1. Substituting this value into 

Eq. (25), we obtain the following expression: 

𝑑𝜙𝑏

𝑑𝑧
= NA. (29) 

Thus, the solution of Eq. (29) is: 

𝜙𝑏(𝑧) = NA𝑧 + 𝜙0, (30) 

where the constant of integration 𝜙0 is the reference value of the nanoparticle volume fraction [40].  

Integration of Eq. (22) yields the following result:  

𝑛𝑏(𝑧) = 𝐶𝑒Q𝑧 , (31) 

where the integration constant 𝐶 is given by  

𝐶 =
𝑛 ̃Q

𝑒Q − 1
, (32) 

and 𝑛̃ is the mean concentration of microorganisms, follow the definition given by Kuznetsov [12], 

𝑛̃ = ∫ 𝑛𝑏(𝑧)
1

0

𝑑𝑧. (33) 

Kuznetsov [39] noted that 𝑛𝑏(𝑧) may be normalized so that its integral over the layer, ∫ 𝑛𝑏(𝑧)
1

0
𝑑𝑧, 

equals unity (see Eq. (9)). This normalization ensures that the total number of microorganisms within the 

layer remains unchanged, whereas variations in 𝑛𝑏(𝑧) represent only changes in their spatial distribution. 

Thus, the exact solution for microorganisms’ concentration can be written as: 

𝑛𝑏(𝑧) =
Q 𝑒Q𝑧

𝑒Q − 1
. (34) 

Finally, the pressure profile −𝑝𝑏 can be acquired by substituting Eqs. (28), (30) and (34) into Eq. (19) and 

performing integration along (0, 𝑧) domain of 𝑧-axis, we obtain:  

−𝑝𝑏(𝑧) = Rm 𝑧 − Ra (𝑧 −
𝑧2

2
) + Rn (

NA𝑧2

2
+ 𝜙0 𝑧) +

Rb

Lb
(

𝑒Q𝑧 − 1

𝑒Q − 1
). (35) 

Since the present formulation employs the revised zero-nanoparticle flux boundary conditions 

proposed by Nield and Kuznetsov [40], the obtained temperature and nanoparticle concentration profiles are 

consistent with the corresponding results reported in [40] under the same boundary condition framework. In 

addition, the exact solution for microorganism concentration is consistent with that given by Kuznetsov [39], 

since the governing basic-state equation for gyrotactic microorganisms has the same form. Hence, the 

thermal, nanoparticle, and microorganism basic-state profiles each agree with the appropriate existing 

formulations. By contrast, the pressure profile 𝑝𝑏(𝑧) is formed from the combined contributions of these 

exact solutions through Eq. (19) and is therefore not expected to coincide exactly with results derived under 

different model assumptions or boundary-condition settings. Accordingly, the validity of the present pressure 

expression is confirmed by direct substitution into the reduced governing equations and by exact satisfaction 

of all imposed boundary conditions.  

Moreover, the pressure values reported in the subsequent tables and figures are evaluated directly 

from the exact analytical expression in Eq. (35). Hence, the small percentage variations observed later reflect 

the true analytical sensitivity of the model under the chosen parameter values, rather than numerical 

approximation errors. 

3.2 Estimation of the Values for Dimensionless Parameters 

Before proceeding with the analysis of how the principal parameters influence the basic-state profiles, 

it is necessary to determine the representative values of the dimensionless parameters defined in Eq. (17). 
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Based on Buongiorno [10], the physical properties of the alumina–water nanofluid employed in this study 

are listed in Table 1. 

Table 1. Values for Physical Parameters at 300K 

Parameter Value Unit 

𝜙̅0 0.01 - 

𝜌𝑓0 103 kg m−3 

𝜌𝑛𝑝 4 × 103 kg m−3 
(𝜌𝑐)𝑛𝑝 3.1 × 106 J m−3 
(𝜌𝑐)𝑓 4 × 106 J m−3 

𝛼𝑓 2 × 10−7 m2 s−1 

 𝐷𝐵 4 × 10−11 m2 s−1 
 𝐷𝑇 6 × 10−11 m2 s−1 
𝜇 10−3 Pa s 
𝛽 3.4 × 10−3 K−1 
𝑇𝑐̅ 300 K 
Δ𝑇 1 K 

Table 2 shows the estimate values of physical parameters for gyrotactic microorganisms, which we refer to 

Hill et al. [4] data for algae Chlamydomonas nivalis: 

Table 2. Physical Parameters for Gyrotactic Microorganisms 

Parameter Value Unit 

𝐷𝑚 5 × 10−8 m2 s−1 

𝑊𝑐  10−4 m s−1 

∆𝜌 50 kg m−3 
 𝑛̅avg 1012 cells m−3 

𝜃̅ 5 × 10−16 m3 
𝐻 2.5 × 10−3 m 

Using the physical quantities given in Table 2, the values of the dimensionless parameters in  

Eq. (17) are given by Table 3: 

Table 3. Calculated Dimensionless Parameters 

Parameter Value 

Pr 5.0 

Le 5000 

Lb 4.0 
Q 5.0 
Ra 2605.781250 
Rm 789398.437500 
Rn 22992.187500 
Rb 76.640625 
NA 0.50 
NB 0.007750 
𝜙0 0 

The value of 𝜙0 in Eq. (30) becomes zero after applying the nondimensionalization based on Eq. (9). 

Fig. 2 (a) shows the graphs of 𝑇𝑏(𝑧), and  𝜙𝑏(𝑧), Fig. 2 (b) presents the graph of 𝑛𝑏(𝑧) and Fig. 2 (c) presents 

the graph of −𝑝𝑏(𝑧) for these parameter values. Figure 2 (a) shows that the temperature profile 𝑇𝑏(𝑧) 

decreases linearly from the lower boundary to the upper boundary, while the nanoparticle concentration 

profile 𝜙𝑏(𝑧) increases linearly with height. The linear increase in 𝜙𝑏(𝑧) is attributed to thermophoresis 

effect which drives nanoparticles away from the heated bottom wall (𝑧 = 0) toward the cooler top wall (𝑧 =
1). Fig. 2 (b) shows that the basic-state microorganism concentration 𝑛𝑏(𝑧) behaves monotonically with 

height and becomes sharply larger near the upper boundary due to its exponential dependence on 𝑧. This 

behaviour reflects the upward migration of gyrotactic microorganisms, leading to cell accumulation near the 

top of the layer [4]. Fig. 2 (c) shows that the basic-state pressure profile, −𝑝𝑏(𝑧), increases almost linearly 

from the lower boundary to the upper boundary, attaining its maximum value at 𝑧 = 1. These basic-state 
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profiles highlight the distinct physical roles of heat transfer, nanoparticle transport, microorganism 

swimming, and hydrostatic pressure distribution in the finite-depth configuration. These Fig. 2 were produced 

using Python coding with the matplotlib library. 

 
(a) 

 
(b) 

 
(c) 

Figure 2. Basic-state Profiles for (a) 𝑇𝑏(𝑧) and 𝜙𝑏(𝑧); (b) 𝑛𝑏(𝑧); (c) −𝑝𝑏(𝑧) 

In accordance with the methodology adopted by Kuznetsov [39], the base-state profiles are examined 

parametrically by varying the bioconvection Péclet number Q, the bioconvection Rayleigh number Rb, and 

the thermal Rayleigh number Ra. Overall, this parametric study is intended to distinguish the relative roles 

of microorganism swimming, microorganism-induced buoyancy, and thermal-thermophoretic effects in 

shaping the steady basic-state structure. In addition, we also vary the modified diffusivity ratio NA to further 

explore its effects, as both Ra and NA are directly influenced by temperature variation. In contrast, varying 

parameters such as NB, Rm, Rn, and Lb would require adopting different nanoparticles with distinct physical 

properties, adjusting the base state concentration 𝜙0, and selecting different types of microorganisms (in the 

case of Lb). However, increasing 𝜙0 beyond 0.01 is generally unrealistic for practical nanofluid applications, 

as Buongiorno [10] noted that most nanofluid studies maintain 𝜙0 < 0.05 to preserve the dilute mixture 

assumption and ensure suspension stability.  

3.3 Effects of Péclet Number 𝐐 

First, we examine different values of Q, which are 0.1, 1, and 10 while other parameters are set as fixed 

values (see Table 3). According to Kuznetsov [39], Q = 0.1 refers to slowly swimming algae that has small 

𝑊𝑐, Q = 1.0 refers to intermediate swimmers that has intermediate 𝑊𝑐, and Q = 10 refers to fast swimmers 

that has large 𝑊𝑐. Fig. 3 shows how microorganism concentration 𝑛𝑏(𝑧) changes with different values of Q, 

which measures swimming strength. For Q = 0.1 , the concentration is almost uniform. With Q = 1.0 , 

microorganisms start to gather near the top. For Q = 10 , the concentration rises sharply near the top 

boundary, meaning microorganisms strongly swim upward and accumulate there. Physically, this means that 

the Péclet number mainly controls the redistribution of microorganisms rather than the hydrostatic pressure 

field. 
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Figure 3. Effect of Q on 𝑛𝑏(𝑧) 

The changes in Q have a minimal effect on the pressure profile −𝑝𝑏(𝑧), as shown in Table 4. As Q 

varies from 0.1, 1.0, and 10, the pressure values at each height remain almost unchanged, with percentage 

differences ranging from 10−4% to 10−3%. The magnitude of this reduction is extremely small and indicates 

that the basic-state pressure is genuinely only weakly sensitive to variations in Q within the present parameter 

regime. This is because although Q significantly affects microorganism concentration 𝑛𝑏(𝑧), its impact on 

pressure is indirect and limited by the relatively small contribution of the pressure term involving 
Rb

Lb
(

𝑒Q𝑧−1

𝑒Q−1
) 

in Eq. (35). Hence, the basic-state pressure may be regarded as effectively independent of the swimming 

strength parameter Q, with pressure remaining largely governed by other dominant terms such as the thermal 

and bulk buoyancy effects. At 𝑧 = 1, the pressure value is the same for all Q because the Q-dependent 

contribution cancels out in the final expression of Eq. (35). 

Table 4. −𝒑𝒃(𝒛) for different 𝐐 values 

𝒛 −𝒑𝒃(𝒛) Percentage Change (%) 

Q = 0.1 Q = 1.0 Q = 10 Q = 1.0 vs Q = 0.1 Q = 10 vs Q = 1.0 

0.00 -0.0000 -0.0000 -0.0000 0 0 

0.25 197143.4596 197142.0148 197138.8574 7.3310-4 2.3310-3 

0.50 395168.4031 395166.2962 395159.1907 5.3310-4 2.3310-3 

0.75 594074.8336 594073.0999 594062.2165 2.9210-4 2.1210-3 

1.00 793862.7539 793862.7539 793862.7539 0 0 

3.4 Effects of Bioconvection Rayleigh Number 𝐑𝐛 

Next, we examine the effects of bioconvection Rayleigh number Rb on the pressure profile −𝑝𝑏(𝑧). 

As mentioned by Kuznetsov [39], Rb  can be controlled by adjusting the cell concentration within the 

nanofluid suspension. We consider three different values of Rb: 0, 50, and 100, following the approach of 

Kuznetsov [39], while keeping all other parameters fixed as previously defined (see Table 3). It is observed 

from Table 5, as the value of Rb increases, the pressure −𝑝𝑏(𝑧) at each height 𝑧 becomes marginally larger. 

This is due to the stronger buoyancy effect from the microorganisms, represented by 
Rb

Lb
(

𝑒Q𝑧−1

𝑒Q−1
) in Eq. (35), 

which contributes to an increase in fluid pressure throughout the layer. In other words, a larger microorganism 

concentration effect leads to a modest strengthening of the hydrostatic pressure field through microorganism-

induced buoyancy. 

However, similar to the variations observed for Q, the corresponding percentage changes ranging from 

10−4% to 10−3%, indicating that the effect is extremely small in magnitude and shows that the basic-state 

pressure is also weakly sensitive to variations in Rb over the present range. The overall trend of pressure 

increasing with height remains unchanged in all cases. 
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Table 5. −𝒑𝒃(𝒛) for different 𝐑𝐛 values 

𝒛 −𝒑𝒃(𝒛) Percentage Change (%) 

Rb = 0 Rb = 50 Rb = 100 Rb = 50 vs Rb = 0 Rb = 100 vs Rb = 0 

0.00 -0.0000 -0.0000 -0.0000 0 0 

0.25 197138.8477 197139.0588 197139.2700 1.0710-4 2.1410-4 

0.50 395159.0625 395160.0107 395160.9590 2.4010-4 4.8010-4 

0.75 594060.6445 594064.1653 594067.6861 5.9310-4 1.18510-3 

1.00 793843.5938 793856.0938 793868.5938 1.57510-3 3.14910-3 

3.5 Effects of Thermal Rayleigh Number 𝐑𝐚 and Modified Diffusivity Ratio 𝐍𝐀 

Furthermore, we examine the effect of the thermal Rayleigh number Ra and modified diffusivity ratio 

NA on the pressure profile −𝑝𝑏(𝑧). Kuznetsov [39] pointed out that Ra can be controlled by changing the 

temperature difference between two boundaries of upper and lower layers (Δ𝑇 term on Ra in Eq. (17)). 

Similarly,  NA  is also influenced by temperature difference. We consider three different scenarios with 

temperature differences of 1K, 2K, and 3K. Thus, this corresponds to three different Ra values, which are 

2605.7813, 5211.5625, and 7817.3438 and three different NA values of 0.5, 1.0, and 1.5, respectively, while 

the other parameters are kept fixed as previously defined (see Table 3).   

Table 6 shows that the variations in the Rayleigh number Ra and the modified diffusivity ratio NA 

produce the most noticeable changes in the pressure profile when compared with the cases of Q and Rb. This 

indicates that thermal buoyancy and thermophoretic transport play the dominant role in determining the 

steady basic-state pressure distribution. Physically, a larger temperature difference strengthens the thermal 

driving force across the layer, while a larger NA enhances the contribution of thermophoretic nanoparticle 

transport. As a result, the pressure profile becomes more strongly affected by thermal and nanoparticle 

transport mechanisms than by microorganism swimming alone. Although the response is not strictly uniform 

at every vertical position, the overall pressure variation becomes increasingly pronounced as the temperature 

difference increases. Nevertheless, the pressure profiles retain an approximately linear growth with respect 

to 𝑧, which is characteristic of the basic state behaviour under steady nanofluid bioconvection conditions. 

Table 6. −𝒑𝒃(𝒛) for different 𝐑𝐚 and 𝐍𝐀 values 

𝒛 −𝒑𝒃(𝒛) Percentage Change (%) 

Δ𝑇 = 1K 

Ra = 2605.7813 

NA = 0.5 

Δ𝑇 = 2K 

Ra = 5211.5625 

NA = 1.0 

Δ𝑇 = 3K 

Ra = 7817.3438 

NA = 1.5 

Δ𝑇 = 1K 

vs 

Δ𝑇 = 2K 

Δ𝑇 = 1K 

vs 

Δ𝑇 = 3K 

0.00 -0.0000 -0.0000 -0.0000 0 0 

0.25 197139.1713 196928.4096 196717.6479 -1.0710-1 -2.1410-1 

0.50 395160.5160 395620.3597 396080.2035 1.1610-1 2.3310-1 

0.75 594066.0413 596077.8577 598089.6741 3.3910-1 6.7710-1 

1.00 793862.7539 798307.9102 802753.0664 5.6010-1 1.12 

In short, the results indicate that the steady hydrostatic pressure field is governed mainly by thermal 

buoyancy and thermophoretic nanoparticle transport, whereas microorganism swimming primarily controls 

the vertical redistribution and accumulation of cells within the layer. 

4. CONCLUSION 

This study presented a basic-state analysis of nanofluid bioconvection with gyrotactic microorganisms 

under zero-nanoparticle flux boundary conditions proposed by Nield and Kuznetsov [40]. The governing 

equations for the problem were nondimensionalized and solved analytically under the assumption of a 

quiescent (zero-velocity) basic state. The focus of this study is investigating how key physical parameters 

affect the pressure profile within the bioconvective nanofluid in a finite-depth configuration. 

Overall, the results suggest that the steady basic-state structure is governed primarily by thermal and 

thermophoretic effects, while microbial swimming primarily affects the spatial redistribution of 

microorganisms. Physically, this indicates that microorganism activity plays a more significant role in 

concentration patterning than in modifying the background hydrostatic pressure field under steady conditions. 

The swimming strength parameter Q significantly affects microorganism accumulation near the top boundary 
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but has minimal influence on the pressure profile. Similarly, increasing the bioconvection Rayleigh number 

Rb slightly raises the fluid pressure as it amplifies microorganism-induced buoyancy. In contrast, both the 

thermal Rayleigh number Ra and the modified diffusivity ratio NA  lead to noticeable pressure increases, 

hence, enhance buoyancy-driven convection and thermophoretic effects. The pressure profile remains nearly 

linear in all cases, consistent with the nature of the steady basic state.  

The present findings provide useful physical insight into the role of zero-nanoparticle flux boundary 

conditions in finite-depth nanofluid bioconvection. In particular, the analytical basic-state solutions obtained 

here establish a foundation for future linear stability analysis, where the onset of convection, critical 

instability conditions, and possible pattern formation can be investigated under zero-nanoparticle flux 

boundary conditions. 
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