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1. INTRODUCTION

The rapid evolution of thermal systems across numerous industrial sectors has heightened the demand
for advanced heat transfer fluids with superior thermal conductivity. In recent years, tetra-hybrid nanofluids,
composed of four distinct nanoparticles suspended in a base fluid, have attracted significant interest due to
their exceptional thermal, electrical, and chemical properties. The study by Mahariq et al. [1] found that tetra-
hybrid nanofluids exhibit superior heat transfer performance compared to conventional single-component
nanofluids. While the heat transfer rate of the tetra-hybrid nanofluid exhibited a 1.36% improvement
compared to a conventional nanofluid, highlighting the superior thermal efficacy of Titanium dioxide (TiO),
Copper (Cu), silver (Ag) and gold (Au) as tetra-hybrid nanofluids, particularly under radiative conditions, is
reported by Zainab et al. [2]. Moreover, research in Fe;Os-Cu-TiOz-CoFe,O4/sodium alginate has been
carried out by Okash et al. [3], who demonstrated that an upsurge of the Stefan blowing parameter surpasses
in enhancements within the mass and heat transfer rates as well as in velocity profile, while simultaneously
causing reductions in both concentration and temperature profiles, indicating the significant influence of
surface mass flux on transport characteristics. The findings of Rafique et al. [4] indicate a dual behaviour of
the velocity profile, influenced by shrinking/stretching curvature, whereas the temperature increases
consistently across both regimes. Meanwhile, an increment of 0.1 in the magnetic parameter results in a
notable 1.4% improvement in the heat transfer ratio and a 17.3% growth within the skin friction coefficient,
using TiOy, silicon dioxide (SiOz), Cu and alumina (Al.QOs3) as the tetra hybrid nanofluid is conveyed by
Khashi’ie et al. [5]. Despite all the reports mentioned, one such combination, involving graphene oxide (GO),
Ag, copper oxide (CuO), and Al:Os in ethylene glycol (EG) as the base fluid, has shown great potential for
energy systems, electronic cooling, and biomedical devices. GO bargains elevated surface area and
extraordinary thermal conductivity, making it an effective agent in tetra-hybrid formulations. Nevertheless,
while studies have reported improved heat transfer performance with tetra-hybrid nanofluids such as those
by Arsad et al.[6], Abbas et al. [7] and Galal et al. [8], the literature on GO as a tetra-hybrid nanofluid remains
sparse, particularly in the context of boundary layer flows. The combination of GO, Ag, CuO, and Al20Os in
ethylene glycol is selected to exploit the complementary thermal and stability characteristics of each
component. GO delivers an extraordinary surface area and moderate thermal conductivity with outstanding
dispersion stability. Ag offers exceptional thermal and electrical conductivity, improving heat transfer via
electron transport. CuO offers reasonable conductivity and a high specific heat for energy storage, while
AlOs enhances suspension stability and oxidation resistance. The synergy between carbon-based, metallic,
and ceramic nanoparticles maximises both conductive and convective heat transfer performance, particularly
under magnetohydrodynamic and non-Newtonian flow conditions.

In many engineering applications, fluids exhibit non-Newtonian behaviour due to the complex nature
of materials such as polymers, slurries, and biological fluids. The Cross non-Newtonian fluid model is
adopted by Sajid et al. [9] in their exploration of tetra-hybrid bio-nanofluid flow through a stenosed artery,
incorporating convective heat transfer. Further investigation of other non-Newtonian fluids using the Xue
model has been conducted by Sajid et al. [10]. The Xue model is also used by Abbas et al. [11] to investigate
the flow and heat transfer of the Ellis tetra hybrid nanofluid. Meanwhile, the Phan-Thien-Tanner model is
utilised by Paul and Das [12] to analyse the behaviour of non-Newtonian fluid (blood). There are several
models for the investigation of non-Newtonian fluids that have been shown in the literature, such as the
Yamada-Ota model by Das et al. [13], the tangent hyperbolic model by Amudhini and De [14], and the Jeffry
model by Fatima et al. [15] However, none of them uses the Powell-Eyring model. The Powell-Eyring model,
which stems from kinetic theory, is widely recognised for its ability to capture both shear-thinning and
Newtonian characteristics under limiting conditions, without singularities at zero shear rates. This model has
been successfully applied to simulate non-Newtonian flows in polymer processing, lubrication systems, and
extrusion. Nevertheless, the interaction of Powell-Eyring fluids with tetra-hybrid nanoparticles remains
unexplored.

Furthermore, the use of a magnetic field, commonly referred to as magnetohydrodynamics (MHD),
introduces an additional mechanism for controlling the flow of conducting fluids. In the presence of a
magnetic field, the flow behaviour is influenced by Lorentz forces, which can either suppress or enhance
fluid motion, depending on the configuration. MHD flows of nanofluids have found diverse applications in
metallurgy for controlling molten metal solidification, in nuclear reactor cooling for enhancing heat removal
under magnetic fields, in electromagnetic casting processes, in MHD pumps for biomedical and microfluidic
systems, and in advanced cooling technologies for high-power electronic and aerospace components, where
precise thermal control is essential. The velocity profiles of both hybrid and tetra-hybrid nanofluids are



BAREKENG: J. Math. & App., vol. 20(4), pp. 3403-3422, Dec, 2026. 3405

observed by Khan et al. [16] to exhibit a decreasing trend with an upsurge in the magnetic field strength. The
temperature profile of the tetra-hybrid nanofluid is enhanced by a magnetic field, as reported by Elboughdiri
etal. [17]. A report by Majeed et al. [18] also agreed with the findings of Khan et al. [16] and Elboughdiri et
al. [17]. This phenomenon is explained by Majeed et al. [ 18], who state that when a transverse magnetic field
is applied, it generates a repulsive force that slackens the fluid motion and enhances the thermal profile. Other
researchers have also reported significant findings on the application of a magnetic field to a tetra-hybrid
nanofluid, including Gomathi and Poulomi [19], Yuan et al. [20] and Kumar et al. [21], to name a few. Basha
etal. [22] investigated various fin placements in a hybrid nanofluid MHD flow and found that higher Rayleigh
and Hartmann numbers, with 5% hybrid nanofluid, reduce heat transfer by 110%. The inclined MHD,
together with nanoparticle concentration and heat source/sink, has a major influence on heat transfer, as
suggested by Thirumalaisamy and Reddy [23]. The combination of MHD and a nanoparticle concentration
of about 5% can increase the heat transfer ratio, as reported by Thirumalaisamy et al. [24]. Previously, a
ternary hybrid nanofluid based on kerosene and the effect of MHD was reported to have increased the heat
transfer rate by almost 38%, as reported by Kim et al. [25].

Joule heating, which appears because of the conversion of electrical energy into thermal energy in
conductive fluids, further complicates the energy equation in MHD flows. In high-temperature systems or in
the presence of electrical current, this phenomenon cannot be neglected. The inclusion of joule heating in
nanofluid models has proven critical for improving simulation accuracy in microelectronic cooling, MHD
pumps, and electroconductive fluid applications. Research on angioplasty is conducted by Paul et al. [26]
involving a balloon catheter and nanoparticles in arteries under the influence of Joule heating with a tetra
hybrid nanofluid, revealing that an increase in the catheter’s height enhances blood velocity in the central
annular region. In contrast, a dense interfacial nanolayer leads to a reduction in both blood temperature and
heat transfer. While temperature and velocity profiles are observed by Mumtaz et al. [27] being dominated
by the specific type of nanofluid employed, highlighting the critical role of nanofluids in the presence of a
magnetic field and heat source/sink for optimising both heating and cooling applications. A growth in the
Eckert number (Ec) is noted by Swami et al. [28] surpassing in an upsurge within the temperature profile,
attributed to intensified viscous dissipation that generates additional thermal energy within the fluid. In
contrast, a decline in the temperature profile with the rise of both the Prandtl number and the intensity of the
heat source is detected by Lakshmi and Murty [29]. However, several studies have accounted for joule heating
in nanofluids, for example, in a ternary hybrid nanofluid by Wang et al.[30], Tanveer et al. [31], and Igbal et
al. [32], while hybrid nanofluid by Safa et al. [33], its impact in the context of tetra-hybrid nanofluids with
non-Newtonian behavior has not yet been systematically addressed. However, the synergistic impact of
quaternary nanoparticle interactions within a non-Newtonian (Powell-Eyring) framework under the
simultaneous influence of Joule heating and thermal radiation remains unexplored. This study fills this critical
gap by providing a more sophisticated mathematical model that accounts for the combined shear-
thinning/thickening characteristics and the enhanced electrical conductivity of the GO-Ag-CuO-Al,O3
suspension, which are essential for predicting precise thermal behaviors in high-energy MHD systems.

The findings of this study offer a direct contribution to the design of next-generation thermal
management systems. For instance, integrating Joule heating and tetra-hybrid conductivity enables more
accurate efficiency predictions for power conversion systems using conductive fluids in MHD power
generators. While for advanced microelectronics, the Powell-Eyring parameters and nanoparticle
concentration influence on cooling rates are identified, the work provides a roadmap for preventing thermal
runaway in high-density processors. Moreover, in precision metallurgy, the ability to control the velocity
profile through magnetic field modulation in a tetra-hybrid medium facilitates more uniform cooling in metal
extrusion and polymer coating processes, directly improving product structural integrity.

Based on the preceding literature, it is evident that the synergistic role of carbon-based (GO), metallic
(AQ), and ceramic (CuO, Al;Os) nanoparticles in a quaternary suspension remains under-researched. The
primary novelty of this work lies in the integration of the Powell-Eyring non-Newtonian framework with a
GO-Ag—CuO-ALOs/EG tetra-hybrid nanofluid under the simultaneous influence of MHD, Joule heating,
and thermal radiation. While separate components of these phenomena have been studied, their combined
impact over a shrinking surface—particularly regarding the conversion of electrical energy into thermal
energy—nhas not yet been addressed. This research aims to fill this gap by developing a robust mathematical
model solved via the MATLAB [34] bvp4c solver. The resulting insights into velocity, temperature, and
transport coefficients provide critical design parameters for high-performance thermal management in
electronics, advanced energy systems, and industrial cooling processes.
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2. RESEARCH METHODS

2.1 Mathematical Modelling

Assume that a tetra hybrid nanofluid consisting of graphene oxide (GO), silver (Ag), copper oxide
(CuO) and alumina (Al>0s) are uniformly dispersed and diluted with ethyl glycol (EG) is incompressible and
steady (laminar) flowing over a horizontal shrinking sheet as shown in Fig. 1. x represents the horizontal
Cartesian coordinate measured along the surface of the shrinking sheet, starting from the stagnation point and
y represents the vertical Cartesian coordinate measured the normal (perpendicular) to the surface. Referring
to Waini et al.[36], the surface velocity is known as u,, = ax'/3 where «a is a positive constant, and the mass
velocity is denoted as v,,, while the far-field velocity is known as u, = ex/3. It is also presumed that the
surface temperature noted as T,, = Tox?/3 + T,, as T, and T, are the far-field and reference temperature,
respectively. The effects of the magnetic field given as B, = Box~1/3 is non-uniform and depends on the

axial position to ensure the existence of a similarity solution, and radiative heat flux follows the Rosseland

* 4 - - - -
:Z) %, where the temperature difference within the flow is assumed to be
sufficiently small such that T# = 4T3T — 3T with B, is a magnetic strength constant, o * denoted as Stefan-

Boltzmann and k * known as Rosseland mean absorption are considered in the system.

approximation, g, = —(

Ya
GO-Ag-CuO-Al,05/EG °
o
o ° °
° o
© o
[ o o
° o
> —»S
B — — Bx
A - | Vw Vw T ©
T T, o 4 w T
'®) > X
U, T Uy,

Stagnation point
Figure 1. lllustration of The Flow Model

Based on the assumption above, the governing equations in [35] with the appropriate boundary conditions
(BC) [36] involved in the system are given by

Ju 4 ov 0 1)
ox  ay
udu  vou du, 0%u 1 0%u 1 ou\® 0%u  OrepnsBE
—+—=ue—+ VTehnf_2+—_2_—3(_) —2——u,
dx  ady dx 0y* " PreansBE 0y*  2prennrBe’ \0y/ 0y*  Prepns (2)
BCu=M2, , v=7v,, at y=0,u-u,,as y — o,
ﬂ + 176_T — kTehnf aZ_T Hrenns (a_u>2 _ 1 % O-Tehnfo u?
0x 9y (pcp)Tehnf oy* (pcp)Tehnf 9y (pcp)Tehnf dy (pcp)Tehnf (3)

BC. T=T,, at y=0, T->T, as y — oo.

The parameters associated with Eqs. (1)-(3) are u and v will known as velocity components in x and y axes,
and the remaining parameters are listed in Table 1.
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Table 1. Parameters Associated with Egs. (1)-(3)

Symbol Parameter Unit (SI)
VTehnf Kinematic viscosity m_2
. S
Prennf Density kg
m3
B Powell-Eyring fluid parameter (dimensionless) -
€ Powell-Eyring fluid parameter (Material constant) st
Orehns Electrical conductivity S
m
krenns Thermal conductivity w
] ] m-K
(pcp)Tehnf Heat capacity (volumetric) 3]
- - - m ’ K
UTehns Dynamic viscosity kg

A Stretching (4 > 0) / Shrinking (1 < 0) -

The subscript Tehnf stands for tetra-hybrid nanofluid which is representing the composite properties of the
Ag (¢1), AlOs (¢2), CuO (¢3), and GO (¢,) as well as the total concentration ratio for tetra-hybrid
nanofluid is given as @repns = ¢, + P, + P5 + @,.

2.2 Tetra Hybrid Nanofluid

The mathematical framework of this study is built upon several physical assumptions. A primary
limitation is the neglect of velocity and thermal slip between the nanoparticles and the base fluid, assuming
a perfect continuum. Furthermore, the model assumes negligible inter-particle interactions and a
homogeneous distribution of the quaternary phases (GO, Ag, CuO, and Al;O3). In practical applications,
however, the varying surface charges and morphologies of these four distinct materials may lead to
nanoparticle agglomeration or sedimentation over time. Despite these simplifications, the chosen
combination offers unique synergistic benefits: GO provides ultrahigh thermal conductivity, Ag offers metal-
level heat transfer enhancement, CuO serves as a stable conductor, and Al>Os acts as a structural stabilizer to
minimize sedimentation. These properties, quantified in Table 2, provide a high-performance theoretical
baseline for tetra-hybrid nanofluid behavior.

Table 2. Related Formulas for Thermophysical Properties of Tetra Hybrid Nanofluid.
Tetra Hybrid Nanofluid [26]

Thermophysical

Properties
U Hrennf _ 1
s (1= ¢1)%5(1 = ¢2)25(1 — ¢p3)?5(1 — )25
p
Prenns —(1_ _ _ _ P101 b202 $3p3 Dspa
or A=) A—92)| A—92) ((1 b)) + or ) + or + or + or
o Orenns _ ((1 +2¢,)o, + (1 — 2¢4)0thnf) Othnf
of (A= ¢a)on+ A = b)opnny ) oF

O-thnf _ ((1 + 2¢3)03 + (1 - 2¢3)0hnf) Uhnf
of (1= ¢3)os + (1 — ¢3)0pns or
Opnf ((1 + 2¢,)0o, + (1 — 2¢2)O-nf)% Ons _ ((1 +2¢1)o + (1 - 2¢1)0f>
of (A= ¢)oy + (A = ¢y)ons ) oF ' of (1-¢1)o + (A —¢y)og
k krenns _ <k4 + 2kepns — 2¢4(krhnf - k4)) kenns
kf ks + Zkthnf + ¢4(kthnf - k4) kf ‘
ktnng _ (k3 + 2kpny — 2¢3(khnf - k3)) Fenng
kg ks + 2kpny + ¢3(khnf - k3) kp
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Thermophysical Tetra Hybrid Nanofluid [26]

Properties
Knny _ (kz + 2knp — 2¢,(kny — kz))@ L <k1 + 2k — 2 (ks — kl))
ks ko + 2knp + ¢y (knp — k2) ) k" ke ky + 2ks + ¢y (ks — k)
" (rcy)
pc
Corlvans _ (1 g (g (= g [ 1= g + 2L ) | 2206,
(pcp)f (pcp)f (pcp)f

4 ¢3(pcp)3\| 4 ¢4(pcp)4
(pcp)f / (pcp)f

The values incorporated with the tetra nanoparticles thermophysical properties are given as Table 3.
All the values tabulated are at temperature of 300K.

Table 3. The Values for Thermophysical Characteristics of GO, Ag, CuO, Al,O3 and EG at 300K ( [35] - [40]).

Properties GO Ag CuO Al203 Ethylene Glycol
References [35] [38] [40] [37] [35], [39]
Dynamic viscosity (kgm™!s™1) - - - - 0.0159
Density (kgm™3) 1800 10490 6310 3880 1113
Electrical conductivity (Sm™1) 1.0 x 1078 6.30 x 10”7 1.5 x10% 1.0 x 10712 1.7 x 1075
Thermal conductivity (Wm™1K 1) 72 429 33 36 0.256
Specific Heat capacity (Jkg~*K~1) 531 235 532.7 773 2433

3. RESULTS AND DISCUSSION

The governing equation complexity is then scaled down using similarity variables to reduce the
governing equations into third-order ordinary differential equations (ODEs). Then, the higher-order ODEs
will be reduced into first-order ODEs to solve using the bvp4c solver in MATLAB. The solutions will be
validated by comparing them with previously established results in the literature. The skin friction coefficient

Re;/ZCf, local Nusselt number Re;l/zNux, velocity f'(n) and temperature 8(n) analysis will be carried out
and discussed further.

3.1 Reduced Ordinary Differential Equations

The similarity variables given as Waini et al. [36]

2 T —Tsx y a
W= Jay s fm, 9= —e, 1= | 4)
w (o)

1
X3

3

with vy is the kinematic viscosity of base fluid, n and ¥ are similarity variable (dimensionless) associated
with stream function W. Utilizing Eq. (4), the velocity components are then becoming

oY 13 1) oY _% 2 o 1 ‘o .
u=gy = ax ), v=—ge= —jayx s (3 f) =g n i) ) (5)
. . . . u 1 —Z 7 17 ou
where the derivative for all parameters associated with Eqgs. (1)-(3) are LT ax (f' = f''n), %> =
& 62_”_“_2 -1/3 g1 v _ 1 -2 r_ my 0T _ 1 _2 a g
a\/v:f»ayz_vfx 5= saxs (f nf"), o= —3Toyx3 vfﬁ_|_

2 1 9T a
STox309,— =Ty x'/3 /— 9.
3 ay v



BAREKENG: J. Math. & App., vol. 20(4), pp. 3403-3422, Dec, 2026. 3409

Based on Aminuddin et al. [35], the expression f(n) —% n f'(n) can be simplified as S, when its
positives known as suction while when its negatives known as injection. Hence, the mass velocity on the
sheet represents as v,, = —% \/a_vfx_% S. Substituting Eqgs. (4) and (5) into the governing Eqgs. (1)-(3), the
resultant equations as follows,

1 A1 f fZII 2 A3 2 1 2 (6)
_r-z_l__ moy 2 g 2 gment __ 2y "' T) 4 — n___ f£r =0’
LR A w A AR G VS U ¥/
BC: f(0)=S, f'(0)= A asn=0,f'(n) »T asn - oo,
A L g Mg 2R A e 7 2% Mperp + 2 M ECT?
A Pr 2 BT s By 2, MEe fm =2 - MECTf "+ M Ec
2 2
- § 19f + § 1.9 f = 0, (7)
BC: 9(0)=1 asn=0,9(n) >0 asn— oo.
The parameters associated with Egs. (6)-(7) are:
1 a3 HfCp
= ’ o = A , pr — f’ Alz.uTehnf’
prEVf 2¢€ Vf kf ‘Llf
o k (Pcp)
Az _ pTehnf ’ A3 _ Tehnf, A4 _ Tlihnf ) s = Tehnf ) (8)
Pr i 1 (pcp),
a’ 40 * TS orB§ £
EC:TC ’ k= Kk, '« 'an'
0oCp f Pr

The values for tetra hybrid nanofluid parameters A,, A,, A3, A4, A5 can be calculated using the formula given
in Table 2 which are different from Takabi and Salehi [41].

The significant engineering quantities namely Nusselt number Nu, and skin friction Cr are expressed as

Waini et al. [36],
(s ) e (32
UTennf Be) oy~ 6Be3 \dy

Ce = Tw _ y=0
I pTehnfua/ pTehnful%v ’
©)
oT
X [_kTehnf (a_) + (Qr)y=0]
Nu. = X qw — y y=0
* kTehnf(Tw - Too) kTehnf(Tw - Too) '
with wall shear stress is noted as t,, and heat flux denote as q,,. Hence, after substituting Eqs. (4) and Eq. (5)
into £0. (9) will produce Rey/*C; as well as Re “/*Nu,. along with local Reynolds number Re, = =2 s
f
follows,
A 1é{w _ 4 10
Rey/*C; = (—1f”(0) + if”(O) _L8m (0)), Re;'/*Nu, = — [A4 + —R] o). 19
A, A, 34, 3

3.2 Numerical Approach

As we can see from Eqgs. (6)-(7), the transformed ODEs are nonlinear and coupled which it makes more
complex to solve using analytical method. Hence, it is wise to use the numerical method in solving Eqgs. (6)-
(7). Therefore, in this research, Egs. (6)-(7) are solved using MATLAB software due to the fact that this
software is user-friendly and reliable. Eqgs. (6)-(7) is constructed from implementing the similarity
transformation process which producing a two-point boundary value problem. Since the problem is in two-
point boundary value problem, bvp4c solver is more suitable in solving this problem. The bvp4c solver uses
a 3-stage Lobatto formula (collocation method) with 4t order accuracy. The tolerance chosen to solve this
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problem is RelTol = 10~1° to ensure the accuracy and convergence of the computed solutions. The domain
for this problem is n = 15 to make sure in capturing the asymptotic behaviour of the computed solutions.

Eqs. (6)-(7) are then reduced into first order ODEs to comply with the nature of the bvp4c solver. The
equations constructed as:

d1=f'
d2=f',
d3=f”:
LRI QTR ST LT A3M(d F)+2dd LI -
3 AZ 3 AZ 3 A2 3 3 Az 2 3 1 3 3 2 -
BC dla = S, dZa = A, dzb = F,
d4:19,
d5:l9’,
4 1 d’+A1E d2+41 il d’+A3ME 42— 253 M EcTd +A3ME r2
A pr ST, B9 T3y pr G5 Ty VRO G Tay MEeit Ty MAC (12)
2 2
—3dadyt 5 dsdy =0,

where S is suction/injection parameter, d, is f(0), duq is f'(0), dyp, noted as ' (1), daq 1S9 (0) and dyy
is9(n).

Egs. (11)-(12) yield two possible sets of solutions. To determine which solution is physically
meaningful, a stability analysis is essential. Stability analysis investigates the behavior of the system when
slightly perturbed from the equilibrium state. To determine the physical reliability of the dual solutions, a
stability analysis is performed by considering the unsteady form of the governing equations. Following the
formulation by Waini et al. [36], we introduce a time-dependent dimensionless variable T = ax~2/3t and the
defined perturbed flow are f(n,7) = fo(n) + e V*F(n,7) and 8(n, ) = 6y(n) + e Y*G(n, T) where y is the
unknown eigenvalue. The stability of the steady-state solution (f,, 6,) is determined by the smallest
eigenvalue y;. A positive value (y; > 0) indicates an initial decay of perturbations, signifying a stable flow,
whereas a negative value (y; < 0) indicates growth of disturbances, signifying an unstable flow. Given that
the core similarity structure of the present shrinking sheet model aligns with the established framework in
Waini et al. [36], the first solution is identified as stable, while the second is physically unrealizable.

The model from Eqgs. (11)-(12) are considered radiation, suction and joule heating parameters. R
governs heat transfer by thermal radiation, which can alter the temperature distribution in the boundary layer
while M and Joule heating effect increase fluid temperature through Lorentz forces and Ohmic dissipation.
Meanwhile, Ec viscous heating, while suction reduces boundary layer thickness and enhances heat and mass
transfer rates. The solution obtained from Eqs. (11)-(12) are being compared to Waini et al. [36] and Cortell
[42] for validation. Based on Table 4, the comparison shown our present solutions are similar to Waini et al.
[36] and Cortell [42]. Hence, the solutions are reliable.

Table 4. Comparison of f” (0) with [36]and [42]whenA=1,T=¢é=w=M=0

S [36] [42] Present results
-0.75 - -0.453521 -0.453632072
-0.5 -0.518869 -0.518869 -0.518961864
0 -0.677648 -0.677647 -0.677695754
0.5 -0.873643 -0.873627 -0.873658093
0.75 - -0.984417 -0.984446588

The value of Pr is calculated using following formula [43],

_ HrCpr

To minimize the model's complexity Eqgs. (6)-(7), several parameters are fixed to A = —1.8,T =
1,S =2.0. The concentration for tetra hybrid nanofluid are fixed to ¢; =0.01 (Ag), ¢, =
0.01 (A1,03), ¢3 = 0.01 (CuO) and ¢, = 0.003,0.005, 0.006 (GO). These values are chosen based on Ma
etal. [44] reported that the low volume fraction less than 1% can avoid strong viscosity rise and agglomeration
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while enhancing thermal. GO effectively at low concentration because of large surface area without
destabilizing the suspension is reported by Balaji et al. [45]. The parameters that will be varies are M =
0.0,0.5,1.0,1.5,Ec = 0.1,0.2,0.3,R = 0.0,0.5,1.0,1.5, ¢ =@ = 0.001,0.01,0.1. M was varied from 0 to
1.5 to represent weak-to-moderate transverse magnetic fields typical in MHD cooling and metallurgical
applications and to cover the range most commonly explored in numerical MHD nanofluid studies while Ec
was kept small because the studied configuration (boundary-layer cooling with moderate velocities)
corresponds to low-to-moderate viscous dissipation; such Ec ranges are widely used to study viscous-heating
effects without driving the solution into unphysical high-temperature regimes. Furthermore, R was taken in
the range 0 to 1.5 to represent environments from negligible to moderate radiative transfer (electronics
cooling to higher radiative environments). Finally, &, @ were chosen within small-to-moderate values to
capture realistic non-Newtonian shear-thinning behavior observed in polymeric and rheological fluids, while
ensuring the model remains physically valid and the numerical solver remains stable. These ranges are

consistent with prior numerical studies on Powell-Eyring nanofluid flows and allow direct comparison with
literature results.
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Figure 2. The Values of Re,’*C; for Several Parameters

The Powell-Eyring fluid model accounts for non-Newtonian characteristics in a flow and governs the
degree of the non-linearity. As shown in Fig. 2, a growth in the Powell-Eyring parameter (¢) from 0.1to 1.5
results in a remarkable increase about 10% in Re;/ZCf at the surface. Physically, a higher & implies that the
fluid behaves less viscously near the wall, which enhances the fluid’s resistance to motion. The presence of
the Powell-Eyring nonlinearity reinforces this resistance by making the velocity gradient steeper near the
wall. The increased Re;/ ZCf denoted a closer and dense boundary layer, exclusively when combined with
suction and magnetic effects.

A rise in magnetic parameter (M) from 0.0 to 1.5 manages to a major growth about 56% in the Re;/ch,
as reflected in Fig. 2. This behavior can be physically attributed to the Lorentz force, which is created when
an electrically conducting fluid flows through a magnetic field. This force turns a contrary to the direction of
fluid motion, thereby increasing the resistance to flow. As a result, an extreme velocity gradient develops
near the wall, which increases the shear stress, and consequently, the skin friction. The presence of M
amplifies shear near the wall by intensifying the non-linear velocity gradient. This leads to a combined effect

that enhances wall shear stress and Re,’ 2C; even further.

From Fig. 2, the current analysis of MHD GO-Ag-CuO-Al:Os/EG hybrid nanofluid flow past a

shrinking sheet, a slight increase about 0.4% in the Re;/2 Cr is observed as the GO concentration parameter

(¢p4) improves from 0.001 to 0.01 compared to Ag—CuO—A1.Os/EG hybrid nanofluid (when ¢, = 0.0). GO
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is known for its exceptionally high thermal conductivity and large surface area. When added into the base
nanofluid consisting of Ag, CuO, and Al-Os nanoparticles suspended in ethylene glycol, GO contributes to
the enhancement of the effective viscosity and momentum diffusivity of the fluid. This increase in viscosity
leads to greater resistance near the wall, causing a modest rise in shear stress, hence the slight increase in

Re;/ZCf. It is widely known that Ag exhibit extremely high thermal and electrical conductivity which can
promote rapid heat dispersion with less impact towards viscosity rather than GO. While CuO can contribute
to thermal energy storage due to its higher specific heat and Al203 will enhance the suspension stability of
the mixture due to its stability and low cost. The Powell-Eyring fluid non-Newtonian temperament captures
shear-thinning behavior, which is sensitive to changes in nanoparticle concentration. As ¢, rises, the shear-
thinning nature becomes more pronounced due to microstructural interactions among nanoparticles,
marginally increasing near-wall resistance. With significant viscous dissipation, internal energy increases,
will leading to higher temperatures. However, the role of GO in improving heat conduction indirectly stiffens

the velocity gradient near the wall, thus contributing slightly to increased Re;/2 Cy. Though the influence is
minor, it emphasizes the significance of optimizing ¢, to balance the enhancement of thermal performance

with adequate flow resistance in practical applications such as polymer processing, thermal coatings, and
MHD cooling systems.
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Figure 3. The Values of Re,/?Nu,, for Several Parameters
It is eye-catching that varying ¢ from 0.1 to 1.5 will diminuation the Re;I/ZNux about 27% which
exposed in Fig. 3. The fluid displays stronger non-Newtonian behavior when ¢ surges, predominantly boosted
shear-thinning effects. This occurance give impact towards a decrease in the thermal conductivity near the
surface and broader the thermal boundary layer, while further decline in the temperature gradient at the wall.
Hence, the amplified flow resistance exacerbates thermal diffusion supremacy, added to plum the heat
transfer efficiency.

The Lorentz force is generated with the applied M in the conducting fluid, where it used to be like a
resistant body contradictory the fluid motion. Re, 1 ZNux increases about 114% with an increase in the M

from 0.0 to 1.5 as observed in Fig. 3. When stronger magnetic field is present, Re;”ZNux is heighten at the
sheet surface. This magnetic damping effect tends to suppress fluid motion and stabilize the boundary layer
structure, especially near the surface. This suppression is coupled with boundary layer thinning, leading to a
steeper temperature gradient at the wall where the suction is present. As a result, a more uniform and
controlled thermal boundary layer is maintained, allowing the heat transfer rate to improve.

It is found that the Re,zl/zNux intensify by almost 14% with a growth in the ¢, from 0.001 to 0.01

compared to ternary hybrid nanofluid (¢, = 0.0), as exemplified in Fig. 3. This outcome highlights the
important role of GO in improving the thermal performance of the nanofluid. By adding the ¢, in the tetra
hybrid mixture, the thermal conductivity of the nanofluid advances, leading to improve heat transfer from the
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sheet to the fluid. Subsequently, this resulting in a higher wall heat flux, which directly corresponds to a
higher Nusselt number. This is by reason of the superior thermal conductivity and interfacial thermal transport
characteristics of GO, which enable superior heat removal from the surface. Even at very low concentrations,
GO suggestively progresses the nanofluid’s thermal performance due to its high thermal conductivity, large
surface area, and ability to form conductive pathways, which augment heat transfer without triggering large
upsurges in viscosity or stability issues. Notably that the combination of Ag, CuO and Al.Os; enhance further
the characteristics of tetra hybrid nanofluid. Ag always known as the highest thermal and electrical
conductivity enabling rapid heat dispersion with smaller effect on viscosity while CuO contributes thermal
energy storage and stability under heighten temperature and Al,Oz improving the dispersion and long-term
stability suspension.

Fig, 3 demonstrating an increased Ec from 0.1 to 0.4, which characterizes the effect of viscous

dissipation, leads to a substantial enhancement in the Rex_l/zNux, with an estimated intensification of 300%.
This infers that the kinetic energy of the flow is progressively converted into thermal energy due to internal
friction, thereby uplifting the wall heat flux. The incidence of highly thermally conductive nanoparticles such
as GO and Ag further amplifies this effect by facilitating efficient heat conduction away from the heated
region, resulting in a sharper temperature gradient at the wall and consequently a higher heat transfer rate.
These results highlight the vital role of viscous heating in improving heat transfer achievement in nanofluid-
based thermal systems, predominantly under high-speed or high-friction flow conditions.

An augmented the radiation parameter (R) from 0.0 to 1.5 leads to a obvious drop in the Re;l/zNux,

with a reduction of almost 15% is shown in Fig, 3. This result can be ascribed to the dominance of thermal
radiation effects, which tend to redistribute the heat within the boundary layer and lower the temperature
gradient near the wall. As R becomes more substantial, a portion of the thermal energy is radiated away rather
than conducted through the fluid, thereby weakening the conductive heat transfer mechanism. Therefore, the

wall heat flux diminutions, which is imitated in the lower Re, */>Nu,.
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Figure 4. Disparity of Velocity with ¢ = 0.1,0.5,1.0,1.5

Based on Fig. 4, it is perceived that an improve in the & from 0.1 to 1.5 significantly upgrades the
velocity profile. & characterizes shear-thinning behavior without singularity at zero shear rate, effectively
shrinks the apparent viscosity of the fluid as this parameter rises. This decline in resistance facilitates
smoother fluid motion, thereby arising the velocity within the boundary layer. Furthermore, the integration
of GO nanoparticles into the tetra hybrid nanofluid substantially augments this effect. Nonetheless, the
leading stimulate of ¢ and the inclusion of GO clearly explains an upward trend in velocity, proving the
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favourable role of non-Newtonian characteristics and GO-based tetra hybrid nanofluids in developing flow
behavior.
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Figure 5. Disparity of Temperature with ¢ = 0.1,0.5,1.0,1.5

A higher & reduces the effective viscosity, which weakens the internal resistance and enhances thermal
energy diffusion within the boundary layer. It is found that the temperature profile raises with the
enhancement of the Powell-Eyring parameter as depicted in Fig. 5. This leads to a raise in the fluid
temperature near the surface. GO has excellent thermal conductivity and a high surface-to-volume ratio,
enabling it to store and transfer more thermal energy. Furthermore, the inclusion of GO in the tetra hybrid
nanofluid substantially amplifies this thermal effect. As a result, nanofluids with GO exhibit higher
temperature profiles compared to those without GO.
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Figure 6. Disparity of Velocity with M = 0.0,0.5,1.0, 1.5

In Fig. 6, the intensification of velocity profile revealed when improvement in M from 0.0 to 1.5. The
higher temperature arises because the magnetic field interacts with the electrically conducting nanofluid,
which generates a Lorentz force. Furthermore, including graphene oxide (GO) in the tetra-hybrid nanofluid
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boosts the temperature slightly. This small increase is due to GO's high thermal conductivity and its superior
ability to distribute thermal energy throughout the fluid. Ultimately, the results confirmed that M had the
greatest impact on velocity, while GO independently caused a minor temperature increase, separate from any
effects related to the magneto-hydrodynamics (MHD) and the advanced hybrid-nanofluid properties.
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Figure 7. Disparity of Temperature with M = 0.0,0.5,1.0, 1.5

Fig. 7 clearly illustrates that as M increases, so does the temperature profile. This happens because M
contacting the electrically conducting nanofluid enhances the Lorentz force. The resulting Lorentz force then
generates Joule heating, which pumps more thermal energy into the boundary layer and ultimately raises the
temperature. Furthermore, adding graphene oxide (GO) to the tetra-hybrid nanofluid results in higher
temperatures compared to the non-GO version. This is due to the synergistic effect between GO and the
metallic nanoparticles (like Ag, CuO, and Al;O3) in the ethylene glycol base fluid, which collectively
improves the nanofluid's effective thermal conductivity. Overall, the data indicate that a stronger M and the
inclusion of GO work together to boost the temperature distribution within the nanofluid flow.
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Figure 8. Disparity of Temperature with ¢, = 0.0,0.001,0.002,0.003



3416 Zainuddin etal. HEAT AND MASS TRANSFER ANALYSIS ON MHD GO-AG-CUO-AL203/EG NANOFLUID...

From Fig. 8, the observation of a raise for ¢, from 0.0 to 0.003 surpasses an intensification within the
temperature profile along the boundary layer. This behavior can be accredited to the exceptional thermal
conductivity of GO, which enhances the overall heat transport capability of the hybrid nanofluid. When ¢,
increases, the effective thermal conductivity of the tetra hybrid nanofluid improves, allowing more competent
absorption and distribution of thermal energy. As a result, the thermal boundary layer becomes thicker, and
the temperature near the surface increases. Additionally, the non-Newtonian behavior of the base fluid,
modeled using the Powell-Eyring framework, along with the effect of Eckert number (representing viscous
dissipation), thermal radiation, suction, and the shrinking sheet, further modifies the temperature field. The
Eckert number contributes to internal heat generation through frictional heating, while radiation effects and
shrinking dynamics influence the thermal gradient. Suction tends to reduce the thermal boundary layer, but
its impact is offset by the enhanced thermal capacity due to the higher GO content.
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Figure 9. Disparity of Temperature with Ec = 0.1,0.2,0.3,0.4

The analysis showed the amplification for the Ec from 0.1 to 0.4 surpasses in a significant intensify
within the temperature profile, as illustrated in Fig. 9. Ec quantifies the ratio of kinetic energy to enthalpy
and is closely associated with the consequence of viscous dissipation in the flow. As Ec increases, more
Kinetic energy is converted into internal energy due to frictional heating within the fluid layers, ensuing in a
rise in fluid temperature. This phenomenon becomes more pronounced in non-Newtonian fluids such as those
modeled by the Powell-Eyring framework, where shear-thinning effects can enhance internal resistance and
heat generation. Furthermore, the presence of GO in the hybrid nanofluid amplifies the thermal response. GO
possesses outstanding thermal conductivity, and its addition improves the nanofluid’s capacity to retain and
conduct heat, thus leading to higher temperatures compared to flows without GO.
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Figure 10. Disparity of Temperature with R = 0.0,0.5,1.0, 1.5

The effect of R on the temperature profile given in Fig. 10 reveals a non-monotonic behavior: an initial
decrease in temperature is observed up to approximately » = 3, followed by a rise in temperature beyond this
point. This behavior can be attributed to the dual role of radiative heat transfer. At lower values of the
similarity variable », R enhances energy loss from the surface, thus reducing the local temperature. However,
as 7 increases, the accumulated thermal energy due to R begins to diffuse more uniformly throughout the
boundary layer, leading to an overall rise in temperature in the far-field region. This trend is more pronounced
in the presence of GO within the tetra hybrid nanofluid. GO’s superior thermal conductivity improves heat
distribution and energy retention in the fluid, thereby producing a consistently higher temperature profile
compared to the non-GO counterpart.

4. CONCLUSION

Based on the numerical investigation presented in the numerical results, several significant conclusions
can be drawn. The Powell-Eyring parameter notably increases skin friction and velocity, highlighting the
enhanced shear stress and flow rate due to non-Newtonian fluid behavior. Similarly, an intensification in the
magnetic parameter leads to higher skin friction and a modified velocity gradient; this is attributed to the
Lorentz force which, in the context of a shrinking surface, provides a resistive force that assists the boundary
layer in adhering to the sheet, thereby countering the shrinking motion. The inclusion and increasing
concentration of GO within the tetra hybrid nanofluid moderately raises skin friction while significantly
improving both thermal conductivity and flow velocity. In terms of heat transfer, the Powell-Eyring
parameter reduces the Nusselt number, indicating a reduction in the rate of heat transfer, while the magnetic
parameter enhances it. Notably, the Nusselt number increases by approximately 14% with higher GO
concentration, affirming GO’s superior thermal performance. The Eckert number plays a dominant role in
thermal enhancement, with a dramatic 300% increase in the Nusselt number. This surge is physically justified
by the intensified viscous dissipation and Joule heating, which rapidly convert mechanical and electrical
energy into internal thermal energy, creating a steep temperature gradient at the wall. In contrast, a 15%
reduction in the Nusselt number is observed as the radiation parameter increases, indicating radiative cooling
effects. Temperature profiles show a consistent rise with increased Powell-Eyring, magnetic, Eckert, and GO
concentration parameters. To evaluate the specific contribution of GO, a comparative analysis was performed
between the tetra-hybrid mixture and a tri-hybrid (Ag—CuO-AlLOs/EG) baseline. The results indicate that the
inclusion of GO (at ¢,= 0.001) independently raises the Nusselt number by approximately 14% compared to
the tri-hybrid case. Interestingly, radiation causes the temperature to initially decrease up to =3, followed
by a rise beyond that point, illustrating the complex interplay of radiation with thermal boundary layer
behavior. Among the four nanoparticles employed, graphene oxide (GO) is identified as the most effective
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contributor to the thermal enhancement. This is observed under high-heat flux conditions where GO’s
superior intrinsic thermal conductivity and large 2D surface-to-volume ratio create more efficient heat
conduction pathways than the spherical metallic and ceramic counterparts. GO’s high intrinsic thermal
conductivity combined with its large specific surface area and excellent dispersion stability in ethylene glycol
allows it to create efficient conductive pathways and maintain uniform suspension throughout the flow
domain. The combination of GO’s superior heat conduction and its synergistic interaction with metallic and
oxide nanoparticles under magnetohydrodynamic and shrinking sheet conditions makes it the dominant factor
in achieving enhanced heat transfer performance in this study. This study confirms that a minimal addition
of GO nanoparticles to an Ag—CuO-AlOs/EG base mixture provides substantial heat transfer enhancement,
offering a cost-effective and stable tetra-hybrid nanofluid formulation for industrial cooling. The results are
directly applicable to MHD-assisted heat exchangers, high-performance electronic cooling systems, and
thermally managed renewable energy devices.
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