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Article Info ABSTRACT 

Article History: 
Path planning for autonomous mobile robots remains a critical challenge, particularly in 

environments with obstacles and constraints. Efficient navigation requires a robust algorithm 

capable of generating smooth, collision-free trajectories while ensuring computational 

efficiency. This study addresses the problem of indoor mobile robot navigation by leveraging 
harmonic potential fields, a solution derived from Laplace’s equation, to formulate an effective 

path-planning strategy. Conventional numerical methods for solving Laplace’s equation, such 

as Successive Over-Relaxation and Accelerated Over-Relaxation, often require extensive 

computational resources, especially in large-scale environments. To overcome this limitation, 
this research introduces an improved iterative approach, the Explicit Decoupled Group 

Modified Accelerated Over-Relaxation (EDGMAOR) method, which enhances computational 

efficiency and convergence speed. The EDGMAOR method incorporates a half-sweep block 

approach, significantly reducing the number of computations required per iteration while 
maintaining accuracy. To validate the effectiveness of the proposed method, simulations were 

conducted in a static, enclosed environment with various configurations of obstacles. Different 

starting and goal positions were tested to assess the efficiency, accuracy, and computational 

cost of the generated paths. The results indicate that the EDGMAOR method outperforms 
conventional approaches by achieving faster convergence rates and reduced computational 

time, demonstrating its suitability for real-time robot pathfinding applications. Furthermore, 

the study highlights that with greater obstacles proliferation, the EDGMAOR method maintains 

its efficiency, as obstacle regions are automatically excluded from unnecessary computations. 
This characteristic makes the method particularly useful for complex indoor environments 

where real-time processing is crucial. In conclusion, this research establishes EDGMAOR as a 

practical and effective solution for solving mobile robot path-planning problems, providing a 

balance between computational speed, accuracy, and robustness. The findings contribute to the 
ongoing advancements in autonomous robotics and artificial intelligence-driven navigation 

systems, with potential applications in industrial automation, smart transportation, and defence 

sectors. 
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1. INTRODUCTION 

The deployment of autonomous mobile robots is becoming increasingly prominent across a wide range 

of sectors, including industrial automation, aerospace operations, security monitoring, medical assistance, 

and intelligent transportation systems [1], [2]. These smart systems rely on efficient path-planning algorithms 

to navigate environments while avoiding obstacles, ensuring safety, and optimizing computational efficiency 

[3], [4]. The capability of a mobile robot to autonomously compute an optimal route from an initial position 

to a designated goal destination remains a fundamental requirement, particularly for applications that demand 

precision and operational reliability. This requirement becomes even more critical in structured indoor 

environments, where robots must operate within predefined maps and in the presence of static obstacles that 

constrain their movement and decision-making space [5], [6], [7]. 

Path-planning in mobile robotics can generally be categorized into global and local navigation. Global 

navigation relies on pre-existing knowledge of the environment and is commonly used in offline path-

planning methods, whereas local navigation allows robots to react dynamically to obstacles in real-time [8], 

[9]. This study focuses on global path-planning in a predetermined, static environment, where a robot 

computes its path before execution. One of the fundamental challenges in path-planning is avoiding local 

minima, where conventional potential field methods may cause robots to become trapped in non-optimal 

solutions. Hence, this study investigates the problem of mobile robot pathfinding through an innovative 

approach based on heat transfer principles. The movement of heat, mathematically described by Laplace’s 

equation, serves as an effective model for navigation planning. A key benefit of this approach is its inherent 

capability to escape local minima, a common issue in potential field-based navigation. By leveraging 

harmonic potential functions derived from Laplace’s equation, a robot can be guided toward its goal with a 

smooth and collision-free trajectory [10], [11]. The subsequent sections offer additional clarifications. A 

range of solutions exists for deriving harmonic functions, though numerical approaches are the most 

frequently applied. This preference is owing to the accessibility of high-speed computing resources, as well 

as the sophistication and effectiveness of these methods in addressing the problem [10], [12], [13]. 

Traditionally, path generation methods utilizing harmonic potentials rely on the standard 5-point (5P) 

Laplacian discretization to approximate the solution. However, the method’s efficiency is compromised by 

its slow convergence and heavy computational load, limiting its practicality for real-time applications. To 

address these challenges, this study investigates the use of a skewed 5P Laplacian operator, which introduces 

a refined algebraic formulation aimed at improving computational efficiency by utilizing mesh grid points 

[14], [15], [16], [17]. The application of this skewed operator results in the development of algebraic skewed 

approximation equations, forming the basis of an advanced computational framework. To further enhance 

performance, this research introduces a novel numerical technique known as Explicit Decoupled Group 

Modified Accelerated Over-Relaxation (EDGMAOR). The EDGMAOR method is designed to enhance 

convergence speed while maintaining high accuracy in solving algebraic skewed linear systems derived from 

harmonic potential equations. This technique is particularly effective in reducing the number of iterations 

required for computing harmonic functions, thereby making real-time path planning more feasible for indoor 

mobile robots. 

Robotic path-planning has frequently adopted harmonic potential fields for their capacity to create 

continuous and feasible trajectories. In path planning scenarios, the computational domain is composed of 

various components, including boundaries, borders, obstacles, multiple starting points, and a designated 

target point. A key advantage of employing harmonic functions in path planning is its ability to eliminate 

false local minima. This property arises due to the minimum-maximum principle, ensuring a smooth and 

well-defined navigation path for autonomous robots. Consequently, harmonic potential fields offer a highly 

effective approach to robot motion planning by providing a continuous and collision-free trajectory toward 

the goal [14]. Laplace’s equation has historically been solved using standard numerical approaches, such as 

the Jacobi method, Gauss-Seidel (GS), and Successive Over-Relaxation (SOR) [16], [18], [19], [20], [21]. 

Despite widespread application, conventional iterative solvers often exhibit slow convergence, which reduces 

its suitability for time-sensitive scenarios such as real-time robotic navigation. To overcome this 

computational bottleneck, this study introduces an accelerated iterative solver called EDGMAOR, building 

upon EDG [22] and MAOR frameworks [23],  to efficiently solve Eq. (1). 

Using the harmonic potential field approach, solving Laplace’s equation allows for the generation of 

an optimal path that directs a point robot from the initial position to the target while ensuring obstacle 

avoidance. In this framework, obstacles are modeled as source points of high potential, while the target 
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location serves as a sink, characterized by the lowest potential value. This formulation naturally aligns with 

Dirichlet boundary conditions, ensuring a structured potential gradient for navigation. The Gradient Descent 

Search (GDS) algorithm is applied to the computed potential field, enabling the robot to continuously move 

toward regions of lower potential, ultimately reaching the goal position. 

To validate the performance of the proposed EDGMAOR method, simulations will be carried out 

within a two-dimensional domain with an enclosed, static environment and varying obstacle configurations. 

The heat transfer analogy is employed to model the potential field, where temperature distribution and heat 

flow principles are used to determine potential values and produce a seamless navigation trail. The 

EDGMAOR scheme is utilized to solve Laplace’s equation and compute the temperature distributions across 

the grid nodes. To benchmark the performance of EDGMAOR, comparative analyses will be carried out 

against several existing iterative solvers, including i.e. Explicit Group Successive Over-Relaxation (EGSOR), 

Explicit Group Accelerated Over-Relaxation (EGAOR), Explicit Group Modified Successive Over-

Relaxation (EGMSOR), Explicit Group Modified Accelerated Over-Relaxation (EGMAOR), Explicit 

Decoupled Group Successive Over-Relaxation (EDGSOR), Explicit Decoupled Group Accelerated Over-

Relaxation (EDGAOR), and Explicit Decoupled Group Modified Successive Over-Relaxation (EDGMSOR). 

Ultimately, this research highlights the effectiveness and practicality of the EDGMAOR technique in 

computing harmonic functions for robot path planning. The findings suggest that this approach holds great 

potential for real-time applications in autonomous mobile robots, particularly in structured indoor 

environments where efficient navigation is crucial. By leveraging the principles of heat transfer and 

accelerated numerical solvers, this study contributes to the advancement of intelligent motion planning 

strategies that enhance the reliability and performance of autonomous robotic systems. 

2. RESEARCH METHOD 

The Explicit Decoupled Group (EDG) iterative scheme, also known as the half-sweep block technique, 

was first proposed by Abdullah [22] for efficiently solving two-dimensional Poisson equations. Since its 

inception, this approach has found extensive application and addressed partial differential equations (PDEs) 

across diverse domains in science and engineering [24], [25], [26], [27], [28]. Its computational efficiency, 

achieved by reducing the number of actively computed node points per iteration, has made it particularly 

useful for large-scale numerical simulations. Over time, modified versions of the EDG method have been 

developed, further optimizing its performance and extending its applications to areas such as fluid dynamics, 

electromagnetic simulations, and robotic path planning.  

In the skewed block approach, each iteration involves the computation of only half the nodes within 

the mesh domain. In contrast, the Explicit Group (EG) scheme [15], which operates as a full-sweep technique, 

evaluates all node points in the region per iteration. Fig. 1 illustrates the EG concept, while Fig. 2 

demonstrates the EDG schemes within a 10×10 mesh. The Laplacian potentials are determined by first 

evaluating the red nodes, followed by the black nodes, in a repetitive manner until convergence is achieved. 

The convergence criteria in this study are based on a predefined threshold, ensuring numerical stability. Any 

remaining residual nodes (white nodes in Fig. 2) are computed separately using a direct method [15], [22], 

[29]. By employing the skewed block technique, the computational complexity of each iterative step is 

effectively halved, significantly improving efficiency. Moreover, block iterative methods compute four 

Laplacian potentials at once per iteration, further accelerating convergence. As shown in Figs. 1 and 2, 

specific sets of one- and two-node points are designated for processing nodal values near the boundary, 

optimizing overall computational performance.  
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Figure 1. The Computational Particles of 

EDG for Full-Sweep Iterations 

Figure 2. The Computational Particles of 

EDG for Half-Sweep Iterations 

The half-sweep approach for robot path planning, first introduced by Saudi and Sulaiman [30], offers 

a major advantage by reducing the number of processed points per iteration, resulting in a simplified and 

computationally efficient framework. The stencil or structural patterns of both full-sweep (standard iteration) 

and half-sweep (rotated iteration) techniques are depicted in Figs. 3 and 4, respectively. In these diagrams, ℎ 

represents the length within adjacent node points in each direction. The corresponding structural 

patterns/arrangements for both iteration strategies can be represented in matrix form as follows: 

∇2𝑈 =
1

ℎ2 [
0 1 0
1 −4 1
0 1 0

] and ∇2𝑈 =
1

2ℎ2 [
0 1 0
1 −4 1
0 1 0

]. 

  

Figure 3. The Computational Patterns for 

Standard Cases 

Figure 4. The Computational Patterns for 

Rotated Cases 

2.1 Five-Point Finite Difference Approximation  

In a given computational domain, a harmonic function satisfies Laplace’s equation, viewed as:  

∇2𝑈 =
𝜕2𝑈

𝜕𝑥2 +
𝜕2𝑈

𝜕𝑦2 = 0 
(1) 

where 𝑈 represents the potential field, and the domain is defined in a Cartesian coordinate system with 

specified dimensions. 

For the two-dimensional Laplace’s equation as stated in Eq. (1), a widely adopted discretization 

method is the standard five-point (5P) finite difference scheme. This technique is based on the second-order 

central difference approximation and can be expressed as:   

𝑈𝑖−1,𝑗 + 𝑈𝑖+1,𝑗 + 𝑈𝑖,𝑗−1 + 𝑈𝑖,𝑗+1 − 4𝑈𝑖,𝑗 = 0. (2) 

For Laplace’s Eq. (2), the computational approach primarily involves iteratively updating each nodal 

value by averaging the values of its four neighbouring nodes. The nodal values at internal and external 

boundaries, obstacles, and the designated target point remain fixed throughout the computation to ensure 

proper constraints for pathfinding. Rather than applying the EDG approach to all points in the computational 

domain, it is instead implemented on a reduced subset of points, significantly minimizing the computational 

workload. As illustrated in Fig. 2, the EDG iteration process is executed exclusively on pairs of red-black 
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nodes per block, in contrast to the full-sweep technique shown in Fig. 1, which iterates over all red-black 

nodes in the domain. 

The EDG approximation equation is constructed based on an intersect-alignment operator, which is 

effectively achieved by rotating 45° of the i-j plane axis in a clockwise direction. This transformation results 

in a rotated or skewed 5P approximation formula, mathematically represented as: 

𝑈𝑖−1,𝑗−1 + 𝑈𝑖+1,𝑗−1 + 𝑈𝑖−1,𝑗+1 + 𝑈𝑖+1,𝑗+1 − 4𝑈𝑖,𝑗 = 0. (3) 

Incorporating Eqs. (2) and (3) into Laplace’s equation, as defined by Eq. (1), results in a linear algebraic 

system. This system, characterized by its large and sparse matrix structure, is expressed as: 

𝐴𝑢 = 𝑏. (4) 

In this context, 𝐴 represents a known coefficient matrix, while 𝑏 denotes a known vector. The solution 

vector coefficient, 𝑢, is the unknown to be determined. Given that the matrix of Eq. (4) is both large and 

sparse, iterative solvers are suitable for obtaining a solution, utilizing either the conventional point-based or 

block-based methods [22]. 

To introduce the block method clearly, it is helpful to first outline the fundamental idea behind the 

point approach. Based on the second-order central finite difference from Eqs. (2) and (3), the point-based 

Gauss-Seidel iterative methods under full-sweep (FS) and half-sweep (HS) conditions are reformulated and 

specified as follows 

𝑈𝑖,𝑗
(𝑘+1)

=
1

4
[𝑈𝑖−1,𝑗

(𝑘+1)
+ 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘+1)
+ 𝑈𝑖,𝑗+1

(𝑘)
], 

(5) 

𝑈𝑖,𝑗
(𝑘+1)

=
1

4
[𝑈𝑖−1,𝑗−1

(𝑘+1)
+ 𝑈𝑖+1,𝑗−1

(𝑘+1)
+ 𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗+1

(𝑘)
]. 

(6) 

By incorporating a weighted parameter, the point-based Successive Over-Relaxation (SOR) iterative 

approach for both FS and HS scenarios is expressed separately as follows: 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

4
[𝑈𝑖−1,𝑗

(𝑘+1)
+ 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘+1)
+ 𝑈𝑖,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
, (7) 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

4
[𝑈𝑖−1,𝑗−1

(𝑘+1)
+ 𝑈𝑖+1,𝑗−1

(𝑘+1)
+ 𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
. (8) 

The optimal relaxation parameter is typically selected within the interval of 1 ≤ 𝜔 < 2 [31]. When 

this parameter is set to 1, the method simplifies to the traditional Gauss-Seidel approach. While the SOR and 

Gauss-Seidel techniques share structural similarities, the primary distinction lies in the inclusion of a scaling 

factor in the SOR method to further reduce approximation errors. 

The Accelerated Over-Relaxation (AOR) technique extends this concept by introducing an additional 

relaxation parameter, denoted as 𝑟 in this study, alongside the standard SOR weighting factor. These two 

parameters are employed to construct iterative schemes aimed at accelerating convergence. AOR is a 

straightforward yet effective scheme, particularly for larger linear systems, initially proposed by Hadjidimos 

[31]. The point-based AOR methods for both standard and skewed formulations, respectively, are presented 

as: 

𝑈𝑖,𝑗
(𝑘+1)

=
𝑟

4
[𝑈𝑖−1,𝑗

(𝑘+1)
− 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘+1)
− 𝑈𝑖,𝑗−1

(𝑘)
] +

𝜔

4
[𝑈𝑖−1,𝑗

(𝑘)
+ 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘)
+ 𝑈𝑖,𝑗+1

(𝑘)
]

+ (1 − 𝜔)𝑈𝑖,𝑗
(𝑘)

, 

(9) 

𝑈𝑖,𝑗
(𝑘+1)

=
𝑟

4
[𝑈𝑖−1,𝑗−1

(𝑘+1)
− 𝑈𝑖−1,𝑗−1

(𝑘)
+ 𝑈𝑖+1,𝑗−1

(𝑘+1)
− 𝑈𝑖+1,𝑗−1

(𝑘)
]

+
𝜔

4
[𝑈𝑖−1,𝑗−1

(𝑘)
+ 𝑈𝑖+1,𝑗−1

(𝑘)
+ 𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
. 

(10) 

Hadjidimos suggested that the 𝑟 parameter is generally selected to be close to the corresponding 

weighted relaxation parameter 𝜔. It was also emphasized that the lack of precise optimal values for these 

parameters does not significantly impede the ability to minimize the iteration numbers essential for 

convergence. 
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2.2 Red-Black Scheme 

The red–black ordering strategy operates on the fundamental principle of computing iterations layer 

by layer. In the formulation of full- and half-sweep cases within the mesh grid of the configuration 

environment, computations are performed on red nodes first, followed by black nodes. As illustrated in Figs. 

1 and 2, the computational grid for the modified iterative variants adopts the red–black ordering technique 

across all sweep approaches. 

The Modified Successive Over-Relaxation (MSOR) method is an enhancement of the standard SOR 

iterative technique. This modification introduces two distinct weighted parameters, denoted as 𝜔 and 𝜔′, 
which corresponds to the red–black ordering implementation. Specifically, the relaxation parameters 𝜔 and 

𝜔′ are applied to the red and black equations, respectively. A well-optimized choice of these parameters can 

significantly accelerate convergence and enhance computational efficiency. Notably, when 𝜔 = 𝜔′ = 1, the 

MSOR method reduces to the Gauss-Seidel approach. Conversely, setting 𝜔 = 𝜔′ aligns the MSOR scheme 

with the red–black ordering structure of the original SOR method. 

Applying the red–black ordering strategy in full- and half-sweep SOR methods, namely, Full-Sweep 

MSOR (FSMSOR) and Half-Sweep MSOR (HSMSOR), can further improve convergence speed. The 

FSMSOR formulation is mathematically represented by the red nodes as 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

4
[𝑈𝑖−1,𝑗

(𝑘)
− 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘)
− 𝑈𝑖,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
,  

while black nodes are given as 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔′

4
[𝑈𝑖−1,𝑗

(𝑘+1)
+ 𝑈𝑖+1,𝑗

(𝑘+1)
+ 𝑈𝑖,𝑗−1

(𝑘+1)
+ 𝑈𝑖,𝑗+1

(𝑘+1)
] + (1 − 𝜔′)𝑈𝑖,𝑗

(𝑘)
. 

(11) 

Next, the formulation of the HSMSOR technique can be broadly described for red nodes as 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

4
[𝑈𝑖−1,𝑗−1

(𝑘)
+ 𝑈𝑖+1,𝑗−1

(𝑘)
+ 𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
, (12) 

and for black nodes as 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔′

4
[𝑈𝑖−1,𝑗−1

(𝑘+1)
+ 𝑈𝑖+1,𝑗−1

(𝑘+1)
+ 𝑈𝑖−1,𝑗+1

(𝑘+1)
+ 𝑈𝑖+1,𝑗+1

(𝑘+1)
] + (1 − 𝜔′)𝑈𝑖,𝑗

(𝑘)
. 

(13) 

As an extension of the AOR method, the Modified Accelerated Over-Relaxation (MAOR) technique 

incorporates various parameters that align with the row blocks of the matrix 𝐴 in Eq. (4), allowing it to 

generalize the extrapolation used in the Jacobi or Modified SOR approaches through specific configurations 

of acceleration and relaxation matrices. Unlike conventional approaches, the MAOR iteration scheme 

employs a red–black ordering strategy, utilizing three distinct weighted parameters, i.e. 𝑟, 𝜔 and 𝜔′, each 

defined within a specific range [31], [32]. Optimizing the convergence behaviour of the method is 

significantly influenced by these parameters. 

Once again, incorporating the red–black ordering strategy into the Full-Sweep and Half-Sweep AOR 

methods, referred to as Full-Sweep MAOR (FSMAOR) and Half-Sweep MAOR (HSMAOR), can 

significantly enhance convergence speed. The mathematical formulation of FSMAOR for red nodes is 

expressed as follows  

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

4
[𝑈𝑖−1,𝑗

(𝑘)
+ 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘)
+ 𝑈𝑖,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
, (14) 

and black nodes are given as 

𝑈𝑖,𝑗
(𝑘+1)

=
𝑟

4
[𝑈𝑖−1,𝑗

(𝑘+1)
− 𝑈𝑖−1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘+1)
− 𝑈𝑖,𝑗−1

(𝑘)
] +

𝑟

4
[𝑈𝑖+1,𝑗

(𝑘+1)
− 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗+1

(𝑘+1)
− 𝑈𝑖,𝑗+1

(𝑘)
]

+
𝜔′

4
[𝑈𝑖−1,𝑗

(𝑘)
+ 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘)
+ 𝑈𝑖,𝑗+1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
. 

(15) 

Subsequently, the HSMAOR technique formulation can be generally described for red nodes as 

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

4
[𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗+1

(𝑘)
+ 𝑈𝑖−1,𝑗−1

(𝑘)
+ 𝑈𝑖+1,𝑗−1

(𝑘)
] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
, (16) 

and for black nodes as 
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𝑈𝑖,𝑗
(𝑘+1)

=
𝑟

4
[𝑈𝑖−1,𝑗+1

(𝑘+1)
− 𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖−1,𝑗−1

(𝑘+1)
− 𝑈𝑖−1,𝑗−1

(𝑘)
]

+
𝑟

4
[𝑈𝑖+1,𝑗+1

(𝑘+1)
− 𝑈𝑖+1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗−1

(𝑘+1)
− 𝑈𝑖+1,𝑗−1

(𝑘)
]

+
𝜔′

4
[𝑈𝑖−1,𝑗+1

(𝑘)
+ 𝑈𝑖+1,𝑗+1

(𝑘)
+ 𝑈𝑖−1,𝑗−1

(𝑘)
+ 𝑈𝑖+1,𝑗−1

(𝑘)
] + (1 − 𝜔′)𝑈𝑖,𝑗

(𝑘)
. 

(17) 

2.3 Explicit Group Scheme 

As previously described, the block iterative method computes four Laplacian potentials in each 

iteration. Fig. 1 shows that all EG-based iterative formulations simultaneously process a class of four nodes 

during each iteration step. Fundamentally, the EG scheme operates on a small set of points and is derived 

from the standard 5P finite difference approximation. By analysing Eq. (2) along with the point-based SOR 

method in Eq. (7), the corresponding block-based SOR formulation [17], [22] can be expressed as follows  

[

4 −1 −1 0
−1 4 0 −1
−1 0 4 −1
0 −1 −1 4

]

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 

= [

𝑆1

𝑆2

𝑆3

𝑆4

], 

(18) 

for  

𝑆1 = 𝑈𝑖−1,𝑗 + 𝑈𝑖,𝑗−1,                𝑆2 = 𝑈𝑖+2,𝑗 + 𝑈𝑖+1,𝑗−1, 

𝑆3 = 𝑈𝑖−1,𝑗+1 + 𝑈𝑖,𝑗+2,                𝑆4 = 𝑈𝑖+2,𝑗+1 + 𝑈𝑖+1,𝑗+2. 

(19) 

This scheme similarly produces a linear system analogous to that in Eq. (4). After computing the matrix 

inverse, the scheme is then reformulated into its corresponding coefficient form, as shown below.  

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 

=
1

24
[

6𝑆1 + 𝑆𝑎

6𝑆2 + 𝑆𝑏

6𝑆3 + 𝑆𝑏

6𝑆4 + 𝑆𝑎

], 

(20) 

with 

𝑆𝑎 = 2(𝑆2 + 𝑆3) + 𝑆1 + 𝑆4,  

𝑆𝑏 = 2(𝑆1 + 𝑆4) + 𝑆2 + 𝑆3. 

(21) 

Based upon the concept of point-based SOR through the 5P finite difference approximation, the 

EGSOR scheme for Eq. (20) is expressed as: 

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 
(𝑘+1)

=
𝜔

24
[

6𝑆1 + 𝑆𝑎

6𝑆2 + 𝑆𝑏

6𝑆3 + 𝑆𝑏

6𝑆4 + 𝑆𝑎

] + (1 − 𝜔)

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 
(𝑘)

, 

(22) 

Additionally, by analysing Eq. (2) alongside the point-based AOR approximation in Eq. (9), the block-based 

AOR technique can be constructed as follows [17], [23], [32]:  

[

4 −1 0 0
−1 4 0 0
0 0 4 −1
0 0 −1 4

]

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1 ]
 
 
 
 

= [

𝑆1

𝑆2

𝑆3

𝑆4

], 

(23) 

with  

𝑆1 = 𝑟 (𝑈𝑖−1,𝑗
(𝑘+1)

− 𝑈𝑖−1,𝑗
(𝑘)

+ 𝑈𝑖,𝑗−1
(𝑘+1)

− 𝑈𝑖,𝑗−1
(𝑘)

) + 𝜔 (𝑈𝑖−1,𝑗
(𝑘)

+ 𝑈𝑖,𝑗−1
(𝑘)

),  

𝑆2 = 𝑟 (𝑈𝑖+1,𝑗−1
(𝑘+1)

− 𝑈𝑖+1,𝑗−1
(𝑘)

) + 𝜔 (𝑈𝑖+1,𝑗−1
(𝑘)

+ 𝑈𝑖+2,𝑗
(𝑘)

), 

(24) 
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𝑆3 = 𝑟 (𝑈𝑖−1,𝑗+1
(𝑘+1)

− 𝑈𝑖−1,𝑗+1
(𝑘)

) + 𝜔 (𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘)

), 

𝑆4 = 𝜔 (𝑈𝑖+2,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗+2
(𝑘)

). 

Once again, Eq. (23) can likewise be rewritten into a linear system resembling that of Eq. (4) and represented 

as Eq. (20). The EGAOR iterative scheme is then can also be generally expressed as Eq. (22). 

Employing the red–black ordering strategy in block-based EGSOR and EGAOR, in particular 

EGMSOR and EGMAOR, respectively, will significantly enhance convergence speed. The EGMSOR 

iterative method follows a similar formulation to the EGSOR method, with the key distinction being the 

inclusion of an additional relaxation parameter. By incorporating the MSOR method [33] into Eqs. (18)-(22), 

a group of four points (4×4) was analysed, as depicted in Fig. 1. Taking into account the approximation in 

Eq. (2), along with Eq. (11), the block-based EGMSOR iterative scheme can be generally formulated for 

black nodes as [21], [32] 

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 
(𝑘+1)

=
𝜔′

24
[

6𝑆1 + 𝑆𝑎

6𝑆2 + 𝑆𝑏

6𝑆3 + 𝑆𝑏

6𝑆4 + 𝑆𝑎

] + (1 − 𝜔′)

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 
(𝑘)

, 

(25) 

where every coefficient 𝑆 is referring to Eqs. (19) and (21). For red nodes, the EGSOR iterative scheme is 

applied, as defined in Eq. (17).  

Likewise, by considering the approximation in Eq. (2) and from Eqs. (15) and (16), the block-based 

EGMAOR iterative scheme can be generally expressed as Eq. (22) every coefficient 𝑆 is referring to Eqs. 

(19) and (21) for red nodes. Whereas for black nodes, 

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 
(𝑘+1)

=
1

24
[

6𝑆1 + 𝑆𝑎

6𝑆2 + 𝑆𝑏

6𝑆3 + 𝑆𝑏

6𝑆4 + 𝑆𝑎

] + (1 − 𝜔′)

[
 
 
 
 

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1

𝑈𝑖+1,𝑗+1]
 
 
 
 
(𝑘)

, 

(26) 

with  

𝑆1 = 𝑟 (𝑈𝑖−1,𝑗
(𝑘+1)

− 𝑈𝑖−1,𝑗
(𝑘)

+ 𝑈𝑖,𝑗−1
(𝑘+1)

− 𝑈𝑖,𝑗−1
(𝑘)

) + 𝜔′ (𝑈𝑖−1,𝑗
(𝑘)

+ 𝑈𝑖,𝑗−1
(𝑘)

),  

𝑆2 = 𝑟 (𝑈𝑖+1,𝑗−1
(𝑘+1)

− 𝑈𝑖+1,𝑗−1
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘+1)

− 𝑈𝑖,𝑗+2
(𝑘)

) + 𝜔′ (𝑈𝑖+1,𝑗−1
(𝑘)

+ 𝑈𝑖+2,𝑗
(𝑘)

), 

𝑆3 = 𝑟 (𝑈𝑖−1,𝑗+1
(𝑘+1)

− 𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘+1)

− 𝑈𝑖,𝑗+2
(𝑘)

) + 𝜔′ (𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘)

), 

𝑆4 = 𝜔 (𝑈𝑖+2,𝑗+1
(𝑘)

− 𝑈𝑖+1,𝑗+2
(𝑘)

+ 𝑈𝑖+1,𝑗+2
(𝑘+1)

− 𝑈𝑖+1,𝑗+2
(𝑘)

) + 𝜔′ (𝑈𝑖+2,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗+2
(𝑘)

). 

(27) 

and every other coefficient 𝑆 is referring to Eq. (21). 

3. RESULTS AND DISCUSSION 

3.1 Explicit Decoupled Group Scheme 

As described hereinabove, all EDG-based iterative formulations update four nodes concurrently in 

each iteration, as outlined in Fig. 2. The EDG method essentially functions as much as the same of EG, 

operating on small node clusters and originating from the standard 5P finite difference approximation. To 

further the development of the block-based EDGSOR method, a set of four nodes (refer to Fig. 2) is first 

selected to construct a (4x4) linear system equations, expressed as Eq. (23) where  

𝑆1 = 𝑈𝑖−1,𝑗−1 + 𝑈𝑖−1,𝑗+1 + 𝑈𝑖+1,𝑗−1,  

𝑆2 = 𝑈𝑖,𝑗+2 + 𝑈𝑖+2,𝑗+2 + 𝑈𝑖+2,𝑗 , 

(28) 

and 
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𝑆3 = 𝑈𝑖,𝑗−1 + 𝑈𝑖+2,𝑗−1 + 𝑈𝑖+2,𝑗+1,  

𝑆4 = 𝑈𝑖−1,𝑗 + 𝑈𝑖−1,𝑗+2 + 𝑈𝑖+1,𝑗+2. 

(29) 

The linear system presented in Eq. (23) can be simplified as represented in Eqs. (28) and (29), and are able 

to be separated into two independent (2x2) linear algebraic equations as follows 

[
𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
] =

1

15
[
4 1
1 4

] [
𝑆1

𝑆2
], 

[
𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1
] =

1

15
[
4 1
1 4

] [
𝑆3

𝑆4
]. 

The corresponding block-based EDGSOR iterative schemes for these equations can then be written 

individually, as shown below. 

[
𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
]

(𝑘+1)

=
𝜔

15
[
4𝑆1 + 𝑆2

𝑆1 + 4𝑆2
] + (1 − 𝜔) [

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
]

(𝑘)

, 
(30) 

[
𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1
]

(𝑘+1)

=
𝜔

15
[
4𝑆3 + 𝑆4

𝑆3 + 4𝑆4
] + (1 − 𝜔) [

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1
]

(𝑘)

. 
(31) 

Similarly, to formulate the block-based EDGMSOR method, a group of four points (refer to Fig. 2) is 

considered to form a (4x4) system of linear algebraic equations. With the red-black strategy, the red and black 

nodes are computed independently. Note that the red nodes for block-based EDGMSOR are computed using 

the same equations that are used to compute the red nodes for block-based EDGSOR, as provided in Eqs. 

(28) and (29). Meanwhile, by considering the approximation in Eq. (3) and from Eqs. (23) and (30), the block-

based EDGMSOR iterative scheme for black nodes can be written independently as 

[
𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
]

(𝑘+1)

=
𝜔′

15
[
4𝑆1 + 𝑆2

𝑆1 + 4𝑆2
] + (1 − 𝜔′) [

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
]

(𝑘)

, 
(32) 

[
𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1
]

(𝑘+1)

=
𝜔′

15
[
4𝑆3 + 𝑆4

𝑆3 + 4𝑆4
] + (1 − 𝜔′) [

𝑈𝑖+1,𝑗

𝑈𝑖,𝑗+1
]

(𝑘)

. 
(33) 

Furthermore, building upon the concept introduced in EGAOR, the AOR technique is applied to the 

group iterative scheme derived from the rotated five-point formula in Eq. (6), leading to the development of 

the EDGAOR formula, which is expressed as  

[
𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
]

(𝑘+1)

=
𝑟

15
[
4𝑆2

𝑆2
] +

𝜔

15
[
4𝑆1 + 𝑆3

𝑆1 + 4𝑆3
] + (1 − 𝜔) [

𝑈𝑖,𝑗

𝑈𝑖+1,𝑗+1
]

(𝑘)

, 
(34) 

where  

𝑆1 = 𝑈𝑖−1,𝑗−1
(𝑘)

+ 𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗−1
(𝑘)

,  

𝑆2 = 𝑈𝑖−1,𝑗−1
(𝑘+1)

+ 𝑈𝑖−1,𝑗+1
(𝑘+1)

+ 𝑈𝑖+1,𝑗−1
(𝑘+1)

− 𝑆1, 

𝑆3 = 𝑈𝑖,𝑗+2
(𝑘)

+ 𝑈𝑖+2,𝑗+2
(𝑘)

+ 𝑈𝑖+2,𝑗
(𝑘)

. 

(35) 

The formulation of the block-based EDGMAOR iterative method follows the same structure as the 

block-based EDGAOR method, with the key difference being the inclusion of an additional relaxation 

parameter. To illustrate, consider a 4×4 group of points, as depicted in Fig. 2. By applying the approximation 

in Eq. (3), the block-based EDGMAOR iterative scheme can generally express the red nodes as  

𝑈𝑖,𝑗
(𝑘+1)

=
𝜔

15
[4𝑆1 + 𝑆2] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
, 

𝑈𝑖+1,𝑗+1
(𝑘+1)

=
𝜔

15
[𝑆1 + 4𝑆2] + (1 − 𝜔)𝑈𝑖+1,𝑗+1

(𝑘)
, 

(36) 

where  

𝑆1 = 𝑈𝑖−1,𝑗−1
(𝑘+1)

+ 𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗−1
(𝑘)

,  
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𝑆2 = 𝑈𝑖+2,𝑗
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘)

+ 𝑈𝑖+2,𝑗+2
(𝑘)

, 

while for black nodes, it is given by 

𝑈𝑖,𝑗
(𝑘+1)

=
1

15
[4𝜔′𝑆1 + 4𝑟𝑆2 + 𝜔′𝑆2 + 𝑟𝑆3] + (1 − 𝜔′)𝑈𝑖,𝑗

(𝑘)
, 

𝑈𝑖+1,𝑗+1
(𝑘+1)

=
1

15
[𝜔′𝑆1 + 𝑟𝑆2 + 4𝜔′𝑆2 + 4𝑟𝑆3] + (1 − 𝜔′)𝑈𝑖+1,𝑗+1

(𝑘)
, 

(37) 

where  

𝑆1 = 𝑈𝑖−1,𝑗−1
(𝑘)

+ 𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗−1
(𝑘)

,  

𝑆2 = 𝑈𝑖−1,𝑗−1
(𝑘+1)

+ 𝑈𝑖−1,𝑗+1
(𝑘+1)

+ 𝑈𝑖+1,𝑗−1
(𝑘+1)

− 𝑆1, 

𝑆3 = 𝑈𝑖+2,𝑗
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘)

+ 𝑈𝑖+2,𝑗+2
(𝑘)

, 

𝑆4 = 𝑈𝑖+2,𝑗
(𝑘+1)

+ 𝑈𝑖,𝑗+2
(𝑘+1)

+ 𝑈𝑖+2,𝑗+2
(𝑘+1)

− 𝑆3. 

At present, a general formula for obtaining the minimum value of the optimal weighted parameters is 

still missing. Instead, the values of 𝑟 and 𝜔′ are carefully selected to be close to the corresponding value 

optimal relaxation factor (𝜔) of the standard SOR method [31]. This careful parameter selection ensures 

efficient convergence and improved numerical stability, making the EDGMAOR approach a computationally 

viable enhancement for solving Laplace’s equation in robotic path planning and other engineering 

applications. Nonetheless, not all parameter values guarantee convergence. The optimal relaxation parameters 

for each full-sweep and half-sweep case vary, as they are specifically determined for each scenario. Since 

these values are predefined before execution, the computational complexity associated with selecting 

relaxation parameters remains unchanged. Table 1 presents the optimal weighted parameter values employed 

throughout the experiments. These values were identified through sensitivity analysis. Although the 

parameters remain constant for each specific grid size (N), minor variations may occur across different grid 

dimensions. However, these fluctuations are negligible, typically within the range of approximately 0.0001. 

Table 1. Relaxation Parameters Tuning  

Methods     r  

EGSOR 1.82 - - 

EGAOR 1.83 - 1.82 

EGMSOR 1.82 1.83 - 

EGMAOR 1.83 1.81 1.82 

EDGSOR 1.81 - - 

EDGAOR 1.82 - 1.84 

EDGMSOR 1.82 1.81 - 

EDGMAOR 1.80 1.81 1.84 

Thus, Algorithm 1 provides a detailed depiction of the red-black rotated MAOR technique, which is 

applied to solve the two-dimensional Laplace problem as formulated in Eq. (1), using the iterative expressions 

defined in Eqs. (36) and (37). 

Algorithm 1: EDGMAOR scheme  

Input:  

- Grid domain with initial potential 

- Boundary conditions (goal = 0, obstacles = 1) 

- Relaxation parameters associated with EDGMAOR scheme 

- Maximum iterations (𝑘) and convergence tolerance (𝜀) 

i. Define the simulation domain with designated start and target locations. 

ii. Initialize starting location 𝑈, 𝜀 ← 10−15, 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ← 0. 

iii. 

For all non-occupied red nodes, compute 

𝑆1 ← 𝑈𝑖−1,𝑗−1
(𝑘+1)

+ 𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗−1
(𝑘)

,  

𝑆2 ← 𝑈𝑖+2,𝑗
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘)

+ 𝑈𝑖+2,𝑗+2
(𝑘)

, 
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𝑈𝑖,𝑗
(𝑘+1)

←
𝜔

15
[4𝑆1 + 𝑆2] + (1 − 𝜔)𝑈𝑖,𝑗

(𝑘)
, 

𝑈𝑖+1,𝑗+1
(𝑘+1)

←
𝜔

15
[𝑆1 + 4𝑆2] + (1 − 𝜔)𝑈𝑖+1,𝑗+1

(𝑘)
, 

iv. 

For all non-occupied black nodes, compute 

𝑆1 ← 𝑈𝑖−1,𝑗−1
(𝑘)

+ 𝑈𝑖−1,𝑗+1
(𝑘)

+ 𝑈𝑖+1,𝑗−1
(𝑘)

,  

𝑆2 ← 𝑈𝑖−1,𝑗−1
(𝑘+1)

+ 𝑈𝑖−1,𝑗+1
(𝑘+1)

+ 𝑈𝑖+1,𝑗−1
(𝑘+1)

− 𝑆1, 

𝑆3 ← 𝑈𝑖+2,𝑗
(𝑘)

+ 𝑈𝑖,𝑗+2
(𝑘)

+ 𝑈𝑖+2,𝑗+2
(𝑘)

, 

𝑆4 ← 𝑈𝑖+2,𝑗
(𝑘+1)

+ 𝑈𝑖,𝑗+2
(𝑘+1)

+ 𝑈𝑖+2,𝑗+2
(𝑘+1)

− 𝑆3, 

𝑈𝑖,𝑗
(𝑘+1)

←
1

15
[4𝜔′𝑆1 + 4𝑟𝑆2 + 𝜔′𝑆2 + 𝑟𝑆3] + (1 − 𝜔′)𝑈𝑖,𝑗

(𝑘)
, 

𝑈𝑖+1,𝑗+1
(𝑘+1)

←
1

15
[𝜔′𝑆1 + 𝑟𝑆2 + 4𝜔′𝑆2 + 4𝑟𝑆3] + (1 − 𝜔′)𝑈𝑖+1,𝑗+1

(𝑘)
. 

v. 

Solve boundary-adjacent nodes (comprising either one or two nodes) using a direct 

approach, as defined in Eqs. (12) and (13). 

Subsequently, evaluate the remaining white nodes by applying Eq. (2) 

𝑈𝑖,𝑗
(𝑘+1)

←
1

4
[𝑈𝑖−1,𝑗

(𝑘+1)
+ 𝑈𝑖+1,𝑗

(𝑘)
+ 𝑈𝑖,𝑗−1

(𝑘+1)
+ 𝑈𝑖,𝑗+1

(𝑘)
]. 

vi. 
Check for convergence, 𝜀 ← 10−15. If not satisfied, repeat from step (iii); otherwise, 

proceed. 

vii. Generate the final path using GDS over the computed potential field. 

Output:  

- Converged potential field 

- Number of iterations required to achieve convergence 

- CPU execution time for the iterative process 

- A collision-free, smooth path from start position to target location generated via GDS on 

computed potential field 

By leveraging the family of red-black MAOR iterative schemes, this study aims to significantly reduce 

computational time while ensuring efficient and accurate numerical solutions for Laplace’s equation. The 

proposed approach presents a promising advancement in the field of computational mathematics and robot 

path planning, offering a more efficient alternative to traditional numerical solvers. 

In line with the objectives of this research, the proposed EDGMAOR scheme was evaluated using a 

custom-built two-dimensional robot simulator platform [34]. The simulations were executed within a block 

mesh grid structure (refer to Fig. 2), where the rotated red-black node update strategy enabled computations 

on only half of the total grid points per iteration. This approach significantly reduces computational effort by 

approximately 50%. Performance analysis was conducted across four distinct configuration environments, 

illustrated in Fig. 5 and adapted from the layout described by Shiang [35]. Each environment was tested with 

five mesh grid resolutions, i.e., 300×300, 600×600, 900×900, 1200×1200, and 1800×1800. The algorithm’s 

performance was measured using three primary metrics: number of iterations required to meet convergence 

criteria, CPU execution time (measured in seconds) to compute the temperature field, and the success rate in 

generating a valid path. CPU time and iteration counts were recorded once the solution satisfied the 

predefined convergence tolerance. The GDS mechanism then employed the obtained Laplacian potential 

values to generate a feasible trajectory from the start point to the designated goal location. 

    
Zone 1 Zone 2 Zone 3 Zone 4 

Figure 5. Four Configuration Environments are Relatively Simple to Navigate 
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In the designated environments, obstacles of varying sizes and shapes are strategically placed to 

simulate realistic navigation challenges. To model the harmonic potential field, specific thermal conditions 

were applied to different regions of the environment:  

1. Obstacles and walls were assigned high potential values (representing maximum temperature) to 

simulate barriers. 

2. The target point is set at a very low potential value (minimum temperature), representing an 

attractive goal. 

3. The starting point is left without an initial temperature value, allowing the algorithm to 

dynamically determine its temperature distribution. 

4. All remaining grid points are initialized to a neutral state with a zero-temperature value. 

The simulations are planned to run on a system equipped with a 2.50 GHz processor and 8 GB RAM. 

The iterative process continued until the stopping criterion was met, ensuring accurate computation of 

temperature values at every point. The simulation terminated when there was no further change in potential 

values between consecutive iterations, meaning the difference between the current iteration (k) and the next 

iteration (𝑘 + 1) was extremely small, or when the values converged to a threshold of 10−15. This high level 

of accuracy was essential to ensure the stability of the solution, preventing any critical point slopes from 

disrupting the descending gradient patterns, which are crucial for maintaining a smooth and reliable path-

planning process. 

The comparison of eight iterative schemes evaluated in this study is summarized in Table 2, which 

reports both the number of iterations (k) and CPU execution time (t) for each method. The results clearly 

indicate that the block (EG) and rotated block (EDG) schemes outperform their respective generalization 

techniques, with the MAOR variant exhibiting exceptional performance. Notably, the rotated block approach 

significantly reduces computational complexity, cutting it by nearly 50% compared to the HS process, since 

it computes only half of the total mesh grid nodes in each iteration. As a result, the rotated schemes 

consistently surpass the performance of conventional block schemes that rely on the FS approach. Both the 

size of the mesh grid and the spatial configuration of the region critically influence the required number of 

iterations and execution time. As expected, larger grid sizes entail more iterations and longer computational 

time. 

The improvement ratio of each over-relaxation technique varies depending on the grid size, ranging 

from 300×300 to 1800×1800. The formula to get the percentage, in general, for each comparison approach, 

for example, is given as 

𝐸𝐺𝑀𝑆𝑂𝑅 − 𝐸𝐺𝑀𝐴𝑂𝑅

𝐸𝐺𝑀𝑆𝑂𝑅
× 100. 

In terms of iteration count, on average:  

1. EGAOR reduced iterations by 6–12% compared to EGSOR, while EDGAOR is reduced to 19–

30% compared to EDGSOR. 

2. EGMAOR further decreased iterations by 6–10% relative to EGMSOR, while EDGMAOR is 

reduced to 13–20% compared to EDGMSOR. 

Regarding the CPU execution time:  

1. EGAOR achieved a 5–8% reduction relative to EGSOR, and 14–22% compared of EDGAOR to 

EDGSOR. 

2. EGMAOR lowered execution time by 1–5% compared to EGMSOR and 16–24% relative to 

EDGMSOR from EDGMAOR. 

These results are noteworthy, as previous studies [35], [36], [37] primarily conducted experiments on 

much smaller grid sizes (e.g., 50×50 and 70×70 meshes). Figs. 6 and 7 provide a graphical representation of 

Table 2, illustrating the number of iterations and CPU time, respectively. The graphs further reinforce that 

the EDGMAOR method consistently delivers optimal performance compared to its predecessors. This finding 

confirms that EDGMAOR is the fastest and most efficient method among all tested approaches, making it a 

highly effective solution for solving pathfinding problems in autonomous robot navigation. 
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Table 2. Number of iterations, k, and CPU execution time, t, for the proposed iterative schemes. N  N is the size of 

the grid mesh, e.g., N = 300  

  N x N 

 Methods 300 600 900 1200 1500 1800 

  k t k t k t k t k t k t 

Z
o
n
e 

1
 

EGSOR 1258 6.88 5899 163.72 12844 871.66 22227 2694.80 34055 6286.69 48446 12675.73 

EGAOR 1042 6.05 4994 137.87 10928 751.78 19107 2442.66 29306 5551.02 41775 10459.68 

EGMSOR 1182 6.74 5552 165.65 12871 983.56 20964 2886.75 32123 6505.53 45685 12606.78 

EGMAOR 1079 6.66 5305 169.96 11289 880.50 20190 2987.43 31069 6355.96 44178 13361.89 

EDGSOR 953 4.34 4495 110.88 9916 603.41 17653 1947.12 27037 3878.32 39060 8991.94 

EDGAOR 766 3.67 3730 95.08 8200 498.19 14338 1599.91 22141 3336.68 31517 7034.19 

EDGMSOR 898 4.73 4283 117.61 9585 631.16 17161 2105.56 29759 5011.41 39640 10315.22 

EDGMAOR 816 4.36 3921 119.39 8619 621.90 15069 2061.04 23219 4209.04 31908 9268.73 

Z
o
n
e 

2
 

EGSOR 1729 7.67 6782 199.59 14874 1009.48 26007 2827.46 39968 6925.80 56858 14336.95 

EGAOR 1610 8.25 6368 185.36 13953 926.49 24429 3003.98 32926 5909.85 46923 12802.89 

EGMSOR 1657 7.99 6559 205.17 15276 1150.19 25122 3170.90 38693 7117.38 55107 15134.05 

EGMAOR 1557 8.25 6154 205.08 13543 1022.43 23692 3299.85 31778 6561.31 45179 14243.83 

EDGSOR 1324 4.70 5599 142.64 13252 787.53 22898 2386.46 42248 6170.35 52695 9876.12 

EDGAOR 1188 4.17 4767 122.85 10490 624.48 18371 1930.06 24644 3900.10 35105 7960.71 

EDGMSOR 1252 5.06 5456 154.59 14417 972.91 23756 2801.61 39926 5840.88 53654 10244.72 

EDGMAOR 1175 5.25 4733 146.83 10416 734.06 18206 2329.19 25083 4677.88 35627 9947.37 

Z
o
n
e 

3
 

EGSOR 2666 13.24 11076 315.87 24519 1602.81 42897 5591.93 65977 12331.17 100842 26171.60 

EGAOR 2480 13.83 10389 301.27 22995 1633.35 40322 5261.60 62423 11975.63 89182 23616.21 

EGMSOR 2552 12.64 10709 334.98 23608 1828.16 41526 5907.46 63606 12857.61 94368 28069.16 

EGMAOR 2370 12.28 10002 327.72 21996 1801.35 38814 5831.19 59632 12342.99 85405 26471.93 

EDGSOR 2035 8.00 10243 261.74 24864 1529.74 45435 5017.92 70627 10771.29 101290 22145.88 

EDGAOR 1835 7.67 7741 203.61 17131 1072.61 30027 3437.95 46055 7612.81 65815 15280.15 

EDGMSOR 1989 8.74 10238 285.14 23681 1686.18 44270 5541.21 70173 11977.00 101844 25644.81 

EDGMAOR 1820 8.23 7663 237.03 16981 1291.76 29842 4156.98 45930 8796.85 65390 18646.99 

Z
o
n
e 

4
 

EGSOR 1629 7.80 6487 187.33 14194 990.20 24913 2979.14 38195 6919.25 54508 13843.15 

EGAOR 1392 7.56 5648 167.65 12367 891.51 21724 2609.11 33518 6139.29 48120 12833.82 

EGMSOR 1568 6.94 6255 196.36 13701 1041.04 24085 3205.68 36925 7195.51 52596 14985.11 

EGMAOR 1317 6.41 5433 170.40 12863 1059.32 22541 3036.23 31067 6535.92 44404 13689.79 

EDGSOR 1238 4.33 5958 152.73 13501 828.24 23920 2527.82 38175 5948.26 54477 12553.41 

EDGAOR 1116 4.53 4223 109.96 9369 615.38 16313 1725.41 25023 3991.87 25023 4079.41 

EDGMSOR 1265 4.83 5702 162.47 13079 929.50 23922 2971.32 37454 6534.05 56018 14524.93 

EDGMAOR 1023 4.70 4214 133.39 9637 745.72 16368 2110.00 24615 4708.25 24615 4747.41 
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Figure 6. Graph performance with respect to the number of iterations (a) Zone 1, (b) Zone 2, (c) Zone 3, 

and (d) Zone 4 
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(c)   (d)  

Figure 7. Graph performance with respect to the cpu execution time (a) Zone 1, (b) Zone 2, (c) Zone 3, 

and (d) Zone 4 

The numerical results demonstrate that the proposed EDGMAOR method delivers substantial 

improvements over conventional iterative techniques, achieving faster convergence (computation time), 

lower iteration counts, and enhanced computational efficiency (overall path smoothness) while preserving 

accuracy and stability in path generation. As illustrated in Figs. 6 and 7, which present iteration count and 

CPU execution time, respectively, consistent performance trends are observed across all zones and 

environment configurations, indicating robustness independent of starting positions. Despite these 

improvements, the efficiency of the method remains influenced by the selection of relaxation parameters. In 

this study, optimal values were determined through sensitivity analysis and applied uniformly across grid 

sizes. Future work will therefore investigate adaptive parameter-tuning strategies to further enhance 

convergence performance, particularly for large-scale or real-time applications. 

3.2 Computational Complexity 

This section presents an analysis of the computational complexity associated with each iterative 

technique considered in this study. Each arithmetic operation (addition and multiplication) is assumed to 
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consume a single unit of computation time. However, the convergence test does not account for the arithmetic 

operations involved in the GDS algorithm’s path-tracing process. A summary of the total arithmetic 

operations for each method examined is provided in Table 3. 

In theory, a reduction in computational complexity should lead to fewer iterations, ultimately reducing 

CPU time. Although the AOR method family involves more arithmetic operations due to the presence of 

additional weighted parameters, it still achieves faster convergence compared to the SOR method family [32], 

[38]. Meanwhile, as the remaining points are computed in a single iteration, their contribution to the total 

computational complexity is considered negligible, meaning they have minimal impact on the overall 

computation. 

Table 3. Number of Arithmetic Operations per Iteration for Block Over-Relaxation Techniques and its Modified 

Variants Methods 

Methods ADD/SUB MUL/DIV 

EGSOR/ EGMSOR 18 (
𝑁

2
− 1)

2

+ 4(2𝑁 − 4) + 4 10 (
𝑁

2
− 1)

2

+ 2(2𝑁 − 4) + 2 

EDGSOR/ EDGMSOR 8 (
𝑁

2
− 1)

2

+ 4(𝑁 − 2) + 4 4 (
𝑁

2
− 1)

2

+ 2(𝑁 − 4) + 2 

EGAOR/EGMAOR 26 (
𝑁

2
− 1)

2

+ 4(2𝑁 − 4) + 4 17 (
𝑁

2
− 1)

2

+ 2(2𝑁 − 4) + 2 

EDGAOR/EDGMAOR 13 (
𝑁

2
− 1)

2

+ 4(𝑁 − 2) + 4 6 (
𝑁

2
− 1)

2

+ 2(𝑁 − 2) + 2 

The path-planning process in this experiment begins with the identification of the starting point and 

the goal location. Subsequently, the optimal parameters are determined in accordance with the respective 

iterative scheme applied. Once the harmonic potential field values are computed for the configuration domain 

using the selected algorithm, the path construction is carried out via the steepest descent search algorithm, 

also referred to as the gradient descent search (GDS) technique. This method initiates from the defined 

starting point and proceeds by following the direction of the negative gradient, iteratively choosing adjacent 

nodes with decreasing potential values until it reaches the target, which holds the minimum potential. The 

algorithm effectively generates a smooth trajectory while dynamically avoiding any obstacles in the 

environment. Fig. 8 depicts the outcome of this process, illustrating the computed paths within a predefined, 

stationary environment. In the simulation experiment, the initial position is marked by a square (green box), 

and the target location is represented by a circle (red dot). As seen in Fig. 8, all start points from various 

regions successfully reach the target while efficiently navigating around any present walls or obstructions. 

The speed of path generations is notably high due to the reliance solely on gradient evaluations of the 

precomputed Laplacian potential [37]. Furthermore, the configuration spaces used in this study are 

comparatively simpler than those described in [35], allowing for more straightforward interpretation of the 

path trajectories. The results confirm that all starting points successfully reach the designated target point, 

effectively bypassing multiple obstacles within the given configuration space. This demonstrates the 

reliability and effectiveness of the proposed method in handling complex pathfinding challenges for 

autonomous mobile robots. 
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Figure 8. Structured Path Generation in a Defined Static Environment 

 
The numerical results indicate that the proposed EDGMAOR method consistently performs better than 

conventional iterative techniques across all tested configurations, including environments with different 

obstacle densities and grid sizes. As detailed in Section 3.1, the method achieves faster convergence with 

fewer iterations and reduced computational time, demonstrating improved efficiency in solving Laplace-

based path-planning problems. Furthermore, the generated paths, as illustrated in Fig. 8, are both accurate 

and smooth, reflecting the stability and reliability of the computed harmonic potential field. The reduction in 

computational cost is largely attributed to the rotated block framework, which limits the number of processed 

nodes while preserving solution accuracy. Overall, these results confirm the robustness and practicality of 

the EDGMAOR scheme for efficient and reliable autonomous navigation in structured indoor environments. 
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4. CONCLUSION 

In summary, this study presents the Explicit Decoupled Group Modified Accelerated Over-Relaxation 

(EDGMAOR) iterative scheme as an efficient approach for solving Laplace-based path-planning problems 

in structured indoor environments. The proposed method integrates the advantages of the decoupled group 

framework with accelerated relaxation strategies to enhance convergence performance. The simulation results 

demonstrate that EDGMAOR consistently outperforms conventional iterative techniques, including 

Successive Over-Relaxation (SOR-) and Accelerated Over-Relaxation (AOR-based) methods, across various 

grid sizes and obstacle configurations. Quantitatively, the EDGMAOR scheme achieves an average reduction 

of approximately 13–20% in iteration count and 16–24% in CPU execution time, indicating significant 

improvements in convergence rate and computational efficiency. These gains are achieved while maintaining 

high accuracy and stability in the generated paths, confirming the reliability of the harmonic potential field 

for navigation. The consistent performance observed across different zones further highlights the robustness 

of the proposed method, regardless of variations in starting positions or environment configurations. Notably, 

the efficiency of the proposed EDGMAOR method remains unaffected by an increasing number of obstacles. 

In fact, the computation time is further reduced, as obstacle regions are automatically excluded from the 

iterative process. Overall, the findings establish EDGMAOR as a fast, efficient, and reliable technique for 

autonomous path planning. A major contribution of this work is the integration of the red-black AOR scheme 

family into mobile robot pathfinding, marking a novel application of these techniques in the field. While this 

study primarily focuses on full- and half-sweep approaches, future research could explore quarter-sweep 

techniques [29], [39], [40] to further enhance convergence speed and optimize computational efficiency. 

Future work will focus on incorporating adaptive parameter-tuning strategies to further enhance performance, 

particularly for large-scale or dynamic environments. 
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