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Abstract. Let G = (V, E) be a simple, connected, and undirected graph. The graph G = (V, E) can be represented
as a matrix such as antiadjacency matrix. An antiadjacency matrix for an undirected graph with order n is a matrix
that has an order n X n and symmetric so that the antiadjacency matrix has a determinant and characteristic
polynomial. In this paper, we discuss the properties of antiadjacency matrix of a graph join, such as its determinant
and characteristic polynomial. A graph join G = (V, E) is obtained of a graph join operation obtained from joining
two disjoint graphs G; = (V4,E;) and G, = (V5, E,).
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1. INTRODUCTION

Let G = (V,E) be a simple, connected and undirected graph with n vertices. A graph G can be
represented by antiadjacency matrix. Antiadjacency matrix B = | — A, where A is the n X n adjacency matrix
of graph G, and J the matrix whose entries are all one. Therefore, B is a symmetric matrix so that the
antiadjacency matrix has a determinant and a characteristic polynomial for each graph. The characteristic of
matrix adjacency can be seen in [1][2]. Diwyacitta et. al. [3] has determined determinant of antiadjacency
matrix for directed cycle graph 5‘n. Edwina and Sugeng [4] determined determinant of antiadjacency matrix
of some undirected graphs, such as K, U K,,, wheels W, bipartite K,, ,, and star S,,. In this paper, we
discussed the determinant and characteristic polynomials of antiadjacency matrix of undirected graph G
obtained from join operation graph.

2. BASIC THEORY

Let G, = (V4,E1) and G, = (V,, E,) be finite graphs. A join operation of graphs G, and G, is denoted by
G=G;+ Gy, where VNV, =0 and V=V, UV, is a set of vertices of graph ¢ and E = E; UE, U
{{x, yhx€eV,y€ VZ} is a set of edges of graph G [5]. An example of the join operation of graph G, and G,

is given in Figure 1.
. D E

Gl GZ G = Gl + Gz
Figure 1. Graph join G, and G,

Let G be a graph with V(G) = {1, ...,n} and E(G) = {ey, ..., e,y }. The adjacency matrix of the graph G,
denoted by A, is the n X n matrix. The rows and the columns of A are indexed by V(G). If i # j then the
(i, ))-entry of A is O for vertices i and j nonadjacent, and the (i, j)-entry is 1 for i and j adjacent. The (i, i)-
entry of AisOfori = 1,...,n. The matrix B = ] — A will be called the antiadjacency of graph G [1].
The adjacency matrix of the graph G = G; + G, is written in a block matrix form as follows:

a=ll ]

] Azl

where A is an adjacency matrix of the graph G; and A, is an adjacency matrix of the graph G.
Therefore, the antiadjacency matrix of the graph G is as follows:

_ _[B1 O
B=s-a=¢ g
where Bj is the antiadjacency matrix of the graph G, and B, is the antiadjacency matrix of the graph G..
Let M be a square matrix in a block matrix form

welt ) .

where A and D are n X n and m X m matrices, respectively. Thus, the determinant of M can be obtained as
stated in Theorem 1.

Theorem 1. [7] Let M be a square matrix partitioned as (1). Then
det M = det Adet(D — CA~'B), if Ais invertibel, and
det M = det(AD — CB), if AC = CA.

Theorem 2. [4] Let W, be a wheel graph with n,n > 3 vertices. If C,, be a cycle graph with m vertices, n >
2 then
det(B(W,)) = det(B(Cy-1)).
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Furthermore, the relationship between symmetric functions, principal minors, and the coefficient of the
characteristic polynomial is given in the following Theorem 3.

Theorem 3. [6] if A" + ¢, A" + ;A2 + 34" 3 + --- + ¢, = 0 is the characteristic polynomial for A,
and if s; is the i" symmetric function of the eigenvalue A4, 15, ..., 4,, of A. Then

e ;= (=D (alli x iprincipal minors),

o s5; =Y (allixiprincipal minors),

o trace(A) =X+ + -+, =—cy,

o det(A) = Ay .. Ay = (=1,

The it" symmetric function of A, A,, ..., 4, is defined to be the sum of the product of the eigenvalues taken
i atatime. That is,

Sk = Ai ./L‘

1<i; <-<ig<n

1 k'

For example, when n = 3,
S =4 + 4, + 13,
Sy = Ay + A4 A3 + 143,
Sz = 41 A545.

3. RESULTS AND DISCUSSION

3.1. Graph join
Let G; = (V;, E;) fori = 1,2 be a finite graph with V; NV, = @. The graph G = (V, E) is a graph join
of G, and G, denoted by G = G; + G, where V = V; UV, isaset of verticesand E = E; UE, U {{x,y};x €
Vi, vy € V,} is aset of edges. The adjacency matrix of graph G is written in a block matrix form
[A1 J
A= .
] 4
Let G = G, + G,. As mentioned before, the antiadjacency matrix of graph G is as follows:
_ _[B1 O

where B; = ] — A; is an antiadjacency matrix of graph G; fori = 1,2. Theorem 4 stated the value of det B(G).

Theorem 4. Let G = (V,E) is a graph join of G; = (V4,E;) and G, = (V,,E;) then det(B(G)) =
det B(G,).det B(G5).

Proof. Let G = (V, E) is a graph join that denoted by G = G; + G, so that the antiadjacency matrix of graph
G is written in the form of a block matrix as follows

B 0
5=[¢ )
We obtain,
det B(G) = det [%1 Bo] — detBy.det B, = det B(Gy).det B(Gy). o
2

In Theorem 5 and 6, we give the determinant from the example of graph join.

Theorem 5. Let K, be a complete graph with n > 2 and B(K,) be an antiadjacency matrix of K, then

det B(K,) = 1.
Proof. Given a graph K,, with B(K,,) is an antiadjacency matrix of graph K,,. Then the principal diagonal
matrix is 1. Clearly, the determinant B(K,,) = 1. O

Theorem 6. Let fan graph F,, ; be a graph join of path P,,,n > 2 and complete graph K;. Then
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det B(Fy1) = det B(B,).
Proof. Let F,,; = P, + K, be a fan graph. Then |V| = n + 1. Thus,
detB(Fp;) = detB(B,).det B(K;)
=detB(B,).(1)
= detB(P)).

3.2. Characteristic Polynomial

Theorem 7. The coefficients of the antiadjacency matrix graph G satisfy

1) —c, isthe number of vertices of graph G;

2) c, isthe number of edges of graph G;

3) —csisthe number of C3 © G —number of {v;v;,vl|i,j, k = 1, ...,n} and v, nonadjacent with v; and

'U]'.

Proof. For i € {1,2, ...,n}, the number (—1)c; is the sum of those principal minors of B which have i rows
and i columns. Thus, it is clear that for i = 1 then —c; is the sum of the diagonal elements of matrix B,
because b;; = 1 fori = 1, ..., nso that —c; represents the number of vertices of graph G. Fori = 2, aprincipal
minor with two rows and columns, and which has non-zero entry, must be of the form

o 1

This represents every edge of the graph G and is 1, So, (—1)2c, = |E(G)|. This means that, c, = |E(G)|. for
i = 3 there are essentially four possibilities for non-trivial principal minors with three rows and columns

1 0 O)J1 1 1311 1 011 0 1

[0 1 0], 1 1 0],[1 1 1], 0 1 1].

0O 0 1111 0 1110 1 1411 1 1
The first form is worth 1 and the other is worth —1. The first principal minor denotes a triangle in graph G
and the number of {v;v;, vx|i,j,k = 1, ...,n} and v, not adjacent with v; and v;. So, —cj is the number of
C3 € G — number of {v;v;, vi|i,j, k = 1, ...,n} and vy not adjacent with v; and v;. O

Theorem 8. For graph K,, and B(K,,) antiadjacency matrix of graph K, then characteristic polynomial for
n > 1thatis

P(A) = 211 —n).
Proof. Let B(K,,) antiadjacency matrix with all entries are equal to one. Thus, matrix B(K,,) equivalent to
matrix /. This implies that P(1) = det(Al —]) = A" 1(1 —n).o

Theorem 9. For G = (V,E) is a graph join of G; = (V4,E;) and G, = (V,, E,) then P(1) = P;(4). P, (1),
where P(4), P; (1) and P,(A) are the characteristic polynomial of antiadjacency matrix of G, G; and G,.
Proof. Let G = (V, E) be a graph join, which is denoted by G = G, + G,. Then the antiadjacency matrix of
the graph G can be written in a block matrix form as follows

_[B1 O

5=[g )
with Bj is the antiadjacency matrix of the graph G, and B, is the antiadjacency matrix of the graph G,. Thus,
P(Y) = det(B — AI) = det [Bl . Al 5, .
= det(B; — Al).det(B, — Al) = P;(1).P,(A)
O

A bipartite graph K, ,,, can be considered as the graph join K, ,, = K, + K, where K,, and K,,, are the empty
graphs on m and n vertices, respectively.

Corollary 10. For bipartite graph K, ., = K,, + K, with n,m > 1 and B(K,,,,,) is an antiadjacency matrix
of graph K, ,,, then characteristic polynomial of the bipartite graph K, ,,,

P(A) = AMtM=2(1 —n)(A — m).
Proof. Let K,,.,, = K, + K, be a bipartite graph So, the antiadjacency matrix of the graph K, ,, can be
written in the form of a block as follows
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B(K,,) = [](nxn) - Al(nxn) 0(n><n) ] _ []an 0 ]
m o(mxm) _ ](mxm) - Az(mxm) 0 Jmxm!’ _
where A, is an adjacency matrix of the graph K,, , 4, is an adjacency matrix of the graph K,,, and J is the
matrix whose entries are all one. Thus,
P(/l) = det []nxn _Alnxn 0 ]’

0 ]mxm - Almxm

= det(Jpxn — Alnxn) -detUmxm — Almxm)
=112 —-n). A"t -m)
="M =2(1 —n)(A —m).
O

Corollary 11. For a complete split graph K,, + K,, with n,m > 1 and B(K,, + K,,, ) is an antiadjacency
matrix of the graph K,, + K,,, then characteristic polynomial of a complete split graph is as follows,

P(A) =211 - 1" —m).
Proof. Let K,, + K, be a complete split graph with n,m > 1. Thus, the antiadjacency matrix of graph K, +
K,,, can be written in the form of a block as follows

= ](nxn) - Al(nxn) O(nxn)
B(K, + Kp) = ]
(o m) 0(mxm) Jemxm) — Az(mxm)
— Inxn 0 ]
0 Jmxm!’

where 4, is an adjacency matrix of graph K,,, A, is an adjacency matrix of graph K,,, and J is the matrix
whose entries are all equal to one. The we have
1 - 0
P(A)zdet[nxn nxn ],

0 ]mxm - Almxm

= det(Ipxn — Mnxn) - detUmsm — Almxim)
=A-D" A" A -m)
=212 - DA —m).
]

The friendship graph F, on 2n + 1 vertices is a graph join F, = nK, + K;, where nK, is the disjoint
union of n copies of K,.

Corollary 12. For friendship graph F, = nK, + K; with n > 1 with B( E,) is an antiadjacency matrix of the
graph F, then characteristic polynomial of graph E, is

PA=A-2n+1D@A -1+ 1)L,
Proof. Let E, = nK, + K; be a friendship graph with n = 1. Then the antiadjacency matrix of the graph
friendship E, written in the form of a block matrix as follows

B( E ) _ ](nxn) - Al(nxn) O(nxn) ]
n O(mxm) ](mxm) - Az(mxm)

_ [Bl O]

0o 1V

where A, is an adjacency matrix of the graph nK,, A, is an adjacency matrix of the graph K; and B, is an
antiadjacency matrix of the graph nK;. Then we have
Py =det[Fr A 0]
0 11—’
= det(B; — AI).det(1 — AI)
=@A-2n+1DA-D""1QA-D~A-1)
=@A-2n+1DQA-D"1@A - 1)L

4. CONCLUSIONS

In this paper, we prove the correlation of the characteristic polynomial coefficients of the antiadjacency
matrix of undirected graph and determined determinant of antiadjacency matrix of the graph join F, and
complete graph K,, with n > 2. Then, we determined the characteristic polynomial of the antiadjacency
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matrix of some graphs such as bipartite graph, complete split graph, and friendship graph. Further work can
be conducted to find the determinant and characteristic polynomial of other graphs.
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